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Abstract

A continuous-state branching process with immigration having branching mechanism ¥
and immigration mechanism @, a CBI(\W, ®) process for short, may have either of two

. . . . P(u) D) 3, —
different asymptotic regimes, depending on whether fo Wdu < 00 or fo Wdu =
oco. When fo %du < 00, the CBI process has either a limit distribution or a growth
rate dictated by the branching dynamics. When |, @L(Z))\d‘;oo’ immigration overwhelms
branching dynamics. Asymptotics in the latter case are studied via a nonlinear time-
dependent renormalization in law. Three regimes of weak convergence are exhibited.
Processes with critical branching mechanisms subject to a regular variation assumption
are studied. This article proves and extends results stated by M. Pinsky in ‘Limit the-
orems for continuous state branching processes with immigration’ (Bull. Amer. Math.
Soc. 78, 1972).
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distribution; nonlinear renormalization; regularly varying functions
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1. Introduction

Continuous-state branching processes with immigration (CBI processes) were defined by
Kawazu and Watanabe [23]. They are scaling limits of Galton—Watson Markov chains with
immigration; see e.g. [23, Theorem 2.2]. Recent years have seen renewed interest in this class
of Markov processes. They appear for example as strong solutions of some stochastic differen-
tial equations (SDEs) with jumps (see Dawson and Li [9]); from a more applied point of view,
they form an important subclass of the so-called affine processes, which are known in the
financial mathematics setting for modeling interest rates (see [11]). We mention for instance
the works in this direction of Jiao et al. [21] and Barczy et al. [2], where certain CBI processes
are studied from a statistical point of view.
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The asymptotic behaviors of Galton—Watson processes with immigration have been exten-
sively studied since the seventies. We refer to the works of Cohn [8], Heathcote [19], Heyde
[20], Pakes [31], and Seneta [34], and to their references. Transience and recurrence of CBI
processes have been characterized by Duhalde et al. [10]. Fine properties of the stationary
distributions of CBI processes, when they exist, have also been recently established in Chazal
et al. [7] and Keller-Ressel and Mijatovic [24]. In the case where no stationary distribution
exists, less attention has been paid to limit theorems for CBI processes. It will certainly not be
surprising that the results found in the seventies for Galton—Watson processes with immigra-
tion have counterparts in the continuous-state and continuous-time framework. A year after the
founding work of Kawazu and Watanabe, Pinsky published a short note [32], without proof, on
the limits of CBI processes. We believe it is of interest to write down some details and resume
in this article the study of limit theorems for CBI processes initiated by Pinsky.

We start by proving an almost-sure (a.s.) convergence for CBI processes by adapting Grey’s
approach [17] to the framework with immigration (Theorem 2). We then provide a gen-
eral nonlinear renormalization in law (Theorem 4). To the best of our knowledge this latter
renormalization does not appear in the literature about Galton—Watson processes with immi-
gration. We explain now our main results. Denote respectively by W and & the branching and
immigration mechanisms; we will recall their definitions in the next section. In the case of
supercritical branching, we show the existence of two (dgstinct a.s. asymptotic regimes accord-

u

ing to the convergence/divergence of the integral fo |$T)|du. When this integral converges, i.e.

fo %du < 00, the branching dynamics takes precedence over immigration and directs the
divergence of the process towards infinity. More precisely, under the classical L In L moment
assumption (also called the Kesten—Stigum condition) over the branching Lévy measure, the
CBI process grows at the same exponential rate as the pure branching process. On the other
hand, when it diverges, i.e. fo %du = 00, immigration is so substantial that the branching,
although supercritical, is somehow overtaken. Thus, the process typically grows faster than the
pure branching process on the event of its non-extinction.

A similar dichotomy occurs more generally for non-critical CBI processes when we
consider their long-term behavior in law. Our main contribution is to design a nonlinear time-
dependent renormalization in law of a non-critical CBI(W, ®) process (Y}, t > 0) satisfying
fo %du = 0o. We shall find (see Theorem 4) a deterministic function A — r;(1) depending
only on W and @ such that

r«(1/Y;) — e in law, @)
1—0o0

where e; is a standard exponential random variable. The latter renormalization is actually
equivalent to the following property; see Corollary 1. Given two independent CBI(W, ®)
processes (Y;, t > 0) and (Y}, t > 0) such that fo o g, 00, one has

W (u)|
Y; )
— — A inlaw, ()
Yt — 00

where P(A =0) =P(A =o0) = % As a consequence of (2), we shall see that no function
(n(7), t = 0) exists such that n(r)Y; converges in law towards a nondegenerate random vari-
able (i.e. one whose support is not contained in {0, co}). This has been shown by Cohn [8] in
the setting of discrete time and space. The meaning of the limit in law (1) will be made more
explicit by introducing further assumptions on the rate of divergence of the integral fo %du,

D)
(W ()|

namely on the speed at which | . du goes to oo as ¢ goes to 0. In the same vein as Pakes
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(see [31]), we design three regimes of divergence: slow (S), log (L), and fast (F). Each corre-
sponds to a specific renormalization and a specific limiting law. The faster the integral diverges,
the more the branching dynamics is overtaken by immigration. This is reflected by the different
renormalizations occurring in the three regimes. In particular, in the fast case (F) the branch-
ing mechanism plays no role in the renormalization. Pinsky’s result [32, Theorem 2], which
corresponds to the subcritical case under the condition (S), now has a proof (see Remark 9-ii),
and a misprint in his statement is corrected.

Notation: By LN and i), respectively, we denote convergence in law and convergence
in probability. We use the relation symbol ~ when the ratio of the two terms on the two sides
of it converges to 1 (if either of the two terms is random, the convergence holds a.s.). The
probability measure and its expectation are denoted by PP and E. For any x > 0, P, denotes
the law of a CBI process started from x. The integrability of a function f in a neighborhood
of 0 is denoted by [, f(x)dx < oo (similarly [ f(x)dx < oo denotes the integrability of f in a
neighborhood of 0o). Last, we denote functions, either deterministic or random, vanishing in
the limit by o(1).

The paper is organized as follows. First we recall in Section 2 the definition of a CBI process
and some of its most fundamental properties. Our main results are stated in Section 3. We first
establish in Section 3.1 the a.s. convergence results in the supercritical case. Then, Section 3.2
is devoted to the study of convergence in law in the non-critical case when fo %du = 00.
We define the three regimes (S), (L), (F) in Section 3.3. The last section treats some critical
branching mechanisms having certain regular variation properties.

2. Preliminaries

Here we recall the definition of a CBI process and some of its fundamental properties. Our
main references are Chapter 3 of Li’s book [29] and Chapter 12 of Kyprianou’s book [26]. We
say that a random variable is nondegenerate if its support is not contained in {0, co} and proper
if it is finite a.s.

Write m and v for two o-finite nonnegative measures on (0, 0o) satisfying respectively
Joo (@Az?)m(dz) < oo and [ (1 Az) v(dz) < oo. Consider a triple (o, b, B) such that o >
0, beR, and B> 0. Let ¥ be the Laplace exponent of a spectrally positive Lévy process
with finite mean (here we assume |W’(0 4 )| < 0o, so that in particular the CBI process does
not explode) and whose characteristic triple is (b, o, 7). Let ® be the Laplace exponent of a
subordinator with drift 8 and Lévy measure v. These are specified by the Lévy—Khinchine
formula

1 [o/0]
V(@) =bg+50q" + f (€™ — 1+ qur(du), g>0.
0
So W is convex (i.e., ¥"/(g) > 0 for all g > 0) with ¥(0) = 0. Similarly,
oo
D(g)=Bq + / (1 —=e"™v(duw), ¢g=0.
0

So @ is a concave, continuous, strictly increasing function with ®(0) = 0.

A CBI process with branching and immigration mechanisms W and & is a strong Markov
process (Y;, t > 0) taking values in [0, co) whose transition kernels are characterized by their
Laplace transforms. So for A > 0 and x € R,

t
E.[e "] =exp <—xvt(k)— / @(V‘T(A))ds), 3)
0
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where the map 7+ v,(}) is the solution to the differential equation

a
a—tw()») =—-Ym@), vo()=4r. “)

Note that v, (1) = v¢(vs())) from the Markov property.

The existence and unicity of CBI processes have been established in [23, Theorem 1.1].

Recently Dawson and Li [9] (see also [22]) have shown that any CBI process is the strong
solution of a certain SDE with jumps.

Suppose that (€2, .%;, P) is a filtered probability space satisfying the usual hypotheses. Let
{Bt}r>0 be an (.%;)-Brownian motion. Let No(ds, dz, du) and Ni(ds, du) denote two (.F)-
Poisson random measures on (0, 00)? and (0, 0o)? with intensities ds 77 (dz) du and ds v(dz).
We assume that the Brownian motion and the Poisson random measures are independent of
each other. Let No(ds, dz, du) be the corresponding compensated measure of Ny, namely
No(ds, dz, du):=Ny(ds, dz, du) — ds (dz) du. The SDE

t
Yt=Yo+0/ JY; dBy
0

t 00 Ys— - t t o)
+/ / / zNo(ds, dz, du)+/ B —bYS)ds+f / zN1(ds, dz)
0 JO 0 0 0 JO

admits a unique strong solution whose law is that of a CBI process with branching mecha-
nism W and immigration mechanism ®. When there is no immigration, that is to say ® =0,
the drift 8 and the Poisson random measure N; vanish and the process (Y;, > 0) solving (5)
is a continuous-state branching process (CB process) with branching mechanism ¥. When
W =0, only the immigration part remains and (Y7, ¢ > 0) is a subordinator with Laplace expo-
nent ®. Lastly, we recall that a (sub-)critical CB(W¥) process conditioned on non-extinction is
a CBI(W, ®) process with ® = W' — W/(0 + ); see Lambert [27], Li [28, Theorem 4.1], and
Fittipaldi and Fontbona [14]. From now on, unless explicitly stated otherwise, we consider
processes with immigration, namely ®(g) > 0 for all g > 0.

Recall the form of the function ¥ and notice that b= W'(0 + ). A CBI process is said to be
critical, subcritical, or supercritical accordingly as b =0, b > 0, or b < 0. Note that W has at
most two roots. Introduce

®)

p=inf{z >0, ¥(z) >0}, inf@o=o0.

We see that p =0 if »>0 and p > 0 if b < 0. In particular, p = co if and only if —W is the
Laplace exponent of a subordinator. By (4), if 0 < A < p (resp. A > p), then v;(A) € [A, p] is
increasing (resp. v:(A) € [p, A] is decreasing) in ¢. Then (4) implies

A
d
| ao=rn w0, Vie©.0/ip) ©)
vy Y@
Recall v, := lim 1 v(A) € [0, oo] and set v:= lim |, v; € [0, oo]. Grey shows in [17] that
A—00 =00
_ . . [ dq .
vy < oo for all £ > 0 if and only if m < o0 (Grey’s condition). 7
q

Note that p <V, and if v < oo then v = p.
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Recall (3). Define the map r/(}X) := fé ®(v4(A))ds. A simple change of variable gives

s [ .
[io ﬁdu if W0,
ri(A) = (8)

td() if U =0.
Then (3) can also be written as
Ex[e™1] =exp oxvi(2) — (1) . ©)

Note also that for any +>0 and any n€ N, ¥; = Y,1 + ...+ Y/ in law, where ((Yf),zo, 1<
i <n) are independent and identically distributed copies of a CBI(W, %CD) process. Thus, in
particular, Y; has an infinitely divisible law on R, and A — r:(}) is the Laplace exponent of a
subordinator (with no killing term). For any ¢ > 0, we set

P
Vz(OO):ﬁ %due(o, o],

where ¥, := lim 1 v,(}), with the convention that if [ W) 4y — 00 then r,(c0) = oo for all
A—>00 Wu)

t > 0. From (8), we easily check that r;(c0) < 0o as soon as foo $EZ;du < 00. Letting A tend

to oo in (9) readily implies that r;(c0) < oo if and only if P,(Y; = 0) > 0. We refer the reader
interested in the zero-set of CBI processes to [16].

We refer to [29, Section 3.2] for proofs of the following technical statements; see also [17].
We gather in the next lemma analytical results on the map A — v;(A) and its inverse (whenever
it exists).

Lemma 1. The map A+ v;()) is strictly increasing on [0, 00). For any t > 0, let A +—> v_;(A)
be the inverse map of A — v(A). This is a strictly increasing function, well-defined on [0, v;),
which satisfies for all s,t >0 and 0 < A < Vg

V(s+n(A) = v_s(v—;(1)).
For 0 < X < Vv such that W (1) # 0, by (6) one has

v—(}) dZ v—t(A) dZ
/ — = / — =1 (10)
A V(@ Jneoony) Y@
In particular, in the supercritical case, i.e. b € (— 00, 0), for . € (0, p)
dv_s(A)
Fyan Yv_,(A), vo(L)=A. (1T)

The map t+— v_;(}) is decreasing, and by letting t — oo in (10) we see that v_;(A) t—) 0.
—00
Moreover, v_(iyu)(A)/v—i(A) t—) b forany u> 0.
—00
The following theorem was announced by Pinsky [32] and provides some initial infor-

mation on the growth rate. It has been established in the (sub-)critical case by Li (see [29,
Theorem 3.20, p. 66]) and by Keller-Ressel and Mijatovi¢ (see [24, Appendix]).

Theorem 1. (Pinsky [32], Li [29]) Let (Y;, t > 0) be a CBI process with |¥'(0 + )| < 0o. Set
()= e ifb<0andt(t)=1ifb>0. The process (t(t)Y;, t > 0) converges in law, as t — 00,
towards a proper random variable if and only if

/ D (u)
——du < o0.
o V()
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If |, %du:oo, then for all 2= 0, PA(t(n)Y; <2) —> 0; that is 1o say, (v(1)Y;,1>0)

converges to oo in probability.

Our paper aims to enrich the above Theorem 1 by studying a.s. limits in the supercritical
case and finding new results on the growth rates when W is non-critical and fo %du =o0. It
is clear that a supercritical CBI process (Y3, t > 0) is transient, i.e. Y; t—) oo a.s. The properties

— 00
of transience and recurrence for subcritical and critical CBI processes have been studied in
Duhalde et al. [10]. It is established in [ 10, Theorem 3] that a (sub-)critical CBI(W¥, ®) process

is recurrent or transient accordingly as

5~—/£ex —/] 0 ) =0 or <00 (12)
= e P v ™) T '

We see that the integral fO %du plays a crucial role in this integral test. In particular, it is

worth noticing that in the (sub-)critical case, the divergence of fo %du is necessary for the
CBI process to be transient, but not sufficient.
The notion of regularly varying functions will be used in several places. Recall that a
function R is regularly varying at oo (resp. at 0) with index 6 € R if for any A > 0
R(xx)
R(x)
The function R is said to be slowly varying if 6 = 0. If R is regularly varying with index 6, then
R has the form R(x) = x? L(x) for all x > 0 with L a slowly varying function. We stress that such
functions occur naturally in the study of this subject; for instance, in the supercritical case,
i.e. b e (— 00, 0), Lemma 1 ensures that the function # — v_1, (5(2) is regularly varying at oo
with index b. We refer the reader to Bingham et al. [4] for a reference on regularly varying
functions.

-1 asx— o0 (resp. 0).

3. Results

3.1. Almost-sure limits

This section deals with the so-called Seneta—Heyde norming for CBI processes. We refer
to Seneta [34] and Heyde [20] for the seminal papers in the discrete setting; see also Lambert
[27]. For the case where no immigration is taken into account, i.e. & = 0, this study was carried
out by Grey [17] and Bingham [5]. We refer the reader for instance to the end of Chapter 12 of
Kyprianou’s book [26].

Recall p € [0, oo] (the largest root of W), the map t — v_(A), and its equation (11).

Theorem 2. Let (Y;, t > 0) be a CBI(WV, ®) process with a supercritical branching mechanism
W, i.e. b <0. Let 0 < A < p. Then the following hold:

(i) IffO W gy < oo, then v_(M)Y; = W Py-a.s., where W is a nondegenerate proper

(W ()|
random variable with Laplace exponent
o (A)
—QWA] _ _ - ou)
E, [e —exp ( o (1) + /0 vt ) (13)
(i) If [, %du =00, then v_ (L)Y, =2 Py-a.s.
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Remark 1.

(1) It is worth mentioning that Grey [17, Theorem 2] found the same a.s. renormalization
v_;(A) for the supercritical process without immigration, i.e. with ® =0, on the event
of non-extinction. See also Duquesne and Labbé [12, Lemma 2.2] for the expression
for the Laplace transform (13) with ® = 0. As explained in the introduction, Theorem 2
reflects the fact that two regimes occur according to the convergence or divergence of

the integral fo %du. In Case (i), the branching dictates the growth of the process; in

Case (ii) it is overwhelmed by the immigration. Moreover, when f *° (xInx)7 (dx) < oo,
we have v_,;(1) ~ K e” for some constant K; > 0. So in this case, as mentioned in
— 00

the introduction, the CBI process grows a.s. exponentially fast.
D(u)

(i) In the non-critical case, | W ()| No |b|u, and the condition fo Wdu < 00 is equivalent
u—

to f 0 In(u)v(du) = oo, where v is the immigration measure v; see Remark 7 below.

Proof. The proof follows from a simple adaptation of Grey’s martingales (see [17]) to the
setting of CBI processes. Consider (Y3, £ > 0), a CBI(W, ®) process. Recall (9). Fix A € (0, p).

For every t > 0, set
v—r(A) D(u)
K (1) = ex / du ] .
’ P ( L YW

We show that the process (M,)‘, t > 0) defined for any ¢t > 0 by Mt)‘ =K (1) exp Cv_(A)Y;) is a
positive martingale. The random variables Mf‘ are plainly integrable, and for any s, t > 0,

EIM}, (| ] = k3.t + ELexp (= v_(115)(M)Yi9)| Y] (by the Markov property)

V=t ) D (u)
— 1+ ) exp (= Yoy (v ey (1) — / du
Va2 (@)

v—s(A) & (u)
= K3 (t+5) exp ( / T du) exp (— Yivi(3)

= (1) exp (= Yiv— (W) = M},
where the second equality follows from (9) and the third from the fact that
VS(V—(H—X) M) =vs(v—g o v_(A)) =v_4(X).

In particular, we see that the process (e '—'®Y™ > () is a positive supermartingale.
This implies that the process (v_;(A)Y:, > 0) converges, as ¢ goes to infinity, Py-a.s. in
R+ := [0, oo]. Denote its limit by W*. We shall see that it is infinite a.s. in Case (ii).

Since W is supercritical, one has p >0, and W(u) <0 for 0 <u < p. By Lemma 1, we
know that when 0 < A < p, v_;(}) =2 0. For fixed 6 > 0, we choose t large enough so that

v_i(A), Bv_;(1) € (0, p). Recall that by assumption b € (— 0o, 0). Then it can be established
from Equations (4) and (10) (see e.g. [12, Lemma 2.2] and [29, Theorem 3.13] for details) that

Vi@v—(R) —>v_mo (1) (14)

Note that the above convergence holds no matter the sign of — %. By (9), one has for all t > 0

E[e™~ ] = exp Covi(Ov-i() = ri(6v—(2))) ,
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and by letting ¢ go to oo in the right-hand side above we get the expression (13) for the Laplace
transform of W*. It is not hard to see that

v_%ﬂﬂ)eﬂlp)

as fo % =—o0 and [’ qjié) = —00. In fact, if p < 0o, then W(p) =0; if p =00, then —\¥
is the Laplace exponent of a subordinator, which implies that | o % = —00. Moreover,
by (10),
V. mwe(A)—0 and v_me(A) —> p. (15)
b 6—0 b 60— 00

) du < 0o, then W* < 0o P,-as.
du

Using the first convergence in (15), we observe that if fo I‘l’( il

Applying the second convergence in (15) and the fact that f p

A B P ®d(u) _
P(W; =0) =exp ( X0 —|—/0 q}(u)du> =0.

= —00, we get

If |, @E';g‘du = 00, then [ $EZ;du =—00, as W(u) <0 for 0 <u < p. We get from (13) that

Ex[e_ew 1 =0 for any 6 > 0; therefore W* =00 as.

The next theorem sheds some light on what limit theorems can be expected in the case

D(u)
Jo o du = o

Theorem 3. Let (Y;, t > 0) be a supercritical CBI(V, ®) process. Assume fo %du = o0. For
any positive deterministic function (n(t), t > 0), if (n(1)Yz, t > 0) converges a.s., then its limit is
either 0 a.s. or oo a.s.

Remark 2. Theorem 3 eliminates the hope of finding any law of large numbers and can be
seen as a starting point for a study through nonlinear renormalizations; see Section 3.2 below.

Proof. We shall use the framework of flow of SDEs as in Dawson and Li [9]. We recall that
by replacing, in the SDE (5), the Brownian motion (By, ¢ > 0) by a white noise M(ds, du) (see
[9, 30] for details), one can consider on the same probability space the SDEs

y( )(X) Y( )(X)
Y(n)(x)—x-l—o'/ / M(ds, du)+/ / / 2 No(ds, dz, du)

+ / (B — bY"(x))ds + f / N (ds, dz).

(16)

These SDEs are known to have pathwise unique solutions. More precisely, this provides a
sequence of flows of CBI(W, ®) processes {Y,(”)(x), x>0,t>0,n> 0} such that for any n € N

and any x >y >0, <Y ,(")(x) - Yt(")(y), t> O) is a CB process started from x — y with branching
mechanism W and is independent of {Y,(")(y), t> O}. We denote by (Y;(x), t > 0) the process
(Y,(O)(x), t> O), the solution to (16) for n = 0. Pathwise uniqueness implies that Y;”)(Yn(x)) =
Ypie(x) for any x> 0, 1> 0, and n € N a.s. Let X (x) = Y (x) — ¥”(0). Then

Y,14(0) = X (Y,(0)) + ¥ (0).
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By Theorem 2(ii), v_,(A)Y,(") ) T2 00 as., and applying Theorem 2(i) to the CB(W) pro-
—00
cess (X,(")(YH(O)), > 0) (see Remark 1(i)), we get v_,(A)X,(")(Yn(O)) = W for some finite
—> 00
random variable W*. Hence

Y,1,(0 X"y, (0
Oy KOGO) -
Y, (0) Y, (0) o

Assume that there exists some 1(¢) > 0 such that 1(¢)Y;(0) t—> Vo a.s. Then by (17), n(n+
— 00

nY"(0) = Vo a.s., and for £ e N, n(n + l)Yé") (0) = Vo a.s. However, by iteration, it is not
—00 —00
hard to see that for £ > 1,

"0 =x{""(r"©) + v 0
14
=2 X (o), (00 =0)
k=1

o
where {X.(k) (Y ikil)(O)) }k | is a sequence of independent CB(W) processes.

By the above iteration, for fixed n, {Y é")(O), L> 1} is measurable with respect to the
o-algebra G, generated by the sequence of independent processes
{Xf") (Y}"‘”(O)) > o}oo
k=n
Since, for any n, n(n + l)Yé")(O) e—) Vo a.s., we immediately have that Vy is measurable
with respect to the tail o-algebra gz;:%rated by the same sequence of independent processes
[x (r ) 1z 0}::, ie.N% G,

Kolmogorov’s zero—one law (see e.g. [13, Theorem 2.5.1]) asserts that V{) is a constant or
infinite a.s. Assume that Vj is a finite positive constant a.s. Since Y™ (0) has the same distri-
bution as Y.(0), we immediately have that n(t)Yt(")(O) t_)—go Vo a.s. Then n(n+ t)/n(t) t_)—go 1,
which implies that n(f) ~ L(e’) for some slowly varying function L at co. However recall-
ing that v_y,, is a regularly varying function with index b (see Lemma 1), we have that

V(L) ~ eP'L*(e") as t goes to 0o, where L*(-) is a slowly varying function at co and thus
v_¢(A)/n(t) — 0. This leads to a contradiction. Thus Vj is 0 a.s. or oo a.s. O

3.2. A general limit in law for non-critical CBI processes when fo ﬁ:"ﬁ—&d” =00

This section focuses on the study of the long-term behavior of CBI(W, ®) processes

satisfying the condition
D(u)
——du = oo. (18)
o W@l

By Theorem 1, in this case Y; converges in law to oo as ¢ goes to co. We give a finer description
of the behavior of Y; through distributional, rather than a.s., limit theorems. In this section, we
prove the main convergence theorem below, which provides a nonlinear time-dependent renor-
malization in law of any non-critical CBI process. The three different regimes of convergence
in law mentioned in the introduction are designed in Section 3.3 below.
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Recall the definition of r,(A) in (8) and that r,(co) = oo if and only if P,(Y; =0) =0 for all
t > 0. In the next theorem, we take the convention 1/0 = co.

Theorem 4. Assume (18) holds and WV is non-critical (b # 0). Then, for all x > 0, we have

1/Y; 1)
r(1/Y;) := (u)du—d>el, as t — oo under Py, (19)
)\
(17 ()

where e is an exponential random variable with parameter 1.

Remark 3. The law of the limiting distribution in (19) does not depend on the initial state x of
the CBI process. It justifies the perception that in the regime (18), the dynamics is governed in
the long term by the immigration part and not by the branching part.

Proof. Recall the equations (3) and (9).

Step 1: We claim that for fixed A > 0, r;(A) — oo as t — oo. In fact, in the subcritical case,
Y (u) > 0 for u > 0. By (6), v/(1) | 0 as t — oo, for any fixed A > 0. According to (18) and the
second equality of (8), we have that r;(1) — oo as t — oo.

In the supercritical case, still by (6), v/(A) — p as t — oo for fixed A > 0. Then ®(v;(1)) —
®(p) > 0 as t — co. Combining this with the first equality of (8), we obtain that r,(1) — 0o as
r— 00.

Step 2: Recall that A — r¢(A) is the Laplace exponent of a subordinator with no killing
term. For all ¢, ,(0) =0, and r; is strictly decreasing in A. So we can define A — c¢;(A) as the
inverse of A — r;(1). Fix A > 0. By Step 1, for any small ¢ > 0, we can find sufficiently large ¢
such that r,(e) > A = ry(c;())), which implies that ¢;(A) < €. Thus

c(A) — 0, and vi(c; (X)) — O. (20)
— 00 —00

The second limit follows from (18) and the second equality of (8) (replacing A by c,(1)).
Step 3: Notice that we can equivalently show that for any A > 0 and 6 > 0,

lim E[e ?“®r] =72, @1

t—> 00

In fact, if (21) holds, then c¢,(1)Y; converges in distribution to a random variable Z such that
P(Z=00)=1—P(Z=0)=1— e *. Therefore, for 1 > 0,

PO(1/¥) > 2) =P(1/Y, > ¢/0) = Ple (MY < 1) —> e, (22)

which implies (19).
Step 4: Note that

Ex[e 0] = exp (xvi(Bc (1)) — r(@ci(2))) (23)
and
Oci(X) D(u)
() = / du

vi@cy) V(W)
i) P (u) ) P(u) Vi) @ (u)

=/ du+/ du +/ du. 24)
aty Y ey P u) vOcy) Y

—_—  ——

=ri(c:(A)=2
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So to obtain (21), it suffices to prove that as r — oo,

vi(@cy (X)) — 0 25)
and
Oci () b vi(Ocr (M) b
/ @ 4w =0, / @ 44— 0. (26)
ay V@) vl W)

By the monotonicity of ®, we have, for small enough y,
A
[ oo,
Oy W (u)

max (P(y), P(0y)) - 0
y—

27)

v
(), DO —dul.
<max (P(y), &( y))‘/ey T u‘

On the one hand

as @ is continuous and ®(0) = 0. On the other hand, since W is non-critical, there exists some
constant & > 0 such that |\W(«)| > hu for u close enough to 0. This implies that

‘/y U g < 0ol (28)
u — b
0y \I/(l/t) h
when y is small enough. Then by (27) and (20),
et P () [In @]
du| < max (®(c;(1)), P(Oci(A))—— —> 0. 29)
a0y Y h t—o0
So the first convergence in (26) is proved.
Note that

/Vt(ect()h)) du /Ct()\) du Oci(X) du vi(Oci (X)) du
e[ e
vey Y@ Jueony Y@ o Jooy Y@ o Jogoy W)

0D gy
—it / _t
a0y Y

/061(1) du
CJeoy Y@’

which implies that v;(6¢c,(1)) — 0 as t — o0, since v;(c;(r)) — 0 by (20) and

/GQ(A) du
aoy V@)
by (28). So the convergence in (25) is proved. Then

‘/VI(QCI(A)) d(u)
vile ) W)

<In6/h

du

<max{®,(c;(1))), P(v;(0c;(1)))}

vi(@ci (X)) 1
/ du
vilery (@)

6ei)
/ L
ay Y

which goes to 0 similarly as in (29). Then the second convergence in (26) is proved. So both
conditions (25) and (26) hold, and we can conclude that (19) holds. O

=max{P(v;(c/(2))), P(v:(Oci (1))}

)
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Remark 4. Note that Steps 1 and 2 also work for the critical case. But Step 4 requires b #~ 0.
However, the same line of argument as in this proof will be used in Section 3.4, where we
focus on the study of the critical case.

We now provide a corollary leading to a more intuitive probabilistic understanding of
Theorem 4. In particular it will shed new light on Theorem 3. We take the convention
0/0=0x oo =0.

Corollary 1. Assume (18) and that ¥V is non-critical. Let (Y;,t>0) and (Y;, t > 0) be two
independent CBI(V, ®) processes started from 0.
Then
Y,/f/, —> A in law 30)
11— 00

where A has law P(A =0) =1 — P(A = 00) = 1/2. Moreover, there is no deterministic renor-
malization (n(t), t > 0) such that (n(t)Y;, t > 0) converges in law towards a nondegenerate
random variable.

Proof. By a similar argument as in Equation (22), since for any A > 0, c;(1)Y; t—) Z in law
— 00
with Z such that P(Z =00)=1—-P(Z=0)=1 — ¢ *, one has for any 6 > 0 that

Pr(@/Y) > 1) =Pe(M)Y <0) — et =Pe1 > 1),

with e; a standard exponential random variable. Hence, for any 6 > 0 and for any ¢ > 0, we
apply (9) to obtain
gl

_f [efr,m/?,)] S E[e] :%

—00

Therefore Y,/ ¥, —> Ainlaw with P(A =0) = 1 and P(A = 00) = 1.
— 00

‘We show now that there is no renormalization in law. For the sake of contradiction, assume
that there exists (n(t), t > 0) such that n(#)Y; t—> V in law with V a nondegenerate random
—> 00

variable. Let b > a > 0 be any two values such that P(V € [a, b]) > 0. Then

. nmY, Y
1 P = = = b7 b 07
l—1>_13>10 <ﬂ(l)Yt Yt c [a/ /a]> g

but this is in contradiction to (30). Thus necessarily V is degenerate. U

Remark 5. The statement of Corollary 1 holds for CBI processes started from arbitrary ini-
tial values. Indeed if (Y;(x), r > 0) and (¥;(y), 1 > 0) are two independent CBI(W, @) processes
started respectively at x and y, then for any ¢ > 0, Y;(x) = X;(x) + Y;(0) with (X;(x),#>0) a
CB(W) process started from x and independent of (¥;(0), t > 0). Similarly ¥;(y) = X,(y) + Y;(0)
with ()?t(y), t>0) a CB(W) process started from y and independent of (Y,(0), 1> 0). One
checks that

Yi(x) _ Yi0) (1 +Xi()/Yi(0) p Y(0)
L) Y00 (1+X0)/7(0) 7,0

as t— oQ.

https://doi.org/10.1017/apr.2021.43 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.43

Limit theorems for CBI processes 611

Indeed, on the one hand if & is~ (sub-)critical then both X;(x) and X;(y) converge towards 0
a.s., and by Theorem 1, Y;(0) and Y;(0) go towards oo in probability. On the other hand if W is
supercritical then by Theorem 2, for any x > 0,

Xi(x)  v_(MXi(x)
= —
Y:(0) v (W)Y(0) t—o0

3.3. Three different regimes

Since the renormalization in Theorem 4 is nonlinear and time-dependent, it is rather an
intricate problem, at first sight, to deduce from it which explicit growth rates are possible. We
design here different regimes for which (18) holds and the rate can be found explicitly. This
establishes and completes [32, Theorem 2].

3.3.1. Definition of the regimes and preliminary calculations. Recall A — c;(1), the inverse of

A
A= () = / j(u) du.
vy (W)

Theorem 4 indicates that Y; should grow at the speed of 1/c;(A) as t — co. However, the
magnitude of c;(A) is rather involved and deserves careful analysis. We shall simplify (19) to
more straightforward forms by imposing some additional conditions.

To start with, let us fix some constant A such that Ay € (0, co) in the (sub-)critical case and
Ao € (0, p) in the supercritical case. Put

2 du
A= _ 0< X< 31
@A) A TG <A <2io (3D

By assumption |¥'(0+ )| < oo and thus ¢(A) — 0o as A — 0. The mapping ¢ : (0, Ag) —
(0, co) is strictly decreasing, and we write g for its inverse mapping. It is easy to see that g
is a strictly decreasing continuous function on (0, co0), and

lim g(x)=0, lim g(x) = Aq. (32)
X—>00 x—0

By (6), if b > 0, then ¥ > 0 and

) / b / Y (33)
\% = —_— .
v oo B L e T
Similarly if b < 0, then W(x) <0 for 0 < u < p, and provided that v,(1) € (0, X9),
() / " du / Yo (34)
V, = — — = — .
o o Y v v

Applying g to both sides implies that if » > 0, then
vi(L) =gle(A) + 1), O0<XA<Ag, >0, 35)
and if b < 0 and v;(}) € (0, p), then

vi(A) = g(p(X) — 1), 0<A<ig, t>0. (36)
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Then, for any x, y > 0 such that W never attains zero between x and y, we obtain by a change

of variable that

Yy ® e P 269

f W = f W = / ®(g(u))du. (37)
x (Y@ oty V@) o)

Inspired by Pinsky [32, Theorem 2], we introduce the following function to characterize the
divergence of the integral in (18):

1 ' oW .
— du ifbe(—o00,0)U (0, c0),
|b| e~ u

H(x):= x>0, (38)
Y
/ P PW 4 itp=o,
g(x) [ (u)

where H(0) takes the value limy_, o H(x) =0 (using (32)). It is not hard to check that the con-
dition (18) is equivalent to H(x) —> o0o. Based on (31), a simple calculation shows that H’ is
X—> 00

strictly decreasing and H'(x) — 0 as x — co. We now introduce different regimes of speed of
divergence of the function H at co. We refer the reader to Bingham et al. [4] for a reference on
these functions. The following three modes of convergence to 0 of H' correspond to different
possible modes of divergence of H:

(S) Slow divergence: xH'(x) — 0 as x — oo and H(x) — oo.
(L) Log divergence: xH'(x) — a for some constant a > 0 as x — oo.
(F) Fast divergence: xH'(x) — 0o as x — oo and H’ is regularly varying at oo.

Note that Conditions (L) and (F) always entail H(x) — 0o as x goes to oo, while the limit
xH'(x) = 0 as x — oo in Condition (S) does not guarantee it. Since H'(x) — 0 as x — oo,
Condition (F) can be given in the following equivalent form:

1
/ -4
Hx)=x 7% 39)
where L is slowly varying at co and 0 <é <1, and if § =0, L(x) - 00 as x — oo; if § =1,
L(x) — 0 as x —> oo.

Let i be the inverse map of 1/H’. Under (39) with § > 0, ¢ —> h(z) is regularly varying with
index 1/§ at oo, i.e. h(f) ~ /3 L%(f) for some slowly varying function L*(¢). Moreover, since
H'(x) — 0 as x — o0, we have

lim A(f) = co. 40)

—00
It may be difficult to verify the three conditions. We provide a proposition below to study
the asymptotic behaviors of H and H’. For this purpose, recall the immigration mechanism

o
@(q) =pq+ / (1 —e™")v(duw).
0
As observed by Pinsky [32, p. 244], for a non-critical CBI process, a faster rate of divergence

in (18) implies heavier tails of the Lévy measure v(du). The following result specifies this idea.

Proposition 1. Assume that b # 0 and H(x) — 00 as x — 00. Denote by v the tail of v: for all
u>0, v(u) =v([u, 00)). Then
1 [ )
H(x) ~ — ——du, asx— oo.
u

1Dl Jq
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Moreover, H'(x) = ®(e™™)/|b| for any x > 0, and if u — v(u) is slowly varying at oo, then
H'(x)~v(e")/|b| asx— oo.

Remark 6. The tail u — v(u) is slowly varying at oo if and only if ® is slowly varying at 0;
see [4, Theorem 8/1/6, p. 333].

Proof. Note that ®(u)/u=p+ fooo e "H(r)dr. A simple calculation shows that for z €
O, 1),
1 1) 00 5
/ (u)du=,3(1 —Z)+/ M(e—zu _ e_“)du
z u 0 u
1 oo\ 5
=ﬂa—n+</'+/ >%Q@ﬁ“wﬂMw
0 1 u

1 o0 5 1)
/ uv(du) < oo, / Me_"du <oo, and / (@) du = oo,
0 1 0+

u u

Since

we have that as z — 0,

1 00 5
/ @(u)duN/ Lu)efz”du, (41)
z 1

u u

which implies [;" ““dy — 0o as x — 0o. It is not hard to see that ;" ““du is also slowly
varying at oo. It follows from a Tauberian theorem (see e.g. Bertoin [3, p. 10]) that

fx Mdu ~ foo @e—“ﬂ‘du, X — 00. (42)
1 1

u u

The first result follows from (41) and (42). For the second result, note that H'(x) = ®(e™)/|b|.
Without loss of generality, we can assume that the parameter § in ® equals zero. Applying the
Tauberian theorem implies that if v(x) ~ £(x) for some slowly varying function ¢ at co, then

2~ e
u

as u goes 0. Hence we have H'(x) ~ v(e*)/|b|, x — o0. O

Remark 7. By letting z go to 0 in (41), we see that [, @dx = 00 if and only if [ @du =
oo; the latter is equivalent to f 100 In x v(dx) = o0.

Proposition 1 allows us to reformulate the three regimes, in the non-critical case, in terms
of the tail of the immigration measure v when the latter has a slowly varying tail:

(S) Slow divergence: v(x) Inx — 0 as x — oo and floo %") = 00.

(L) Log divergence: v(x) In x — ¢ for some constant ¢ > 0 as x — 0.

(F) Fast divergence: v(x) Inx — oo as x — oo.

The constant ¢ in the regime (L) matches with a|b| where a:= lim xH'(x). We give below
X—>00

some examples of explicit immigration measures v for which the three different regimes may
occur in the non-critical cases.
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Example 1. Let b € (— 0o, 0) U (0, 00).

1. If
5(x) 1
Vi InxInlnx

as x — 00, then H(x) ~ (InlInx)/|b| and H'(x) ~ 1/(|b|x In x). Condition (S) is satisfied.
This example corresponds to Example 3 of null-recurrent CBI process in [10].

2. If v(x) ~ c¢/In x for some constant ¢ > 0, as x — 00, then H'(x) ~ ¢/(|b|x). Condition (L)
is satisfied.

3. If

(with0 < 8 < 1) asx — oo, then H'(x) ~ (x 8 Inx)/|b|. If, as x — o0, v(x) ~ 1/(In In x),
then H'(x) ~ 1/(|b| In x). Both cases satisfy Condition (F).
Remark 8. Recall the integral test £ <oo or £ =00 for transience or recurrence of
(sub-)critical CBI processes given in (12). Plainly, by a change of variable, £ = [ e H®y,
If (F) holds, or (L) is satisfied with a > 1, then £ < co and the process is transient. In the case
(S), or (L) with a < 1, £ = 0o and the process is null-recurrent.

We state now a side result on the growth rate of a subordinator whose Laplace exponent is
slowly varying at 0.

Proposition 2. Let (I;, t > 0) be a subordinator with Laplace exponent ®. Assume that ® is
slowly varying at 0; then

t®(1/1) —d> e] ast — oQ.

Proof. This is reminiscent of Steps 1 and 2 in the proof of Theorem 4. Observe that the
stated convergence holds if and only if, for all A > 0,

Ptd(1/I) > 1) =P, < 1/® (/1) =P(@ (/I < 1) = e

The latter will occur if for any 6 > 0, E[¢=0® ' (-/0i] = e~*. Since ® is slowly varying at 0
— 00

and ®~1(1/f) —> 0 as t — oo, we have

PR P Ch i 7L
X@(@@ */n)= D(D-1(1/1) oo

Therefore

E[e~09 /Dl = p=1®OCT G/0) _, o=h
1—00 ’
which finishes the proof. (|

In the next subsection, we study how the convergence results can be made explicit by
combining Theorem 4 and the three conditions. These results can be seen as the continuous
analogues of those in [31].
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3.3.2. Non-critical case. Consider a non-critical CBI process (¥, t > 0), i.e. b #0. Recall
v_;(A) defined by (11) and 1¢ given in (31). Set

1 ifb>0,
P ol0) ifb <0,

From Theorem 1 and Theorem 2(ii), if (18) holds, then p,;Y; converges to co at least in
probability.

Theorem 5. Assume that b # Q.

(i) If Condition (S) holds, let

Lo
m(x) ;= exp / @) du
1x V()
for x> 0. Then

InpY: p

L0 and m(p Yo /m(e?y 4 U as t— oo, 43)
where U is uniformly distributed on [0,1].
(ii) If Condition (L) holds, then
— |b|U;, ast— oo, (44)

InpY; a
t

where
)\’ a
PUp<yM)=l——] , r=0.
(UL <%) (1—1—)») >
(iii) If Condition (F) holds (i.e. (39) holds with 0 < § < 1), then

lnYt P d
—> o0 and tP(1/Y;) — e} ast— oo.

In particular, if 0 < 6 < 1 in (39), then we have

¥ a4 t (45)
— Ur ast— oo,
h(]b|t)

h(ty=1"°L*(#) and
where L* is some slowly varying function at oo and UF follows the extreme distribution given
by P(Ur < 1) =exp (— 1/1%), A > 0.
Remark 9.
(i) We observe from Proposition 2 that in the fast regime (F), the branching part plays
essentially no role in the growth of the non-critical CBI(W, ®) process, since it has the
same growth rate as the immigration subordinator (Z;, t > 0).

(ii) The statement (i) of Theorem 5 is given in Pinsky [32, Theorem 2], but with some errors.
The corrected convergence from [32, Theorem 2] reads as follows:

P (m(X,)/m(e) > u™") — u, YO<u<1, asr— oo.

We will first prove the following lemmas.

https://doi.org/10.1017/apr.2021.43 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.43

616 C. FOUCART ET AL.

Lemma 2. Assume that b # 0. Then

1
2) ~ ——1Ina,
¢ T

~Ing(x) ~_ bl

o
and
In V[()\,[) ~ _b(t + (p()\.[)) if b > O, In V[(p[)\,[) ~In )\,[ if b < O,
for any Ay — 04 as t — oo.

Proof. Note that

2 du 2 dy 1
o(A) = ~ — ~ ——InA.
o W) =0 S, |blu a0 |b]

Since g is the inverse function of ¢, we have —In g(x) ~ |b|x. If b > 0, we establish the last
X—> 00

statement by plugging x = ¢(A;) + ¢ into (35). Now we turn to b < 0. It follows from (14) and
(15) that

vi(pA) —> v_mi(ro) and  v_mi(2o) —> 0.
t—00 b b r—0

Recall that A — v;(psA) is non-decreasing. Recall also that if b > 0 then p; = 1; if b <0 then
lim;_, oo p; = 0. Thus we have p;A;, vi(p:A:) € (0, Ag) for sufficiently large ¢. Then by (36),

vi(pihe) = g(p(pihs) — 1) (46)

for large ¢. Recall that p; = v_;(A¢). By (10), we obtain

Pt Pr

In A
(p(p,k,)—t:/ (— 1/\p(u))du~/ (— 1/buydu = —21 | as 1 — oo.
Prhe PrAt b

Putting x = ¢(p;A;) — t into In g(x) ~ bx (x — o0) and using (46), we get the last statement for
b <0. O

Lemma 3. If b <0, then In p; ~ bt as t — o0.

Proof. Recall from Lemma 1 that p;,,/p, — ¢ as t — oo. Consider the function pj,; on
(1, c0). We observe that pj,, is regularly varying with index b at co. By Bingham et al. [4,
Proposition 1.3.6(i)], we have In pj,; ~ b Int (t — 00). O

Proof. (Proof of Theorem 5.) Recall that under the assumption (18), the process (¥;, t > 0)
goes to infinity in probability. By the Skorokhod representation theorem, there is a probability
space on which is defined a process whose one-dimensional laws are those of (Y7, ¢ > 0), which
tends to oo a.s. when ¢ goes towards co. See [6, Corollary] for a continuous-time version of
the Skorokhod representation theorem, and apply it at time ¢ = oo. In the supercritical case, we
apply the Skorokhod representation theorem to the bivariate process (¥;, p;Y;)r>0, so that on a
certain probability space, copies of both coordinates go to infinity a.s. We stress that our aim is
to establish some convergences in law. One can equivalently work along an arbitrary sequence
(t2)n>1 which tends to oo and apply the usual Skorokhod representation theorem.
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By the definition of H and Theorem 4,

Vi @) 4
du — eg. A7)
vy Y(u)

sgn(b)[H(— Invi(1/Y;)) — H(In Yt)] = +o0(1))

(i) Applying first the mean value theorem, and then Condition (S), we see that there exists
0; between In ¥; and — In v;(1/Y;) such that

du

—1In v,(l/Y,) MH/(M)
H(-nv(1/¥)) ~ H(ln ) = [
InY; u

- Inv,(1/Y;)
=H (QI)O, In (— T)

~ (/%)
_mnm< _IHT_) 48)

We start with b > 0. In this case,

/vy
InY,

for sufficiently large 7. Then a comparison between (47) and (48) implies that

Inv(1/Yy) p
_
In Y[

It follows from Lemma 2 with A, = 1/Y; that

lnY,

t 20 and —Inv(1/Y)Zbt, t— .

Based on the results above, again using Condition (S), there exists 6’; between bt and
— Inv¢(1/Y;) such that

Inv(1/%)

H(—1Inv(1/Y,)) — H(bt) = H'(6' )0/, ln( b

)AQ f—o00.  (49)

Note that

M =exp fe_bt wdu =exp{(H(In Y;) — H(b1))(1 4+ o(1))}
m(e?) 1y, Y@ ’ '

Combining this with (47) and (49), we have that

m(¥:) —d> exp (—ep).
m(ebt)

We now turn to b < 0. In this case,

1 1/Y,
o fov/Y)
InY;
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for sufficiently large 7. A comparison between (47) and (48) implies that

Inv,(1/Y)) p
—_

0.
InY;

It follows from Lemma 2 with A; = 1/(p;Y;) and Lemma 3 that

—Inv,(1/Y;) Z InpY; and InY; £ —bt, t— oo.
Proceeding as in the case with b > 0, we have that

m(p:Yy) —d>ex (—ep)
m(e*b’) p -

(ii)) By Condition (L),

I (1/%) —v(1/%) gy,
H/(u)dMNaf —, t— oo.

InY; u

H(—1Inv(1/Y}) — H(InY)) 2/

InY;

Using Lemma 2 with A; =1/Y; if b > 0, and using Lemma 2 with A; =1/(p;Y;) and
Lemma 3 if b < 0, we obtain

~Inv1/Y0) gy Inv,(1/Y;) |b|t
sgn(b) —=sgn(b)ln| — —————)=In |1+ (1 4+ o(1))) +o(1).
InY; u InY; In p;Y;

Then by (47), we have Theorem 5(ii).
(iii) The mean value theorem for integrals shows that there is some 6, between In ¥; and
— Inv¢(1/Y;) such that

H(—Inv,(1/Y) — H(In ¥) = H'@); In <_ M)

lnYt

By Condition (F) and (47), we have that — Inv,(1/Y;) ¢ In Y;. Then it follows from
Lemma 2 (together with Lemma 3 if b < 0) that

t/InY, 20 and 1/o(1/Y) 50, t— . (50)

Applying (35), (36), and (37), we obtain, for large ¢,

o(1/Y)+t
d(g(u))du if b >0,

/1/Yz @ (u) /w(l/Y;)
d —
V,

(D)

U=
(v 1Y@l o(1/Y)—1
/ O(g(u)du  if b <0.
4

(1/Y1)
Note that ®(g(u)) = bH'(— In g(u)).

By the fact that — In g(u) ~ |b|lu as u — oo and Condition (F), we have that ®(g(u)) is
regularly varying at co; see [33, Proposition 0.8(iv)]. In the rest of the proof, we deal only with
b > 0. The proof for b < 0 is quite similar and therefore omitted.
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By changing variable and applying a mean value theorem to the right-hand side of (51), we

obtain

VY @) t/o(1/Y)+1

f du=g(1/Y,) / D(g(p(1/You))du
vi(17v) Y(u) 1

=10(g(p(1/Y0))  (for some b, € (1, t/9(1/Y,) + 1))
~ 1P(g(p(1/Y1))) (t — 00). (52)

The validity of the last equivalence is proved as follows: using (50), we have 6, L last— oo.
Since ® o g is regularly varying, the last equivalence holds by locally uniform convergence;

see e.g. [4, Theorem 1.2.1]. Then t®(1/Y;) = t®(g(w(1/Y1))) 4 e from Theorem 4.

Now we focus on the case when § > 0 in (39). Note that H'(x) = 1 ®(e™). Since & is the
inverse function of 1/H’, we have H'(h(x)) = 1/x for any x > b/®(1). Then by Karamata’s
theorem (see [33, p. 23]), the statement on A(¢) in (45) holds.

For A > 0, we again use H'(x) = %Cb(e_x), and apply (39) and (40) to obtain that

HnY) o /Y,)—H/(h(bt)) 4% ast— oo.
H ((b)x) H (h(bi)h)
Hence, P(in ¥, /h(bi) < ) = P(H'(In Y))/H'(h(bt)2) > 1) —> exp (= 1/3°), 0

3.4. On the critical case

The study of the critical case, i.e. b= W' (0 + ) =0, is more involved, as v,(A) may have
different asymptotics as t — oo and A — 0 depending on the behavior of W near 0. We make
the following assumption on the Lévy measure 7 in the branching mechanism: suppose that &
satisfies

) ~ — %), (53)

U— 00 F(— a)

where 7 (u) = m(u, 0o) for u >0, 0 <a < 1, and ¢ is slowly varying at co. By [4, Theorem
8.1.6], the above assumption is equivalent to

w(r) A:O,\H“m /). (54)

Recall that ¢ is defined by (31) and g is the inverse function of ¢. It follows from Karamata’s
theorem (see [33, p. 17, p. 23]) that

—

A ~ 9 1/apx
220 and g(1/A)~AV4e*(1/A), asi—0, (55)

@A) ~
where £* is slowly varying at co. We denote by ®~! the inverse function of ®.
Theorem 6. Assume that b =0 and (53) holds.

(i) If Condition (S) holds, let m(x) be defined as in (43). Then

Lyt) —d> Vast— oo,
m(1/g(1))

where V is uniformly distributed on [0, 1].
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(ii) If Condition (L) holds, then

d
g®)Y; — Vpas t — oo,

where E[e™*V] = (14 1%)™ for all > > 0.
(iii) If Condition (F) holds with § > 0 in (39), then

0¥, -5 Ve ast— oo, (56)

where E[e V7| = exp (— 0°%) for all 6 >0, with g, = ®~'(1/0) =110 (1) as 1 —
oo for some slowly varying function £ at cc.

If Condition (F) holds with 8 = 0 in (39), then td(1/Y,) > e as t — oc.

Remark 10. When § € (0, 1], the convergence (56) is equivalent to the following:

td(1/Yy) N Vi b as ¢t goes to oo. Indeed, for any A > 0, the property of regular variation
of o; implies that

P(1®(1/Y,) > 3)
=P(®(1/Y) = 1/)=P(1/Y; > 01/2)
=P(eyY; = D~PRV 0y, <1) — P(Vr<A~C9) =P(VR) ™ 2 0.

Since the random variable Vr has a stable law, (V)% is not a standard exponential ran-
dom variable. Therefore, unlike in the non-critical cases (see Theorem 5(iii)), for which

td(1/Yr) —d> e; holds when Condition (F) holds, no matter what value § € [0, 1] takes, in
the critical case the convergence to e; holds only for § = 0.

Proof. We start with some observations. By (35) and (37), we have

A CD(M) t+p(1) X
/ du = / O(g(u))du, H(x)= / ®(g(u))du. (57)
vy W) o(1) 9(20)

Then H'(x) = ®(g(x)). Note that we will use H'(x) or ®(g(x)) in different contexts.

It was mentioned in Remark 4 that Steps 1 and 2 in the proof of Theorem 4 still hold for
the critical case. That is to say, recalling r,(A) defined by (8) and A > ¢;(}) its inverse, for any
fixed A > 0 we have ¢;(A)—0 and v;(c;(A))—0 as t — oo. Therefore ¢(c;(A)) — 0o as t — oo.

(i) From (57) with A replaced by c;(1), by the mean value theorem, there exists 6, between
@(c;(A)) and 1 4 ¢(c;(1)) such that

) )
_ / W), / v t+§0(Ct()»))). 58
viler(r)) W (W) ¢ @(ci (M)

Together with Condition (S), this yields ¢(c/(1))/t — 0 as t — oo. Then, still by the
mean value theorem and Condition (S), we obtain

(Be) @ Hp(ci(2) p Iy
/ W) g = / ® o g(u)du = o(1) In <M> (59)
ey Y@ t+@(Oc (M) 1+ @(Bc(6A))

D(g(u))du = (%H’(é,)ln(
(ci(1))
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which goes to 0 as ¢ is regularly varying with index —« by (55). Similarly

ci(X) 1))
/ @) du — 0.
0c,) Y(u)

Hence, by (24), (23), and (22),

1/Y; D (u) t+(1/Y1) d
/ du= / d(g(u)du —= e, ast— oo. (60)
vi(1/vy W) o(1/Y)

Applying the same transformation as in (59) to (60) shows that go(l/Y,)/t—p>
0 as t — o0o. Again using Condition (S), we have

vi(1/Yr) (D(M) f t p
/ du =/ ®(g(u))du=o(1)In (—) Lo, (61
o(0) W (u) t+o(1/Yy) t+o(1/Yy)
Therefore, combining the above two displays (60) and (61) yields
m(Yy) Ve 4
S CORS JY R (PRI
m(1/g(1)) an Y@

This allows one to conclude that (i) holds.

(i) By (9) and (37),

oY, 1+p(Ag(1)
Ex[e* g(®) t] =exp [— xvi(g(HL) — /

(g(w)dul.
p(rg(D)

We shall study the two terms in the exponential one by one. As ¢t — oo, g(t) — 0 and
consequently v;(g(t)) — 0. By Condition (L),

rrecs) ) dx (8(1) +¢(Ag(1)

dogudu~a —=aln( ),
(8(1) oOg) X P(A8(0)

which converges to a In (A% + 1) by (55). So the statement in (ii) holds.

(iii) Applying the same proof as in (58), we have from Condition (F) that
t/p(c:(A)) >0 ast— oo. (62)

Since ¢ is regularly varying with index —a (see (55)), @(0c;(1))/@(ci(A)) — 6~ for 6 > 0.
Then t/¢(0ci(A)) — 0.

We also note that H' = ® o g is regularly varying by (39). Based on the above results, a
similar proof as in (52) shows that for any 6 > 0,

Oci(A) D(u)
f du~ t® 0 g(p(0c, (V) = td(Oc,(A)  as t— oco. (63)
Ve, ) W)

Letting @ = 1 and A = 1, by the definition of r,(1), ¢;(1), the left term in the equivalence relation
above equals 1, and so we have

t®(c (1)) > 1 ast— oo. (64)
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If (39) holds, then ® = H’ o ¢ is regularly varying with index da at O by (55) and [33,
Proposition 0.8(iv)]. Using the above two displays,

du ~ td(c,(1))

, ast— oo.
(1)) W) D(ci(1))

/9“(1) P(u) PO) s

As ¢;(1) — 0, we also have v;(fc;(1)) — 0 thanks to the above display. Then, using (23) and
(24), we conclude that
Ex[e—ﬁc,(l)Y,] N e—eéa

as t — 00. By [33, Proposition 0.8(v)], the map ®~! is regularly varying with index 1/(8c)
at 0, and by (64), we have that c,(1) = ®~1(®(c;(1))) ~ ®~!(1/1). Thus the first result in (iii)
holds.

If ® o g is slowly varying at co, then ® o g(¢(u)) is slowly varying at 0 by (55). Then it
follows from (63) that E,[e Y] — ¢=* as 1 — 00. As in (22), we have (19) in this case.
The second half of (iii) follows the very similar proof of Theorem 5(iii) and we omit it. O

Remark 11. Recall that in the critical case when ® = W', the CBI(¥, ®) process has the same
law as the CB(W) processes conditioned on non-extinction. Moreover, we readily check that

/
I “;((;))du = o0. It follows that H'(x) = ¥'(g(x)) for all x.

We apply now Theorem 1 and Theorem 6 to the case of stable branching and immigration
mechanisms, for which explicit calculations can be made.

Corollary 2. (Stable case) Assume ¥(q) =dg**! for d >0 and « € (0, 1], and ®(q) =d'q?
ford >0and B € (0, 1]. Then the following hold:

. d
(i) If B/a > 1, then Y; —> Yoo as t — 00, where Yoo has Laplace transform

_pe

]E[e_”‘”] =e P

for any X > 0.
(ii) If B/a =1, then u Y; LN (ozd)wl Vi as t — oo, where Vi, has Laplace transform

B[] = —

/

(1+ A9
for any X > 0.

1
(iii) If B/a <1, then t BY, —d> d)YBVE as t — oo, where Vi has Laplace transform
E[e_)‘VF] —e forany ) > 0.

Remark 12. When 8 = «, the specific case d’ = (a + 1)d, which corresponds to ® = ¥’, has
been studied by Kyprianou and Pardo [25, Lemma 3] using other techniques.

Proof. First notice that f() $?13 du = oo if and only if g < 1. The statement (i) is a direct

consequence of Theorem 1. Let 1o = 1; we compute

1

1 1 1 o
——1 d =
ad (x"‘ > and - g(x) (adx—i— 1)

() =—
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for x > 0. Moreover,
4

d 1
_ 4 b/
()Pl

xP(g(x)) ~

/

as x goes to oo. If B/a =1 then Condition (L) is fulfilled for a = %, and we deduce the

statement (ii) from Theorem 6. If /o < 1, then Condition (F) and (39) are fulfilled with § = g
Theorem 6 also applies. O

We have focused our study on CBI processes whose branching Lévy measure has finite
mean, i.e. ¥'(0+)=»b€cR or equivalently | loo zm (dz) < oo. The proofs of Theorem 4 and
Corollary 1, however, do not make use of this assumption. Thus they also hold in the case of
a non-explosive supercritical CBI(W, ®) process with W/(0 + ) = —oco. A similar dichotomy
occurs in the long-term behavior, depending on whether fo %du < 00 or fo @83‘ du =00
when b = —o0. In the first case, some a.s. nonlinear renormalizations can be found; see [18]
and Foucart and Ma [15] for the case without immigration. In the case fo %du = 00, there
exist regimes similar to those found in Section 3.3; see [1] for the case of processes with

discrete state space.
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