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‘We prove the existence of one positive, one negative and one sign-changing solution
of a p-Laplacian equation on RN with a p-superlinear subcritical term. Sign-changing
solutions of quasilinear elliptic equations set on the whole of RN have scarcely been
investigated in the literature. Our assumptions here are similar to those previously
used by some authors in bounded domains, and our proof uses fairly elementary
critical point theory, based on constraint minimization on the nodal Nehari set. The
lack of compactness due to the unbounded domain is overcome by working in a
suitable weighted Sobolev space.
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1. Introduction
In this paper we study sign-changing solutions of the quasilinear elliptic equation
—Apu = AA(2)|ulP"?u + g(x,u) on RV, (1.1)

where Apu = div(|Vu[P~2Vu) with 1 < p < N, N > 1, and X is a real parameter.
We suppose that the coefficient A: RN — R satisfies the following condition:

(A1) A is measurable with A > 0 almost everywhere (a.e.), A € L>®(R") and
A0V € 1 (BY),

Note that the last condition in (A;) holds if, for example, ess inf, A > 0 for any
bounded open set 2 C RY. An additional condition relating A and X, formulated
in §1.1, will also play a crucial role in our analysis.
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We suppose that the function g satisfies the following assumptions, where p* =
Np/(N —p):

(91) g: RV x R — R is a Carathéodory function, g(z,-) € C'(R) for almost every
x € R, and there exist ¢ € (p,p*) and B € LP"/®" =) (RN) N L*(RN), B > 0
a.e., such that

lgs(, s)| < B(z)|s|9™? for almost every x € RN, s € R;

(g92) there exist # > p and R > 0 such that
g(x,s)s > 0G(x,s) >0 for almost every x € RV, |s| > R,
where G(z,s) = [ g(z,t) dt;

(g93) the mapping s + g(x,s)/|s|P~! is strictly increasing in s € R\ {0} for almost
every € RV,

Assumptions (g1) and (go) are often referred to by saying that g is subcritical
and p-superlinear,! respectively. The hypothesis B € L°>°(R") will be convenient to
establish compactness of a weighted Sobolev embedding, which plays a important
role in the paper. However, it can be relaxed to a local integrability assumption,
namely, B € L{ _(RY) for some large enough s (see remark A.1 for a more a precise

statement). Our assumptions on B imply that (1.1) is a compact perturbation (in
a sense that will be made precise in lemma 2.5) of the p-linear eigenvalue problem

~Apu = MA(x)|uP"?u  on RY. (1.2)

The existence of eigenvalues and eigenfunctions for this problem has been discussed
by Allegretto and Huang [1], even in the case of an indefinite weight A (i.e. when A
does not have a constant sign), as long as A is positive on a set of positive measure
and satisfies an integrability condition at infinity. Bifurcation of solutions of (1.1)
from the principal eigenvalue of (1.2) has been studied by Drabek and Huang [10],
who obtained global continua of positive and negative solutions of (1.1). Bifurcation
from higher eigenvalues, which would provide sign-changing solutions, is a difficult
problem. In fact, sign-changing solutions for quasilinear equations in the whole
of RY have scarcely been investigated; see [8], however, where a problem with
cylindrical symmetry is considered, and [13], which deals with a p-asymptotically
linear problem.

On the other hand, there is a fair amount of literature on solutions of quasilinear
elliptic equations in bounded domains. In the radial case, the Dirichlet problem in
a ball has been solved by Del Pino and Mandsevich [9] by the bifurcation approach,
yielding infinitely many nodal? solutions. In the non-radial setting, an important
contribution (probably the most general so far) is due to Bartsch et al. [2], who
proved existence and multiplicity of nodal solutions for p-Laplacian Dirichlet prob-
lems in smooth bounded domains. Their results are obtained by critical-point theory
in Banach spaces, making clever use of a suitable pseudo-gradient flow. In fact, in
RY, using similar arguments, a sign-changing solution of an auxiliary p-superlinear

IThe term ‘(p — 1)-superhomogeneous’ is sometimes used instead of p-superlinear.

2Throughout the paper we will use the terms ‘nodal’ and ‘sign-changing’ interchangeably.
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problem (denoted (P),) is obtained in the course of the proof in [13]. However,
equation (P), considered there has a different structure from ours, mainly due to
the p-asymptotically linear nature of the original problem.

It is worth remarking that the hypotheses (Hg)—(Hsz) that were used to prove
the existence of a nodal solution in [2] are structurally similar to ours. However,
in this work we use a more elementary method, based on constraint minimization
on the ‘nodal Nehari set’. This approach originated in a series of works on the
Dirichlet problem for semilinear equations, a review of which can be found in [3].
It has also been used more recently in the context of a prescribed mean-curvature
problem in [5], from which some of our arguments are inspired. Note that the Nehari
approach strongly relies on the monotonicity assumption (g3), which is not needed
in [2]. We will focus here on the case of a positive coefficient A and, under the
hypotheses (A1), (g1)—(g3), we will give a sufficient condition relating A and A for
the existence of at least one positive, one negative, and one nodal solution of (1.1).
This condition (assumption (A, A), below) should be compared with hypothesis (Hs)
in [2], involving the first eigenvalue of the p-linear problem. We will also deduce
corresponding existence results for the problem

—Ayu = A(x)[ulP"*u+ g(x,u) on RY, (1.3)

under appropriate conditions on the coefficient Ae L (RM).
Our approach is based on a variational formulation of (1.1) in a weighted Sobolev
space. More precisely, let us define the norm | - [y, on C§°(RY) by

b= ([, 1o+ A an) " (1.9

We will work in the space W4 (RY) = C5° (RN )”'”WA. Some elementary properties
of Wa(RY) will be established in §2. In particular, W4 (R") is a separable and
uniformly convex (hence, reflexive) Banach space. Since A € L>®(RY), W4 (RY) D
WhP(RN), with equality if A is bounded away from zero. We will often merely
write W4 for Wa(RY), although some properties of Wa(£2) will be given in §2 for
more general open subsets 2 C RV.
With G defined as in (g3), we introduce the functional Sy: W4 — R,
Sa(u) = 1/ [Vu|P — ANA(z)|u|P dz — G(z,u)dz. (1.5)
P JrwN RN

Due to (g2), Sy is not coercive, so one cannot apply the direct method of the calculus
of variations to find critical points of S). We will see that constraint minimization
on Nehari-type sets provides an efficient alternative to obtain critical points and to
discuss their nodal properties.

1.1. Main results

We now formulate the assumption relating A and A that we shall use to prove
our results. For A satisfying (A;), let

, S~ [Vul? dz
Aa = f —— >0 1.6
A uGV%/r,lq\{O} Jan A(z)|ulp dz (16)
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Provided that A and A satisfy

(A, 0) A< Mg,
it will be shown in § 2 that

ol = ([ 19 - AA<z>|u|sz>1/p 17)

defines a (quasi-)norm® on W, that is equivalent to || - [|,. This enables one to
rewrite Sy: W4 — R as

1 P
Saw) = Sl = | Glavu)da, (18)

which is a convenient way to exhibit the main properties of the p-homogeneous part
of S, with respect to the variational procedure. Note that if A < 0, then (A, \) is
always satisfied, and || - ||y is a norm that is equivalent to || - ||w, on Wa. The more
interesting case of positive A requires A4 > 0. As will be shown in §3, a sufficient
condition for this to hold is

(Ag) A e LN/P(RN),

We shall see in lemma 2.4 that Sy € C1(W4,R) provided that A satisfies (A4;).
Our main results concern weak solutions of problems (1.1) and (1.3). A function
u € Wy is called a solution of (1.1) if and only if S} (u) = 0, that is, if and only if

/ |VU\P_2VU-Vgpdx—)\/ A(J;)|u|p_2u<pdx—/ glz,uw)vde =0 Vo € Wy,
RN RN RN

(1.9)
with a similar definition for solutions of (1.3). The existence of weak solutions will
be proved by a variational approach in § 3, under hypotheses (A1), (A4, \) and (g1)—
(g3). In addition to ensuring that A4 > 0, assumption (Asz) is also needed to obtain
extra regularity of the solutions. Our main result is the following theorem.

THEOREM 1.1. Suppose that hypotheses (A1), (Az2), (A, A) and (g91)—(g3) are satis-
fied. There then exist three solutions ui,uz,us € C’llof (RYN) of (1.1), with uy > 0,
ug < 0 and ugt % 0. Furthermore, uz has ezxactly two nodal domains.

The definition of the class CL*(RN) is recalled in §4. As usual, we denote by

loc
u® the positive and negative parts of u. More precisely, we use here the conven-

tion u*(z) := £ max{4u(z),0}, so that v = u* + u~. For a continuous function
u: RY — R, a nodal domain is a connected component of R \ u=1({0}).

It is also possible to formulate a version of our results from which the parameter
A is absent, which pertains to problem (1.3).

COROLLARY 1.2. Suppose that (g1)—(g3) are satisfied. If either
(i) A satisfies (A1), (A2) and A5 > 1,
(ii) or —A satisfies (A1) and (As),

(iii) or A=0 a.e.,

3See lemma 2.6 and remark 2.7.
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then (1.3) has three solutions in CL%(RN). Furthermore, the solutions have the
same nodal structure as in theorem 1.1, i.e. one is positive, one is negative and one

18 sign-changing with two nodal domains.

Proof. If case (i) holds, then the result follows from theorem 1.1 by letting A = A
and A = 1 < XA;. Case (ii) follows by letting A = —A and A = —1, while for (iii)
one can take any A satisfying (A;)—(Az), and A\ = 0. O

The rest of the paper is organized as follows. In §2 we first establish some prop-
erties of the spaces W4 (£2), in particular, a compact embedding that plays a central
role in the proof of our main result. The existence of three critical points is proved
in § 3 by minimization on Nehari-type sets. The regularity of solutions is discussed
in §4, where the proof of theorem 1.1 is then completed.

We shall use the letter C' (possibly with an index) to denote various positive
constants, the exact values of which are not relevant to the analysis.

2. Preliminaries

We start this section with some preliminary results about the functional setting,
which will be useful to our existence theory. In particular, we establish embedding
properties of the space W4 (§2), which will play an important role in our analysis.
For an arbitrary open set £2 C RV let

WA(Q) = {u|Q: u e WA(RN)},

where W4 (RY) was defined in the introduction. Given a positive measurable func-
tion B: 2 — R and ¢ > 1, we define the weighted Lebesgue space

LL(02) = {u: 2 — R: u is measurable and / |ul?B(z)dz < oo}
o

endowed with its natural norm [lul| s (o) = ([, [u|?B(z) dz)'/9. When there is no
risk of confusion, we shall merely write W4 and L} for W4 (£2) and L%(£2). We
may also use the shorthand notation || - ||. = || - ||z~ for the usual Lebesgue norms.

Under appropriate assumptions, we will show that W4 (§2) is continuously and
compactly embedded into L% (£2). Our proof will rely on the classic theory of
Sobolev spaces, as presented, for example, in [6, chapitre IX].* But let us first
state the following elementary properties.

PROPOSITION 2.1. Let A satisfy (A1) and B: 2 — R be measurable with B > 0
almost everywhere.

(i) Wa(£2) is a separable, uniformly convex (hence, reflexive) Banach space sat-
isfying WHP(02) C Wa(02), with equality if ess infgn A > 0.

(ii) For any 1 < q < oo, LL(£2) is a separable reflexive Banach space.

4Note that an English translation of Brezis’s book is also available [7]. However, in the original
(French) version [6], the compactness result we shall use is formulated in a way that is slightly
better suited to our proof of proposition 2.2, so we will refer to [6] throughout.

https://doi.org/10.1017/50308210515000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000190

942 A. Derlet and F. Genoud

Proof. The fact that Wa(RY) = WLP(RY) if ess infgy A > 0 follows from the
definition of W4 (RY). The remaining statements can be found in [4] and [11]. O

PROPOSITION 2.2. Suppose that 2 C RN is either RN or a bounded open set with
C" boundary. Let q € (p,p*) and let B € LP"/®P" =0 (RN) N L>(RN). We then have
Wa($2) C LL(£2) and there is a constant C > 0 such that

lullzg,2) < Cllullwac), ueWa(f2). (2.1)
Furthermore, the embedding is compact.

Proof. To prove (i), let us first consider the case in which 2 = R¥. Notice that
WLP(RY) is a dense subspace of W4 (RY). We shall thus start by proving (2.1)
for u € WP(RYN), and then argue by density. For u € W1P(RY), it follows from
Holder’s inequality and the Sobolev embedding theorem that

2 <||B

AN |u\qB(x) d.’,E § HB”p*/(p*—q)”u p*/(p*_q)CHVU”g

< ClIBlp /oo lulliy

and so [Jul|ps, < Cllullw, for all w € WHP(RY). Now, for any u € Wa(RY), there
is a sequence (u,) C WHP(RY) such that u,, — u in W4(RY). But for each n there
holds ||un[|Ls, < Cllunllw,, so passing to the limit using Fatou’s lemma yields (2.1).
The case in which (2 is a bounded domain with smooth boundary follows from the
case §2 = RN by adapting the extension theorem [6, théoréme IX.7] to the present
context. The compactness of the embedding is proved in appendix A.1. O

REMARK 2.3. Observe that, by density, the classic Sobolev inequality, |lul/,+ <
C||Vullp for u € WhP(£2), extends to u € W4 (42), so that

lull e (2) < ClIVullLr (o) < Cllullwa2), u € Wa(£2). (2.2)

We are now in a position to prove that the functional Sy: W (RY) — R defined
in (1.5) is of class C''. We shall denote by (-,-): W5 x W4 — R the duality pairing
between W4 and its topological dual W3.

LEMMA 2.4. Let A satisfy assumption (Ay). We then have Sy € CH(W4(RY),R)
and, for all u,v € W4 (RY),

(S5 (u),v) = / |VulP~2Vu - Vo — MA(z) [u|P~2uv do — / g(z,u)vde. (2.3)
RN RN
Proof. The proof of lemma 2.4 follows from the continuity of the embedding in

proposition 2.2. To avoid disrupting the exposition with technicalities, we postpone
it until appendix A.2. O

LEMMA 2.5. Under assumptions (g1), (A1) and (Az), the following statements hold.

(i) The functionals Wa(RY) = R, u — [on g(z, w)udz, u— [on Gz, u)dz are
compact, in the sense that they map bounded sequences to relatively compact
ones.

ii e functional W4 — U+ |on Alx)|ulP dz is also compact.
(ii) The f I Wa(RY) = R, Jan A(@)|ul? d ! P
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Proof. (i) Consider a bounded sequence (u,) C Wy. By proposition 2.2, (u,) is
bounded in L%(RY) and there exist a subsequence (still denoted by (u,)) and an
element u € L% (RY) such that u, — u in LL(RY). It follows from (g;) that

P(un) = @) < [ o), = gl u)ul da

< [ lotewn) =)l o+ [ oG], = ulda

< / B||un\q_2un — |u|q_2u\ |w, | dae —|—/ B|u|q_1|un — u|dzx,
RN RN

where, by Holder’s inequality,
/ Bt |7 2w, — |u|9%u| |u, | dz
RN

(a-1)/q
< c(/ Bl|un|? 2w, — |u|7 20|/ (@) d;v) .
RN

Since u,, — u in LL(RYN), we can suppose that u, — u pointwise a.e. and that
Blu,|? < f, uniformly in n, for some f € LY(RY). It then follows by dominated
convergence that the right-hand side of the above inequality goes to zero as n — oo.
On the other hand, by Hoélder’s inequality,

/ Blu/9™ uy — ul dz < [[ul]%5 lun — ullzs, =0 asn — oo,
RN B B

which concludes the proof. A similar argument shows that u +— fRN G(z,u)dx is
compact.

(ii) Consider again a bounded sequence (u,) C Wa. By proposition 2.1(i), there
exists a subsequence (still denoted by (u,)) and an element u € W, such that
Uy — u weakly in W4. By Holder’s inequality, we have, for any open set 2 C RV,

/QA(SC)Ilunlp = |ul’ldz < [|Al|Lr (@) [lfun " = luf?|

Le(£2)

for some r > N/p and s < N/(N —p). Since u +— |u|P is continuous from LP*({2) to
L#(£2), and, for £2 bounded, the embedding W4 (£2) C LP*(2) is compact, it follows
that

/ A(2)||unl? — |ulP|dz — 0, {2 bounded.
Q
On the other hand,
/ A)[un? = [ulPlde < ([lunl” = [ulPllLrrov-m @\ @) 1Al Lv/s ey 0)
RN\

< (”UnHZ])vp/(pr) + H“HZ])VP/(pr))”A”LN/P(RN\Q)
< (IVunlly + VUl Al ass @)
< Ol Al pw/e @y 0y

which can be made arbitrarily small by choosing |{2| large enough. O
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We conclude this section by showing that, under the hypothesis (4, \), the
(quasi-)norm || - ||x defined in (1.7) is equivalent to || - |lw,-

LEMMA 2.6. Let A and X satisfy hypotheses (A1) and (A, X). There then exist con-
stants ¢; = ¢;(A) >0, i = 1,2, such that

cllullw, < llullx < eallullwy,  u € WaRY). (2.4)

Proof. The second inequality follows directly from the definition of || - || in (1.7),
with ¢ = (max{1,|\|})"/?. It actually holds for any A\ € R. Condition (A4, \) is
required to prove the first inequality in (2.4), which we do now. Let £ > 0. By the
definition of A4 in (1.6), we have, for any u € W,

ul? = 5/ IVl dz + (1 _g)/ IVl dz )\/ A()|ul? de
RN RN RN
> E/ |Vul? dz + (1 — E))\A/ A(z)|ulP dz — )\/ A(x)ulP d
RN RN RN

= z—:/RN [VulPda 4+ [(1 —e)(Aa — A) — ) /RN A(z)|ulP dx

> min{e, [(1 —€)(Aa — A) —eAlHulliy, -

Since (1 —&)(Aa —A) —eX = Aqa — A > 0as e — 0, we can choose € > 0 such that
c1 := (min{e, [(1—¢)(Aa — ) —eA]})'/? does the job. This concludes the proof. [

REMARK 2.7. It is worth noting that || - || satisfies the usual properties of a norm
except for the triangle inequality. However, it follows from (2.4) that

lu + wllx < caep (lullx + [[v]]5)-

Hence, || - || is a norm or a quasi-norm, depending on whether cyc; ! is smaller or
larger than 1. In fact, it can be seen that coc;® > 1if A > 0, s0 || - ||» is only a
quasi-norm in this case.

3. Existence of weak solutions

We will prove the existence of at least one positive, one negative, and one sign-
changing solution of (1.1) by constraint minimization of the functional Sy defined
n (1.5). Since it is easier to obtain solutions of a given sign, we will focus our
attention on the existence of a sign-changing solution, and we will explain in the
course of the proof how to modify it in order to get positive/negative solutions. The
existence of a sign-changing solution is obtained by minimizing Sy on the ‘nodal
Nehari set’, which will be defined below.

We define the positive and negative parts u® of a function u: RV — R by
u®(r) ;= £ max{+u(z),0}, z € RV, so that u = ut +u~, with +u* > 0. It follows
from [15] that u® € W4(RY) whenever u € W4(RY).

THEOREM 3.1. Suppose that hypotheses (A1), (A, A) and (g1)—(g3) are satisfied.
There then exist ui,us,usz € WA(RN) with u; > 0 a.e., ugs < 0 a.e., and u?jf Z0
a.e., such that Si(u;) =0,1=1,2,3.
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REMARK 3.2. When A < 0, condition (A4, )\) of theorem 3.1 is trivially satisfied.
Then A need only satisfy assumption (A4;) and the conclusion of theorem 3.1 holds.
The choice A = 1 is allowed in this case, yielding solutions in W?(RM). Observe
that Ay = 0 for A = 1, reflecting the absence of Poincaré inequality on RY. In
order to apply theorem 3.1 with A > 0, we need conditions on A such that A4 > 0.

PROPOSITION 3.3. If A satisfies (A1) and (Asz), then Aa > 0. Moreover, there exists
u* € Wa(RYN) such that
/\A = fRN |vu*|p dx .
IRN A(z)|u*P dz

Proof. By Holder’s inequality and remark 2.3, there exists C' > 0 such that
[ A@Il do < ClAllgpIVull € Wal®™).
R

Furthermore, variational arguments similar to the proof of [1, theorem 1] show that,
when (4;) and (Asz) hold, the infimum in (1.6) is actually achieved. O

We will now prove theorem 3.1. Without further mention, we shall suppose that
the hypotheses of theorem 3.1 hold throughout the rest of this section. Before we
proceed with the bulk of the proof, let us first derive some elementary consequences

of hypotheses (g1)—(gs).
LEMMA 3.4. The function g has the following properties.

() |g(z,s)| < B(x)|s|7! and |G(z,s)| < (1/q)B(z)|s|? for almost every x € RN
and all s € R. In particular,

g(z,8) = o(|s|P™Y) as s — 0, uniformly for almost every x € RY.

(i) lim @) _ gl 1G9

- = Imost e RV,
lsl2oo |s[PT i oo for almost every x

(i) Letting h(x,s) = (1/p)g(z,s)s — G(x, s), we have that

sGy(x,8) >0 and shy(x,s) >0 for almost every x € RN, s # 0.

Proof. Property (i) follows immediately from (g;1). To prove (ii), first note that, for
s> R,

—  G(z,s) > R°G(z,R)s’ = R°G(x, R)|s|°,

whereas, for s < —R,

G'(z,s) < Q . /R G'(z,t) gt < Q/R ﬁ
s ; ) t
—0

G(z,s) G(x s
— 1ncm <In (;)

—  G(z,5) > R %G(z,—R)(—s)’ = R7%G(z,—R)|s|’.
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Therefore, G(x,s) > C(z)|s|? for almost all x € RY and for all |s| > R, where
C(z) :== min{R?G(z, R), R"°G(z,—R)}. Then (g2) implies that

lg(z,s)| = 0C(z)|s|?1 for almost every = € RY, |s| > R,

with C(z) := min{RG(z, R), R"°G(x, —R)}, from which the limits in (i) follow.
Finally, (iii) follows from (g2) and (gs). O

Let us now describe the variational setting we shall use to obtain critical points
of the functional Sy defined in (1.5). By lemma 2.4, Sy € C'(Wy4,R) and, recalling
the definition of || - ||x in (1.7), for all A < A4 we define

I = (S50 = ull = [ g(owpude,
Ny = {u e Wy \ {0}2 J)\(U) = 0},
My = {u € Wa: ut € N\} C Ny.

The sets Ny and M), are known as the Nehari manifold and the nodal Nehari set,
respectively. Clearly, Ny contains all non-trivial solutions of (1.1) while M) contains
all sign-changing solutions of (1.1).

For u € Ny, it follows from lemma 3.4(i), proposition 2.2 and lemma 2.6 that

Jullt = / g(e,wyudz < C / B(@)[ul? dz < Clullly, < Clulls-
RN RN

Hence, letting §) := , we have

C;l/(Q*P)
||’LLH)\ >0y > 0, wu € Ny. (31)

Observing that
B =0 = [l = [ gl wuds,
RN
it follows from lemma 3.4(iii) that
1
Sx(u) = / —g(z,u)u — G(z,u)dr = / h(z,u)dz >0, wu € Nj. (3.2)
RN P RN
Therefore,’
my = g[lfS)\ 21]{]1fSA > 0. (3.3)

We will now show that the Nehari manifold is diffeomorphic to the unit sphere
in (Wa,|| - |lx). Firstly, similar arguments to the proof of lemma 2.4 show that
Jy € CY(Wy4,R), and it follows from (gs3) that (Ji(u),u) < 0 for all u € Nj.
Therefore, by the submersion theorem, Ny is a C'' manifold of codimension 1 in
W4 such that the tangent space Ty, N is transversal to Ryu for all u € Ny.

LEMMA 3.5. For any fized u € W4 \ {0}, there exists a unique t = tx(u) > 0
such that ty(u)u € Ny. Furthermore, the map u v+ ty(u)u is a C* diffeomorphism

5That My # ) is easily seen from step 2 in the proof of proposition 3.6.
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from {u € Wy ||u||x = 1} onto Ny, with inverse u — u/||ul|x. Moreover, for any
u € Wy \ {0}, we have

ta(u) <1 if Ja(u) <0 and ta(u)>1 if Jx(u) > 0. (3.4)

Finally, Sx(tu) is increasing for t € (0,tx(u)) and decreasing for t € (tx(u),0),
with
Sx(ta(u)u) = max Sx(tu)  for allu e W4\ {0}. (3.5)

Proof. Define a C! function ¢: (0,00) — R by

1 B » g(x, tu)
qu(t) - EJA(tu) - ”uH)\ - [RN p—1 udz.

It follows from lemma 3.4(i) and (ii) that

lim eu(t) = [l >0, lim pu(t) = —c.

t—0+ t—+oo

Furthermore, by (g3), t — . (t) is strictly decreasing on (0,00), from which the
existence and uniqueness of ¢ (u) follow. The diffeomorphism statement is a conse-
quence of the implicit function theorem and the transversality of T,, Ny and R u.
Equation (3.4) follows easily from the properties of ¢,, while the behaviour of
Sx(tu), t > 0, follows from the calculation

S5 (1w) = (85 (0u) )

— P=1(17yIP — z)|ulP) dx — T,tu)udr
= [ v = 2@y as - [ glenud

RN
=t <||tu’)’\ - / g(z, tu)tu dx)
RN

=t~ Ty (tu).
The lemma is proved. O
PROPOSITION 3.6. The infimum my defined in (3.3) is achieved.

Proof. In the course of this proof, we will take the liberty of passing to subsequences
when necessary, without mentioning it explicitly. The proof proceeds in two steps.

STEP 1 (boundedness of a minimizing sequence). Consider (u,) C M) such that
Sx(un) — my, and suppose by contradiction that ||u,||x — 0o as n — co. Now let

1p_Un
el

Up = plma + 1]

Since the sequence (v,,) is bounded, we can suppose that there exists v € W4 such
that v, = v weakly in W4. By lemma 2.5, we have

S(vp) > ma+1-— / G(z,v)dx.
RN
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On the other hand, since u,, € Ny, it follows from (3.5) that S(v,) < S(u,). We
shall thus reach a contradiction by showing that v = 0. If this is not the case,
there exists a set 2 C RV with positive measure, and a number § > 0, such that
ess infp, |[v] > 4. Invoking proposition 2.2 and Egorov’s theorem, we can suppose
that

]
§>Oa n)”Oa

inf >

ess in |vn| =

for some large enough ng € N. Since G(z,0) = 0 and the supports of v;" and v,
are disjoint, it follows from lemma 3.4(iii) that

G(z,up) e

RN HunH§
G(x, ([[unllx/plma +1]/P)vy)

>, il 4
[ Gl 11)0t) Gl (oo +1105) o,

o [[un I}
< / Gz, ([[unllr/plma +111/7)(5/2)) + Gz, (|lunllr/plma + 1]*/7)(=6/2)) de
“Ja llunllX ’

n = ng.

Then lemma 3.4(ii) yields
Gz, un
/ Lup)dx—)oo as n — oo.
ry  [lunllX
However, on the other hand,

[ Gta) g, QUplealf 5t
RN

lunll lun X

— — asn — o9,

D
which gives the desired contradiction. Therefore, any minimizing sequence (uy) is
indeed bounded.

STEP 2 (existence of a minimizer). Let (u,) C M) such that Sy(u,) — my. Since
(up,) is bounded in W4, there exists u € W4 such that u,, — v and uTiL — u*F weakly
in W4 as n — oo. It immediately follows from the weak lower semi-continuity of
u i+ || Vullb and from lemma 2.5 that

Sx(u) < liminf Sy (u,) = my.
n—o0

Hence, we need only prove that u* € Ny. We first observe that u* # 0. Indeed, by
lemma 2.5 and (3.1),

/ g(z,uF)ut dz = lim g(z,u)ut dz = ILm JuZ|} =68 >0. (3.6
RN n—oo

n—oo RN

Invoking again the weak lower semi-continuity of u — |[Vu|} and lemma 2.5, it
follows from (3.6) that

+ + : +
Ja@F) = JuF g — T[] <o0.
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Suppose by contradiction that
IR ke

|l < liminf |ju
n—oo

Then tT :=ty(u") < 1land ¢t~ :=tx(u™) < 1, ttut +t"u~ € My C Ny, and so
S\ttut +t7u7) = x h(z,tTu™ +t7u")de
by (3.2). Since h(x,0) = 0 and the supports of vt and u~ are disjoint, it follows
from lemma 3.4(iii) that
Syttut +t7uT) = /N h(z,tTu™ +t7u")de
R

:/ h(:c,t+u+)d:c+/ h(z,t"u™)dx
RN

RN

</ h(a:,u+)d:17+/ h(z,u™)dx
RN RN
:/ h(z,ut +u”)dx

RN

= h(z,u)dx
RN

= lim h(z,u,) dz
n— oo RN

= lim Sy(u,) =m.

n—oo
This contradiction concludes the proof. O
REMARK 3.7. If A <0, then || - ||x is @ norm, (W, || - ||) is uniformly convex and

the proof shows that u, — u in W4 (up to a subsequence).
We are now in a position to complete the proof of theorem 3.1.

Proof of theorem 3.1. Proposition 3.6 yields an element ug € W, that minimizes
Sy on the nodal Nehari set M. To conclude the proof of theorem 3.1, we will now
show that S (u3) = 0. The existence of the critical points u; and us (with u; > 0
a.e. and ug < 0 a.e.) follows similarly, by minimizing S over N)jf instead of M),
where

Nf ={ue Ny:uF =0}

Since M, is not a submanifold of W4, we cannot use the Lagrange multiplier
theorem to infer that the minimizer ug is indeed a critical point of S. To overcome
this difficulty, we appeal to a theorem of Miranda,® which was first established
n [14]. For the reader’s convenience, we recall here the two-dimensional version of
this result. An elegant proof can be found in [18].

6This is essentially a version of Brouwer’s fixed-point theorem.
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LEMMA 3.8. Let L >0, let R = (—L, L)? C R? and consider a continuous function
F = (Fy, F2): R — R? that satisfies F(t,s) # 0 for all (s,t) € OR, and the following
conditions on the boundary OR:

Fi(~L,t) >0,  F(Lt)<0, Fy(s,—L)>0, Fy(s,L)<O0.

In other words, the vector field F', evaluated on the boundary OR, always points
towards the interior of R. There then exists (so,to) € R such that F(sg,tg) = 0.

This lemma is applied in the following manner. Suppose by contradiction that
S4(u3z) # 0. Then there is a ¢ € W, such that (S} (u3),¢) = —2, and so, by
continuity of S, there is an € > 0 such that

(Sh(tug + suz + 7o), p) < —1 (3.7)

for all 7 € (0,¢] and all (s,t) € R, where R = (1 —¢,14¢)? C R%. Now consider a
continuous function n: R — [0, €] such that n(1,1) = ¢, n(0R) = 0, and n # 0 on
R. We define F: R — R? by

F(Sv t) = (Jk((tu;_ + Sug + n(t’ 3)90)7)7 J/\((tu;_ + SUB_ + n(tv S)‘)O)Jr))'

First of all, it is clear that F' is continuous. Next, for s =1—c and t € [l —e,1+¢],
using the function ¢, (t) introduced in the proof of lemma 3.5 we have

Figl_ejét) - J/\(((ll - f)): =16 > (1) =0

since uz € Ny. Similar arguments show that F}(1+4¢,t) < 0 and FF5(s,1£¢) > 0.
Hence, the hypotheses of lemma 3.8 are satisfied and there exists (sg,tp) € R such
that F(so,to) = 0. Remarking that touj + sous +n(to, s0)p # 0 by (3.7), it follows
that tou; + souz +n(to, s0)p € My. We will reach a contradiction by showing that
Sx(toud + souz +n(to, s0)p) < ma. By (3.7), we have

Sx(touz + souz +n(to, o))
1(to,s0)
= Sx(tous + souz ) + / (4 (tud + suz +rp), @) dr

0
< Sx(toud + souz ) — n(to, s0)-

If (so,t0) = (1,1), then Sy(tous + sous + n(to,s0)p) < my — ¢ and we are done.
So suppose that (sg,to) # (1,1). Since uf € Ny, it follows from (3.5) that
Sx(tous + souz +n(to, s0)e) < Sx(toud + souz ) — n(to, so)
= Sx(touz) + Sx(souz ) — n(to, s0)
Sx(ug) + Sx(ug) = n(to, s0)
(

< O
= Sx(us) — n(to, s0) < ma,
yielding the desired contradiction. This completes the proof of theorem 3.1. O
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4. Regularity and conclusion of the proof

We will now prove a regularity result for the solutions given by theorem 3.1. We
say that u € C’llo’g‘(RN) if for any compact K C R¥ there exists @ = a(K) such
that u € CH*(K). Once C1® regularity is proved, we will prove the remaining
statements of theorem 1.1 about the nodal properties of the solutions.

PROPOSITION 4.1. Suppose that the hypotheses (A1), (A2) and (g1) hold. Then any
weak solution u of (1.1) satisfies u € C’ll.f (RM).

Proof. Assumption (A;) implies that u € W,-?(RV) c Lf:C(RN). It then follows

from [16] that u € C\2*(RN), provided that we know a priori that u € LS (RN). For
a fixed compact K C RY, we briefly explain how the results of [12] imply that u €
L (K). Firstly, the integrability conditions on A and B given in hypotheses (A1),
(A2) and (g1) precisely ensure that assumptions (7.1) and (7.2) in [12, ch. 4, § 7]
(together with conditions (1)—(3) there) hold. Thus, the idea is to apply theorem 7.1
of [12, ch. 4, §7]. In the present context, the parameters m and ¢ appearing there
are given by m = p and ¢ = p*. We need only explain here why the conclusion of

this theorem still holds without the hypothesis that

ess sup |u| < oo. (4.1)
oK

This assumption is used in the proof of [12, ch. 4, theorem 7.1] in the two following
instances. First, to derive the estimate (7.3), the test function n(x) = max{u(x) —
k,0} is used, where k is a positive parameter such that k > ess supyy |u|. This
restriction is due to the definition of a weak solution in [12, ch. 4], requiring that
n € WyP(K). Our definition of a weak solution (see (1.9)) allows us to merely
consider n € W1P(K), and we can derive the estimate (7.3) in the same way as
n [12]. Finally, assumption (4.1) is used to conclude the proof of theorem 7.1 by
invoking theorem 5.1 of [12, ch. 2]. It turns out that theorem 5.2 of [12, ch. 2] does
the job as well, and does not require (4.1). This completes the proof. O

We can now finish the proof of theorem 1.1.

Proof of theorem 1.1. Tt only remains to show that u; > 0, us < 0, and ug has
exactly two nodal domains, as defined in §1.1. The positivity of u; and the nega-
tivity of us follow from the strong maximum principle (see, for example, [17, theo-
rem 5]). Regarding us, we already know from the previous results that it has two
nodal domains. Suppose by contradiction that ug has (at least) three distinct nodal
domains 2, C RV, i =1,2,3, and define

(@) = {U3(x) if x € (2,

o otherwise.

Clearly, v; € W4, ¢ = 1,2,3, and without loss of generality we can suppose that
v1 > 0 and vp < 0. Since S} (u3) = 0, it follows that v; € Ny, ¢ =1,2,3, v1 + vy €
My, and so (3.2) implies that

my < S,\(Ul +U2) < SA(U3) = my.

This contradiction concludes the proof. O
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Appendix A.

A.1. Compactness

Since we were not able to find the exact result we need in the literature, we now give
a proof of the compactness of the embedding W4 (£2) C L;({2) in proposition 2.2.
We shall make extensive use of the classic Holder and interpolation inequalities,
which hold in the weighted spaces L% (£2), as in the usual case in which B = 1.

Proof of proposition 2.2 (continued). We start by assuming that 2 C RY is an
open bounded domain with C! boundary. We will first explain how the proof of the
classic Rellich—Kondrachov theorem can be adapted to the present case. We follow
the proof of Brezis [6, théoréme IX.16], which is based on a criterion of strong
compactness in LP spaces [6, corollaire IV.26]. Note that [6, corollaire IV.26] is a
consequence of the famous Riesz—Fréchet—Kolmogorov theorem [6, théoreme IX.25].
It is easy to see that the proof of both [6, théoréme IX.25] and [6, corollaire IV.26]
remain virtually unchanged in the case of a weighted LP space such as L;({2).
Therefore, we can merely follow the proof of [6, théoréeme IX.16] for the case in
which p < N.

Letting F be the unit ball in W4 (§2), this amounts to verifying assumptions
(IV.23) and (IV.24) of [6, corollaire IV.26]. Following Brezis, for an open set w C 2
such that @ is compact and @ C 2, we write w CC 2. For a given h € RV, we
also define the translation 7,u of a function u by mpu(z) = u(x + h), x € RV,
Assumptions (IV.23) and (IV.24) of [6, corollaire IV.26] now read

Ve >0 VYwCC 2, 3 e (0,dist(w,2°) such that (s.t.)
IThu —ullpgw) <& VheRN st |h| <6 YueF (Al)

and
Ve >0 dwCC 2 s.t. ||u||L?3(Q\w) <e YuelF. (A 2)
To prove (A 1), consider « € (0, 1] such that 1/¢ = a/1+ (1 — «)/p*. By interpola-
tion,
a 1—
l7ne = wllpg, o) < llmne — ullgy o) Imnu —ull 57 - (A3)

Now following the proof of [6, proposition IX.3], it is easily seen that
[mnw = ull Ly ) < [I1Bllso[VullLi (o)Al (A4)

Hence, recalling that {2 is bounded and using (2.2), we have

l—o

s — wll g oy < IBIS NVl ()[R @l 1y )
21 Bl | Va1 a2 117
OVl oy IVl 111

C|h|*  (since ||Vul|rr(oy < 1 for u € F),

N

<
<
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which proves (A1). On the other hand, for all u € F, it follows from Holder’s
inequality and (2.2) that

/ | B(z) dz < || Bllao] 2\ w] @0/
2\w

q _ q
||UHLQB(_Q\W) = UHL’J’;(Q)

<O\ W@ =0 ]

< OIVul[L, 12\ ] @ =0/
<O\ w|? —D/P"

Therefore, [ullze\w) < C[92\ w|Y/a=1/P"swhich proves (A2) and concludes the
proof that the embedding is compact when 2 is a smooth bounded domain.

We now consider the case in which 2 = RY. Let (u,) C W4 (RY) be a bounded
sequence. We will show that (u,) is relatively compact in L% (RY). Firstly, since
Wa(RYN) is reflexive, we can suppose that u, — u weakly in W4(RY) for some
u € Wa(RYM). Also, denoting by B(0, R) the ball of radius R centred at x = 0 in
RY, Un|B(0,R) = U|B(0,r) Weakly in W4(B(0, R)), and we already know that (up
to a subsequence) u,|p(0,r) = ulB(o,r) in LE(B(0, R)). Furthermore, by Holder’s
inequality and (2.2),

/ |y, —u|?B(z)dz < C (|lun|? + |u|?)B(x) dz
|z| >R lz| >R
. q/p"
< C(/ (lun|? + lul?)? /a d;v) |\B||Lp*/(p*—q>(|1-\>R)
lz|>R
< C(llun ;q)* + Jlu Z*) |BHLP*/<p*—q>(\x\>R)
< CUIVunllf + IVullD)IBI Lo/ o -0 (121> r)
< OBl e /60* -0 (ja|> R)- (A5)

Since B € L /" =9 (RN), the right-hand side of (A5) can be made arbitrarily
small by choosing R > 0 large enough, uniformly in n, which concludes the proof.
O

REMARK A.1. Let us now explain how the hypothesis B € L>(R") in (g;) can be
relaxed to a local integrability condition in the above proof, and hence throughout
the whole paper. Choosing t € (¢,p*) and « € (0, 1] such that 1/g = a/1+(1—a)/t,
we start by replacing the interpolation inequality (A 3) with

e = ull gy ) < e = gy o lrm =l - (A6)

Then, instead of (A 4), the proof of [6, proposition IX.3] can be modified to show

that
ITnu — ullpy wy < 1 Bllpr/o-v o) [IVulle2)lhl- (A7)
On the other hand,
1/t
[Tnu — ullpt wy < 2[|ullLy, @) < 2||B||L/'p*/(p*—t)(_q)||'U’HLP*(.Q)
1
< CHB||L/pt*/(p*—t)(Q)||Vu||LP(Q)~ (AS)
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That (A 1) holds now follows from (A 6)—(A 8), provided that”

Be L (RY), where s = max {pfl’ p*p_ t}' (A9)

Furthermore, we have

Il oy = | T BE) & < 1Bl - [l
< C||B||Lp*/<p*—q)(rz\w)HVU”qu(Qy

and so (A 2) follows from the assumption that B € LP"/("~9(RN). This completes
the proof of compactness of the embedding W4 (£2) C L% (£2) when (2 is a bounded
domain with smooth boundary. The case in which 2 = R" then follows as before.
Hence, we see that proposition 2.2 holds provided that B € Lp*/(p**Q)(RN) and B
satisfies (A 9) for some t € (g, p*).

A.2. Differentiability

This appendix is devoted to the proof of lemma 2.4. Before we proceed with the
proof, let us first remark that, thanks to proposition 2.2,

weWaRY) = wecIhRY) and we LL(RY),

where B and ¢ were introduced in hypothesis (g1). As in appendix A.1, we will take
advantage of the Holder inequality in the weighted Lebesgue spaces L% (RY) and
LL(RN).

Proof of lemma 2.4. For given u,v € W4(RY™) we start by computing the Gateaux
derivative D Sy(u) of Sy in the direction v, and we show that it is equal to the
right-hand side of (2.3). That is, we compute

lim 1[SA(U + tv) — Sx(u)].

t—0 ¢
It follows from Holder’s inequality that |Vu[P~2Vu - Vo € LY(RY). The derivation
of the first term then follows in a standard manner, using the mean-value theorem
and the dominated convergence theorem. Let us now consider the other two terms
in more detail. For ¢t # 0, and 2 € RY, it follows from the mean-value theorem that
there exists s = s(¢,z) € [0,1] such that

lu+ tv]P — [ulP = plu + stv]P 7% (u + stv)tv,
and so
11 -2 N
EfA(:c)(|u + tv]? — |[ulP) = A(z)|u|P"“uv as t — 0 for almost every z € R™.
p

Moreover,

11
S A@)(Ju+ o] = ul)| < A@)[u+ stol”™ o] < CA@)(Jul” ol + [v]?),
p

P o P <

7"Note that .
p—1 p*—t N-—p
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where AJv|P € LY(RY) since v € Wa, and A(z)[uP~v| € LY(RY) by Holder’s
inequality in L% (RY). Hence, by dominated convergence,

11
,,/ A(a:)(|u+tv|p—\u|p)dx—>/ A@)|ulP~2uvde as t — 0.
tp JrN RN

To deal with the last term, we apply again the mean-value theorem, which yields
a number s = s(¢,z) € [0, 1] such that

%(G(x,u +tv) — G(z,u)) = %g(m, u ~+ stv)tv — g(x,u)v
as t — 0, for almost every z € RY.
Also, by (g1),
g, + sto)o] < B(@)|u+ stolt o] < CB(@)(jul~ |o] + v]7) € L1 (RY)

thanks to proposition 2.2 with » = ¢. It then follows by dominated convergence

that
1
f/ (G(z,u+tv) — G(z,u))dr — glz,u)vdx ast—0.
t RN RN

We have thus proved that the Gateaux derivative D S (u)v exists and is equal to

the right-hand side of (2.3).

To complete the proof, we will now show that D Sy(u) € W} for all u € W4, and
that the mapping u — D Sy (u) is continuous. Holder’s inequality yields

’/ |VulP~2Vu - Vo da
RN

< [, I9uP 190l de < IVl e 1901,
= [ul Vel

-1
< ully, 1ol

‘/ A()ulP?uv dz </ P~ ol A(z) dz < [[[ulP | poro-vlvlly
RN RN A
-1
= llullzz"l1vllzy,

-1
< ullfy, lvllwe,

and

< / 9z, w)lo] dz < / fuf = |o] B(z) dz
RN RN

< |Hu|q*1||L?3/<q_1)Hv||L313

‘ / g(z,u)vdx
RN

—1
= llul%5 el g
—1
< Cllull Mol

where the last inequality follows from proposition 2.2. These estimates show that
D Sy(u) € W} for all u € Wy.
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To prove that u — D Sy (u) is continuous, consider (u,) C W4 such that u, — u
in W4. We will show that

ID Sx(un) — D Sx(u)| =  sup |(D Sx(un) — D Sx(u), )]

—0 asn— oo.
vEWA\{0} vllw.,

(A10)
We have

[(D Sx(un) — D Sx(u),v)| < / [ Vun P2V, — |VulP~2Vu| |[Vo| dz
RN
SN[ Al 2 = el o] do
RN
+ [ loteun) = gl o] de,
RN
Using Holder’s inequality in the same fashion as above, we obtain

/ ||V, [P~2Vu, — [VulP~2Vu| |[Vo|de
RN

<NIVun P72V s = [Vl =2 Vully -1y l|v]lw,

All)

A [[un P~ 2up = [ulP~2ul [o] de < [[|unP~2un = [ulP~2ull oo [|v]| Ly

RN A 4
(A12)

and
l9(z,un) — g(x, w)| [v] dz < Cl[Jun| T un — [u"?ull La/ca-n [|v]lw,
RN Le

(A13)

We now observe that, since u,, — u in Wy, we have (up to a subsequence) u, — u
and Vu,, — Vu pointwise a.e., Alu,|P < f and Blu,|? < g (by proposition 2.2) for
some functions f,g € L*(RY), uniformly in n. The limit in (A 10) then follows from
estimates (A 11)—(A 13) by dominated convergence, up to a subsequence. Since the
previous argument can be applied to any subsequence of (u, ), this completes the
proof. O

Acknowledgements

This research was initiated while A.D. was at the CeReMath, Université Toulouse 1
Capitole, and F.G. was at Heriot-Watt University. A.D. visited Heriot-Watt once
and F.G. visited the CeReMath twice during this work. We are grateful to both
institutions for their hospitality. We also thank the anonymous referee for helpful
comments, Charles Stuart for insightful discussions, and Peter Taka¢ for indicating
useful references to us. F.G. acknowledges the support of the UK Engineering and
Physical Sciences Research Council (grant no. EP/H030514/1) and of the ERC
Advanced Grant ‘Nonlinear studies of water flows with vorticity’.

https://doi.org/10.1017/50308210515000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000190

Existence of nodal solutions for quasilinear elliptic problems in RN 957

References
1 W. Allegretto and Y. X. Huang. Eigenvalues of the indefinite-weight p-Laplacian in weighted
spaces. Funkcial. Ekvac. 38 (1995), 233-242.
2 T. Bartsch, Z. Liu and T. Weth. Nodal solutions of a p-Laplacian equation. Proc. Lond.
Math. Soc. 91 (2005), 129-152.
3 T. Bartsch, Z.-Q. Wang and M. Willem. The Dirichlet problem for superlinear elliptic equa-
tions. In Stationary partial differential equations. The Handbook of Differential Equations,
vol. I, pp. 1-55 (Elsevier/North-Holland, 2005).
4 V. Benci and D. Fortunato. Weighted Sobolev spaces and the nonlinear Dirichlet problem
in unbounded domains. Annali Mat. Pura Appl. 121 (1979), 319-336.
5 D. Bonheure, A. Derlet and S. de Valeriola. On the multiplicity of nodal solutions of a
prescribed mean curvature problem. Math. Nachr. 286 (2013), 1072-1086.
6 H. Brezis. Analyse fonctionnelle: théorie et application (Paris: Masson, 1983). (In French.)
7 H. Brezis. Functional analysis, Sobolev spaces and partial differential equations (Springer,
2011).
8 Y .-H. Chen. Multiplicity of nodal solutions for a class of p-Laplacian equations in R,
Commun. Math. Analysis 12 (2012), 120-136.
9 M. del Pino and R. F. Manasevich. Global bifurcation from the eigenvalues of the
p-Laplacian. J. Diff. Eqns 92 (1991), 226-251.
10 P. Drabek and Y. X. Huang. Bifurcation problems for the p-Laplacian in RN . Trans. Am.
Math. Soc. 349 (1997), 171-188.
11 P. Drabek, A. Kufner and F. Nicolosi. Quasilinear elliptic equations with degenerations
and singularities (Berlin: Walter de Gruyter, 1997).
12 O. A. Ladyzhenskaya and N. N. Ural’tseva. Linear and quasilinear elliptic equations (Aca-
demic Press, 1968).
13 X. Liu and Y. Guo. Sign-changing solutions for an asymptotically p-linear p-Laplacian
equation in RN. Commun. Contemp. Math. 15 (2013), 1250046.
14 C. Miranda. Un’osservazione su un teorema di Brouwer. Boll. UMI B3 (1940), 5-7.
15 G. Savaré. On the regularity of the positive part of functions. Nonlin. Analysis 27 (1996),
1055-1074.
16 P. Tolksdorf. Regularity for a more general class of quasilinear elliptic equations. J. Diff.
Eqgns 51 (1984), 126-150.
17 J. L. Vazquez. A strong maximum principle for some quasilinear elliptic equations. Appl.
Math. Optim. 12 (1984), 191-202.
18 M. N. Vrahatis. A short proof and a generalization of Miranda’s existence theorem. Proc.

Am. Math. Soc. 107 (1989), 701-703.

https://doi.org/10.1017/50308210515000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000190



