Ergod. Th. & Dynam. Sys. (2008), 28, 1465—-1478 (© 2008 Cambridge University Press
doi:10.1017/S0143385707000880 Printed in the United Kingdom

Laminated currents

JOHN ERIK FORNASST, YINXIA WANG: and ERLEND FORNZASS WOLD§

T Mathematics Department, The University of Michigan, East Hall, Ann Arbor,
MI 48109, USA
(e-mail: fornaess@umich.edu)
1 Department of Mathematics, Henan Polytechnic University, Jiaozuo, 454000, China
(e-mail: yinxiawang @ gmail.com)
§ Mathematisches Institut, Universitdit Bern, Sidlerstr. 5, CH-3012 Bern, Switzerland
(e-mail: erlendfw@math.uio.no)

(Received 9 March 2007 and accepted in revised form 26 October 2007)

Abstract. In this paper we prove the equivalence of two definitions of laminated currents.

1. Introduction

Let K be a relatively-closed subset of the bidisc A?(z, w) = {(z, w); |z|, |w| < 1}. We
suppose that K is a disjoint union of holomorphic graphs, w = fy(z), where fy is a
holomorphic function on the unit disc with f,(0) =« and |f(z)| < 1. We let £ denote
the lamination of K.

There are two notions of laminated currents that we will discuss. Let T be a positive
closed (1, 1)-current supported on K. We assume that 7 is the restriction of a positive
closed current defined on a neighborhood of Kz. We denote by [V,] the current of
integration along the graph of f;,. Let A denote a continuous (1, 0)-form which at (z, f,,(2))
equals a non-zero multiple of dw — f(z) dz.

Definition 1. We say that T is a laminated current directed by L if A AT =0 for any
such A.

These are the same as Sullivan’s structure currents [10]. The present terminology was
introduced by Berndtsson and Sibony in [1], and such currents were treated further in [4].
In accordance with Dujardin [3] we also define the following.

Definition 2. We say that T is a laminated current subordinate to L if there is a positive
measure p such that 7 = [ [V, ] du(w).

Our main result is the following.

MAIN THEOREM. The current T is subordinate to L if and only if it is directed by L.
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We note that this is a result by Sullivan in the case of the lamination being smooth, i.e.
the graphs vary smoothly with « [10]. In the continuous setting Dujardin has shown that if
a current 7 is dominated by a current subordinate to £ then T is subordinate to L.

The part of Sullivan’s proof that does not go through automatically in the non-smooth
case is a certain approximation step, and so in the present article we are concerned
with approximation of partially-smooth functions. In [5] the authors proved such an
approximation theorem in the case of laminations in R? and in R3. In the last section
we show that the main theorem breaks down for Riemann-surface laminations in higher
dimension.

For related material on laminated currents the reader may consult the paper of Bedford
et al [2].

2. Holomorphic motions and preliminary estimates for slopes of holomorphic graphs
We need to know how the lamination £ defined above varies with the parameter A, and we
use the fact that it defines a holomorphic motion. Let A := {z € C : |z| < 1} denote the unit
disc in C. A holomorphic motion is a subset E of the complex plane C (or the Riemann
sphere @) andamap f: A x E— C (or @) such that f(0, -) =1id, f(A, -) is injective for
each A, and f(:, z) is holomorphic for each z. The lamination £ defines a holomorphic
motion.

Let us briefly recall some facts. It is known [9] that any holomorphic motion has an
extension to a holomorphic motion f: A x C— C. This means that we may regard
K as a subset of a lamination of A x C. From [8] we have that f is automatically
jointly continuous in (A, z); in fact the map (&, z) — (&, fi(z)) is a homeomorphism onto
A x C. Moreover, f (4, -) is quasi-conformal for each XA, and f (X, -) distorts cross-ratios
by a bounded amount depending on |A|. In particular we have the following. If C is
compact in C* and x, y, z are three distinct points in C with ¢co = (x — y)/(z — y) € C,
then (fo.(x) — f,(3)/(fi(2) — fo.(y)) is close to cg depending only on |A| (for a fixed
C). To see this one can consider the map A — (fi(x) — £o,.())/(fi(z) — fo(¥)), a map
from the unit disk to C\ {0, 1}, and use the fact that it has to be distance-decreasing in
the Poincaré metric. Finally we recall that f (X, -) is Holder continuous with exponent
1+ e(IAD).

Next we need a basic estimate on slopes of the graphs. For the benefit of the reader we
include the details of this well-known fact. We denote by O(£2) the space of holomorphic
functions on 2. Let || - ||oo denote the sup norm. Set

H®=H>(A)={f € O(A): | fllco < 00}.
Also, if 0 < C < oo we set
HE =HZ (M) ={f € O(A): | fllo < C}
LEMMA 1. If f € H®(A) and f(z) #0 forall z € A, then
|f/(O)] =21 £(0)] log(1/1 £ (O)]).

Proof. Pick a holomorphic function f(z) on the unit disc such that 0 # | f(z)| < 1 for all
z € A. We can replace f(z) by eief(z) for any real 6. This does not change | f(0)| or
| f(0)|. Hence we can assume that f(0) > 0.
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We set h(z) :=1log f(z). Then h(z) is a holomorphic function on the unit disc and
Re(h(z)) < 0. We can also choose a branch of the logarithm so that log(f(0)) = —a < 0.
If k(z) =h(z)/a, then k(z) is a holomorphic function on the unit disc and £(0) = —1,
Re(k(z)) < 0. We define L(w) =(w + 1)/(w — 1). Then L(—1) =0 and if Re(w) <0
then |L(w)| < 1. Then I'(z) := L(k(z)) is a holomorphic function from the unit disc to
the unit disc. Moreover I'(0) = L(k(0)) = L(—1) =0. Since I'(0) =0 and |'(z)| < 1
we can apply the Schwarz lemma. So we can conclude that [T'/(0)| < 1. By the chain
rule, IV(0) = L' (k(0))k’(0) = L'(—1)k’(0). Since L'(w) = —2/(w — 1)*> we get I''(0) =
—2/(—=1 — 1)?k’(0) and therefore k’'(0) = —2I""(0). Hence we get |k’(0)| <2. Since
k(z) = h(z)/a, we can conclude next that |k'(0)| = |h’(0)|/a. Hence |h'(0)| = alk'(0)| <
a-2, 50 | (0)] <2a. Next recall that h(z) =log f(z), so f(z) =e"@. Hence f'(z) =
"D (2). Therefore f/(0) = " Oh'(0) = £(0)h’(0). Hence | f/(0)| < |f(0)||A’(0)|. This
implies that |f’(0)| < 2a|f(0)]. Now recall that log f(0) = —a. But we have set this
up so that log f(0) =log|f(0)| +i arg f(0) is real-valued. So log|f(0)|= —a, i.e.
log(1/]f(0)]) = a. Therefore | f/(0)| < 2a|f(0)| =2|f(0)|log(1/]f(0)]). This concludes
the proof of the lemma. O

COROLLARY 1. Suppose that we have two functions f and g holomorphic on the unit
disc with f — g € H°(A). Suppose that f(z) # g(z) for each z € A. We then have the
estimate | f'(z) — g'(2)] <41f(2) — g(@)|log(1/1f(2) — g(@)]) forallz € A, |z] < 1/2.

Proof. Pick z, |z] < 1/2. We define G(w) = f(z+ w/2) — g(z+ w/2). Then G(w)
satisfies the conditions of Lemma 1. Hence |G'(0)| < 2|G(0)| log (1/|G(0)|). Therefore,

| 1
1 ) 2 — log ———. -
'@ = @I <2/ - g@llog s,

3. Approximation for complex curves in C2
We assume that for every ¢ = (a, b) = (a + ib) € C we have a holomorphic graph I, given
by w =y + iy, = f.(2), z=x1 +ixo € A. We assume that all surfaces are disjoint and
that there is a surface through every point in A x C. We assume that f.(0) = c.

Let 7 : A x C — C be defined by 7 (z, f.(z)) = c. By the discussion in the previous
section the function 7 is continuous.

Fix a positive constant R. By Corollary 1 there exists a positive real number 5o > 0 such
that if z € (1/2)A and if ¢, ¢’ € RA with |c — ¢’| < 8¢ then

d ]
‘a—fc’(Z) — —fe@| =4 |fe(2) — fe(2)] log (1)
z 9z

1
| feor @) = fe@I

We define a class of partially-smooth functions:
A= {¢ €C(A X C): ¢(z, fe(2)) €C'(T0),
d
D (x1, X2, w) 1= 8_x1¢(x1’ x2, fe(x1, x2)), w = fe(x1, x2) € C(A x C),

d
W(x, X2, w) 1= 8_x2¢(x1’ X2, fe(x1, x2)), w = fe(x1, x2) € C(A x (C)}-

https://doi.org/10.1017/50143385707000880 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000880

1468 J. E. Forness et al

THEOREM 1. Let ¢ € A, let R be a positive real number and let € > 0. Then there exists
a function € Cl(A X RA) such that for every point (x1, x2, w) = (x1, x2, fe(x1, x2)) €
A X RA:

Hﬁ(-xlv X2, w) - (]5()61, X2, w)| <E€,

0 d
‘—[W(xl, x2, fe(x1, x2)] — — @ (x1, x2, fe(x1, x2))]
0x1 0xy

<e,

0 0
‘—[lﬂ(ﬁq, x2, fe(x1, x2))] — —I[¢(x1, x2, fe(x1, xz))]‘ <e.
dx2 0x2

We will prove the theorem using the following result.

PROPOSITION 1. Let g € A, g(x1, x2, fariv(x1, Xx2)) =a, and let R be a positive real
number. There exists a positive real number ty such that the following holds. For all
€ > 0 there exists a function h € Cl(1oA x RA) such that for every point (x1, x2, w) =
(x1, x2, fe(x1, x2)) €10A X RA:

|h(x15 X2, w) - g(-xla X2, w)l <E€,

d
'—[h(xl, x2, fe(x1, x2))]| <,
3)61
d
‘a—[h(m, x2, fe(x1, x2))]| <e.
bY)

The same result holds if we replace a by b in the definition of g.
Proof of Theorem 1 from Proposition 1.

LEMMA 2. Let p e A be a point, and let R, ty be positive real numbers such that
A (p) CC A, Consider the lamination restricted to Ay (p) x C. If the conclusion of
Proposition 1 holds on A (p) x RA (with respect to projection onto {p} x C), then the
conclusion of Theorem 1 holds on A (p) x RA.

Proof. Let m = (1, mp) denote the projection onto {p} x C. Foreach j, k€ Z and § > 0
we let ¢?(j, k) denote the point (p, j§ + k8i). Let A‘j. denote the C'-smooth function
defined by Ai.(r) = cos?[7/28(t — j8)] when (j — 1)8 <t < (j + 1)8 and 0 otherwise.
For each ¢®(j, k) we first define a function

Vo) =9 fus(ji (@),

and then we define a preliminary approximation

¥z w) =Y YR@A (T w)Ak(ma(z, w).
J.k

Let (zo, wo) € As(p) x RA. Then 7 (zo, wo) is contained in a square with corners
AU k), PG+ 1.k), P, k+1)and ¢ (j + 1, k + 1), and

¥’ (0, wo) = > Y (20) A (1 (20, w0)) A (2(20, W0)).
m=j,j+1,n=k,k+1
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We have

1¥° (20, wo) — ¢ (20, wo)| =

Yo [Wha(z0) — ¢z, wo)]

m=j, j+1,n=k k+1

5 5
x Ay, (w1 (20, wo)) - Ay, (w2(z0, wo))
5
< MaXm=j, j+1,n=k.k-+11¥, (20) — ¢ (20, wo)|.

Since the map from Zto( p) x C defined by (z, @) — (z, fy(z)) is a homeomorphism it
follows that 1® — ¢ uniformly as § — 0.

Next we approximate derivatives along leaves. Let o be such that (zg, wo) =
(zo, f«(z0)). Since the functions Ai. o m; are constant along leaves,

0
‘E[Ws(Zo, Ja(z0)) — ¢ (20, fa(ZO))]‘

a
3)6,'

[¥2,(z0) — ¢ (20, fa (Zo))]}

m=j,j+1,n=k,k+1|:

x AL (120, fu(20))) - AS(T2(20, fa (Zo)))‘

0
=M%y |5 (W (20) = B0, fulzo))]|

It follows that ¥® — ¢ also in C'-norm on leaves.
Now the conclusion of Lemma 2 follows because the functions 7; can be approximated
uniformly and in C'-norm on leaves. m)

For each point p € A there exists by Proposition 1 a positive real number ¢, such that
constant approximation is possible on A;,(p) x RA. Hence by Lemma 2 approximation
of functions in A is possible.

We may then choose a locally-finite cover {Uy}yeny of A by disks such that
approximation by functions in 4 is possible on each Uy x RA. Let {¢y} be a partition
of unity subordinate to {U,}. For each o let Co, = || Vq .

For a given ¢, let g, be an €,-approximating function of ¢ on Uy x RA. We will show
that there is a sequence {€,} such that the function

V= Z Po * 8ea
o
satisfies the claims of the theorem.

Let zg € Uy, and let {1, . . ., o} be the finite set of «’s, such that the support of ¢y
intersects U, . Then

V@ @)= 0w (@) - e (2, fe(2)),
i=1
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for all z near zg. Then

[V (20, fe(z0)) — @ (20, fe(z0))I

|: Pa; (zo) - 8ey; (o, fc(ZO))] (20, fe(20))

<Y 90 20) - |8ey, (20, fe(20)) = ¢ (20, fe(z0))]
i=1

< max{egy}.

Further

a
’—a [V (20, fe(20)) — ¢ (20, fc(ZO))]‘
X1

[ Pa; (2) - ey, (20, fc(ZO))] — ¢ (zo0, fc(zo))]‘
a
70

=

190, (z0) - (8ey, (20, fc(20)) — ¢ (20, f(Zo)))]‘

1

a
8—[§0a,~ (z0)] + (8ey, (205 fe(20))) — (@ (20, f(20)))

I
i Ms i Ms Q’| o

Z Pu; (20) - [gec, (0. fe(20)) — ¢ (0. f(Zo))]‘

<m- max{Cai} . max{eai} + max{ey, }.

Similarly we get that

<m -max{Cy,} - max{es, } + max{ey,}.

)
7 ¥ o, Je(z0)) = ¢ (2, fe(z0))]
X2

It is clear that we may choose €y, fori =1, ..., m to get the desired estimate for all
points zg € Uy for this particular . Running through all « we find that any particular «;
will only come under consideration a finite number of times. Hence we may choose the
sequence {€y}. O

We proceed to prove the proposition.

Fix 8y to get the estimate (1) (in the beginning of §3) for all |c — ¢’| < §y with
cl, |¢'| < 2R. For any 8§ with 0 <8 < 8y we let ¢®(j, k) = (j + k -i) -8 for j, k € Z. Let
x : [0, 1] = R be a smooth function such that x () =0 for0 <r <1/4 and x(¢) =1 for
3/4 <t < 1. Let C be a constant such that |x'(z)| < C forall ¢ € [0, 1].

We first define a function hs on the surfaces I' s ; 1) simply by hs|r 4 o = Jj8. We want
to interpolate this function between the surfaces.

For a fixed z consider the sets of points

Q.5 (@) =A@ Fed(j41,00 @) fed (k1) (@5 Fes (gt x41) (@D}

We first show that these sets move nicely with z for small enough |z| and independent of
4. In particular we want to know that we may define quadrilateral regions Rs,; x(z), with
straight edges and corners Qs 1y (2), and that these sets have disjoint interior.
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We make the change of coordinates in the w variable, by setting

W — fes(j.ky(2)
Jes(j+1.00 = Jes (i (@)

W(z, w) = Wwjk(z, w) =

We get
W(z, fes(jx)(@) =0,
W, fer(jp1p(@) =1
From the discussion on holomorphic motions in §2 we get the following.

LEMMA 3. Fix N. Then there exists a real number ty > 0 independent of § such that if

|l|s |m| < N then |d)]k(Z, fca(j—}-l,k—i-m)(z)) - d)jk(za fc‘s(j+l,k+m)(0))| < 1/10f0r all |Z| <
to and any j, k.

From now on we assume that |z| < tg.
LEMMA 4. The quadrilaterals have disjoint interiors.
Proof. Pick (j, k). We use the linear change of coordinates in the w direction for fixed z:

W = for(j (@)
Jes (100 @) — fosjay (@)

Wiz, w) =

This sends fis( 4 g4+m)(2) close to (j +1, k +m) on a small disc in the z direction for
uniformly bounded (I, m). Hence it is clear that the quadrilaterals are disjoint. O

Next we define preliminary functions h‘j ¢ on the respective quadrilaterals. First we
define a function #;(y1, y2) to be constant equal to 0 on the line between fs(; 1) (z) and
Jed(j.k+1)(2), and constant equal to 1 on the line between fis ;11 x)(2) and fes(j 11 k41)(2)-
We extend ¢, continuously to be affine on the two other edges, and then we extend ¢, to
be constant equal to v on the line between fs(j 1) (2) + v - (fes(j41.0)(2) — fes(jx)(2)) and
forGuka1y@ + V- (fes(ja1k41)@) = feojasny (2)). Finally we define 4%, by

Wz y1. y2) = j8 + 8 (x o t2) (y1. y2).

The hi. « Patch up smoothly along the vertical sides of the quadrilaterals where the functions
are constant. To be able to patch them together in the ‘horizontal’ directions we first extend
each hi ¢ across the ‘horizontal” edges.

To do this we use the coordinates defined by w. Consider the normalization

W = fob(ji (@)
Jed(j41,00@) — fea (@)

Wk (z, w) =

Let ﬁik be defined by fzi pow= hi ¢ We want to glue together the two functions on
the quadrilaterals sharing (in the new coordinates) the line segment y between (0, 0) and
(1, 0), i.e. the function ﬁi « defined above y and the function ﬁ‘;(k_l) below y.

We start by extending the function ft‘;k. Note first that by Lemma 3 the

quadrilaterals Rs ;x and Rs j x—1 in the new coordinates — henceforth denoted 153, j.k and
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Iég’j,k_l —have corners within (1/10)-distance from the points (/, m) forl, m € {0, 1, —1}.
Note also that if we define a function #,(J1, y2) (W = ¥ +iy,) along lines in the
quadrilateral Iéa, j,k(z) in the new coordinates as we did when we defined 7;(y1, y2) above,
then h‘j.k = (j8 +8(x of)) o w. Because of the placing of the corners we see that there
exists a constant K independent of 8, j, k such that ||V (j§ + 8(x o £))|| < K.

Continue the lines in 155’ j.k that pass through the interval [(1/8), 1 — (1/8)] and extend
flik to be constant on these lines. By the placing of the corners there is a constant ©
— independent of § and j, k — such that these lines can be extended to the line between
(0, —w) and (1, —u). Let Isg,j,k denote the extended set ié(s’j,k U (I?(;,j,k,l N{yr > —u});
we see that fz‘; « €xtends to be constant on the part of i)(;, j,k where it is not already defined.
Extend fzi. (-1 similarly in the other direction.

To glue the functions together we choose a smooth function ¢(z, ¥1, y2) = ¢(32) such
that ¢(y) = 1 if y, > pu and such that ¢(y,) = 0 if y» < —u. We define our final function

hs(z, w) := (¢ o W) (z, w) 'h‘;k(z, w) + (1 —gpowj) (z, w) -hi(k_l)(z, w). (2)
Fix a constant M such that ||0¢/9y2|| = M.

LEMMA 5. There are constants N1 and N, such that for each j, k, § we have hi’k (z, w) =
J8 i Tw — fesjn @1 = Nilfes(j41,0@) — fesj i@ Moreover there is a smooth
function gﬁk (z, ¥1, ¥2) such that h‘;.k = gjk o w and ||Vu~)§§.k|| < Njé.

Proof. The existence of the constant N1 can be seen by our description of the function in
local coordinates where we used Lemma 3. To see the rest let us give the function gf. x
explicitly.

Fix z. Let (ai, ap) denote the corner of Ié?ﬁk that is close to (0, 1), and define a
map A;(y1, ) := (1 — Y2(a1/a2), ¥2(1/az)). Then A, changes smoothly with z and
|A;]l < 2 for all the possibilities of (aj, a;) we are considering.

Next we define a function 7 on the quadrilateral AZ(I?‘;, ) along lines as above. Let
(b1, by) denote the corner close to (1, 1) and fix 3 = (31, 32). We have that the two vertical
sides of AZ(I}}S,,,C) meet at the point (0, —L) where L = b, /(b1 — 1). Calculating the slope
of the line from the point y to the point (£(3), 0), we get that 3} /(L 4+ ) = 7(y)/L, which
gives us
Yi-L b
L+ by+yb -1

We have that 7 varies smoothly with (b1, b») and we see that 7 has bounded derivatives for
the cases of (b1, by) we are considering. Define gjﬁ « by

)=

g =Js+8(xotoAy),
and the function h‘;k is given by hi’k = gj.k ow. m|

LEMMA 6. hs — g in sup norm on Ay x RA.

Proof. 1tis clear that h5(0, -) — g(0, -) uniformly. The claim then follows from Lemma 8
below. O
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LEMMA 7. If 19 and § are small enough, then | fsj 1)(2) = fes(j41,0 (@) = 82 for all 7
with |z| <ty and all j, k such that |c‘3(j, k)| <2R.

Proof. This follows from the Holder continuity of the holomorphic motion. O

LEMMA 8. Letc € RA. The function hs(z, f.(z)) is small in C'-norm along the graph T...

Proof. We need to estimate the derivatives of the function /5(z, f.(z)) at an arbitrary point
(20, fe(z0)), and this point is contained in some extended quadrilateral Ps_ j ;. We estimate
0/0x = d/0dx1 — the case of 9/dx> is similar. Since we are working on lines we use the
notation (x, y1, y2) for coordinates.

If the point is close to the vertical edges, then the function /s is locally constant, so we
are done. We can assume that also (zo, fc(z0)) € Ps,jk \ Ps,jk+1. We divide the proof
into two cases. Assume first that (zo, f-(zo)) is not in P j ;1. Then the function hs is
simply equal to the function hf r (see (2)).

We have that

9 and, ond, on’ afy @
(e, () ( Ik ’2")(x,f(x>>~(1,i fz)(x)

dx * 3y 9y dx’ dx
and s, an® 9
jk jk jk . fl afZ
ok (x, f(x)+ (—8y1 vy ) (x, f(x)) <_8x , —3x> (x).

(3)
For fixed s, v we may define a curve (x, g(x)):

8(x) = (I —5) [(1 =) fes(j1y () + vfes i1, ()]
+ s[(1 = v) fes (j k1) ) + VS es (gt pgny (O]

Then hi.k(x, g(x))=jé+ x(v)s. Choose s and v so that (xg, g(x0)) = (x0, fc(x0)).
We get that

d
0= a(hﬁk(x, g(x)))

dh’ hS. 3h? dg @
jk jk Jjk g1 082
= = ’ a0 4. ) : a0 A s 4
™ (x, g(x)) + < o ) (x, g(x)) (8x o ) (x) 4)
and so substracting (4) from (3) we get

0 oh%y dhd, aft  9g1 df2 0g
— (K8 =L _Jx B L AL )
Bx( Gk (xo0, f(x0))) < oy oy > (o0, g(x0)) (ax 5 9x  ox ) (x0)

Using Lemma 3 we see that | f.(xp) — fcﬁ(j+l,k+m)(x0)|| < 2||fc5(j+1,k) (x0) —
Jes (o)l forl, m € {0, 1}, and so
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0
Ha(fc = Jed(j+1 k+m)) (X0)
1

I(fe = fes (st krmy) (KOl
1

20 (fes 1) = Feb ) G0l

= 4(fe = Jes (i, (k+m)) (x0)) 1l log

<8I fesj+1.0 — Jed(jny) (o)l log
It follows that

—(ha(x F ()

dhs oh
=5 H( 8 6)” |G = fos i) Go)l
1
20(fes (10 = fer i) GOl

We proceed to estimate |(dhs/dy1, dhs/0y2)||. We change coordinates according to
Lemma 5 and write /5 as a composition gs o w(y). We get || D, w|| = L/l fes (41,0 (X0) —
Jes(jp(x0) ), and we have that IVigsll < N2d. This shows that

x log

(&5l = |

dy1’ dy2 ||f55(/+1 o) — fcﬁ(j,k)(xo)” .
This gives

1

<8N log .
Il 8 (41,00 (X0) = Ses iy (o)l

a
H o e, f())
X

We have by Lemma 7 that ||fc5(j+l‘k) (x0) — fcﬁ(j,k) x|l = 82, and so

0 1
— (hs(x0, f(x0)))| <8N2dlog — — 0 asé— 0.
0x 252

The other case we have to consider is when (zg, f-(z0)) is contained in an overlap
where we glued our functions together. In that case we may assume that (zo, f:(z0)) is
also contained in Pj‘.s(k_l) (see (2)).

Let v denote the vector ¥ = 9/9x(xg, f.(xg)). We have that

Vhs(x0, fe(x0)) - U = VIp o - h%] (x0, fe(x0)) - U
+ VI =) 0 - by _py] (x0, fe(x0)) - D
= h’(x0, fe(x0)) - Vg 0 ®] (x, fu(x0)) - U
+ (¢ o W) (x0, fe(x0)) - VIR (x0, fe(x0)) - D
+ B g1y (X0, fe(x0)) - VI(1 — @) 0 ] (x, fulxo)) - D
+ (1= @) o) (x0, fe(x0)) - VIR _1y] (x0, fe(x0)) - D.

By the above calculations we need not worry about the second and fourth term in this
sum so we have to check that

(B (x0, fe(x0)) = 1 g1y (x0, fe(x0))) - Vg 0 @] (x0, fe(x0)) - U — 0

asé — 0.
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First of all we have that |h§.k(x0, fe(x0)) — hi.(k_l)(xo, fe(x0))| <26. Further, |V]gp
o W] (x0, fe(x0)) - V| < M - || D[®] (x0, fe(x0)) (W)].

Now
- . Je(x) = fes¢ji(X)
Dlw] (xo, fe(x0)) (v) = == [(x fca(j+1,k)(X)—fca(j,k)(X)> (x0)-

Ignoring the constant term (it gets killed by §), we get that

IDL0] (. o) ()] = 200~ Tern )
T S0 x0) = fes o (X0l
| fe(x0) = fes iy (o) - |fc/5(j+1,k)(x0) - fc/5(j,k)(x0)|
| fes (1.0 (0) = fos (i (x0) 12
| fe(x0) — fc5(j,k)(x0)| log 1
T a0 0) = forn (o)l T [fe(xo0) = fesj k) (0)]
| fe(x0) = fes oy X0 - 1fes (41,0 (X0) — fea k) (o)
| fes (41,00 (X0) = foo 1oy (X0) |2
1

| fes (1,00 (X0) = foo sy (0D
By Lemma 3, |fC(x0) - ch(j)k) (x0)|/|fc‘5(j+],k) (XO) — fc5(j,k)(x0)| < 2’ and so
1
[fes (1.0 (X0) = fes j.iy (X0
1
|fC(x0) - fca(j,k)(x0)| ’
By Lemma 5, our function is constant unless | f, (xo) — fcg(jyk) (x0)] > N |fc5(j+1,k) (x0)
= Jes (i (x0)| = Ny 82 (by Lemma 7), and so we may assume that

+

x log

ID[w] (xo, fe(x0)) @) <2 -log

+2log

- 5 1 1
D[] (xo, fe(x0)) (W <2log ) +2log N8

All in all:
[ (o, felw0)) = by (o, Fe(x))) - Vi 0 ] (o, fe(x0)) - 3|

1
<4Ms$ (log

8—2+log

1
—— ] =0 asé—0. O
N 82
4.  Proof of the main theorem
We are ready to prove the main theorem. As pointed out in §2, by the theorem of
Slodkowski [9, 11], we can assume that £ is a lamination of A x C as in the previous
section.

Proof of the main theorem. Suppose that T is a positive closed (1, 1)-current on A%(0, 1),
supported on the laminated set K described in the introduction. We assume that T is
subordinate to the lamination £ of K. Hence there is a positive measure p such that
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T = f [Va] dit(e). Suppose that A =dw — f},(z) dz. We want to show that A A T = 0.
Let ¢ be any smooth (1, 0) test form. We need to show that (A A T, ¢) = 0. This follows
since

(AAT,(;&):/(A/\T)/\d:

:/TA(AAq&)

(55
=/O[0=O.

Assume next that T is directed by £. Since £ is a lamination of A x C we may invoke
the approximation result from the previous section. With the approximation result at hand
the implication follows from Sullivan’s proof of the smooth case [10]. We include the
proof for the benefit of the reader.

Step 1 is to show that there exists a family of probability measures o, such that o, is
supported on 'y, and a measure p’ on the a-plane such that for all test forms w,

T(a)):/(/ a)daa) du'.
Cy

Let @ be a (1,1) test form and let A(z, w) =dw — f,(z) dz for w= fy(z). Let
Ui (z, w) = (1, fi(z)) and let va(z, w)=(,i- f1(z)) for w= f,(z), and define the
2-tangent field v(z, w) = (V1(z, w), v2(z, w)).

Switching basis,

wo=yY1dzANdZ+Vrdz AN+ Y3dZ A A+ Yah AR,

for some functions v;, and by assumption, 7 (w) = T (¥ dz A dz). The function ¥ is
given by Y1 = (1/2i)w(v), and so

T (w) = T(l,a)(v) dz A d2>.
21

On the other hand we may use T to define a linear functional L on Co(A x C) by
L) =T (¢ dz A dz), and so by the Riesz representation theorem there is a measure v
such that

L(y) :f Y dv.

This means that

T(a)):/ %w(v) dv.

Now the measure v disintegrates [6]: there exists a family of probability measures
o such that o, is supported on Iy, and a measure p’ on the a-plane such that for all

Y e Co(A x C),
/1//611):/( t/fdGO,)d,u’.
Lo
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We define currents Ty, by Ty (w) = fl“u (1/2i)w(v) doy, and we get that

T(w):fTa(w) du'.

The next step is to show that T, is closed for u'-almost all «. Let {w;} be a dense
set of C!-smooth (0, 1) test forms and fix a j € N. Let g be a continuous function in the
«-variable and extend g constantly along leaves. We want to show that

f g Ta(dw) di’ =0,

because this would imply that 7, = 0 for u’-almost all & (since g is arbitrary).
By Theorem 1 there exists a sequence g; of smooth functions such that g; — g
uniformly and in C!-norm on leaves. Since T is closed,

0= [ Tu@ap) di = [ T nopan+ [ o o) an

Since T, (dg; A w) — 0 we get that
fg Ty(Qwj)dp' = lim /gi Ty(dwj) du' =0.
1—> 00

Running through all w; we see that Ty, is closed for x'-almost all «. The only possibility
then is that the measures o, are constant multiples of dz A dZz, i.e. o, = () dz AdzZ
where ¢ is a measurable function [7]. Define i :=¢ - /.

5. Two counterexamples

In [5] the authors proved versions of the main theorem for real laminations in R? and R3.
In those results we added an extra slope condition on the laminations which is analogous
to the estimate in Corollary 1. We give here a simple example of a lamination of curves
in R? where the slope condition is not satisfied. Also, the conclusion of the main theorem
fails. The analogue of Theorem 1, i.e. approximation of partially-smooth functions, fails
as well.

For each t € R, we let y; be the curve y = f;(x) = (x — )3 in R2. Clearly this gives
a continuous lamination of R? by curves. The curves are all tangent to the x-axis. This
implies that the current of integration of the x-axis is annihilated by the 1-form A defined
by dy — f/(x) dx on y;. However, this current is not an integral of currents [y;]. We also
observe that the function a(x, y) defined by a(x, f;(x)) =t cannot be approximated by
C! functions, because any such approximation will have to have a small derivative along
the x-axis.

We can also modify this example so that we have a Riemann surface lamination in
C3. For t € C, let y, be the complex curve y,(s) = (z, w, ) = (s, (s — )%, (s — 1)3).
These curves laminate C3, and y; is tangent to the z-axis at (¢, 0, 0). Hence the z-axis
is annihilated by any continuous 1-forms defining the lamination. Hence the current of
integration of the z-axis is directed. But clearly it is not subordinate to the lamination.
Again the function a(z, w, t) defined by a|,, =  cannot be approximated by C ! functions.
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