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The Ginzburg—Landau functional is a phase transition model which is suitable for
classification type problems. We study the asymptotics of a sequence of
Ginzburg—Landau functionals with anisotropic interaction potentials on point clouds
W, where n denotes the number data points. In particular, we show the limiting
problem, in the sense of I'-convergence, is related to the total variation norm
restricted to functions taking binary values, which can be understood as a surface
energy. We generalize the result known for isotropic interaction potentials to the
anisotropic case and add a result concerning the rate of convergence.
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1. Introduction

1.1. Finite dimensional modelling

In the age of ‘big data’ the mathematical modeller is often without a physical
model and instead uses a data driven approach for which graphical models are a
powerful tool. Graphical based modelling techniques are used across a very broad
spectrum of problems from social science type problems, such as identifying com-
munities [18,22,39,43, 46|, to image segmentation [6,29], to cell biology [14], to
modelling the world wide web [7,12,14,21] and many more. Anisotropic mod-
els, studied in this paper, have found applications in cosmological models [28, 34],
modelling outbreaks of disease [33] and image recognition [47].

Graphical models are based upon pairwise similarities which practitioners can
design based on expert knowledge. The measure of similarity (on pairs) then defines
a geometry (on a data set). The motivation in this paper is to consider a graphical
approach to the classification problems. Given a measure of similarity, we wish to
define a labelling using the geometry of the graph.

The problem is given data ¥,, = {¢}7; C X, where X C RY, find p: ¥,, = R
that labels each data point. The labelling is constructed so that u(¢;) = 0 means
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that &; is associated with the class 0 and p(§;) =1 means that & is associated
with the class 1. For a finite number of observations, we allow a soft classification,
however, the scaling is chosen such that in the data-rich limit classifiers are binary
valued. The motivation for our approach is to validate approximating the hard clas-
sification problem by a soft classification problem. The soft classification problem
is, in general, numerically easier [24] and therefore, more appealing to the practi-
tioner. However, one also wants to be precise in regards to which class a data point
belongs. Minimizers of the Ginzburg-Landau functional are used as a classification
tool [42] in order to allow for phase transitions which allow a soft classification
approach whilst also penalizing states that are not close to a hard classification.

Another important application for this work is in designing classifiers. By not
assuming that the model is isotropic, we allow greater flexibility which allows
one to choose some features as more important than others. The next subsec-
tion contains a simple example which shows how the design choice can affect the
classification.

Assessing the validity of such an approach is of high importance. This is especially
true as there is no natural link between the data generating process and the choice
of the classifier. In particular, we argue that although using the Ginzburg—Landau
functional is a good choice due to its phase transition properties, it is by no means
the only available option. When one can make a connection between classifier and
data generating process, for example, maximum likelihood estimators, then this link
motivates the methodology. Without such a connection one needs to do more, such
as show the estimators have desirable properties, in order to justify the approach.
Other approaches that use classifiers that are detached from the data generating
process include [41] where the authors prove the convergence of the k-means method
using similar variational techniques.

An important criterion for validating the model is the behaviour in the large data
limit. When increasing the size of the data set one should expect to see stability
in classifiers. In particular, this requires convergence in the large data limit and
the existence of a limiting (data rich) model. When one has a data generating
model, that is, there is some truth, then one can talk about consistency. In the
situation considered in this paper, there is no truth so instead, we use solutions
to the limiting model. Knowledge of the limiting model gives an insight into what
features one should expect for estimates from the finite data problem. In particular,
this paper considers three questions:

(P1) Do estimated classifiers p,, converge as n — oo?

(P2) Can we attach some meaning to any limit of p,? That is, does there exists a
limiting problem?

(P3) Can we characterize the rate of convergence of estimators?

The primary results of this paper concern the first two questions. It is shown that
estimates u,, converge to the solution of a limiting problem. Furthermore, solutions
to the limiting problem are binary valued which means we expect estimates p,, for
large n to be approximately hard classifiers. For the third question, we give some
preliminary results into characterizing the rate in a simplified example. We believe
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Figure 1. An example graph. For the classifier estimates see figure 2.

these results will hold under more generality than stated here and it is the objective
of ongoing work to extend them.

Our approach is motivated by [1,25,42]. Classifiers are constructed as the solu-
tion of a variational problem which is common in statistical problems, for example,
maximum likelihood and maximum-a-posterior problems. In particular, minimizers
of the Ginzburg-Landau functional, a phase transition model popular in material
science and image segmentation, are used as classifiers. In the context of the 2-
class classification problem the two phases are the classes and the phase transition
corresponds to the set {x € ¥,, : p,(x) € (¢,1 — ¢)} for some ¢ € (0, 1), for exam-
ple, ¢ = 0.1. This is the subset of ¥, that are not strongly associated with either
class.

Classifiers p, : ¥, — R are constructed as follows. Let V : R — [0,00) be a
potential such that states taking the value 0 or 1 is favoured. For example,
V(t) =t3(t — 1)%. A graph is constructed by taking the vertices as the set ¥,, =
{&}, C R? and weighting edges

1 &—&

Wey =l - &) 1= oon (54 )
where 7 : X — R is a given one-dimensional map so that 7(§;) represents a feature
of & and ¢ : R — [0, 00) penalizes the difference 7(&; — ;). We say that there is an
edge between §; and &; if W;; > 0, for example, see figure 1. For a function 1, on
U, the graph energy &, (i) € [0, 00] is defined by

n
Ealitn) = == SV (a(€)) + — 3 S Wilma(€) — (&)l @)
O €n 2 4=
Our classifier is given as the minimizer of &,.
We call the map 7 : X — R the feature projection as it allows the practitioner
to include feature selection of the data ;. For example, one may decide that
two data points should be considered similar based on the pairwise difference.

In this case, an appropriate choice would be the weighted Euclidean distance

m(x) = \/Zle w;lz;|?. The isotropic case would correspond to weights w; = 1.
Other choices could be to include correlations between dimensions, for example,

d
m(2) = \/S0 oy wigl .
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The authors of [25] study the asymptotic properties of the graph total variation
defined by

11
GTVa(pn) = — 5 > Wislun (&) = pn(&5))] (3)
i

when W;; is isotropic, that is, w(z) = |z|. In the special case that pu, (&) € {0,1}
this reduces to the graph cut of W,,, that is, if (u,) 1 (0) = Ag and (u,) (1) = A,

then
11
" §i€Ap A

In particular, the authors in [25] show the I'-convergence of GT'V,, to a weighted
total variation T'V'(+; p,n) given by

TV(4: p,1) = o up { [ tiv()dz + Jota) < Pt e Xoe 03°<X;Rd>} |

and L'-compactness for any sequence i, with sup,,(GTV,,(itn) + ||ptn]/ 1) < 0o

We wish to allow for soft classification and the total variation term alone is not
enough to be able to do this informatively. The classification approach is made more
robust by including a first order term V : R — [0, 0o) which penalizes associating a
data point to more than one class. See, for example, figure 2 for a comparison. It is
not trivial that the convergence results in [25] will survive adding a penalty term.

Finding minimizers of &, is also an important problem but is not addressed in
this paper. We instead refer to [9, 10] for numerical methods.

1.2. Example: classification dependence on the choice of n

Through a toy problem, we demonstrate how the interaction potential can be used
to pick out features of the practitioners choice. Data are points & = (&5, £2;) € R?
generated from four classes. For a fixed « the feature projection 7 : R? — [0, 00) is
defined by the weighted Euclidean norm

m(§) = /(1 = )&} + adi.

For a = 1 the classifiers are dominated by differences in the first coordinate whilst
for o &~ 0 the classifiers are dominated by differences in the second coordinate. More
precisely, let

1 if&i<a
(&) = {0 otherwise

o J1 f&i<e
Ha(8i) = {O otherwise.

Then define
AE, = En(p1) — En(p2)-

The results are given in figure 3.
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Figure 2. The top row shows the minimizers of &, and the bottom row shows the mini-
mizers of GT'V,, for the graph given in figure 1 conditioned on the node closest to each
corner taking either 0 or 1. The left column is conditioned to have 0 in the bottom corners
and 1 in the top corners. The right column has 0 in the bottom left and top right corners
and 1 in the top left and bottom right corners. There is very little difference between the
outputs on the left but on the right the GT'V;, term fails to pick out the singularity at the
centre.

1.3. The limiting model

Rather surprisingly, the problem of soft classifications for finite data sets and
hard classification in the limit has received relatively little attention in the litera-
ture. However, it is well known that for finite data, one can recover the k-means
algorithm (hard classification) from the expectation-maximization algorithm (soft
classification) in the zero-variance limit for the Gaussian mixture model and the
Dirichlet process mixture model [31, 35].

The results of this paper concern the asymptotics of the minimum and min-
imizers of &,, where ¢, — 0 as n — oo. The advantages of scaling €, to zero are
two-fold. The first is that the matrix W = (W;;);; is sparse and, therefore, we expect
the minimization to be numerically less expensive than solving the minimization
with a non-sparse matrix (since the sparse minimization has O(n) terms and the
non-sparse minimization O(n?) terms). The second is to improve the resolution
of the boundary. One can think of soft classification as estimating the probability
that a data point belongs to a certain class and the hard classification problem as
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Figure 3. The figure on the left shows a realization of the data. The interactions are
parameterized by a potential o which favours horizontal partitions for a =~ 0 and vertical
partitions for o &~ 1 as shown by the figure on the right.
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Figure 4. Both figures were classified using the Ginzburg-Landau functional. The one on
the left used a larger € than the one on the right. The figure shows that the smaller value
of e gives a much better resolution in the boundary.

estimating the boundaries where one class is more likely than all others. By scaling
€, — 0 it will be shown that the limiting minimization problem is a hard classifi-
cation. For example, figure 4 shows (for a fixed number of data points) improved
resolution in the boundary between classes as € — 0. See also [24].

Assume X C R? and define &, : L*(X) — [0, 00] by

Sty o (n(@)p? (@) dHI N (@) if p e L}(X;{0,1})

00 otherwise

Enli) = { @)

where n(x) is the outward unit normal for the set o{u =1}, H?! is the d —
one—dimensional Hausdorfl measure and

/R plr@)le vl da.

o(v) =
It will be shown, in the sense of I'-convergence, that £, is the limiting problem
and any sequence such that &, (u,) is bounded is precompact in an appropriate
topology. In particular, this allows one to apply the results of this paper to infer
the consistency of the constrained minimization problem (see § 2.2).

We now briefly discuss the convergence of p,, — p. Since each p,, is defined on a
different space (the domain of each p,, is ¥,,) it is not straightforward what is meant
by the convergence of p,, — fieo. By defining a map T;, : X — ¥,, one can compare
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ln With ps by defining the piecewise constant approximation of p,,. Formally, we
can say b, — foo in TL' if ji,, o T, — pioo in L', this is discussed further in § 3.4.

We also include preliminary results towards characterizing the rate of convergence
by considering a simple example when p =1Ig for a polyhedral set F C X and
looking at the convergence in the mean square:

E|€,(1) — oo () = E|GTV,i (1) — TV (155 p,m)|* .

We give an expansion of the above in terms of ¢, and n. A further overview of these
results is given in § 2.3 and the proofs in § 6.

The outline of the paper is as follows. In § 2 the main result, theorem 2.3 (the
convergence of the unconstrained minimization problem), is given. We also include
an overview of the preliminary rate of convergence results to be found in § 6.
Section 3 contains the background material and in particular: notation, a brief
overview on ['-convergence, background on total variation distances and the key
details required from transportation theory. In § 4, the proof of the first part of
theorem 2.3 (the compactness result) is given. And in § 5, the proof is completed
with the I'-convergence result. Finally, in § 6, we make the preliminary calculation
regarding the rate of convergence of ‘&, — €.

2. Statement of main result and assumptions

The assumptions on V¢ and 7 are given in the following definition.

DEFINITION 2.1. We say that the functions (p,€n, V, @, ) where p: R™ — [0, 00),
V:R —[0,00), ¢ : R —[0,00) and 7: R — R are &,-admissible if the following
conditions hold.

(1) The support of p is X where X C R is open, bounded, connected, Lipschitz
boundary and 1 < d < oco.

(2) On X we have that p is a continuous probability density ([ p(x)dz =1) and
bounded above and below by positive constants, that is,

0 < inf p(z) < sup p(z) < oco.
reX zeX

(3) €;t = o(fa(n)) where

T fg=1

loglogn N

_ vn e g
fd(n) = W if d=2
dkgn if d> 3.

(4) The support of n = @ om is compact.
(5) n(0) > 0.
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(6) For all § >0 there exists cs, a5 >0 such that if |z —y| <d then n(y) >
esn(asz) and furthermore cs, a5 — 1 as § — 0.

(7) V(y) =0 if and only if y € {0,1}.
(8) V is continuous.

(9) There exists v > 0 and T > 0 such that if |t| = r then V(t) = T|t|.

The lower bound on €, implies the graph with vertices ¥, and edges weighted
by W;; is (with probability one) eventually connected [38, theorem 13.2].

Note that a consequence of 4 and 6 is that o(v) < co however 4 also excludes
any 7 that is linear. For example, if 7(z) = w - « then there exists w’ orthogonal
to w such that w - w’ = 0 (for d > 2). Then 7(cw’) = 0 for all « and, in particular,
n(aw’) = n(0) > 0. Therefore, the support of 7 is not compact. We discuss the linear
case more in the following subsection.

Condition 6 gives the required scaling in g om. If T;, : X — ¥, is a map such
that 7,4 P = P, then the continuous approximation of the weights W;; reads as

1 i— & 1 -
Wi‘zdtpoﬂ(w>%d/ / gpow(x y) dz dy.
€n €n €n STt () TS €n

Condition 6 is sufficient to formalize this reasoning. We give two different classes
of functions in proposition 2.2 below that satisfy the assumptions. The first is a
subset of isotropic functions that we extend in corollary 2.4, the second is a set of
indicator functions.

PROPOSITION 2.2. Assume that either

(1) ¢:[0,00) — [0,00) is decreasing, ©(0) > 0, is Lipschitz with compact support
and 7 : R% — [0, 00) is defined by m(x) = |z|, or

(2) 9(0) >0, (1) =0, 7:R% — {0,1} is given by w(x) = Ig:(x) for an open,
bounded and convex set E C R? with 0 € E.

Then (¢, ) are E,-admissible.

We prove the above proposition in Appendix A. We now state the main result.
The key idea is that optimal transportation theory provides a natural extension of
tn 2 ¥y — Rto fi, : X — R for which we can use to define the convergence p,, — .
This is formalized as convergence in TL', see § 3.4. Establishing I'-convergence of
functionals, see definition 3.1, and the compactness of minimizers leads to the con-
vergence of minimizers as in theorem 3.2. We use the notation L*(,,) as convenient
notation for functions defined on ¥,,. We define the space B(X;p,n), the space of
functions of bounded variation with respect to a measure p and an interaction
potential 7, in definition 3.3.

THEOREM 2.3. Let &, : LY(V,) — [0,00) and Es : L'(X) — [0,00] be defined
by (2) and (4), respectively. If (p,en,V,p,m) are E,-admissible (in the sense of
definition 2.1) and &; £ p then, with probability one, the following hold
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(1) Compactness: Let pu, be a sequence of functions on W, such that
sup,en En(fn) < 00 then p, is relatively compact in TL* and each cluster
point is in BV (X;p,pom) N LY(X;{0,1}).

(2) T-limit: We have
I'-limé&, = £x.

n—oo
The compactness result is proved in § 4 and the I'-convergence result in § 5.
Proposition 2.2 allows one to apply theorem 2.3 to isotropic weights W;; when ¢
is decreasing, ¢(0) > 0 and Lipschitz. We now show that the Lipschitz assumption
can be removed.

COROLLARY 2.4. Let &, : L'(¥,)) — [0,00) and Ex : LY(X) — [0,00] be defined
by (2) and (4), respectively. If

e p satisfies conditions 1-3 in definition 2.1,

i gz 1’1\51 P

e ©:[0,00) — [0,00) is decreasing, compactly supported, p(0) > 0 and continuous
at 0,

o 7w(x) = |z|, and
o V satisfies conditions 11-13 in definition 2.1

then, with probability one, the conclusions of theorem 2.3 hold.

We prove the corollary in Appendix B

2.1. Convergence of the Ginzburg—Landau functional for linear feature
projections

After definition 2.1, we discussed how the compact support assumption on 1 =
p om did not allow for linear 7. One case that is of interest, that is not covered by
theorem 2.3 or corollary 2.4 is w(z) = x; that corresponds to weighting the graph
based on differences in one direction only.

This case is of particular interest for high-dimensional data. If the data come
from a high, potentially infinite, dimensional space, then it becomes necessary to
identify a finite number of principal dimensions upon which to define the edge
weights. Isotropic weights are unrealistic in high dimensions and infeasible in infinite
dimensions due to the lack of integrability of 7. This motivates our study of linear 7,
which can include 7(z) = ), c wiz; for a finite set K and weights w;. Although, we
do not consider infinite-dimensional data spaces here, we believe the results of this
section can be extended from the finite-dimensional setting, albeit with a modified
limit £, to the one we define in (6).

The underlying problem, and why we should not expect a linear choice of 7 to
imply that € is well defined, is that it becomes harder to ensure that o(r) < co.
In particular, we expect £, = +00. In many applications, we anticipate that only a
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small number of dimensions are relevant and hence we, in this section, consider the
classifier as a functional on a projected data space. We define ¥,, = {§;}7-; C R by
& =m(&) and iy, : ¥,, — [0,00). We now consider the energy

ZV +——Zwumn ) -m@&)l )

- Loar(528) - L, (625),

We point out that the scaling is with respect to €, rather than ¢ asin (1). In this
case, the I-limit £, : L'(R) — [0, 00] is given by

2
Ecliy=5 3 (/( o) dy) (6)

rzed{p=1}

6= /ch(x)|x| dz.

The analogous assumptions are given in the definition below.

where

where

DEFINITION 2.5. We say that the functions (p, e, V,p,m) where p: R? — [0, c0),
V:R—[0,00), ¢ : R —[0,00) and 7 : R? — R are &, -admissible if the following
hold.

(1) The support of p is X where X C R% and the support of m4p 15 open, bounded
and connected.

(2) On X we have that p is a continuous probability density, bounded above and
infex mup(z) > 0.

el = o(f1(n)) where f1 is given in definition 2.1.
T is linear.

(3)
(4)
(5) The support of ¢ is compact.
(6) »(0) > 0.

(7)

For all 6 >0 there exists cs,as >0 such that if |x —y| <0 then ¢(y) >
csp(asz) and furthermore cs,a5 — 1 as § — 0.

(8) V(y) =0 if and only if y € {0,1}.
(9) V is continuous.

(10) There exists v > 0 and T > 0 such that if |t| = r then V(t) = T|t|.
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The convergence theorem is given below.
THEOREM 2.6. Let W, = {&}" | where & = n(&;). Define &, : L)(,,) — [0, 00)

and E : L HX) —[0,00] by (5) and (6), respectively. If (p,en,V,p) are &,-

admissible (in the sense of definition 2.5) and &; i p then, with probability one,
the following hold

(1) Compactness: Let [i, be a sequence of functions on U, such that

Sup,,en é’n(ﬂn) < 0o then fi, is relatively compact in TL' and each cluster
point is in BV (R;mxp,n) N L'(R;{0,1}).

(2) T-limit: we have
[-lmé, = €

n—00

The proof is an application of theorem 2.3 to the one-dimensional data set W,

2.2. Comments on the main result

The classical Ginzburg—Landau functional:

Fo(u) = /X Vi) do+ /X V(u(x)) da

has been well studied and its convergence to a total variation functional

Foolp) = ov /X V()| de

known for some time [37] and similar results for the anisotropic version [1]. More
recent results have studied this functional on a (deterministic) regular graph.
In [42] the authors show the I'-convergence and compactness of two variants of
the Ginzburg-Landau functional where {¢;}* ; C R? form a 4-regular graph. Let
us exploit the structure of the graph by writing data as {fi,j}?,jﬂ where &; ;, & j+1
are neighbours, as are &; ; and £;41,;. The two variants of the Ginzburg-Landau
functional considered in [42] are

+ % Z (|N(fz‘+1,j) — (& )+ i) — M(fi,j)‘Q)

-
<.
Il
_

Z (Iu Eir1g) — &) + (i) — M(&,j)|2) .
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The first functional h, . I'-converges as e — 0 (for a fixed n) to a total variation
function h,, o in a discrete setting defined by

n

1
- Z <|M(§z‘+1,j) — (& )
Bl = {7
i 1p(Eisen) — (&) ) it p € LMW {0,1})
00 otherwise.

As e — 0 and n — oo sequentially or for e = n~“ for o within some range then h,, .
I"-converges to an anisotropic total variation in a continuous setting

I-limh, . = /
n—oo T2

e—0

ou
ox

0
+ ‘“

dy
and k,, . I'-converges to an isotropic total variation

I lim ki, = / vy

e—0

upto renormalization. Also discussed in [42] is the application to the constrained
minimization problem

In the remainder of the paper, we will work on point clouds, that are random
graphs, rather than deterministic regular graphs.

Convergence of the Graph Total Variation. The Ginzburg-Landau functional con-
sists of two terms, the first is a regularization on the derivative and the second is
a penalization on states outside of {0,1}. In this paper, we use the graph total
variation on graphs (3) as the regularization on the derivative. In more generality,
one can define the p-Laplacian on graphs [49] by

11
Jp(p) = Tz Z Wijlp(&i) — 1(&5)[P-
/L’J

The graph total variation corresponds to p =1 and the results of [42] described
above correspond to p = 2.

An interesting and important question in its own right is the convergence of
the p-Laplacian [3,11,13,19, 48, 50]. For isotropic weights, that is, w(z) = |z|, the
following result was established for p = 1 in [25].

(1) Compactness: Let u, be any sequence of functions on W, = {{;}, where

& id P, such that GT'V,,(u,) is bounded and p, is bounded in TL' then
Iy, is almost surely relatively compact in TL! and each cluster point is in
BV(X;p,n).

(2) T-limit: we have, with probability one,

P-Uim GTV, =TV (-;p,n).

n—oo
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A consequence of our proofs is that, this result is also true for any X, p, €,, ¢ and 7
satisfying assumptions 1-6 in definition 2.1. In particular, the I'-convergence holds
analogously to theorem 5.1 and the compactness can be reduced, as in the proof of
Proposition 4.1, to the isotropic case where the results of [25] apply. This generalizes
the result of [25] to anisotropic weights.

Convergence of minimizers. The results of the theorem 2.3 can be understood
as implying the convergence of minimizers in the following sense. For a sequence
of closed sets ©,, C L'(¥,,) and © C L'(X) which we assume with respect to the
I'-convergence, that is, the following hold: (1) if ( € © then (, := C|\Pn €0,, (2)
there exists ¢ € © such that £ (¢) < oo and (3) any sequence (, with (, — ¢
implies ¢ € ©. With probability one the following statements hold.

(1) Convergence of the minimum: lim,,_, infg,, &, = ming €.
(2) Convergence of minimizers: if u, € L'(¥,,) are a sequence satisfying

En(pn) < min&y(p) + 0y,
"

for a sequence §,, —* 0 (we call y,, a minimizing sequence) then this sequence
is precompact in TL' and furthermore, any cluster point minimizes €.

The proof is a simple consequence of theorems 2.3 and 3.2.

Alternatively, one could let g,, : L'(¥,,) — [0, 00) be a sequence that continuously
converges to g : L*(X) — [0, 00), that is, g,(¢,) — g(¢) whenever ¢, — ¢ in L', and
then since the I'-convergence is stable under continuous perturbations the results
of this paper imply (with probability one) that

(1) limy, oo inf 1y, ) (En + gn) = ming1(x)(Eoo + g), and

(2) if pp, € LY(V,,) are a minimizing sequence for &, + g, then this sequence is
precompact in TL' and furthermore, any cluster point minimizes € + g.

For example, one could use this in order to fit data, for example,
31530 = A [ 10(T (@) = ()] o

where ¢ is a known function (data) and T, is a sequence of stagnating trans-
port maps (a sequence such that ||[Id — T, ||z» — 0, see § 3.4). In this case, g(u) =

My (@) — (@) da.

Choice of scaling. The natural choice of scaling in &, between the two terms is
not a-priori obvious. One could write
1 < 11
En(p) = — > V(u&))+ P > Wijlu(&) — n(&)l.
n i

Tn i

The proof of Theorem 4.1 requires 7, /e, = O(1). One can show that theorem 2.3
holds for ~,, = O(e,). For simplicity, it is assumed that 7, = €,.
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Generalization to LP spaces for p > 1. The literature on the related problem in
LP spaces has been well developed. Define
1 ¢ 11 »
En(p) = — Z V(u(i)) + ) Z Wi (&) — (&))" -
)

€
=1

Then one can show the results of theorem 2.3 still hold with a modification in
the integrand of the limiting energy £.; in particular, the limit is still a total
variation type semi-norm on binary valued functions. In particular, the convergence
of minimizing sequences is still in TL*.

Size of the phase transition. Although we do not formally state the result, it is
well known that for the Ginzburg—Landau functional the phase transition is of order
€n, see for example [8, theorem 6.4]. By the proof of Lemma 5.4 the same is true
in the setting described in this paper. That is, if u, is a recovery sequence (see
definition 3.1) for &, then 1/n#{ € ¥, : pn(§) € (¢,1 —¢)} = O(en).

2.3. Preliminary results on the rate of convergence

We include some preliminary results concerning the rate of convergence for
inf £, — min€,. The problem is simplified by looking at the convergence
GTV, () = TV (u; p,n) for p=1g where E is a polyhedral set. To characterize
the rate of convergence, we look for convergence in mean square. It is shown in
theorem 6.2 that

E|En(1t) — Eco(p)]” = E|GT Vo (1) — TV (55 p,m)|?
=0(ey) +

K1 K2

E + W + O (Ei)

as n — oo for a constants k; given in § 6. Even though (by lemma 5.4) one
has GTV,(pn) — TV (15 p,m) almost surely convergence in expectation does not
immediately follow, this is shown in theorem 6.1. The leading O(e,) term above
corresponds to approximating p along edges of £ where an edge is the intersec-
tion of two faces of E (see § 6 for a precise explanation of the notation we use
to describe polyhedral sets). The error in the edges causes a bias in the estimate.
For example, if one considers the function u = Ignx where H = {z : w-z > 0}
for some w is any half space then u is a polyhedral function with no edges in
X and one can show EGTV, (u) =TV (u;p,n). It follows from our proofs that

E|GTV (1) = TV (s )| = k1 /nen + ((52)/(n?e 1)) + O(1/n).

3. Preliminary material

3.1. Notation

The space of functions from Z onto Y that are LP-integrable are denoted by
LP(Z;Y) (for 1 < p < o0). Usually, either Y = {0,1} or Y = R. If Y = R then we
write LP(Z) instead of LP(Z;R). When we use the LP norm with respect to a
measure P the Y dependence is suppressed and we write LP(X; P). It will be
obvious from the context what is meant.
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The Euclidean norm is given by |-| and with a small abuse of notation the
dimension is inferred from the argument. The ball centred at x and with radius r
in R? is given as

B(z,r)={yeR: [z —y| <r}.

When the ball is centred at the origin, we write B(0, 7).

3.2. I'-Convergence

I'-convergence was introduced in the 1970s by De Giorgi as a tool for studying
sequences of variational problems. A key feature is the natural emergence of sin-
gular objects such as characteristic functions which we will interpret as classifiers.
We will adopt the viewpoint that I'-convergence can used as a data analysis tool
as it provides direct links between statistical modelling assumptions and the cor-
responding minimizers, cf. for example, § 1.2. Very accessible introductions to I"
convergence can be found in [8,17].

We have the following definition of I'-convergence.

DEFINITION 3.1 [-convergence. Let (A,da) be a metric space. A sequence fr, : A —
R U {%o0} is said to T'-converge on the domain A to foo: A — RU{£o0} with
respect to da, and write foo = I'-lim,, f,,, if for all { € A:

(i) (lim inf inequality) for every sequence ((,) converging to ¢

(ii) (recovery sequence) there exists a sequence ((,) converging to ¢ such that

foo(C) > lim sup fn(Cn)

n—oo

When it exists the I'-limit is always lower semi-continuous, and hence there exists
minimizers over compact sets. The following result justifies the use of I'-convergence
as a variational type of convergence.

THEOREM 3.2 Convergence of Minimizers. Let (A,da) be a metric space and f, :
A — [0,00] be a sequence of functionals. Let p, be a minimizing sequence for f,.
If uy are precompact and foo = T'-lim,, f, where foo : A — [0, 00] is not identically
+o00 then

min foo = lim 1gf fn-

n—oo
Furthermore, any cluster point of j,, minimizes foo.
A simple consequence of the above is if one can show that the I'-limit has a

unique minimizer then any minimizing sequence converges (without the recourse to
subsequences).

https://doi.org/10.1017/prm.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.32

402 M. Thorpe and F. Theil
3.3. Total variation distance

The energy £ can also be written as a BV norm:

i) = {TV(u;p, n) if pe LN(X;{0,1})

00 otherwise

where

TV (s p,17) = sup { /X (@) div (6(2)) do ¢ € C2(X;RY,

sup o* (=p 2 (x)p(x)) < 00}7 (8)
o*(¢p) =sup{v-¢—a(v) : veR'} € {0,00}, (9)
o) = [ atale-vide (10)

1= @om and p is a probability density on X. The surface energy density o is 1-
homogeneous and the Legendre transform o¢* is a characteristic function which

assumes the values 0 or oo. The space of functions with bounded variation is
defined below.

DEFINITION 3.3. For a domain X C R? the weighted total variation TV (-; p,n) of
function p € L*(X) with respect to a density p and potential ) is defined by (8-10).
The space of functions with finite weighted total variation is denoted by BV (X; p,n).
The standard total variation distance on X is defined by

7700 =sup { [ o) ding) = 6 € C22C0).[ollmy <1}

The standard bounded variation space E‘\/(X) is the set of functions such that
TV (i) < oo.

The equivalence of definitions (4) and (7) can be seen from the simplification of
TV (;p,m) when p € Ct:

Visp.n) = [ o(Vua)p@de = [ | aw)ly- Vu@l @ dyde

X

One may also write

TV (s p,m) = /]R n(2)TV:(p; p) dz

where TV, (+; p) is defined by
19,3 ) =sup{ [ o) aivio(o) o s o € (xR

v (@) < | VlpR@) € Rd}
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The following proposition is a slight generalization of a well-known result regard-
ing the convergence of difference quotients to the total variation semi-norm. The
proof is omitted but it is a trivial adaptation of, for example, [32, theorem 13.48].

PROPOSITION 3.4. Assume i, — i in L'. For a sequence €, — 0 and a function
p: X —[0,00) define f, : X — [0,00) by

fa(z) = i/x |t (2 + €n2) — pn ()] p* () d.

Then

liminf f,,(z) = TV, (u; p).

n—oo

For each € BV (X;p,n), the following theorem gives the existence of a measure
that one can understand as the weak derivative of p. See for example [4,20] for
more details.

THEOREM 3.5. For every u € BV (X;p,n) there exists a Radon measure X\, on X
and a A, ,-measurable function o : X — R such that a(x) = 1 for A, ,-almost every
x e X and

(z) -

/X w(x)dive(x) de = — . Wa(x) Apin(da)

for all ¢ € CH(X;RY). In particular,
Aon(X) =TV (15 p; m)-

For the standard total variation distance, we write X\ and have the following
relationship:

Apon(d) = p(2)o () A(da).

In particular,
TV (15 p,1) = /X p(2)o(x) A(da). (11)

Using (11), we first prove theorem 2.3 (in particular, the I-convergence state-
ment) for Lipschitz p then generalize to continuous p by taking a monotonic
sequence of Lipschitz functions pr — p and applying the monotone convergence
theorem.

A useful approximation result we will make use of is for all u € BV (X;p,n)
there exists a sequence p, € BV(X;p,n) N C>®(R?) such that p, — p in L'(X)
and TV (pin; p, 1) — TV (113 p, 1) or equivalently AL (X) — A (X) (where A"
is the measure given by theorem 3.5 and induced by pu,), see for example,
[20, theorem 2, §5.2.2].
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3.4. Transportation theory

This subsection contains the preliminary material required to compare functions
defined on different domains. The key idea in [25] was to use transportation maps
in order to extend functions to a common domain. This allows one to define an
LP-type convergence for functions on different domains.

Let us consider a sequence of functions u,, on discrete domains ¥,, and a function
v on the continuous domain X. In order to compare w, with v, we first use a
piecewise constant approximation fi, to extend p, onto the space X. For a map
T,: X — ¥,, we define fi,, = pt,, oT3,. One can then define a topology using the
LP distance between ji,, and v. The challenge is to define T;, optimally in the sense
that as little mass as possible is moved. In this section, we have given an overview
of the framework proposed in [25] that describes the topology we use in the sequel.
We start by defining the p-OT distance.

DEFINITION 3.6. If 1 < p < oo then the p-OT distance between P,Q € P(X) is
defined by

4,(P.Q) = min { () e anan) " erem Q)} (12

where T(P, Q) is the set of couplings between P and @, that is, the set of probability
measures on X X X such that the first marginal is P and the second marginal is Q.
If p = oo then the co-OT distance between P,Q € P(X) is defined by

doo (P, Q) = min {ess:up{x —yl:(r,y) e X x X} e F(P,Q)}. (13)

The minimization problem in (12) and (13) is known as Kantorovich’s optimal
transportation problem. The minimization is convex and therefore, the minimum
is achieved [16,45]. One can also show that d,, defines a metric on the space of
probability measures. Elements 7 € I'( P, Q) are called transference plans. The dis-
tance ds is also known as the Wasserstein metric and d,, the oco-transportation
distance. For bounded X C R? convergence in d,, (for 1 < p < o0) is equivalent to
the weak convergence of probability measures [45] and therefore, with probability
one, d,(P,, P) — 0 where P, is the empirical measure.

When P has density with respect to the Lebesgue measure then the Kan-
torovich minimization problem is equivalent to the Monge optimal transportation
problem [23]:

Minimize / |z — T'(x)|P P(dz) overall measurable maps T such that Tu P = Q
X

where the push forward measure is defined by
TyuP(A) = P(T1(4))

for any A € B(X). If Q = TP then we call T a transportation map between P
and Q.
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Let P,, be the empirical measure and 1 < p < oo then from d,(P,, P) — 0 (almost
surely) one can immediately infer the existence of a sequence of transport plans such

that

[1d — T, ||Lp X:p) = / |z — T, (z)|P P(dz) — 0 (14)
as n — oo. We call any sequence of transportation maps {7} that satisfy (14)
stagnating.

In the next definition, we use stagnating transport maps to define piecewise
constant approximations of functions on ¥,, in order to define a suitable notion of
convergence.

DEFINITION 3.7. Let p, € LP(V,) = LP(X; P,) and u € LP(X;P) where P is a
probability measure and P, = 1/n ., 0¢, is the empirical measure. We say fi,, —
pin TLP(X) if

'i

I o T =kl ey = [ IinlTalo) = el Plar) =0 (15)

for any sequence of stagnating transportation maps T, : X — U,,. Similarly, p, is
bounded in TLP if ||pn, o Tyl e is bounded and p, is precompact in TLP if p, o T,
18 precompact in LP.

One can show that if (15) holds for one sequence of stagnating transport maps
then it holds for any sequence of stagnating transport maps [25, lemma 3.5].

Since it is assumed that P has density p which is bounded above and below by
positive constants then (14) is equivalent to ||Id — T, [|z»(x) — 0 and LP(X; P) =
LP(X). This paper focuses on the case where p = 1 however, it is straightforward
to consider the case 1 < p < oo, see § 2.2.

Now consider an arbitrary T': X — X and a measurable ¢ : X — [0, 00). Recall
that

/ o(x) Ty P(dz) := sup {/ s(x)TyP(dz) : 0 < s < p and s is simple} .
X X

If s(z) = ZZ]\LI a;0y, (x) where a; = s(x) for any x € U; then

/ s(x)TyP(dz) = ZaZT#P Zal
X

for V; = T~1(U;). Note that a; = s(x) for any x € T(U;). From this it is not hard
to see the following change of variables formula:

/ o(z) TyP(dz) = / o(T(2)) P(dz). (16)
X X

A particularly useful version of this will be when T P(dz) = P, (dx) where P, is
the empirical measure. In which case (16) implies

1 n
2 o6 = [ er) P,
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As an aside, one can generalize the TLP framework to pairs (u, P) where p €
LP(X; P). Let us define

7Tel'(P,Q)

" (/XY (@) = )PP w(dx,dw)l/p} |

Let P have density with respect to the Lebesgue measure and take a sequence of
measures P, defined on a common space X (where we do not assume that P, is
the empirical measure). Then (P,, f,) — (P, f) in TL? is equivalent to weak con-
vergence of measures (due to the first term) and ||, 0 T, — pi| e (x;p) — 0 (due to
the second term), see [25, proposition 3.6]. Since we are working with the empirical
measure then with probability one P, converges weakly to P. Hence the first term
plays no role in this paper and so is not included.

Our proofs require a bound on the supremum norm of 7, — Id given by the
following theorem.

drus (P, (Q.O) = _ink {( [ owstanan)”

THEOREM 3.8. Let X C R* with d > 1 be open, connected and bounded with Lips-
chitz boundary. Let P be a probability measure on X with density (with respect to
Lebesgue) p which is bounded above and below by positive constants. Let &1,&s, . ..
be a sequence of independent random variables with distribution P and let P, be
the empirical measure. Then there exists a constant C > 0 such that almost surely
there exists a sequence of transportation maps {T1,,}52, from P to P, such that

T, —1d| poe
l |z~ (x) <

lim sup 3 C
where

Vioglogn |
T lf d=1
1 3/4

5, = { llogn) 0 Og}) if d=2

n
1 1/d
% if d > 3.
n

Proof. The proof for d =2 and d > 3 can be found in [26]. For d =1 the result
follows from considering the transportation map defined by T, (x) =¢&; for = €
(ng_l),:csf)] where 2 is defined by P((foo,:rgf)]) =i/nfori=1,...,n—1 and
2 = —00 and 2" = 0o. One then has | T, —1d|| oo (x) = ||[Pn — P|| L (x) Which

O

by the law of the iterated logarithm has the stated rate of convergence.

4. The compactness property

In this section, we prove the first part of theorem 2.3 by establishing that sequences
bounded in &, are precompact in TL' with cluster points in L'(X;{0,1}). Our
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proofs compare &, with its continuous analogue C. : L*(X) — [0, 0o] defined by

Colp) = /X V() ple) da

b [ eon (T2 Into) - )l o) away. 1)

The transport map 7, between the measures P,, and P is used to compare a function
tn 2 ¥, — R to its continuous version ji,, : X — R, i.e. ji,, = py, © T}, One then uses
standard results to conclude the compactness of ji,, in L' and show that this implies
compactness of i, in TL'.

PROPOSITION 4.1. Under the same conditions as theorem 2.3. If p,, € L*(¥,,) is a
sequence with

sup En (fin) < 00

neN
then, with probability one, there exists a subsequence p,, and p € L'(X;{0,1})
such that ,, — p in TL.

Proof. Recall the following preliminary compactness result. If {f,, }2° ; is a sequence
in L'(X) such that
sup C.. (fin) < o0, (18)
neN
where C,, : L'(X) — [0, 0] is defined by (17), then there exists a subsequence fi,,,
and p € L'(X;{0,1}) such that ji,, — pin L*. A proof can be found, for example,
in [1].

For clarity, we will denote the dependence of n=¢om on &, by &,(;n) and
let n.(x) = 1/e?n(x/€). Since 7 is continuous at 0 and 1(0) > 0 there exists b > 0
and a > 0 such that n(xz) > a for all |z| < b. Define 7 by 7j(x) = a for |z| < b and
n(x) = 0 otherwise. As 77 < 1 then &, (pn;n) = En(tin; 7).

Let T}, be such that T,,4» P = P, and the conclusions of theorem 3.8 hold. We
want to show {u, o T, }22 ;| satisfies

sup Ce, (pn © Ty 1) < 00 (19)
neN
for a sequence €, > 0 with ¢, — 0 and €, /¢, — 1 that will be chosen shortly. If so
then by (18) there exists a subsequence p,, o T, and p € L'(X;{0,1}) such that
pin,, © Ty, — pin L' and therefore, j1,, — p in TL'. To show (19) we write

m

Ce, (pn 0 Ty; 1) = ; /X V(pn (T (2))p(z) dz

€n

#or [ ( L) bnlTal) = T )t i

n

The first term is uniformly bounded, since by (16)
1 S
= | Vipa(Tu(@))p(z) do = —— D Vi (&))-

€n X n €n i=1
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Assume that |y — x/&,| < b then

T () = Tn(y)| < |Tn(x) — 2| + |z =yl + |y = Tu(y)]
< 2/1d = Tallpoe (x) + [ — 9

< 2|[Id = T || poe (x) + bén.

Choose €, satisfying

2HTn — Id”LOO(X) + bgn = bEn,

that is, &, = €, — ((2||T% — Id||z~(x))/(b)). By the decay assumption on ¢, for n
sufficiently large (with probability one) €, > 0, €, — 0 and €,/e, — 1. Also

§(220) —am g (BB

Therefore,
~ 1~ xr — 1~ Ter_Tn 6Z~
il 0) = i (T2 ) < g (PR - S 1) - ).
€ €n €n €n €n
So,
1 -
= e = ) (T ) = i (0| @)y
e[
< e /X Tl (Tn(@) = T () [0 (T (2)) — pn(Tn(y))] p(2)p(y) dy dz
= ~d+1 Znen = &) lun(&) = (&) by (16)
edt+1
= d+1g (n3 1)
ed+1
< ~d+1 En(ftnin)-
It follows that the second term is also uniformly bounded in n. O

5. I'-Convergence

The main result of this section is theorem 5.1, which states that &£, I'-converge
to Eso

THEOREM 5.1. Under the same conditions as theorem 2.3

E =T-limé&,

in the TL' sense and with probability one.

The proof is a consequence of lemmas 5.2 and 5.4.
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LEMMA 5.2 The lim inf inequality. Under the same conditions as theorem 2.3 if
p € LYX) and p, — p in TL* then

Eoo(p) < liminf &, (pr)
with probability one.

Proof. Recall n=pom. Let p, € L*(V,,),u € L}(X) with p, — p in TL'. Let
Vn = i 0 T), € LY (X) where T, : X — W, is as in theorem 3.8 (with probability
one) so v, — p in L'(X). Without loss of generality, we assume that

liminf &, (py) < 00

n—oo

else there is nothing to prove. By theorem 4.1 1 € L'(X;{0,1}) hence the proof is
complete if

lim inf GTV,, (1n) = TV (11; p, ) (20)

n—0o0

where GTV,, is defined by (3).
We show (20) in two steps.

Step 1. Assume p is Lipschitz continuous on X.

Step 2. Generalize to continuous densities.

Step 1. Let X' be a compact subset of X. We have

11
GTVa(pn) = —— Z Wij |n (&) — pn (&)

_ 1 Tu(2) = Tuly)
B d+1 /X2 ! < €n )
X |vn(z) —vn(y )|P( )p(y)dzdy  using (16)

e [ Lo (PR o) < vl pledpt) ey
- / / ( (y+6n )—Tn(y))
' JytenzeX €n

X vn(y + €2) — vn(y)| p(y + €nz)p(y) dz dy

_ // ( (y+en)—Tn(y))
" JytenzeX €n

X |vn(y + €nz) — vn(y)| PZ(y) dzdy +a,

1 To(y+enz) =T,
o =L / ) ( (y ) (y)) oy + €n2)
€n JX' Jyte,zeX €n

—vn(y)| p(y) (p(y + €n2) — p(y)) dzdy.

\\/

where
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Assume that the support of ¢ is contained within B(0, M) then the follow-
ing calculation shows that for any y € X that if |z| > M where M = M/a +

2sup,,en(([|Tn —1d|| 2o )/ (€n)) < oo then n(((Tn(y + €nz) — Tn(y))/(en))) = O:
a ”Tn — IdHL"O

n

M < aep|z| —2

o
< 2 alel = -+ e02) = Tul) = 03]

< 2 To(y + €nz) — Tn(y)‘

n

<r (Tn<y+enz> - Tn<y>> |

€n

It follows that

lan| < —2R(M // ( y+en)—Tn(y))
lnf:CEX p yt+eze X €n

X vn(y + €nz) — vn(y)| p(y)p(y + €nz) dzdy
MLip(p)
= n T n\HMn
infyex P(x)e GTValutn)

—0 asn— oo.

2| T —1d| oo

n

Let «,, and ¢,, be as in definition 2.1 for § = then since

Tn(y + Enz) - Tn(y)

1
< — (ITh(y + €enz) —y — enz| + [Tn(y) — yl)

— Z
€n
- 2| T, — Id|| oo
€7L
we have that
Tn n *Tn
n( (Y + €,2) (y)> > o (anz)
€n
So,
Cn
GTV,(jin) > / 0(00n2) [y + n2) — vu(y)] P2 () d2 dy + o(1)
€n Yyt+enz€X
= n(z) |v (y+> —vn(y)| p*(y) dZdy + o(1)
y+€nz/an6X an
Cn €nz 9 5
= o2~ dzdy — b, 1
agen/,/w"(z (y+an> V(y)’p(y) Zdy +o(1)
where

C ~
b= [ ] n(2)
Anén JX' Jyteni/angX

https://doi.org/10.1017/prm.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.32

Asymptotic Analysis of the Ginzburg—Landau Functional on Point Clouds 411

By Fatou’s lemma, proposition 3.4 and since ¢,, a, — 1 we have

C
1. . f mn ~
i in ag%/ , /Rd ()

> /Rd n(2) TV, (1 p) dz

=TV (s p,m, X').

€nZ N
Un (y + a) - Vn(y)‘ p*(y) dz dy

n

Since X’ and X¢ are both closed and disjoint then 7 := dist(X’, X¢) > 0 and
therefore, if y € X’ and y + €,2/a, € X then |Z| > «,,7/¢,. Choose n sufficiently
large such that a,,7/€, > M where the support of 7 is contained in B(0, M). Then
for any pair y, Z satisfying the above condition we have n(z) = ¢ o w(Z) = 0. Hence
b, = 0 for n sufficiently large.

We have shown that

lim inf GTV,, (pn) = TV (u; p, oo m, X').

n—oo

If we consider a sequence X/, such that X C X ,; and Iy, — Ix pointwise then
by the monotone convergence theorem TV (u;p,pom, X)) — TV (u;p,pom X).
This completes step 1.

Step 2. Denote the dependence of p on GTV,, by GTV,(:;p). Assume p: X —
[0, 00) is continuous and let py : R? — [0, 00) be defined by

_ Jinfyex (p(y) + klz—vy|) ifzeX
pi(z) = {0 otherwise. (21)

Clearly pi(z) < p(z) for all z € X. For any y € X \ B(z, p(z)/k) we have |z — y| >
p(x)/k and, therefore,

py) + klz —y| = p(y) + p(x) > p(x) = pr(z).

Then it follows that any (approximate) minimizer y € X of (21) must be con-
tained in B(x, p(z)/k). Hence pg(x) = inf{p(y) + klx — y| : y € B(z,p(x)/k)} and,
therefore,

p(x) = pr(x) > inf {p(y) Yy € DB (fv p(;)> } :

As p is bounded above on X then the previous inequality implies pi(z) — p(z) for
each x € X. Tt is also clear that p(z) > inf,cx p(z) > 0. Furthermore, for 2,z € X

pr(z) — pp(2) = inf sup p(y1) — p(y2) + k(|2 —y1| — |2 — v2l)
v1€X yoex

< sup k(| —y2| — |2 — y2l)
y2€X

< klz — 2|
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S0 py is Lipschitz in X. By step 1
liminf GT'V,, (pn; p) = liminf GT'V,, (p; pi) = TV (113 pies 1)
n—0o0

n— oo

By theorem 3.5

TV (s pr) = [ pi@)a(e) A(da).

And therefore, by the monotone convergence theorem, one has

Jim TV (i) = [ plao(e) Mcda) = TV (i )
which completes the proof. O

For pu ¢ L'(X;{0,1}) the recovery sequence is trivial as €. (u) = oo. For u €
L'(X;{0,1}) we show that it is enough to prove the existence of a recovery sequence
when i is a polyhedral function (defined below). Recall that H* is the k-dimensional
Hausdorff measure.

DEFINITION 5.3. A (d-dimensional) polyhedral set in R? is an open set F whose
boundary is a Lipschitz manifold contained in the union of finitely many affine
hyperplanes. We say u € BV (X;{0,1}) is a polyhedral function if there exists a
polyhedral set F such that OF is transversal to 0X (i.e. H¥=Y(OF U90X) =0) and
wa)=1forx e XNF, p(r)=0 forx e X\ F.

LEMMA 5.4 The existence of a recovery sequence for theorem 5.1. Under the same
conditions as theorem 2.3 for any p € L*(X) there exists a sequence fi, — p in TL*
such that

Exc (1) > limsup &, (jin) (22)

n—oo

with probability one.

Proof. Without loss of generality assume p € BV (X;p,n) N LY(X;{0,1}). By the
following (diagonalization) argument, it is enough to prove the lemma for poly-
hedral functions. Suppose the lemma holds for polyhedral functions and let p €
BV (X;p,n) N LY(X;{0,1}). There exists a sequence of polyhedral functions ji,,, —
win LY and TV (pim; pym) — TV (w; p,n), for example, see [36, §9.4.1 lemma 1]. By
passing to a subsequence, we may assume that

HU’m - ,U'HL1 < % and |5<><>(Mm) - SOO(U)‘ < %

Now for each m there exists a sequence MS") and a limit (™) (as n — oo for each
m) such that

plm — M in LY as n— oo and Eoo (™) = limsup &, (™).

For each m there exists N,,, such that
m m 1 m m
[ || <= and Ea (™) > Ealu™) - —
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for all n > N,,. Let p,,, = /J,S\Tg then we have

_ (m) _ (m)‘ H (m) _ ‘ 2
m . < < d
ltm — pll . HMN e Wl S, an

Encll) > Exa (1™) — = > En(jim) — —.

m m

Hence it is enough to prove the theorem for polyhedral functions.

Therefore, assume p € BV(X;{0,1}) is a polyhedral function corresponding to
the polyhedral set F, that is, p = Ip. Let w, be the restriction of u to ¥,. Define
T, as in theorem 3.8 and use it to create a partition of X, X = U T, 1(&). If
z,y € T, 1(&) then

[z =yl < |z = T(2)| + | Tn(x) = Tn(y)l + [Tn(y) — yl < 2/[1d = Tn || L= (x).-

Let € T,1(&) and assume dist(OF,z) > 2||Id — T, ||z~. If y € T, (&) then
w(y) = pu(z) (since T, (&) € B(x,2|/1d — Tl (xy) and B(z, 2||1d — T, || oo (x)) N
OF = (). Therefore,

/71 ln (T (y)) — 1(y)| p(y) dy = 0.
Tr (&)

m

In particular,

/ i (T ) — 1(0)] ply) dy = / i (T () — 1) p() dy
X Xn

n

< lpllzoe (x) Vol(X )
where
X, ={ye X : dist(0F,y) < 2[1d — Ty, || p(x) } -

Clearly, Vol(X,) = O(||Id — T[> (x)) = o(1) and therefore, p, — p in TL'.
Define v, = pu,, o T}, then since vy, u € L'(X;{0,1}) we have that (22) is equivalent
to

TV (15 p,m) = limsup GTV, (pn,).

n—oo

We complete the proof in two steps.

Step 1. Assume p is Lipschitz on X.

Step 2. Generalize to continuous densities.

Step 1. We can write assumption 3 in definition 2.1 as for any d > 0 there exists
¢s, a5 such that if | — y| < 6 then n(x) < 1/esn(w/as) and ¢s,as — 1 as § — 0.
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Let ¢, ay, be such constants for § = ((2||T,, — Id|| <)/ (e,)) since

=9

To(z) — Tu(y) _r—- y‘ < 22||Tn — Id|| g~

€n €n €n

then

where € = ¢,a,.

So,

6TVtm) = g [0 (P o) - ) ot ey

n

d-‘rl T —y

< [ (T2 o) - )l oot day
d+1

= CTV, ()

Cn

with CTV,, defined below. Let us approximate p by a sequence ¢, € C*(R?%) N
BV (X) such that ¢, — p in LY(X) and TV (Cu; p,n) — TV (115 p,m). Without loss
of generality assume that (,(z) =0 for all z € R*\ X and || — ol 11(x) = 0(€n)
(by recourse to a subsequence of ¢, and relabelling). Then

CTV,(Cn)

= et [ (522 60 - G lalpta) aay
e
# /) / (=

/// 2) [VGu(h) - 2] p(h + (1 = 5)énz)p(h — &,52) dzds dh

Znhs

/0 Veuly + s(z — ) - (x — ) ds| p(x)p(y) dardy

//\

) Veu(y + sz — 1) - (2 — )| p(a)ply) derdsdy

STV (Cuspsn) + n

where

Zohs ={z€RY: h+ (1 —8)&z€ X and h —é,52 € X}

/// )96 (h) - 4

x (p(h+ (1 — 8)én2)p(h — &,52) — p*(h)) dzds dh.
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If
nlLIIOIO ¢, =0 (23)
and nh—>Holo |CTV, (V) — CTV,(¢n)| =0 (24)
then

lim sup CTV,,(v,) = limsup CTV,,((,) < limsup TV (Cnsp,m) = TV (13 p, ).

n—oo n—oo n—oo

We now show (23). Since the support of 7 is bounded then there exists M > 0 such
that spt(n) € B(0, M). For any |z| > M, we have n(z) = 0 and for any |z| < M one
can show

|9 (h) = p(h + (1 = s)€nz)p(h + €ns2)| < |lpllLx)Lip(p) (|(1 = 5)én2] + [€nsz])
< 26, ]|pll o= (x)Lip(p) M.

Then

enl < 200l 0o Lip(p)en M / / ) IVea(h) - 2| dzdh
R

< 2llpllz=oLip(p)én 2
< n h)dzdh
N KL OO

1nf16Xp (Z‘)
_ 2flpllz= ) Lip(p) e,
inf,ex p?(x)

To complete step 1, we show (24). This follows by:
|CTV, (1) — CTV, ()|
HPH%&(X

< [ (M20) () = @+ o) ~ G )

n

) = Gn(z)| dy

~

2 oo Vol(X 2
< el (R9) ( )HPHL (x)/ o

€n

2[| |l oo may VOl (X) [|pl|F -  x
< - Q) (o = oo + Nl = Gall i x))

n

—0
where the last line follows as || — (|21 (x) = 0(€n) and [[vy, — pl[z1(x) = O(||T5 —

IdHL‘x’(X)) = 0(671) = O(En)-

Step 2. Let GTV (-;p) be the graph total variation defined using p. Let p be
continuous but not necessarily Lipschitz and define py, : R? — [0, 00) by

—klz — ifreX
pk(x):{zupyexp(y) [z —y| ifa

otherwise.

Similarly, to lemma 5.2 step 2, we can check that p; is bounded above and below
by positive constants, Lipschitz continuous on X and converges pointwise to p from
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above. We have

lim sup GTV,, (pn; p) < limsup GTV, (pin; pr) < TV (15 i, m)-

n—oo n—00

By the monotone convergence theorem and theorem 3.5, we have limg_oo TV
(15 prsm) = TV (15 p, ). O

6. Preliminary results for the rate of convergence

There are two main sources of error defined to be |&, (1) — Ex (1t)|. The first is due
to statistical fluctuations, for example, data points that lie in the tails that have a
large impact when n is small. The second is due to systematic bias. Systematic bias
is due to several factors such as the details of the scaling and the geometry of the
problem. In this section, by taking the expectation over the data, we only consider
the second source of error. In this section, we will restrict ourselves to when p = Ig
is a polyhedral function (see definition 5.3).

We first fix our notation. The boundary of a polyhedral set E' is contained in the
union of finitely many (N say) affine hyperplanes H; for i = 1,..., N. We call the
set OF; :== OE N H; a face of E. By construction 0F = UY ;0F;. The intersection
of two faces is an edge e;; = 0F; N OL;. It is unfortunate but unavoidable that we
use the term edge in two different contexts; either as an edge in a graph, or as an
edge of a polyhedral set. It should be clear from the context what is meant. The
intersection of edges is called a corner.

To reduce bias let us redefine the normalization on GT'V,, so that

GTVA1) = = s 3 (6= ) 1(6) = (&) (25)

For Z;; = 1/enn., (& — &) |1(&) — p(&;)| one can write
1 =
GTVn(,U‘) = m ; —ij

Since ¢; are iid then

- _ [EEp ifi#j
E“W{o if i = j.

Hence EGTV, (1) = EZ12. This would not be true for the normalization we
considered previously.

For simplicity, we make the following assumptions. Assume X = (0,1)? where
d > 1 and that p=1 on X. We use an isotropic interaction potential n =Ipq 1)
These assumptions simplify the calculations which allows one to have a better
understanding of the methodology without the notational burden if one used more
general assumptions. We expect that the results in this section can be generalized
to a wider class of interaction potentials 7, spaces X C R? and probability densities
p. We start with the convergence of the expectation.
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THEOREM 6.1. Let X = (0,1)? with d =2, p=1 and ¢, be any sequence converg-
ing to zero. The data are distributed &; i p and let U, = {& . Define GTV, :
LY(W,,) — [0,00] by (25) where the weights are given by W;; = ne, (& —&;) and
Ne,(z) = 1/€ll <., . Define TV (:;p,n) : L'(X) — [0,00] by (8-10). Let p=1Ig be
a polyhedral function. Then

[EGT V(1) = TV (b5 p,m)| = Olen).

Note that we do not need a lower bound on the decay of €,. By taking the
expectation we are immediately in the continuous setting and therefore, lose all the
graphical structure. In particular,

1
86TVl = — [ [ o= ) o) — ply)] dyda
En J(0,1)* J(0,1)¢

has no discrete structure.

Our proof shows that along faces of F and sufficiently far from edges in some
sense the expected graph total variation is equal to the total variation. To be
more precise if = {r € X : w-x >0} for some w € R? then E has no edges
and therefore GTV,, (1) = TV (u; p,m). The discrepancy between EGTV,, (1) and
TV (u; p,m), which we show is of order ¢,, is a consequence of having to approximate
along edges of F.

Proof of Theorem 6.1. Let OF = U OE;. We first calculate TV (u; p, ),

TV (3 p,m) = /

N
o(n(x d=1(z) = ila_1 o(ny
- (n(z)) AR (2) ;\WJ |31 (i)

where n; is the outward unit normal for side OF; and we use | - |sa—1 to denote the
H?~1 measure. Observe

U:U(ni):/ |x-ni|dx:/ |xq| da.
B(0,1) B(0,1)

So TV (p; p,n) = 0|0E|pa-1.
Consider the face OF;, we will approximate this with a smaller face 3Ei(n) C 0E;
that will approximate the graph total variation to within O(e, ). Consider the set,

R;(s) = {x +eptn : t € [—1,1],n is normal to JE; and
x € OF; with dist(0(0E;),x) > s}

where J(0F;) is the d — two-dimensional boundary of the face OF;. There exists
sn = O(e€,) such that for all 4
Ri(sn) N [ JoE; | =0.

J#i
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Define

B, = {x s dist(z, 0F) < en}
Si(") = Ri(sn + €n) Ti(") = Ri(sn)
Ui(") = {x +eptn @ t € [-1,1],n is normal to OE; and
€ OF; with dist(3(OE;), ) < sn + en}

AE™ = {m € OF; : dist(z, D(OE;)) > sn + en}.

By construction U, _gomplECN B(z,6,)] C (Ti(") NES) and Y

[E N B(z,e,)] € (T™ N E). Now,

zeS"™NEe

1
= Z/Sm)m/w»)% Lo —yi<e, dy da
1
’ 7/ / ]sz <én dyd.%’
Egﬁl (BonENUY., 8 JEe |z—y|<
dH Z /S(")nEc /T}")mE Lo —yi<e, dy da
1 / /
T Iz—y|<e, dy da.
Engrl (BnmEc)\Uil Si(") B ‘ yl
‘We have
1 . v
- L yi<e, dydr < — / / I, <1 dzda
6?1—"_1 /(B"mE)\Uﬁ\[1S¢‘(n> ‘/EC oyl ’ 61'7,; Ui(") r+epzeEC [z]<1
N
1 n
< o 2 VOO VeI(B0, 1)
= O(en)

since Vol(Ui(n)) = O(en(sn + €,)) = O(€2). Similarly,

1

—_ Io—yi<e, dydz = O(ep).
ef{H /(BnﬂEC)\Uf\;l SEn)w/E [z—y| 3

For the remaining terms in the above expansion of EGTV,, (), we consider the i‘"
face. After a suitable change of coordinates, we can assume that 0E; C {z : 1 =0}
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and n; = (1,0,...,0). Then

Analogously,

N
1 /
d+1 : :
€n+ i—1"7S

1
— L—yi<e, dydx
€n Js™MnE JTMnEe rvlsen
1 0
= — / ’ / / H|a:7y|<en dy dxl dJZQ;d
€n Jor(™ J—c, Jy1>0
1 0
= — / / / H|z|<1 dz dl‘l dxg;d
€n 3E,§") —€n JT1=€,21>0
1 0
= / / / HazlJrenzl >0 dzdzy dzag
€n JOE™ J—e, Jiz|I<1

:/ / 2115, 50 dzdxo.g—1
oE™ J|z|<1
1
:,|8EZ.(”)|HGZ,1/ |Zl‘d2’
2 |2I<1
- %|‘9E§")|Hd*1

= %|@Ei|Hd_1 +0(en).

E")OEC

Collecting terms, we have shown

EGTV,, (1) = TV (11; p,n) + O(en)

which completes the proof.

/ Lomyi<e, Ay dz = Z|OE;|pa-1 + Ofen).
T™MNE 2

O

The above theorem established convergence in the mean of GTV,(u™) to
TV (u; p,m). A natural next step is to establish convergence in mean square. The
next theorem gives the asymptotic expansion of E|GTV,,(u) — TV (u; p,n)|>. We
order the expansion so that dominant terms come first (the ordering follows from
the scaling given by assumption 3 in definition 2.1). The dominant term depends
on the bias a,, = EGTV,, (1) — TV (u; p, ) which is O(e,,) due to the approximation
along the edges of each face of E. The complexity of refining this approximation,
that is, finding the constant ¢ such that «,, = ce, + h.o.t. goes beyond the scope of

the paper.

https://doi.org/10.1017/prm.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.32

420 M. Thorpe and F. Theil
THEOREM 6.2. Under the same conditions as theorem 6.1
E|GTV, (1) = TV (; p,m) |
A(n —2)|0E|pa-1 V| 2TV (3 pn)

= —20énTV(,LL; P 77) +

n(n — e, n(n —1)edt!
(n—2)(n—3)oy,  (6—4n)TV(p;p,1)° 1
* n(n—1) + n(n—1) +O<n)
1 20, TV (5 p,m)
+0 (e%rﬂ) n(n —1)

where o, = EGTV, (1) — TV (u; p,n) = O(ey,) is the bias and

1 .
V= 5/ / min{|zql, [ya|} dz dy.
B(0,1) JB(0,1)

Proof. We can write

E|GTV,(p) = TV (1; p,m) [
=EGTV,(1)? + TV (1; p,n)? = 2TV (115 p, M) EGT Vi, (1)
=EGTV,()> = TV (13 p,1)* — 2TV (115 p, n) .
Let Zi; = 1/€nne, (& — &) [1(&) — p(&;)| then
1 1
— ) F; T e —— Zii k-
TL(TL — 1) Z ij and G Vn(,u) ng(n — 1)2 ijzk:l J—kl

,J

GTV,, () =

Let i, 7, k, 1 be distinct, then GTV,,(u)? has the following contributions:
A. 2n(n — 1) terms consisting of Z7;,
B. 4n(n —1)(n — 2) terms consisting of Z;;=;;, and
C. n(n—1)(n —2)(n — 3) terms consisting of Z;;=;.
For C we use independence of =;; with Zj; to write
EZi;En = EE;;EEn = (BGTV(1)® = (TV (1 p, ) + o)
=TV (1 p,0)° + 20, TV (35 p, 1) + .

=ij = 2d42 |z —y|<er
e 2 Jo,a J 0,1y o

1
62—&-1

For A:

() — p(y)| dzdy

EGTV, (1)

| —

1
= s TV (5 p,m) + O ( ) by theorem 6.1.

S

€
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Now we consider B. We have

EZ;;Ei = I I .
J—ik 2d+2/01)d/01 /01)d lz—y|<ent|z— w\<n‘ﬂ() w(y)l
X |p(z) — p(w)| dw dy dz

= 2012 E :/(n) /(n) /(n) Lo —yi<enljz—wl<e, dwdy dz
sWag JrMage JT™M AR

), o)
+ 5 Ly yi<en Ljo—wi<e, dwdy dx
€%d+2 (BnﬂE)\vazlssn) e Jge |z—y|<entz—w|<e

1 N
+ 2d+2 Z/(n) /(n) /(n) H‘Q}—ylgenﬂlI—w‘gen dwdydl’
€n i—1 /S, 'nEJT;"NE JT;"' NE

; / //
+ —— Lz yi<enljo—w|<e, dwdy da.
e Jianpenor s Jp JE lo=g|SenSa—wl<en

Now,

1

T o —y<enljz—wl<e, dwdy dz
+ N g(n)

€n (BnNE)\UN_,S; cJEe

i

/ / H\zKleKl dwdydx
(B,,LDE)\UI.\IZIS,EM rt+e,yeEEC Jrte,weEE®

//\

L (VOI(B(0, 1)))? Vol((B,, 1 B) \ UX,5)

2
€n

—0(1).

where By, Si(n) and Ti(") are as in the proof of Theorem 6.1. Considering each face
individually, after rotating,

1
—_ Iy yi<ce Lip—wice dwdydax
2 Jsmap Jrage Jrape emvlSentrmwlsen Y
L I I dwdyd
=2 .0 wi<iljwi<1 dwdy dz
n JS; "V NE Jrg+enya>0 Jxg+enw>0

0
/ / / / I ytenya>0leytenwy>0 dy drg dri.qa—1
aE™ J—c, Jlyl<1 Jwl<1

/ Ha:d>—€n min{wgq,yaq} dy dw dl’d dxl:d—l
ly|<1

/ ()/I /I Lnin{wa,yq)>0 Min{wa, ya} dy dw dzy.q4—1
OE:" w|<1 Jyl<1

k3

()
:w\’—‘

Il
:m\" :mw\’—‘
S—
S
[
o o
3
E\
N
—
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1 .
= —/ / / min{|wg|, lya|} dy dw dzq.q—1
den Jop™ Jiwi<1 i<t

_|OE™ |V

2€,
|OE;| a1V
= — O 1 .
2, TOM)
Hence
OF|ya-1V
EZ;;Ei = H% +0(1).
Collecting terms implies the result of the theorem. O

If one defines

K1 = 4|8E|Hd_1V
K = 2TV (3 p, 1)

then we can conclude the asymptotic expansion given in § 2.3.
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Appendix A. Proof of Proposition 2.2

Proof of Proposition 2.2. For the first part assume the support of ¢ is contained
in [0, M] and choose N < M such that ¢(t) > ¢(0)/2 > 0 for all 0 <t < N and let
0 < ¢ < N. First consider |z| > N —¢. If |x — z| < 0 then

A<l =l +lol <0+ bl = ol (14 ) <ol (14 525

Set ¢s =1 and ay =1+ 0/N —J, then as ¢ is decreasing, we have
n(z) = ¢(|2]) = elas|z]) = csn(asz).
Now if || < N — ¢ then |z| < N < M and, therefore,

n(z) = ¢(|z]) = (|]) = Llz| — [2l| = ¢(l2]) — Llz — 2 > ¢(|z]) — L§

= el (1= 5

https://doi.org/10.1017/prm.2018.32 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.32

Asymptotic Analysis of the Ginzburg—Landau Functional on Point Clouds 423

where L is the Lipschitz constant of ¢. By definition of N we have that o(|z|) >
©(0)/2 and, therefore,

n(z) = ¢(l2]) (1 = 2L6/¢(0)) -

Hence 1(z) > ¢sn(x) where ¢s =1 —2L6/p(0) and a5 = 1.
For the second case let B(0,2m) C E C B(0,M) and §* = disty (OF, B(0,m))
where disty is the Hausdorff distance. Clearly, 6* > m > 0. Let

05+ FE {x € FEUOE : disty(z,0F) < 62 } .

Note that if x € 05+ F then disty (x, B(0,m)) > §*/2. For any = € Js« E there exists
a unique (by convexity) 3, > 1 such that G, € OF. Furthermore, 8, = |B,z|/|z| <
M/m.

Let § <6 and pick 2z € 95 = {z € E¢ : disty(z,0F) < §} then for any z €
B(z,0) U E we have

1

e =1 = 17 (Bule = |2+ | = Ja)
< = (182 — ol +12 - 2)
< (18—l +9).

Now we construct the triangle given in figure 5. Applying the cosine formula one
has,

|2 + |2l — |z — «f?

cos(f) =

2|z||2|
P el — |z — 2P ~ 2lalle]
2|z||2|

|z — |

2|z|[2|

52
>1—- —

2m?’

And

8o — 2|* = |2[* + | Boz|* — 2|2||B| cos(B)

|| Be |62
< |2 + Beaf? — 2]2]| o] + NP1
m
 [lB.als”
m2
M362
< .
m3
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Figure 5. Bound for |8z — 2| in the proof of Proposition 2.2.

Therefore,

3/2

Take as = SUP. et g SUPze B (2,6)nE Be. Then 1< as <1+ 8/m((M/m)>?4+1) —
1 and by construction for any x € B(z,0) N E, we have ax ¢ E. This implies

n(asx) = 0 and, therefore, n(z) > n(Byx).
The other cases, x € B(z,0) N E° and when z € F or disty (z,0F) > ¢ are trivial.
O

Appendix B. Proof of Corollary 2.4

Proof of Corollary 2.4. The compactness property holds analogously to proposi-
tion 4.1. For the I'-convergence, we let 7 = ¢ o ™ = ¢(|z]). Since ¢ is in L' ([0, 0))
(it is bounded, measurable and with compact support) then we can approximate ¢
by ¢ a monotonically increasing sequence (in k) of functions such that 0 < @i < ¢,
YL —  pointwise, ¢y is Lipschitz, decreasing and ¢ > 0. By proposition 2.2 and
theorem 2.3 for any p € L'(X) there exists a sequence p,, such that p,, — g in T L
and limsup,, , . En(fin; @k © T) < Eoo(p; @ o m). Therefore,

lim sup &, (pn; @ 0 )

n—0o0

> limsup &, (pn; pr o ™)

n—oo
> Eoo (13 1 0 )

— Exo(p;pom) as k — oo by the monotone convergence theorem.

Similarly, for the liminf inequality, we take a sequence ¢ monotonically decreas-
ing sequence of functions such that ¢ > ¢, pr — ¢ pointwise, ¢y is Lipschitz,
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decreasing and with compact support. Then for any s, — p in TL' we have

liminf &, (pn; pom)
< liminf &, (pn; o1 0 )
n—oo

= Eoo(ps 1 0 )

— Ex(p;pom) as k — oo by the monotone convergence theorem.

This completes the proof. O
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