Proceedings of the Royal Society of Edinburgh, 138A, 1403—1424, 2008

Boundary blow-up elliptic problems with
nonlinear gradient terms and singular weights

Zhijun Zhang

School of Mathematics and Informational Science, Yantai University,
Yantai, Shandong 264005, People’s Republic of China
(zhangzj@ytu.edu.cn)

(MS received 24 May 2006; accepted 20 September 2007)

By Karamata regular variation theory, a perturbation method and construction of
comparison functions, we show the exact asymptotic behaviour of solutions near the
boundary to nonlinear elliptic problems Au + |Vu|? = b(z)g(u), u > 0 in £2,

ulgn = 0o, where £2 is a bounded domain with smooth boundary in RV, ¢ > 0,

g € C1]0,00) is increasing on [0, c0), g(0) = 0, ¢’ is regularly varying at infinity with
positive index p and b is non-negative in {2 and is singular on the boundary.

1. Introduction and the main results

The purpose of this paper is to investigate the exact asymptotic behaviour of solu-
tions near the boundary to the following model problems:

Aut |[Vu|? =b(x)g(u), uw>0€ 2, ulpp = oo, (P1)

where the last condition means that u(z) — 400 as d(z) = dist(z,d2) — 0, and
the solution is called ‘a large solution’ or ‘an explosive solution’, {2 is a bounded
domain with smooth boundary in RN, N > 1, ¢ > 0, g have the properties that

(g1) g € Ct0,0), g(0) = 0, g is increasing on [0, 00),

(g2) the Keller—Osserman condition

/tm\/% < oo forallt>0, G(s):/osg(z)dz
holds,
and b satisfies the condition
(b1) b€ C¥(£2) for some a € (0, 1) is non-negative in 2 and limg,)_,0 b(x) = co.

The main feature of this paper is the presence of the three terms: the nonlinear term

g(u), which is regularly varying at infinity with index 1 + p, p > 0, and includes

a large class of functions; the nonlinear gradient term 4|Vu|?; and the weight b,

which is singular on the boundary, and also includes a large class of functions.
First, let us review the following model:

Au=b(x)g(u) in 2, wulan = —+oc. (Po)
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The problem (Pp) arises from many branches of mathematics and applied math-
ematics and has been discussed by many authors and in many contexts (see, for
example, [2-14,18-21,23-31, 33, 34,36-38,41-43,45,46]).

Problem (Py) was studied much earlier for the case in which b = 1 on {2 for
g(u) = e“. Bieberbach [3] proved that when N = 2 there is one solution u €
C?(02) satisfying the condition that |u(x) —In(d(x))~2| is bounded on (2. The same
result was proved by Rademacher [37] for N = 3. For more general non-decreasing
functions g, Keller and Osserman [19, 34] first supplied a necessary and sufficient
condition (gg) for the existence of large solutions to problem (P,). Later, Loewner
and Nirenberg [26] showed that if g(u) = uP° with pg = (N +2)/(N —2), N > 2,
then problem (P,) has a unique positive solution u satisfying

lim wu(z)(d(z)) V=272 = (N(N —2)/4)N=2/4,
d(z)—0
Then, by analysing the corresponding ordinary differential equation and combining
it with the maximum principle, Bandle and Marcus [2] established the following
results: if g satisfies (g;) and

(g3) there exist # > 0 and so > 1 such that g(¢£s) < £19g(s) for all € € (0,1) and
5> s0/¢,

then, for any solution u of problem (FP)

u(z)
———— =1 asd(z)—0, 1.1
(@) ) -
where v satisfies
e ds
———==1t forallt>0 (1.2)
/fﬂl(t) V/2G(s)

and, in addition to the conditions given above, g satisfies the condition that
(g4) g(s)/s is increasing on (0, c0),

then problem (P,) has a unique solution.
Lazer and McKenna [24] showed that if g satisfies (g;) and

(g5) there exists a; > 0 such that ¢’(s) is non-decreasing for s > a;, and

g'(s)

NEORRE

then, for any solution u of problem (Fp),

lim
S5— 00

u(z) — 1(d(x)) = 0 as d(z) — 0. (1.3)

Now we introduce a class of functions.
Let A denote the set of all positive monotonic functions k € L'(0,v) N C(0,v)

which satisfy
d (K (t)

t_1>%1+ a ]{)(t)) = Ck S [O,OO)7 (14)
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where
K(t):/o k(s)ds. (1.5)

We note that, for each k € A, lim;_,o+ K(t)/k(t) = 0, Cy € [0,1] if k is non-
decreasing and C > 1 if k is non-increasing.

Most recently, applying the regular variation theory, which was first introduced
and established by Karamata in 1930 and is a basic tool in the stochastic pro-
cess, and constructing comparison functions, Cirstea and co-workers [6-9] showed
the uniqueness and exact asymptotic behaviour of solutions near the boundary to
problem (P,). A basic result is that if g satisfies (g;) and

(g6) there exists p > 0 such that lim,_, o ¢'(£5)/g'(s) = &° for all £ >0
and b € C*(£2), b > 0 in £2, and satisfies
(b2) limg(z)—o b(x)/k*(d(2)) = co > 0 for some non-decreasing function k € A,

then any solution u of problem (Fy) satisfies

(@)
o3 Pa)) & (1.6)

where

B (2+ka >1/P
o= co(2+p)

and ¢ € C%(0,a), a € (0,v), is defined by

*° ds
———==K(t) forallte (0,a). 1.7
L ag = KO (0.0 (1.7
Zhang [46] considered problem (Pp) for the case k(t) = t°/? with ¢ > —2, and
Mohammed [33] generalized the above results to non-increasing function k € A.

Now let us return to problem (Py).

When b = 1 on {2, Lasry and Lions [22] established the existence, uniqueness
and exact asymptotic behaviour of solutions near the boundary to problem (P-)
for g(u) = Au with A > 0 and ¢ > 1; when g(u) = w?, p > 0, by the ordinary
differential equation theory and the comparison principle, Bandle and Giarrusso [1]
showed the following results:

(i) if p> 1 or ¢ > 1, then problem (P, ) has one solution in C?({2), and the same
statement is true for problem (P_)if p>1or 1< ¢ <2;

(i) f p>1land 0 < ¢ < 2p/(p + 1), then every solution uy of problem (Py)
satisfies (1.1), where 91 (t) = (1/2 p+1/ — 1))/ (e=1)¢=2/(p=1),

(iii) if 2p/(p+ 1) < ¢ < p, then, for any solution u of problem (P, ),

m uy(z) <p_qd(x)>q/(pq) =1 (1.8)

li
d(x)—0 q
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(iv) if max{2p/(p+1),1} < ¢ < 2, then every solution u_ of problem (P_) satisfies

Jim e (@)(2 = g) (g = D) /D < 1 (L9)

(v) if ¢ = 2, then every solution u_ of problem (P_) satisfies

d(lwi)rr_l)o u_(z)/In(d(x)) = 1. (1.10)

Moreover, Bandle and Giarrusso [1] and Giarrusso [15,16] extended the above results
for more general g(u) satisfying

lim Gu)

u—»ooW =cC1 € [0,00]

Most recently, Porretta and Véron [35] gave the precise expression of the solution
for the case g(u) = uP with p > 0. Zhang [49] generalized the above results in [1,
15,16] to problem (Py) for the case that b € C%(£2), b > 0 in {2, and considered
problem (Py) when 0 < ¢ < 2(p+1)/(p+2) and k(t) = t7/2 with o > —2 [47].

For other existence results of large solutions to elliptic problems with nonlinear
gradient terms, see [44,48,50] and the references therein.

In this paper, by Karamata regular variation theory, a perturbation method and
constructing comparison functions, we reveal that how the singular weights b affect
the exact asymptotic behaviour of solutions near the boundary to problems (Py).

First let us recall some basic definitions and the properties to Karamata regular

variation theory [32,39,40].

DEFINITION 1.1. A positive measurable function f defined on [a, c0), for some a >
0, is called regularly varying at infinity with index p, written f € RV, if, for each
& >0 and some p € R,

t
lim i) =&, (1.11)
t—o0 f(t)
The real number p is called the index of regular variation.
In particular, when p = 0, we have the following.

DEFINITION 1.2. A positive measurable function L defined on [a, 00), for some a >
0, is called slowly varying at infinity, if, for each & > 0,

L) _
tggom =1. (1.12)

It follows by definitions 1.1 and 1.2 that if f € RV, it can be represented in the
form

F(t) = tPL(1). (1.13)

LEMMA 1.3 (uniform convergence theorem). If f € RV, then (1.11) (and thus
(1.12)) holds uniformly for & € [a,b] with 0 < a < b.
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LEMMA 1.4 (representation theorem). The function L is slowly varying at infinity
if and only if it may be written in the form

t
L(t) = c(t) exp (/ @ ds), u > a, (1.14)
for some a > 0, where c(t) and y(t) are measurable and t — oo, y(t) — 0 and
c(t) — ¢, with ¢ > 0.
As the corresponding to definitions 1.1 and 1.2, we have the following.

DEFINITION 1.5. A positive measurable function h defined on (0, a), for some a > 0,
is called regularly varying at zero with index o, written h € RV Z,, if, for each £ > 0
and some o € R,

hEt) _ o
t—lgl*W =¢&°. (1.15)

In particular, when o = 0, we have the following.

DEFINITION 1.6. A positive measurable function H defined on (0, a), for some a >
0, is called slowly varying at zero, if for each £ > 0

H(t)
t_1>r51+m =1. (1.16)

It follows by definitions 1.5 and 1.6 that if h € RV Z,, then it can be represented
in the form

h(t) = tH(t). (1.17)

We note that definition 1.1 is equivalent to saying that f(1/t) is regularly varying
at zero with index —p.
Our main results are the following.

THEOREM 1.7. Let g satisfy (g1), ' € RV, with p > 1; let b satisfy (bi) and let
(b3) limg(gy—o b(z)/k(d(x)) = cq > 0 for some non-increasing function k € A.
If2< q<p+1, then every solution uy € C%(£2) to problem (Py) satisfies

. u (z) —1/(p—q+1)
lim —t ) —1/(pmatD) 1.18
o0 SR @) ~ (1.18)

where ¢ € C?(0,00) is uniquely determined by

o ds
—_— =t It>0. 1.19
/m) Gye L e (1.19)

Moreover, ¢ € RVZ_y(p+1—q) and there exists H € RV Zy such that

o(t) = H(t)t=9/(pH1=a), (1.20)
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THEOREM 1.8. Let g satisfy (g1), g’ € RV, with p >0, let

2(p+1) .
——= < g <min{2,p+ 1},
12 < {2,p+1}
and let b satisfy (b1). Suppose that there exists some non-increasing function k €
CY0,v), k¥ € RVZ_,_1 with o € (0,1) and a positive constant c, such that (b3)
holds. If

2 2 —92(1 1 — 11
o Q)<Q( +p) —2(1+p) g Ot +qa<(q )(1+p)
1—-0 p+1—gq 1—-0 p+1—gq

. (1.21)

then the conclusion of theorem 1.7 holds.
THEOREM 1.9. Let g satisfy (¢1), ¢ € RV, with p > 0, let b satisfy (b1) and
(ba1) limgz)—o0 b(2)/k*(d(x)) = co > 0 for some non-increasing k € A.

If either 0 < g < 2(1+ p)/(2+ p), or g(u) = u'TP with ¢ = 2(1 + p)/(2 + p), then
every solution uy € C?(£2) to problem (P ) satisfies

24 CO N <2+p+p<ck - 1>)”P
d(z)—0 1 (K (d())) co(2+p) ’

where 1 € C?(0,a] is uniquely determined by (1.2). Moreover, 1 € RVZ_y,,,
and there exists H € RV Zy such that 1 (t) = H(t)t=2/7.

(1.22)

THEOREM 1.10. Let ¢ > 0, let g satisfy (91), (g2) and lim, oo G(u)/(g(u))?/? €
[0,00), or g satisfy (g1), where (g(u))?*/9/u is increasing and

< ds . G(u)
/t W<oo for allt >0, ulLH;OWE(O,m].

If b € C*(02) is positive in 2 and
(bs) the linear Poisson’s problem

—Av=>b(x), v>0, z€, vjegn=0 (1.23)

has a unique solution v € C*T* ()N C(£2), then problem (Py) has at least one
solution uy € C%(£2).

REMARK 1.11. By (1.2), we see that the asymptotic behaviour (1.22) of uy is
independent of +|Vug|? when 0 < ¢ < 2(1 4+ p)/(2 + p), and so is that when
g(u) = u'*? with p > 0 and ¢ =2(1 + p)/(2 + p).

REMARK 1.12. Some basic examples of g which satisfies (g1) and ¢’ € RV, with
p > 0 are

(i) g(u) =urtt,
(ii) g(u) = w1 (In(u + 1))?, 8 > 0,

(iii) g(u) = vt arctanu,
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g(u) = cou” ™ exp (/ y(s)ds), u >0,
0

S

where ¢g > 0, y € C[0,00) is non-negative such that lim,_,o+ y(s)/s € [0, 00)
and lims_, o y(s) = 0.

REMARK 1.13. Some basic examples of the non-increasing functions in A are
(i) k=Cy >0, K(t) = Cyot, Cr, =1,
(ii) k(t) = t~9/2 with o € (0,2),

(2-0)/2
K(t):%’ k= 230 > 1
(iii) k(t) = —Int, K(£) = (1 — Int), G = 1,
(iv) k(t) = —Int/t° with o € (0,1),
K= (= (—o)mt), Che— 1.
1-o0)2 1-o

At the same time, we note that k(t) = 1/t(—Int)? with o > 1, k € L'(0,v) N
CH0,v), K(t) = (Int)=7/(c — 1), Cy = +o0.

REMARK 1.14. When g(u) = u*™, p>0,0<qg < p+1,
q q/(p+1—q) 1)
)= —bF — g=a/(pHl-a) ¢ 5,
el (p +1- q)
REMARK 1.15. When g(u) = u*1, p > 0,
1/p
2(2
di(t) = (( p;r p)> 20 ¢,
REMARK 1.16. If 2(p+1)/(p+ 2) < ¢ < 2, then
(=11 +p)
p+l—q

REMARK 1.17 (Zhang [48, theorem 1.2]). Let g satisfy (g1) and g(s) < CysP* for
all s € (0,00) and g(s) > CysP? for large enough s, where p; > ps > 1 and Cy, Co
are positive constants; let b € C*(2) and b > 0 in {2, satisfying the following
assumption: there exist constants vy; > 2 > —2 such that

1<

Co(d(x))"? < b(x) < C1(d(z))"  for all x € £2. (1.24)
If 5
1<q< u7
pt+y+1

then problem (P_) has at least one solution u_ € C?({2).
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REMARK 1.18. If b satisfies (b;) and sup,co(d(z))*7b(z) < oo with o € (0,2),
then (by) holds (see [17, ch. 4, theorem 4.3, problems 4.3 and 4.6, pp. 70-71]).

The paper is organized as follows. In §2 we continue to recall Karamata regular
variation theory. In §3 we prove theorems 1.7-1.9. Finally, we show existence of
solutions to problem (Py).

2. Some basic definitions and the properties to Karamata regularly
varying theory

Let us continue to recall some basic definitions and the properties to Karamata
regular variation theory (see [32,39,40]).
Some basic examples of slowly varying functions at infinity are as follows:

(i) every measurable function on [a, 00) which has a positive limit at infinity;

(i) L(t) = [] (log,, t)*, am € R;
m=1
(iii) L(t) = exp < H (log,, t)o"")7 0< o<l
m=1
1 [t ds
) L) = + ds
(iv) L(t) t Ins’

(v) L(t) = exp((Int)*/3 cos((Int))'/?), where

litm inf L(t) =0 and limsup L(t) = +o0;
—r 00

t—o00

(vi) we have

= [ 0

S

where L is slowly varying at infinity and, in this case,

LEMMA 2.1. If the functions L, Ly are slowly varying at infinity, then

(i) L7 for every o € R, L(t)+ L1(t), L(L1(t)) (if L1(t) — 00 ast — o0) are also
slowly varying at infinity,

(if) for every @ >0 and t — oo,

t'L(t) — 0o, t ?L(t) =0, (2.1)

(iii) fort — oo, In(L(t))/Int — 0.
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LEMMA 2.2 (asymptotic behaviour). If the function L is slowly varying at infinity,
then [32, appendiz, proposition 2] for t — oo,

/t sPL(s)ds = (B+1)"%"HPLt)  for B> —1, (2.2)

/OO $PL(s)ds = (=3 —1)"W*PL(t) for < —1. (2.3)

Let ¥ be non-decreasing in R. We define (as in [39]) the inverse of ¥ by
U (t) = inf{s : ¥(s) > t}. (2.4)
LEMMA 2.3 (Resnick [39, proposition 0.8]). The following hold:
(i) if fr € RV,,, fa € RV,,, then f1 - fo € RV, 4 p,;
(ii) if f1 € RV,,, fo € RV,,, where lim;_, f2(t) = 0o, then fi o fo € RV, ,,;

(ili) if ¥ is non-decreasing in R, lim;_, o ¥(t) = 00, and ¥ € RV, with p # 0, then
[ARNS Rfol.

By the above lemmas, we can obtain the following results directly.

LEMMA 2.4 (representation theorem). The function H is slowly varying at zero if
and only if it may be written in the form

H(t)c(t)eXp(/ y(s)ds>, 0<t<a, (2.5)
P

for some a > 0, where c(t) is a bounded measurable function, y € C[0,a] with
y(0) =0 and, for t — 0%, c(t) = ¢ with ¢ > 0.

LEMMA 2.5. If the function H is slowly varying at zero, then for every 6 > 0 and
t— 0t
t79H(t) - 00,  t°H(t) — 0. (2.6)

LEMMA 2.6 (asymptotic behaviour). If the function H is slowly varying at zero,
then for t — 0 [32, appendix, proposition 2]
t
/ sPH(s)ds = (B+1) "' PH(®E)  for B> —1, (2.7)
0

/a sPH(s)ds = (= —1)"""*PH(t) for < —1. (2.8)

LEMMA 2.7. If g satisfies (¢1) and g' € RV, with p > 0, then
(i) limy—eo ¢'(u) = limy 00 g(u) = 00 and g € RV,y1, G € RV,4o,

(i) g satisfies the Keller-Osserman condition (g2) and

° ds
/ W<O@ fO')"allt>0
t

provided that 0 < g < p+1,
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o . g'(s) . sg'(s) . g(8)G(s) 1+p
(@) Hm "0y =0 Mmooy =e+l Mm S ae = s,

(iv) when2(p+1)/(p+2)<g<p+1 and

alp+2)—2(p+1) (¢—1)(p+1)
0 € |0, P >, 916{07p+1_q)7
)X e
u=oo ([ ds/(g(s))1/9)? u=oo ([Xds/(g(s))V/0)0r 7
(v) when 0<q<2(1+p)/(2+p),
i o g0 d9??
umoe g(u) 7

and when g(u) = u' P with ¢ = 2(1 + p)/(2 + p),

L (G

= 2 + p _(1+p)/(2+p).

Proof. Since g satisfies (g1) and ¢’ € RV, with p > 0, there exists a function L
which is slowly varying at infinity such that ¢'(¢) = t* L(¢).

(i) This follows by definition 1.1, I'Hépital’s rule and lemma 2.1.

(ii) By G € RV, 12 with p > 0, we see that there exists a function L which is slowly
varying at infinity such that G(t) = t**?L(t). Since p > 0, let p; € (0, 3p). We see
by lemma 2.1 that

G(t) i p—2p1
M e,y = Am L) = oo,
i.e. there exists Ty > 0 such that
G(t)

1+
t2(1+p1) > 1’ G(t) >t pl, t> To.

This implies that g satisfies (g2). In the same way, we can show that

©  ds
/ <o forall t >0,
¢ (g(s)t/a

provided that 0 < ¢ < p+ 1.

(iii) By ¢'(s) = s?L(s) with p > 0 and lemma 2.2, we see that, for t — 0,
t t
90) = [ o)ds= [ 1(s)ds = (pr 1) ML),
0 0

G(t):/o 9(5)d8=(p+1)71/0 s L(s)ds = (p+ 1) 7 (p+2) T HTPL(L).
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So
/ !/
lim 2 (5) =0, lim 59'(5) =p+1, lim Gls) =2+p) "t
s—oo g($) s—oo g(s) s—o0 5¢(s)
and
/ /
g LG _  506) G Lip
SRR ek gls) eaksgs) 2
(iv) Since

q(p+2)—2(p+1)—0(p+1-¢q) >0,
(—D(p+1)—bi(p+1—¢q) >0,

we see by lemma 2.1 and the proof of (i)—(iii) that

lim g (u)/(g(u))?a—1/a
u—00 (fuoo dS/(g(S))l/q)g
(14 p)2@=D/a (14 p—q)° i (02204 1) /0], (1)) (o~ )1

q q? u—00 u*e(PJrl*q)/q(Ll(u))@
_ (4 p—a)’+pP
- q1+0
ulggo(u(qw-ﬁ-?)—2(p+1)—9(p+1—q))/q(L(u))(q—2)/q(L1(u))9)—1
=0

and

1 (gw) eV
w5 ([ s/ (g(s)) /)

1+p—q)f | (ulaDetD/a([(y))@-D/a)~1
- ¢ S w0+ 1=0)/a(L (u))os
L+p—q)%
_(+ 291 q) Jim (w0000 1) (1)) 5D (1))
=0.
(v) This follows in the same way. O

LEMMA 2.8. Let b,k be in theorem 1.7. Then

(i) Timyor K(t) = 0o, lim, 0+ K(1) =0,

(i)
LK@ KK

i —1-C.
10+ k(?) oot k2(2) k
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Proof. Since k € A is non-increasing, b satisfies (by) and (bs), we have

lim k(t) = 400, lim K(t) =0,
t—0 t—0t
 KOE®) A (K@)
m —— 2 =1 — lim — (2 ) =1—C}.
oo+ K2(1) o dt \ k(f) Cr

O

LEMMA 2.9. Let 2(p+1)/(p+2) < ¢ < min{2,p+ 1}, and b, k be in theorem 1.8.
If0>0(2-q)/(1—0) and by > (c+1+4qo)/(1 —0), then

(i) Timy o+ (k(1)2~1(K (1)) =0,
(i) im0+ k() (K (£)" /(k())7 = 0.

Proof. (i) Since k' € RVZ_,_1 with o € (0,1), there exists a function H which
is slowly varying at zero such that k’(t) = —t=°~1H(t). It follows by lemmas 2.5

(i) Timy v K'(£) = —o0, limy ot k(t) = 0o, lim, o+ K(t) =0,
t

and 2.6 that
lim k'(t) = —oo0, k(t) = —/ K(s)ds+k(a) 2o " H(t) ast—0T,
t—0t t
and
t
K(t) = / k(s)ds = (o(1 — o))" "'"TH(t) ast — O*.
0
So
lim k(t) = oo, lim K(t) =0.
t—0+ t—0+

(ii) Since 8(1 — o) — 0(2 — q) > 0, we see by lemma 2.5 that
t@(l—o)—o’(?—q) (L(t) 2—q+6

. 2—q 0 _ 1: _
tli%h(k(t)) (K@) = lim, o?mat0(1 —o)? -0
(iii) We see by 01(1 — o) + go — o0 — 1 > 0 and the proof of (ii) that
/ 6, 01(1—0)+qo—o—1 14601 —q
oROED (Lapto-s
t—ot  (k(t))? t—0+ oh—a(1 — o)

By the proof of lemma 2.3, we can show the following results.

LEMMA 2.10. If hi € RVZpl, hso € RVZM and limtﬁ(yr hg(t) =0, then hyohy €
RV Zy,p,-

LEMMA 2.11. Let g1 and g2 be positive continuous on (0,00), let g1 € RV, with
p >0 and let [49, lemma 2.4]

/ £<oo for allt > 0.
¢ 91(s)
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If
fim 9 _ 1 / ds :/ 5y a0,
500 go(s) p1(t) g1(s) p2(t) g2(s)
then
lim 210 =
t—o00 (pg(t)

LEMMA 2.12. Under the assumptions in theorems 1.7 and 1.9,
$ERVZ_y/ps1-q) and 1 € RVZ_ 5,
Proof. Let
ds

> o0 ds
fiw = | (9o futo = | VD)

By I’'Hopital’s rule, we can easily see that fi € RV_(p41-¢)/q and fi € RV_,/5. Tt
follows by lemma 2.3 that ¢ = f; ' € RVZ_,/(p41-q) and ¢y = f11 "> € RVZ_,,.
O

u > 0.

3. The exact asymptotic behaviour

In this section we prove theorems 1.7-1.9. We need the following preliminary con-
siderations.

LEMMA 3.1. Let2(p+1)/p+2<qg<p+1, g and ¢ be as in theorem 1.7. Then

(i) limy o+ @(t) = oo, lim; o+ ¢'(t) = —o0,
e S
0 T T )T

Proof. (i) By the definition of ¢ in (1.19) and a direct calculation, we see that

Jim (1) =00, (1) = —(g(e(t)"/7,

S(t) = gg’w))<g<¢<t>>><2-q>/q, £>0.

It follows by lemma 2.7 that lim;_g+ ¢'(t) = —o0.
(ii) Since 2(p+1)/(p + 2) < q, we see by lemma 2.7 that

P ge®)gle®)E 0 1 g
=0t (=¢'(8))7 g t—0* 9((t)) q u—oo (g(w))2@D/a
and
T O B U C10)) R 1) K

o0r (e ()1 50 [ ds/(g(s)t/eumoe [ ds/(g(s)) e
_a-ty g
o q u1~>oo (g(u))Q(q—l)/q 0.

O
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LEMMA 3.2. Let 2(p+1)/(p+2) < qg<p+1, g and ¢ be as in theorem 1.8, and

let
pe (92-a alp+2)-2(p+1) g e (9t1tar (@=Dip+1)
1—0 '’ p+1l—gq ’ ! -0 ' p+l—gq '

Then " ,

T O N . A () B

10t 19(—¢ (1)) t—0t 191 (—¢'(£))
Proof. By lemma 2.7, we see that

P'(t) 1 g (e®)/(gle(t)* D

BB T g (], ds/(g() T

— 1 lim g'(uw)/(g(u ))2(2—‘1)/q

I = as oy
and
N NS V102 0)) e
0 TP @) e (o, ds/(g() V1)
R V0 i
u=oe ([7ds/(g(s))/a)"
O
LEMMA 3.3. Let g, k and 1 be as in theorem 1.9.
(1) If0 < q < 2(1+p)/(2+ p), then
CwO) _ L /0@ p
T = 7 C ) R E )
(ii) If g(u) = u'**, ¢ =2(1+p)/(2 + p), then
i (GO —(14p)/(245)
O I |
Proof. (i) By lemma 2.7, we see that
(<l 00)) R U O L B LA
=0t g(¥(t)) u—oo g(u)
and
L VIOOW) /3 ()
B Thgm) ek = mA@6*
o (WG N _2014p) L p
uLoo< g°(u) 1) 2+p 24p
(ii) This follows by direct calculation. The proof is finished. O
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LEMMA 3.4 (the comparison principle). Let ¥(z,s,§) satisfy the following two con-

ditions [17, theorem 10.1]:

(D1) ¥ is non-increasing in s for each (x,&) € (2 x RY);

(D2) ¥ is continuously differentiable with respect to the variable & in 2 x (0,00) X
RY,

Ifu,v € C(2)NC%(2) satisfy Au+W¥(x,u, Vu) > Av+¥(z,v,Vv) in 2 andu < v

on 012, then u < v in (2.

Proof of theorem 1.7. Given an arbitrary e € (0 cq)- Let

1 p—q+1
o = (C> o foe=(cg—26) VAT g = (¢, 4 26) TV HIm0),
q
It follows that
2

1/(p+1—q)
<3) €0 < E1e < &g < 2V (PFH1=Dg

For any 6 > 0, we define
s ={x e 2:0<d(z) <}

Since 042 € C?, there exists a constant § € (0, $v/) which depends only on {2 such
that d(x) € 02(925) and |Vd| =1 on {25.
Recalling that

. K3(t) 0 for q>2,
lim =
t—o+ ka(t) 1 forqg=2,

and

t—0+  k9(t) 0+ k2()  t—o0+ k9T2(t) 1-Cy forqg=2,

FOK® _ k’() 0 1 {0 for q > 2,

and since k'(¢) <0, ¢(t) < 0 and Z(z) < K(d(z)), we see that

Kld(z) ¢'(Z(x) | _ K(d@)K(d(@)  ¢'(4(x)) Z(z)
ki(d(z)) (=¢'(Z(x)))1 ki(d(z))  Z(2)(=¢'(Z(2)))7 K(d(z))
o Md@) K@)  #(Z(x))
ki(d(z))  Z(z)(=¢'(Z(2)))1

It follows by (bs) and lemma 3.1 that

lim (kz(d(x)) ¢"(Z(x) | Kd@)K(d)  ¢'(Z()
(d(2),8)=(0,0%) \ k(d(2)) (—¢'(Z(x)))? ki(d(z))  Z(x)(=¢'(Z(2)))?

and
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Note that

et —e (1o 20y ) <o

Thus, we see that, corresponding to €, there exists d. € (0, ) sufficiently small and,
letting 8 € (0,0.) be arbitrary, we define

Ug = &a-9(Z (), Z(z) = K(d(z)) — K(B), x€ Dy = $5,/2s,

ug = &1ep(Y (@), Y(z) = K(d(z)) + K(B), «€ Df = (.5,
such that, for (z,8) € Dy x (0,0.),

Aug(z) + [Vug(z)|? — b(l")g( s(x))
= &k (d(2))¢" ((Z(2))) +€2s "(d(x))¢'(Z(x))

T Gock(d(@))¢ (Z(x))Ad(x)
T ELR(d(@) (0 (Z(2)))" — b(a)g(Eax (o Z(2)))
L @) ¢(2@) | K@) oZ@)
= &k (d@)g (D) | Faa@) ozt T Fid(e)) (— ()
Kd)  o(Z())
T Ri(d(w) (g 2())y )
bt ) g<sgs<¢<z<x>»>]
FdW) Eaeg(0(Z(2)))

<0.

Note that Y (z) > K(d(z)) and

—1 —1 C
i]a _ngfe: ge (1_ CQ-EQZ:') > 0.

Thus, in the same way, we can show that, for (x,3) € DE x (0,d:),

= 0.
Now let uy be an arbitrary solution of problem (P, ) and

My (26) = A ut ().
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We see that
uy < My(20:) +ug on 9Dy

Since ¢ is decreasing and k is non-increasing, it follows that us < &100(K(26:))
whenever d(x) = 23 — 5. Let M, (26.) = &1.0(K(20.)). We see that

ug < ug + My (20:) on aD;.
It follows by (g1) and lemma 3.4 that
uy < My(20:) + g, v € Dy and  ug < uy +&1p(K(20:)), 7 € D;.
Hence, for z € Dy N Dg and letting 8 — 0, we have

Mu+ (2(55)

M, (26.) < uy ()
P(K(d(x)))

p(K(d(x))) ~ (K (d(x))

Recalling that lim;_,g+ ¢(t) = 0o, we see that

gls -

< o
)§2+

e < lim inf u () m sup (z)

i . Uy
d(z)—=0 m < d(leO m < Coe

Letting ¢ — 0, and looking at the definitions of Ef‘s and 5;'6, we have

im uy ()
d(z)—0 9(K(d(x)))

By lemma 2.12, the proof is finished. O

= &o-

Proof of theorem 1.8. By (bs) and lemma 3.2, we see that

lim k2 (d(x))  ¢"(Z(x))
(d(2),8)—(0,0+) k1(d(z)) (—¢'(Z()))1

= lim
(d(x),8)—(0,0%)

=0
and
lim '(d(z))  ¢'(Z(z))
(d(2),8)—(0,0+) k9(d(x)) (—¢'(Z(x)))?
_ lim (d(x)) (K (d(x)))" ¢'(Z(z))
(2).6)—(0,0+) ka(d(z)) (Z(2))0r (¢ (Z(x)))4

(d
=0.
It follows that

lim (kz(d(x)) P(Z(x)) | Kld) ¢'(Z(x)
(d(),6)-(0,07) \ k(d(2)) (=¢'(Z(x)))? ~ ka(d(x)) (=¢'(Z(2)))?
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By the proof of theorem 1.7, we can obtain

im uy () —¢
d@)—0 p(K(d(z)))

Proof of theorem 1.9. Let

where € € (0, ;co&l)) is arbitrary. One can easily see that

§o

3 1/p
o1/p < 81e <80 < &2 < <2> €o-

We define
ﬂg = ngwl(Z(m))a Ug = 5151/11 (Y(:C))

It follows by lemmas 2.8 and 3.3 that

K (d(2)) /2G4 (Z(2)))

(d(m)ﬁh)rg(&o*) k2(d(z))g(11(Z(2)))
k'(d ( NEK (d(z)) /2G(1(Z(x))) p(Cr — 1)

s 00 K(dz)  Z@en(Z@) - 2+

| 2 (Z@))
o B 000y T (s ) 24

) B 00+) Bd(@) Z(@)a(en (Z(2)))

~

and

lim k9(d(x)) 2G (1 (Z(x)))) "2
8000 R (A9t (Z(a))
_ g RE@) e QEEZ@))”
d(z)—0 k2(d(:c)) (d(z),3)—(0,0+) g(wl(Z(QT)))

By the proof of theorem 1.7, we can obtain that, for (z,5) € D5 x (0,4.),

Atg(x) = b(x)g(us(x)) £ [Vag(z)[?
= 2:k%(d(2))g(1(Z(2))) — b(@)g(82e (V1 (Z ())))
— ok (d(2)) v/ 2G ($1(Z(2))) = &ack(d(2)) v/ 2G ($1(Z())) Ad(x)
+ £5.k7(d(2)) (26 (1 (Z(2))))*/?
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e 12 (d( . _ b(x)g (525(1/)1( ( )
_ K(d(x )) 2G(¢1( (fﬂ)))

k2(d(x))g(¥1(Z(2)))

GG,
Rl 2 )

s 1kq< ( >><2G<w1< (2)))"/2)
(d(z))g(1(Z(2)))

<0

and, for (z,3) € DJr x (0,9.),

Ay () — b(a)g (@)  [Vuy (@)1
= 6ok (d(2)) g (Y () —b<x>g<s2€<w1< ( )
k! (d(2) VZCER V(@) — ack(d(2)) v/ 2Cn (V())) Ad(a
- €4 K(d(2) QG (Y ()2
— kg ()| (1~ ) - DT S
_ 1) OOV
RA@)g @) "
 VGE@)
Y )R
| K d(2) (G (¥ ()
R(d@)g(0r (Y (7))
>0
Thus,
B A
B0 K () ~
By lemma 2.12, the proof is finished. O

4. Existence of solutions

In this section, we consider the existence of solutions to problems (P, ). First we
need the followmg lemmas.

Define H(u) = [“ds/g(s) for u > 0. Then H : (0,00) — (0,00) is strictly
decreasing and H'( )= —1/g( ) for u > 0.

We note by [21, lemma 1] that if g satisfies (g1), then (g2) implies that

o0
/ ds < oo forall u>0.
v 9(s)
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LEMMA 4.1. Let uy € C?(£2) be an arbitrary solution to problem (Py) and let
b e C2_(£2) be non-negative and non-trivial in 2. If b satisfies (by), then

loc
uy = H Y (0(x)) >0 forallxc€ 0, (4.1)
where H™1 denotes the inverse function of H.
Proof. Let uy(x) = H 1 (v(z)), x € £2. We see that v|gp = 0 and
—Av + g1 (V)| V]2 + g2(0)|Vo|? = b(z), =€ 02, v|ge =0, (4.2)

where g1 (v) = ¢'(uy) = ¢'(H *(v)) and go(v) = (g(H 1 (v)))4~L. It follows that
7A’U < b(z), z € 2. By the maximum principle, we obtain v < ¥ in 2, i.e. uy >
“L(v(x)) for all x € 2. O

LEMMA 4.2. Let ¢ > 0, b = co > 0 in 2 (see [1, theorems 5.1 and 5.2] and [16,
theorem 4.1]). If g satisfies (q1), (92) and

lim G(u)/(9(u))*? € [0, 00),
or g satisfies (g1), (g(u))?/9/u is increasing and

/ ((ds <oo forallt>D0, lim Glu) € (0, 0],
t g

) w32 Ggw)?7e
then problem (P ) admits at least one solution uy € C?(£2).

LEMMA 4.3 (Lazer and McKenna [23, theorem 4.2]). Let §2 be a bounded open set
of RN with smooth boundary. There then exists a sequence {2, }5° of open sets such
that 2., C 241 C 12, U:Zl Q= 2 and the boundary 082, is a C*° submanifold
of N — 1 dimension for each m > 1.

Let ¥y, € C?T(£2,,) be the unique solution to the problem

—Av=>bz), v>0, €2, vgn, =0. (4.3)
If follows by the maximum principle that
U < Va1 <O for all x € £2,,,. (4.4)

Proof of theorem 1.10. Since b € C®({2,,) and is positive on £2,,, it follows by
lemmas 4.1 and 4.2 that the problem

Au+ |Vu|? =b(z)g(u), u>0, x€, ulpn, =00, meN (Prn+)
admits one solution u,,+ € C?%(§2,,). Moreover,
0< H Y(5(x)) < H YT (x)) < Ut 1)+ (2) < Umy (z) for all z € 2,,. (4.5)

Let D be an arbitrary compact subset of (2. There exists mg such that D C (2,,,
and it follows by (4.5) that the sequence {u, ()}, is non-increasing and is
bounded from below in D, 80 u4 (x) = lim,,— 00 Um () exists for all x € £2. By the
standard argument (see, for instance, [1,16,44,51]), we see that uy € C?(£2) and is
one solution to problem (P;). The proof is finished. O
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