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Abstract

We study the limit behaviour of a class of random walk models taking values in the
standard d-dimensional (d > 1) simplex. From an interior point z, the process chooses
one of the d + 1 vertices of the simplex, with probabilities depending on z, and then the
particle randomly jumps to a new location z’ on the segment connecting z to the chosen
vertex. In some special cases, using properties of the Beta distribution, we prove that
the limiting distributions of the Markov chain are Dirichlet. We also consider a related
history-dependent random walk model in [0, 1] based on an urn-type scheme. We show
that this random walk converges in distribution to an arcsine random variable.
Keywords: Random walks in simplexes; iterated random functions; Dirichlet distribu-
tion; stick-breaking process
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1. Introduction

Throughout this paper the d-dimensional standard orthogonal simplex (see e.g. [5]) is
defined as

Si={G@ 2w eR vt <1, >0, j=1,2,...,d}.

We also denote the interior of Sy, the Borel o-algebra, and the Lebesgue measure on S; by
S9, B(Sy), and A4 respectively. Let £y = (0, 0, . . ., 0) be the origin, and let E; = (1, 0, ..., 0),
E,=(0,1,0,...,0),...,E;=(0,...,0,1)be the standard orthonormal basis vectors in RY,
which are also the vertices of S;.

For some initial point Zy € Sy, we consider the following random iteration:

Zn+1:(1_$n)zn+gn®na n=0,1,2,...,

where
e £,n=0,1,2,..., are independent copies of some random variable & with support in
(0, 11,
e ®,,n=0,1,2, ..., are discrete random vectors such that

P((")n:E}lZOle,7Zna§n)=p](zn)y .]=07 1,2,,d,
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where p = (p1, p2, . . ., pqa) (sometimes referred to as a probability choice function) is
a given mapping (which is the same for all n) from Sy to itself such that p;: Sy —

[0,1],j=1,2,...d are Borel-measurable functions, and po(z) ;=1 — 27:1 pj(z) for all

€ Sd.
The aforementioned model originates from Sethuraman’s construction of the Dirichlet dis-
tribution (see [10]) for the case where p1, p2, . . ., pg4 are positive constants. Sethuraman proved
that if

e &~ Beta(l, y), where y is some positive constant,

e O is a discrete random vector such that P(® = Ej) =p; for j=1,2,...,d, and pg =
1—p1—---—pa>0,

e Z ~ Dirichlet(p1y, p2v, ..., pay.poy), and
e Z, 0, & are jointly independent,
then
zL4(1 -5z +¢0.

Here Beta(a, b) denotes the usual Beta distribution with the probability density function

r b
g) = —(a * )xa_l(l -0 0<x<1,
F@l'(b)
" is the Gamma function, and Dirichlet(«1, o3, . . ., @4, ®g+1) denotes the Dirichlet distribu-

tion with the probability density function

d

F(Zdjll 051') agr1—1 d .
f@ 2, za) = d’—(l - ZZ[) [T#7" G@.z....z0€8)
+ i
l_[[:l F(ai) i=1 i=1

Consequently, the stationary distribution of the Markov chain {Z,},>0 corresponding to
Sethuraman’s model is Dirichlet(py, p2y, ..., pay, poy). Further extensions, where & ~
Beta(k, y) for some positive integer k, and ® has a quasi-Bernoulli distribution, were studied
by Hitczenko and Letac in [4].

In [3], Diaconis and Freedman reconsidered Sethuraman’s model from the point of view
of random iterated functions, and also studied the case where p(z) depends on z € S| = [0, 1].
Other models in S| with various special cases of p(z) and & were studied in [7], [8], and [9].
Inspired by the work of Diaconis and Freedman, Ladjimi and Peigné in their recent work
[6] studied iterated random functions with place-dependent probability choice functions, and
demonstrated several applications to the one-dimensional model where & ~ Uniform[0, 1], and
p(z) is a Holder-continuous function in [0, 1].

In [7], McKinlay and Borovkov gave a general condition for the ergodicity of the one-
dimensional Markov chain {Z,},>0 in S1. By solving integral equations, they derived a closed-
form expression for the stationary density function in the case where & ~ Beta(l, y), and p(z)
is a piecewise continuous function on [0, 1]. In particular, if p(z) = (1 —c¢)z+b(1 —2), b, c €
(0, 1], then the stationary distribution is Beta(by, cy).

The model, also known in the literature as a stick-breaking process, a stochastic give-and-
take (see [2], [7]) or a Diaconis—Freedman chain (see [6]) has many applications in other
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fields such as human genetics, robot coverage algorithms, random search, etc. For further
discussions, we refer the reader to [2], [9], and [7].

The rest of the paper is organized as follows. In Section 2 we give an extension of the
ergodicity criterion of McKinlay and Borovkov to higher-dimensional simplexes under certain
assumptions on p(z) and &. In Section 3, in the case where £ is Beta-distributed while the
probability choice function p(z) linearly depend on z, we prove that the limiting distribution
of the chain is a Dirichlet distribution. Finally, in Section 4, we consider a history-dependent
random walk model in [0, 1] based on urn-type schemes. Using martingales and coupling
techniques, we show that the random walk converges in distribution to an arcsine random
variable.

2. Existence of the limiting distribution

To prove the ergodicity of the Markov chain {Z,},>0, we will make use of the following
result.

Proposition 1. (Theorems 1.3 and 2.1 in [1]) Let Z,,,n=0, 1,2, ... be a Markov chain on a
measurable state space (X, B) such that, forn > 1,P(Z, € A | Zy = z) is a measurable function
of z€ X when A €°B is fixed, while it is a probability measure of A when z is fixed.

Then Z,, is ergodic if there exists a subset V € °B, q > 0, a probability measure ¢ on (X, ‘B),
and some positive integer ng such that

(a) P(ty <00 |Zyp=2)=1forallze€ X, where ty =inf{n>1: Z, € V},
(b) sup,cy E(ty | Zo =2) < o0,

(¢c) P(Zy,€B|Zy=2)>qe(B) forall Be B and z €V,

(d) ged{n: P(Z, eB|Zo=2)>qepB)}=1forzeV.

Moreover, if the above conditions are fulfilled, then there exists a unique invariant measure
W such that the distribution of Z,, converges to | in total variation norm.

Foreachz=(z1,22..., z4) € Sy, we define zo =1 — z1 — 22 — - - - — z4. Note that the set of
all (z0, z1,22 - - -, 24), Where (21, 22 . . . , zq) € S4, constitutes the standard d-simplex in R+,

Assumption 1. There exist § € (0, 1/2d) and s, t € (81/d, 1-— 81/"), s < t such that
) PE<1—-8)=1-n<l,
(ii) thereis an € > O such that, forany 1 <k <dandany0<j; <jo <--- <jr <d, we have

k
inf ij,(z) >,

€8y,

G+t <8 =]

(iii) there is ¢ >0 such that, for all B<€ B([0,1]), BC [s(1 —)?~1 =5, U1 — 0 —
8,1 —s], we have
P(¢ € B) > cA(B),

where A is the Lebesgue measure on [0, 1].

Remark 1. Condition (i) is quite natural in order to avoid the absorption of Z, at the boundary
of S;. For d =1, the above conditions are very similar to the assumptions (E1-E2-E3) of
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FIGURE 1. Illustration of V}, j=0, 1, 2 in case d = 2.

McKinlay and Borovkov in [7]. However, in contrast to our condition (iii), McKinlay and
Borovkov require that £ has a density on [s — §, ] and [1 — # — §, 1 — s]. Also, observe that in
condition (iii) the intervals are properly defined (though they may overlap).

Forj=0,1,...,d define

Vi={z=(z1,....2a)€Sa: 1 =8 <z < 1}.
In particular,
d
V()={Z=(Zl,...,zd)68d: ZZjSS}.
j=1
For each x = (x1, X2, . .., xg) € (0, 1)?, also define T': (0, 1)? — S by setting

d d
T(x)= <x1 1_[ (I =x)), x2 1_[(1 =X, .. Xg—1(1 = xg), xd>.
j=2 j=3

Note that 7 is a homeomorphism from (0, l)d to 89, and its inverse 7~ for each

z2=(1,...,20) €Sy
is given by
T_l(z)=< all , 2 L, el za).
1= 0ca% 1= 235245 1 —2z4

Let z=(z1,...,24), u=y,...,ug) €Sy, zo0=1 —Zgzlzk, and up=1 —Zgzl uy. For
eachj=1, 2, ..., d we define the following functions:

Ri(w) = (uo, uy, ..., uj—1, ujy1, ujg2, ..., ug), j=0,1,...,4d,

G (u) = (uoz1 + uy, upz2 +ua, . .., UpZq + g).
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If zo # O then the map G; is invertible; moreover, its inverse can be computed as

For some two real numbers s and ¢, such that 0 < s < ¢ < 1, define

K= i(ul,...,ud)GSd: SE——F  <ij=1,2, ...,d} =7 ([s. 11%).
=2 w
The proof of the following lemma is given in the Appendix.

Lemma 1. Assume that § € (0, 1/29), s, t € (8V/4, 1 — 8/ and s < 1.

(a) Ifz€ Vo, then
G(K) C T([s(1 — ' — 8, 119).

(b) IfzeViwithke(l,2,...,d)}, then
GEkl(Z) oR(K)CT([(1—0)" =8, 1 —s]x [s(1 =" —8,1197").

Theorem 1. Assume that all the conditions in Assumption 1 are fulfilled. Then the Markov
chain {Z,},>0 converges in distribution.

Proof. (Step 1) We define
d
v=Jv.
j=0

From part (i) of Assumption 1 it follows that P(Z; e V| Zy=2)>P(E >1—-6)=n > 0 for all
7€ Sy. Therefore, for all z € Sy, given Zy = z, the random variable ty =inf{n > 1: Z, € V} is
stochastically dominated by a geometric random variable with parameter 7, thus yielding

Py >n|Zy=2)<(1—n"

Hence conditions (a) and (b) from the statement of Proposition 1 are satisfied.
(Step 2) Throughout the rest of the proof we let Const. denote some positive constant. From
the definition of {Z,},>0, we observe that

Zg=100Z0+ 5100+ 001 + - -+ $4O4-1,
where

@1, ..., ¢)=TCo, ..., Ea-1),

d—1 d
o=[]a-g=1-) g
j=0 J=1

Forl <k<dand0<j| <jr <---<jir <d, define

Ujpjpp ={z= (21,22, ..., 2a) €S+ zj, + 2, + -+ - + 7, <8}
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Let BeB(S4). Then, if Zy=z€Vy and Og=E|, 01 =E>,...,04 1 =E;, then Zje
Uiyt jr2,...aforj=0,1, ..., d. Therefore, from part (ii) of Assumption 1 it follows that

P(Z;eB|Zy=7)

>P(Z; € BNK,(Op, O, ...,04-1)=(E, E, ..., Eg) | Zp=2)

d d
|:1_[ inf (ij(z)>] X P(toz+ C1E1+ -+ -+ aEg € BNK)
d P

=1

v

> eP((Coz1 4 ¢1, S0z2 + G2, - -+, C02a + Ca) €BNK)

=P, ..., ) €GN BNK) =eP((&0, ..., Ea—1) €T 0 G U BNK)). (1)
(Step 3) For B € B(Sy) and z € V), from part (iii) of Assumption 1 and Lemma 1, we have
P((&0, &1, -, Eam) €T o GHBNK)) = ¢ aa(T™! 0 GTH (BN K)). )
We shall demonstrate below that
(T o GTHBNK)) > 1(BNK). 3)

Indeed, for any injective continuously differentiable map Q: K — [0, 1]¢ and any measurable
subset A C K,

. 0
rd(Q(A)) = inf | det (—Q(u)>‘~>»d(A)- €]
UeA u
We also observe that
PP R a
20 20 20 20
2 .2 o2 &)
20 20 20 20
det (2 G- () ) = det
et| — u) | =de
ou *°
Zd—1 o -l 1+Zd—1 Zd—1
20 20 20 20
W o W WU
20 20 20 20
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=det 20

Z Z Z
:1_|__1_|__2+...+_d
20 20 20

>1,

where the second matrix is obtained from the first one by subtracting the first column from
each of the remaining columns, and then we use the Schur determinant identity, i.e.

C D »
det =det (F) - det (C — DF'E)
E F

when F is invertible; here F is the d — 1 square identity matrix, C =[1+ z1/z0], etc.

Furthermore,
R
det| —7""(v)
v
1 Vi Vi Vi
d 4 2 d 2 e d 2
1=y (1= (1-Xlw) (1-20v)
0 1 %) V2
d d 2 T d 2
1- ZJ=3 Vi (1 - Zj=3 Vj) (1 - Zj=3 "j)
=det
1 _
0 ... 0 Vd-1
1—vy (1 —vg)?
0 0 0 1
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Therefore inequality (3) is obtained by applying (4) to the map Q=T""o GZ_I.
Combining (1), (2), and (3), we conclude that for each B € B(S;) and z € V
P(Z; € B| Zp =z) > Const. Ag(BNK). (5)
(Step 4) Foreach k € {1, 2, ..., d}, Be€ B(S;), and z € Vi, we have
P(Z;€B|Zy=72)
>P(Z;eBN(K), (O, ...,04-1)=(Eo, E1,...,Ex—1,Exs1, ..., Eq) | Zo=12)
> Const. IP’(Rk_l o Gri»(1, &2, .-+, La) € BNK)

:cMum@“”¢me@%omwmm)

= Const. P((&, &1, ..., E4—1) €T~ 0 G5}

e © Re(BNK)),

where we use the fact that, for u € S; and z € Vi,
Ry N(Greoy() = (ozy + ta, - ., UoZk—1 + Uk, U0Zks UOZk1 + Ukh 1, - - -+ U0Zd + Ug)-
Similarly to the inequalities (2) and (3), we have
P@mguugqu”oqbo&wmmngaMwnm.
It follows that for each B € B(S;), k=1,2,...,dand z € Vg,
P(Z; € B|Zg = z) > Const. Ag(BNK). (©6)
Next, we define the probability measure ¢ as

ra(BNK)
B)=-—"““"_""~"
@(B) )

for each B € B(S;). From (5) and (6), we can conclude that condition (c) in Proposition 1 is
verified.
(Step 5) For each Be€ B(Sy) and z € V,

P(Zay1 €B|Zo=2) = P(Zay1 €B, Z1 € V|Zp =2)
=P(Zyy1€B|Z1€V,Zy=2)-P(Z1eV|Zy=2)
>nP(Zay1 €B|Z1 €V)
> Const. Ag(BNK).

Since ged{d, d + 1} = 1, condition (d) in Proposition 1 is also fulfilled. O

3. Beta walks with linearly place-dependent probabilities

Suppose that the conditions of Assumption 1 are fulfilled. Since convergence in total vari-
ation implies convergence in distribution, as n — 00, Z,, converges in distribution to a random
vector Z having the invariant measure. By the definition of the invariant measure

zL2(1-67+¢0, (7
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where © is a discrete random vector satisfying
PO=Ej|Z=2)=pjz), j=0,1,....d, ®)
and & is independent of Z and ®.

Lemma 2. Assume that

e p=P1,p2,...,pd) is a Borel-measurable probability choice function and ® satis-

fies (8),
o & isindependent of Z and O,

e Z and & have the probability density functions f and g respectively (with respect to
Lebesgue measures \g and \1).

Then (7) holds if and only if f and g satisfy the following equation:

f@)= Z Tji(z) Ag-a.e.on Sq, ©)
j=0
where
! 1 (21 2 2 22 2
TO(ZI’ZZ""szd) / _df<_7_,7_>P0<_7_7,_)g(1_u)du,
2ttty W u u u u u u
1
1 71 Zi—1 zi—l4u ziy 2d
7}(111Z2a'-'1zd):/ _df(_a'-'sj_yj—vj_v~-~1_
-z U u u u u u
Z Zi-1 —1+u gz Z
xpj<—1,...,'/—1, ¥ - j—H,...,—d)g(l —u)du
u u u u u
forj=1,2,...,d. (The integrals above are understood in the Lebesgue sense.)

Proof. Denote Z = (1 — £)Z + £®. For each z € Sy, we have

1 d
P(Zgy):/ D Pz +(1-wO <y, ©=E)g(l —u) du
0 =0
= Z / Lecum1o-a-we)/(@pi@8(1 — u) dzdu, (10)
Syx[0,1]
where for y = (y1, y2, ...,yd), z2=(21,22, ..., 2a) € Sq, we write z <y if z; <y; for all j=

1,2,...,d.
For each je{0,1,...,d}, ue (0, 1), and y € 89, changing the variable x = ¢(z) := uz +
(I — u)E; we have

/S L cum1——wEpyf(@pj(2) dz
d

- / Lpeytflo™ NPy~ (1))De ™ (1) dx
©(Sq)

1
/{ 8410 1 1) udf( — {0k )>p,< ==k )> 7 (v
X€Sq: U=x=y,l-u=x=<
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where Dy ~! denotes the Jacobian of ¢~!. Combining (10) and (11), and applying Fubini’s
theorem, we obtain

P(Z <y)

o1 1

2/ Z/ —df<—(X— (- M)Ej)>pj<—(x— (1— u)Ej)>g(1 —u)du | dx

{xeS; : 0<x<y} =0 1—x; u u u

Therefore
d
1 1
f(2)= Z fZ/ ( (z—01 - M)Ej)>P(;(Z —(1- u)Ej))g(l —u)ydu= Z Ti(z)

J=0

is a probability density function of Z, which is unique up to a set of measure zero. Hence,
f(2) =f(z) for almost all z € Sy, and the lemma is thus proved. U

Theorem 2. Assume that

(a) & ~Beta(l, y), where y > 0 is some constant,

®) p=P1.p2,---,Ppd): Sqa— Sy is defined by

d+1
pr(z1s 22, -y z2a) = Br(l — zp) + (1 —Zﬁj—i—ﬂk)zk, k=1,2,...,d,

j=1
where,Bk>Ocma'zd+1 —Bi<lfork=1,2,...,d+1,
(c) Z ~ Dirichlet(B1y, Bov, ..., BaV, Bit1V).

Then 7 < (1 —&)Z+ &0, and thus Z, converges to a Dirichlet distribution by Theorem 1
and Lemma 2.

Proof. Let f and g, respectively, be the probability density functions of

Dirichlet(81y, B2y, . ... Bay, Ba+1y) and Beta(l, y).
It suffices to check that f and g satisfy the integral equation (9).

We have
d+1 d YBa+1—1
To(zl, .- 2d) = ——7—— ( Z l_[ By = l/ (M—ZZ/') ufy(zjtll ﬂf*l)*l
=1% j=1

[T r@y) =
d+1 d

X |:y,3d+1u—y<z,3j— 1) <M—ZZJ‘>:| du
j=1 j=1

d+1 d Bi+1v d
_L<1_ZZ]> jﬂﬂ/ 1,
j=1

M By B

where we use the fact that

1
/ w7 — 2" Mau — b(u — 2)] du= (1 — 2)°.
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Similarly, for k=1, 2, ..., d, we also obtain that
( Zd+l d Baviy=1 4 =
Tk(ZI’.”’Zd)_]_[dH—I"(ﬂ,)(I_;ZO l:[
Therefore
d d+1 d Ba+1y=1 4
Z Ti(z1s - 2d) = %(1 - Z@) HZ,@%] =f(z1, 22, - - -+ 2d)-
k=0 1—1 Iﬂ(IBJ ) j=1 j=1

O
We want to conclude this section with the following observations.

e If d=1, then p1(z) = B1(1 —2) + (1 — B2)z. This is, in fact, the one-dimensional case
considered by McKinlay and Borovkov in [7].

e If d>1and Zd'H Bj =1, then we obtain the model considered by Sethuraman in [10].

4. Random walks in [0, 1] based on urn-type schemes

Let h: [0, 1] — R4 be some non-random measurable function. In this section we will study
a random walk on the unit interval S} = [0, 1] with the following properties.

(1) At time n=0, 1,2, ..., the system is characterized by Z, € [0, 1] (location of the
particle) and two positive numbers L, and R,,. We assume that Ry =Ly = 1.

(2) At time n+ 1, with probability L,/(L, + R,) the quantity L, increases by h(Z,), i.e.
a function of the distance from 0 to the current position of the particle, and then the
particle jumps to a new location Z, 1, which is uniformly distributed on the interval
(0, Z,). With the complementary probability R,,/(L, + R,), the quantity R, increases by
h(1 —Z,), i.e. a function of the distance from 1 to the current position of the particle,
and then the particle jumps to a new location Z, 1, uniformly distributed on the interval
Zn, 1).

One can think of L,, and R,, as numbers of two different kinds of balls in an urn, and the
direction of the walk is governed by the kind of ball that is drawn randomly from the urn at
time n. The number of balls of the chosen type then increases by yet another random quantity,
depending on the position of the walk. The number of balls in our model can, in general, be
non-integer; however, this is allowed for the generalized P6lya urn models.

Formally, we can write the model as the following recursion: let Zy € (0, 1) be some non-
random quantity, and forn=1, 2, ... let

Zn=Zn—-1&n - WU, <Ly Loy +Ru)) F [ Znt + (1 = Zn1) En] - VU, 2L,y /(Lo 4R 1))
Ly =Lu—1 +h(Zn-1) - WU, <L, JLyor +Ro-1)} 12)

Rl’l = Rnfl + h(l - an]) : 1{UnZLn71/(Ln71+Rnfl)}’
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where {&,, Un}Zil is a set of i.i.d. uniform U[O0, 1] random variables. Since the probabilities
of jumps to the left (and right, respectively) depend on (L,, R,), the distribution of Z, is
generally dependent on the whole history of the random walk up to time n. Also, let

Fo=oUy, ..., Uy &1, ...,&),
Gu=0Uy,...,Up &1, ..., 8 1),
and note that Z,, is F,-measurable, while L, and R, are G,,-measurable.

If h(x) =0, then L, and R, do not change with time, and Z, is a Markov chain satisfying

Theorem 2 with y =1 and
Ro

:Lo—}—RO’

P=D1

S0 Z, converges in distribution to

(7% i)
Beta s .
Lo+ Ry Lo+ Ro
If h(x) = B for some constant B > 0, then the process (L,, R,) is the classical Pdlya urn. We
conjecture that under some regularity conditions on the function A, the random walk Z, con-
verges either almost surely to a Bernoulli random variable, or weakly to some non-trivial
distribution with full support on [0, 1] (compare with Section 2.1 in [3]). Even though we
were not able to deal with the general case, there is one non-trivial situation where we have
explicit results, as follows.

In the remaining part of this section we consider only the case where

h(x)=x, xe][0,1].

It turns out that even in this seemingly ‘simple’ case, there are challenges to rigorously
obtaining the limiting distribution (see Theorem 3 below).

Lemma 3. We have
(a) limsup,_, o Ly/Ry <4 andlimsup,_, . R,/L, <4 almost surely,
(b) L, — oo and R, — oo almost surely as n — o0.

Proof. First of all, observe that the probability that the sequence Z, eventually becomes
monotone is zero, namely

P@AN: Zy41 <Z,foralln>N)=0 and P@EAN: Z,+1 >Z,foralln>N)=0.
Since R, is non-decreasing in n and L,, < Lo + n, we have

R, - Ro - Ro
Ly+Ry " Ly+Ro ~— Ro+Lo+n

]P(Zn+1 € (va 1) | ]:n) =

Since
o0

Ro
D e
Ro+Lo+n
n=1
by Lévy’s extension to the Borel-Cantelli lemma the event in the above display happens
infinitely often with probability 1, hence there are infinitely many ns for which Z, decreases.
By the identical argument, Z,, cannot eventually become increasing.

https://doi.org/10.1017/jpr.2020.19 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.19

Random walks in simplexes 421

Let us prove part (a) now. We know that Z,, makes a.s. infinitely many steps to the left as
well as to the right. Hence there exists a sequence of finite stopping times with respect to the
filtration G:

71 =0,
ni=inf{n > 7;: Z, > Z, 1},
Tip1 =inf{n > n;: Z, <Zy—1},

fori=1,2,.... Moreover,
TT<Mm<<m<--,

Ty, Ny —> 00 as n — 00, and
Zy<Zpy ifnelr,n—1],
Zy>Zp ifneln, i — 1],

foreach i =2, 3, ... (note that, in fact, the probability of the event Z, = Z,_1 is zero).
Observe that, foreachk>1land 1 <{ <k—1,

{77,':/{, ‘[l'=k—€}
=2 Zp—1, Zp—1 <Zk—2 <+ <Zp—y, ti=k—{t}
Ly Ly Ly
“lu>—*1 g < U < r-:k—z}.
{ Li—1+ Ri—1 Li—>+ Ry T L+ R

However, Ly—; and Ry_; depend only on Lg—j 1, Rx—j—1, Zg—j1, and Ug—j, j=1,2,..., ¢
(see (12)). Hence the event above is o(Uy, ..., Ui, &1, ..., &—2)-measurable, and it is thus
independent of &;_1; as aresult V;y| :=§,,_; is independent of

Hi=0U1, Uz, ..., Uy, 81,82, ...,8,-2).

On the other hand, since n;—; — 1 < n; — 2, V; is ‘H;-measurable. So {Vi}fﬁl is ani.i.d. sequence
of Uniform[0, 1] random variables.
We have

Ry =Rp1=1=-Zy1=1=2Zy 28y 121 -8, 1=1-Viy1,

hence, due to the monotonicity of R,,

By the strong law of large numbers

k
o1 1
Jm g = Vinl=g as
hence
1

g X s L
lim inf > a.s.
k—oo M 2
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Next, for i € N, we have
Ly —1—Ly—1=0,
Ly—1 = Ly—1 =Zy1(1 + 64 + 0841+ +E8g+1 - §p—2)
<U+&y +Egbur + -+ &g &2 < Vi,

where

Vi=[1+ §r +&nbr+1 -+ Ebntr - Ey—2l
+ 856041 ém-2§7(]t')71 +&ndn+1 'Snf_zg?gi‘)*lé’g?

+ %_r,'é:ri—i-l T én,—2§,§t)_1§,$f)§,(]j:_1 +- -

ni—2 00
=1+ Enbryr Bt Y Ene by B ED L ED
k=1; k=n;—1

and & ¥ i keNareiid. copies of &, independent of everything else. By construction, V; is a
ﬂi—measurable random variable, where

y =L .
HI:ZG(Ulv U23 cre Uﬂ,;glv 529 .. 7&7’];‘—2;515 )7£= 11 27 ceen Ly keN)'
Z(+1)
: [y
independent of #;, and therefore V4 is independent of H;. Consequently, Vi, i=1,2, ...,
are independent random variables with expectation

5]

and hence by the strong law we have

On the other hand, one can easily show that the variables &, ,;, ,j=0,1,2,..., are

k
N
kl_l)l’glo z ; Vi=2 as,
yielding
: Ly,
limsup — <2 as. (13)
k—oo Nk

Combining this with (13), and taking into account that ; — oo, we get

. L, 2
limsup — < — =4 as.
n—soo Ry~ 1/2

Due to the symmetry, the complementary inequality can be proved identically.
Let us now prove part (b). From part (a) we obtain that a.s. either both L, and R, increase
to 00, or both stay bounded, i.e. sup,,-.o L, < 00 and sup,,-( R, < oo for all n. Let us show that
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the latter case a.s. cannot happen. Again, from (a) we get that a.s. there exists a (random) N
such that, forn > N,

L 1 1 R 1
< — Py > Zy| F) = —"— > =

P(Zy 1 < Zn|F) = - .
Gt < 2l ) = e = Ty RL, 5 L.+R, 5

As aresult, forn > N, we have for S, =L,, + R,

1
P(S,H.l —Sn > Z |Fn>

1 1 1 1
ZP(Sn—H_Srz>_|fnazn§§)+P<Sn+l_Sn>Z|]:naZn>_)

4 2
1 1 1 1
>P Rn+1_Rn>Z|fnvzn§§ +P Ln+1_Ln>Z|-7:naZn>§

1 1
ZIEJ)(Rn+l — Ry, > Za Zp1 > Zn | Fus Zn < E)

1 1
+P<Ln+l —L, > Za Zpy1 <Zy | Fu, Zn > E)

v

N = DN =

+

| —
N =
N | —

> 0.

Since S, is non-decreasing for any n, this implies that S, — oo a.s., contradicting the
assumption that both L,, and R,, remain bounded. O

Lemma 4.

converges almost surely to s € (0, 1) as n — oo.

Remark 2. Lemma 3 implies only that

4
<liminf¢, <limsup ¢, < - as.
n— 00 11— 00 5

| —

Proof of Lemma 4. We introduce the quantity

1 L,+2Z,\° 1
Wn:(__ n n) +
2 L,+R, L, +R,
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which will be shown to be a supermartingale. Indeed,
IE:("Vn+l |-F )

Lﬂ

Ly
= ElW, Uyt < , F
L, + < n+l| n+1 L, +R, n)
Ly

Ry
Ry

+
L, + R,

IE:<VVn—H | Unt1 > L, +Rn’ Fn)

L, /Zn 1[<1 L,,+Zn+u>2+ 1 }d
— —| == u
Li+R. Jo Z.|\\2 L,+R,+2, L, + R, + 7,

R, /1 1 [<1 L, +u >2 1 ]
+ - - + du
L, +R, Zn 1-2, 2 L,+R,+1—-2, L,+R,+1—27,

Ly 3Ly — Ry)? +12(Ly — Ry)Zy 4 12(Ly + Ry + Z,) + 1322

T Ly +R, 12(Ly + Ry + Z,)?
Rn 3(Ln - Rn)z + 12(Ln - Rn)Zn + 12(Ln + Rn + Zn) + 13(1 - Zn)2
L,+R, 12(L, + R, + 1 —Z,)? '
Substituting
1
h=-—— and &= ,
L,+R, L, +Ry,
or equivalently
1—
Ln = ﬁa n=— {n s
n 8}’1

we obtain that

en[ro(Gn, ) + r1(Cn Den + -+ - + r5(Ln, 2)E) ]
6(enz + 12(1 + &,(1 — 2))?

EWpt1 = WalFn, Zn=2) = . (14

where
ro(¢, 7) = —24z83 + 36222 + 1203 — 1820 — 2482 4+ 324+ 15¢ =3
=-32¢ — D*(¢z+ (1 —2)(1 = Q)),

(e, 2)==-302°¢> = 1220 +302°¢ + 24287+ 607
—72—38z0 — 1207+ 14z+13¢ -7,

1 2)=102¢ — 12222 =52 - 920 +72— 1920 + 4724+ 67 —6,

130, 2)=—26202 —63¢ — 12202 =173 — 127°%¢
+6202 42822 +302 —237—6¢ + 12),

ra(¢,2)=—62"(1 —2)(Z + 220 (1 =) + 1),

rs(¢, 2)=—62*(1 - 2)*.
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One can show that max, ye(o,1] 7i(x, ) < 0fori=0, 2, 3, 4, 5. From the assertion of Lemma 3,
&n — 0 almost surely as n — 00, and one can show that max ye[o, 1] 7o(x, ¥) + r1(x, y)e¢ <0 for
0 <e <0.5. Hence W, is a supermartingale. Therefore, by Doob’s martingale convergence
theorem, a.s. there exists Wy, :=lim,,_, oo W,,. Observe that

1 1 Z, 1 1 Zn
teds = [Wa - o [ Wam - :
2 L,+R, L,+R, 2 L,+R, L,+R,

On the other hand, note that

Ln 1 - Zn Rn Zl’l
[$n+1 — Cal < max : , . -0
L, +R, Ln+1 +Rn+1 L, +R, Ln+1 +Rn+1
as n — 00. As aresult, lim sup,,_, o, ¢, =liminf,,_, » &, =: {o almost surely. O
Lemma 5. ¢, = % almost surely.

Proof. Suppose P({s, = 1/2) < 1. Then there exists &€ > 0 such that P(|{sc — 1/2]| > &) > 0.
Let us denote the stopping time
9
< =t.
2

Since P(|¢oo — 1/2| > €) > 0, there exists m such that P(z,, = 00) > 0. Let us consider Y, =
Winz,- Yn is also a supermartingale, hence there exists Yoo = lim,,— o0 Y}, as well. From (14) it
follows that

1

gn_z

rm=inf{nzm:

1
EWpe1 — Wy | Fo) = ggn(rO(Cn» Zy) + €npn),
where

1
T (I + enZ)2 (1 + e0(1 — Zy))2

Pn (r1ny Zn) + 1280, Z)en + - - -+ 15(8n, Zn)g;i1

—(I+U-Z)Zpen)) 2+, + (1 — Zn)anz)VO(gnv Zy)).

Furthermore, |p,| is bounded by a non-random constant. This fact implies that, for N > 0,

1 m+N
E(Winn) — B(W,) = 5E< > en(ro(Cn. Zn) + 0(5,1»).

n=m
Therefore
1 [ &
E(Yso) —E(Yy) = 8E< Z en(ro(Cn, Zn) + 0(811))) . (15)
n=m
Note that
Lo ® forallnem o)
Cn ER orallne[m, t,).

Hence, combining with Remark 2, it follows that on the event {t,, = oo}
2

3
170(ns Zn) = =328 — 1 (Zntn + (1 = Z,)(1 — &) < =3 min{¢,, 1 — £} < —%
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for large enough n. Since P(z,, = 00) > 0 and ¢, > 1/(2 + n), the left-hand side of (15) is finite

while the right-hand side is divergent. This contradiction proves the lemma. (]
Theorem 3. As n — 00, Z,, converges in distribution to a Beta(%, %) random variable.

Proof. Let us fix a small ¢ > 0. By Lemma 5 there exists a (random) N such that

L
Ly +R, 2

| =

for all n > N. Fix alarge non-random Ny. For this fixed No we couple {Z,},>0 with two random
walks {Z,},>0 and {Z,},>¢ defined as follows.

e For0<n<N,, SethZZnZZn-

e For n> Ny, set

5 . 1
En+1Zn if Upypp < 56
Zrz+$n+1(1—2n) ifUn+1>§—8,
and
5 . 1
Ent1Zn if Uyp < Ste
Znt1 = |
Z+&Ha—2)ﬁmﬂ>§+&

Let Ay, = {N < No}.
Assume that for some n > N, 2,1 <Z, < Zn (this is definitely true for n = Np). We observe
that on Ap,:

e When Z,, chooses left, Z, also chooses left since

o] L,
—— &< .
ntl=3 L, +R,

In this case, Z,+1 =&,41Z, < En+12n = Zn+1. When Zn chooses right, Z,, might choose
left or right, but we still have

Zn+1 <Z,+ %_n—Q—l(l - Zn) =< Zn + §n+l(1 - Zn) :Zn+l-

e When Z, chooses left, Z, also chooses left since

S L,
< — E.
=T TR, 2

In this case, Z,+1 = &,+1Zy, > E,,HZ, = Zn+l- When Z, chooses right, Z, might choose
left or right, but we still have

Znit <Zn+En1(0 = 2) < Zn+ Eny1 (1 = Zy) = Zp 1.
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By induction, we obtain that on Ay, for all n > 0, Zn <Z,< Zn. Therefore we have
P(Zy <x, Any) <P(Zy <x, Any) <P(Zy <x, Ay,)
for all n> 0 and x € [0, 1]. On the other hand, by Theorem 2, Zn and Zn converge weakly to
Beta(% + e, % —¢&)and Beta(% — ¢, % + &) respectively, as n — 0. Since ¢ is arbitrarily small
and P(Ay,) — 1 as Nop — oo, the theorem is proved. U
Appendix A
Proof of Lemma 1.
(@) Foru=(uy,...,ug) € Kand z=(zy, ..., zq) € Vo, define
V=1, V2, ..., Vq) = Gz_l(u).

Note that ug <1 —ug <1 -8 <zp, 2 <1—1z09 <46, and thus

d—1 uo
S(l—t) —(Sfuj—ZjSVjZMj—Eijujfl

forj=1,2,...,d. Therefore, forj=1,2,...,d, we have

s(1—n* 1 —s<v< V;' - . 4= Zf”O/dZO
V=2 D=2 i+ X 2o/ 20
»
S
1= i

This implies that v = GZ_1 (u) € Ko for each u € K and z € Vj, where we denote

Koz{(vl,...,vd)eSd: s(1 — pyd~! —8§V—£§t,j:1,2,...,d}.

1= v
Observe that 77! (Ko) = [s(1 — )91 — 8, #]%. Thus T~! o GZ1(K) C [s(1 — )¢~ — 8, 117,
(b) Forue K, ze€ Vg, let

V=W1,V2y ooy eeny Vi)
. -1
= Rk(z)(Rk(u))
Ur Uk Ug U Ui
= MO_ZO_au]_Zl_""5uk71_Zkfl_aukJrl_Zk+]_7"‘7ud_zd_ .
Tk Tk Tk Tk Zk
Note that 7 <1 —zx <§ for [ €{0, 2, ..., d} \ {k} and uy <maxf{ug, | —ug} <1—35 <z.

Therefore we observe the following.
(i) Fork+1<j<d,
i Uj — Zjlk/ 2k

d = d d
1- Zl:j+l i 1= Zl:j-H u+ Zl:jﬂ Uk %k

U
< J <t

— d e
1- Zl:j-H u

and
Vi uy _
+zvjzuj—zj—zuj—zjzs(l—t)d _s.
_ ) k
1 Zl:]—H Vi

https://doi.org/10.1017/jpr.2020.19 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.19

428 T. NGUYEN AND S. VOLKOV

(i) Forj=1, we have

Vi _ uo — Zouk/Zk
1=Yw wo+ XL, zm/z
Uje
=1- d d
(1= 200 )z +uk Yoy
<1- .
(1= ek )z + g
<1-— +
1= ey
<l-s
and
V—ldzvl=uo—zoﬁz(1 —n?—s.
1=> v Zk
(i) For2 <j <k,
s(1—n" -8 <y < ‘Z = u’;‘ — Y- Z"/Zk < ujj <t
L= v V= 2m+ Y au/z 1= 0w
(c) Therefore
veT([1—p? =8, 1—s]x[s(1—n"" =8, ") O
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