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This paper presents an experimental study of isothermal rarefied gas flow through
a tube with sudden expansion in the slip flow regime. The measurements reported
here are for nitrogen flowing at low pressures in conventional tubes with sudden
expansion area ratios of 1.48, 3.74, 12.43 and 64. The flow is dynamically similar
to gas flow in a microchannel as the Knudsen number (0.0001 < Kn < 0.075) falls
in the slip flow regime; the Reynolds number in the smaller section (Re,) ranges
between 0.2 and 837. The static pressure along the wall is measured for different
mass flow rates controlled by a mass flow controller and analysed to understand
the flow behaviour. The velocity profiles are obtained through a momentum balance
and using the pressure measurements. A discontinuity in the slope of pressure at the
sudden expansion junction is noted and given special attention. The absence of flow
separation is another key feature observed from the measurements. The streamlines are
found to be concave near the junction. It is demonstrated that the flow ‘senses’ the
oncoming sudden expansion junction and starts adjusting itself much before reaching
the junction; this interesting behaviour is attributed to an increased axial momentum
diffusion and wall slip. The additional acceleration of the central core of the gas flow
causes an increase in the wall shear stress and a larger pressure drop as compared with
a straight tube. These results are not previously available and should help in improving
understanding of gaseous slip flows.
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1. Introduction

Flow through a microchannel is of great interest and has been investigated in the
recent past. The majority of the studies however were on straight microchannels.
For example, analytical investigations on gas flow through a straight microchannel is
available in Harley et al. (1995), Arkilic, Schimidt & Breuer (1997) and Dongari,
Agrawal & Agrawal (2007) in the slip regime; and Singh, Dongari & Agrawal
(2013) in the transition regime. The experimental studies on gas flow through straight
microchannels are reported by Pong et al. (1994), Harley et al. (1995), Arkilic et al.
(1997), Zohar et al. (2002), Ewart et al. (2006, 2007), Vijayalakshmi et al. (2009) and
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Pitakarnnop et al. (2010). Numerical simulation results are available in the work of
Agrawal & Agrawal (2006) and Roohi & Darbandi (2009), among others. Gas flow
through a microtube is discussed by Weng, Li & Hwang (1999), Morini, Lorenzini
& Salvigni (2006), Verma et al. (2009), Yamaguchi et al. (2011) and Yang et al.
(2012). An extensive, numerical and analytical study on rarefied gas flows through a
capillary was reported by Sharipov & Seleznev (1998); this extensive review can be
referred to for rarefied gas flow studies conducted prior to 1998. Sreekanth (1969) and
Demsis et al. (2009) and Demsis, Prabhu & Agrawal (2010) presented experimental
investigations on gas flow through conventional tubes under rarefied conditions, with
the flow being dynamically similar to gas flow in a microchannel. A recent and
comprehensive review on gas flow in a microchannel was given by Agrawal (2011).
However, in practical applications, a microchannel is unlikely to be straight. Bends,
bifurcations, junctions, expansions and contractions are some common features of
microsystems and characterization of the flow behaviour through such sections is of
both practical and fundamental interest. The present work focuses on experimental
investigation of the flow behaviour of isothermal rarefied gas flow through a tube with
sudden expansion in the slip flow regime.

There are studies on sudden expansion in the continuum regime for incompressible
flow through circular/non-circular passages involving Newtonian fluid. In a
computational work by Macagno & Hung (1967), a small corner eddy was noted
for viscous liquid flow through a circular conduit sudden expansion at a low Reynolds
number (Re; = 1, on the basis of the smaller tube). Durst, Melling & Whitelaw (1974)
experimentally investigated air flow through a plane symmetric sudden expansion duct.
Flow separation was observed adjacent to the sudden expansion step. The effect of
Reynolds number on the frequency, amplitude and spatial occurrence of flow pulsation
at the junction was analysed. It was noted that the flow is stable at a low Reynolds
number (Re = 56) whereas the flow becomes less stable at higher Reynolds numbers.
Oliveira & Pinho (1997) noted flow separation at Re, = 12.5 in a numerical analysis
for an area ratio of 2.6 involving liquid flow. In an experimental work on laminar
liquid flow through axisymmetric sudden expansion by Hammad, Otugen & Arik
(1999), it was noted that the recirculating eddy strength increases nonlinearly with
increasing Reynolds number. Sisawath et al. (2002) proposed an approximation for
the excess pressure drop due to sudden expansion in a pipe. Chalfi & Ghiaasiaan
(2008) measured pressure drop for air and water flow (Re; 160-11000) through a
sudden expansion test section. Goharzadeh & Rodgers (2009) experimentally observed
recirculating regions for laminar liquid flow through a sudden inward expansion within
a confined annular geometry. A numerical analysis of axisymmetric planar sudden
expansion laminar flow for an incompressible fluid was presented by Dagtekin &
Unsal (2011). The effect on the relative eddy intensity, location of the eddy centre and
eddy reattachment length was investigated in their work.

The investigations on incompressible flow through a microchannel with expansion
are however limited. Pan et al. (2004) experimentally observed flow separation at
the junction for liquid flow through a microchannel with a sudden expansion. The
pressure drop caused by continuum air and water flow (1000 < Re < 7000) through
sudden expansion in a microtube was experimentally investigated by Abdelall et al.
(2005). It was reported that the expansion and contraction loss coefficients are different
for air and water flows. The experimental results of Tsai et al. (2007) with liquid
flow indicated that a flow separation vortex forms at the sudden expansion corner
in a microchannel with a high aspect ratio. A recent experimental study on liquid
flow through a continuously expanding microchannel by Duryodhan, Singh & Agrawal
(2013) indicated that flow separation occurs beyond a critical divergence angle of 16°,
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which agrees with the corresponding value for continuum flow. It can be noted from
the above studies that certain key features such as flow separation, secondary flow and
flow reattachment are observed for laminar, incompressible flow (even for very low
Reynolds number) through expansion. Similar behaviour applies for liquid flow at the
microscale; the behaviour of gas may however be different as reviewed next.

An experimental study on rarefied gas flow (Kn = 0.0026-1.75, nitrogen) through
a circular tube with sudden increase in cross-sectional area was presented by
Rathakrishnan & Sreekanth (1995). They highlighted the ‘relief effect” whereby a
considerable increase in the flow rate (as compared with a corresponding straight
tube) occurs due to a sudden increase in the cross-sectional area, at all levels of
inlet pressures. It was noted that in the transition regime, the pressure ratio and
the length-to-diameter ratio of the passage have a major influence on the discharge
through sudden enlargements. Lee, Wong & Zohar (2002) experimentally investigated
gas flows through microchannels connected through a transition section with included
angle varying from 5 to 180° using nitrogen gas. They observed that the measured
mass flow rate decreases and the pressure loss increases with increasing included
angle of the transition section. Agrawal, Djenidi & Antonia (2005) performed
two-dimensional simulations based on isothermal lattice Boltzmann method for a
microchannel with a sudden expansion. The absence of recirculating fluid near the
junction was noted from their simulation results. The direct simulation Monte Carlo
(DSMC) method was used by Xue & Chen (2003) for simulation of rarefied gas
(nitrogen) flow in the slip and transition regimes (0.008 < Kn < 10) through a micro-
backward-facing step. A nonlinear pressure distribution was noted before and after the
step. The flow acceleration up to the sudden expansion step and sudden jump in the
velocity at the step was reported by them. Xue & Chen (2003) reported that the flow
separation disappears completely in the transition regime (Kn > 0.1). Celik & Edis
(2007) used a characteristic-based split Navier—Stokes finite-element method (FEM)
solver for simulation of micro-backward-facing step duct flow in the slip regime. A
recirculation region behind the step was noted by them. The DSMC simulation for
rarefied gas flow in the slip and transition regimes over a backward facing step was
also reported by Kursun & Kapat (2007).

It is noted that even in the continuum regime, the number of studies in the laminar
flow regime is limited. This hampers our understanding of the overall flow behaviour
(and its implication, for example, on the overall pressure drop) as well as the local
flow behaviour near the junction. Further, with a change of scale or introduction of the
rarefaction effect, the flow behaviour near the junction needs to be better understood.
The numerical analysis of Agrawal et al. (2005) indicated the absence of recirculatory
motion near the junction, even with a large area ratio. Further, it was argued that
the analysis of such a microchannel can be carried out in terms of its primary units
(straight microchannel) for which theoretical results and supporting experimental data
is already available. These interesting results need experimental verification, which
provided the motivation for the present work.

This paper presents an experimental study on isothermal rarefied gas flow through a
tube with sudden expansion in the slip flow regime using nitrogen as the working fluid.
The approach of Sreekanth (1969) and Demsis et al. (2009, 2010) is also followed
here, which has the advantage of providing detailed local information without the
difficulty of having to perform measurements at micrometre scales. The objectives of
this work are to investigate the gas microflow behaviour through a sudden expansion
and to highlight significant differences with respect to continuum behaviour. The
static pressure variation along the wall is measured and analysed to understand
the flow behaviour. The velocity profile is obtained indirectly from static pressure
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Parameter Maximum uncertainty
Mass flow rate £2 % of full scale
Absolute pressure £0.15 % of the reading
Diameter +0.1%
Reynolds number +2 %
Knudsen number +0.5%
Pressure loss coefficient +6 %
Temperature +0.3 K

TABLE 1. Maximum uncertainty in various measured and derived parameters.

measurements at the wall and the mass flow rate. The effects of rarefaction and mass
flow rate on the pressure loss coefficient for sudden expansion are also investigated.

2. Experimental set-up and procedure
2.1. Vacuum system and instrumentation

The experimental set-up consists of a vacuum system, inlet reservoir, outlet reservoir
and a mass flow controller, as shown in figure 1(a). The vacuum system consists
of a diffusion pump with a maximum pumping speed of 700 1 min~! and a rotary
pump with a speed of 350 I min~!. The maximum vacuum that can be achieved by
the vacuum system is 107% mbar. An air filter is used to filter particles of size larger
than 25 um in the incoming gas stream. Three different mass flow controllers (from
M/s MKS Instruments) with ranges of 0-20, 0-200 and 0-5000 sccm (standard cubic
centimetres per minute) are used to achieve different Reynolds and Knudsen numbers
in the experiments. The absolute pressure at the test section is measured by an
absolute pressure transducer (also from M/s MKS Instruments) of range either 0—100
or 0-10000 Pa. The uncertainties in measurement of flow rate and pressure (along
with other measured and derived parameters) are tabulated in table 1. The uncertainty
in mass flow rate is the combined uncertainty because of the measurement uncertainty
and leakage.

2.2. Test section

The test section geometry with the location of the pressure measurement taps is
shown in figure 1(b). Flush mounted (with internal wall) pressure taps (external
diameter 2.2 mm, internal diameter 1.2 mm) are provided along the wall for pressure
measurements. The test sections of area ratio (AR) 1.48 and 3.74 are provided with 13
pressure taps, while the test section of area ratio 12.34 is provided with 14 pressure
taps and area ratio 64 is provided with 19 pressure taps. The first pressure tap is
located at a distance greater than the largest length required for the flow to develop
fully. The fully developed length is estimated from three different criteria as presented
below and the most conservative estimate was utilized while designing. The same
length is allowed downstream of the last pressure tap to avoid any end effects, except
with the area ratio of 64 for which additional length is allowed downstream of the last
pressure tap (see table 2).

Chen (1973) analysed the development length data of Friedmann, Gillis & Liron
(1968) and proposed the following formula for continuum flow:

Lp 0.60

o Y L 0.056R 2.1
D~ 0035Re+1 ¢ 21
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FIGURE 1. For caption see the next page.
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(c) . | dx 5

FIGURE 1. (Colour online) (cntd). (@) Schematic diagram of the experimental set-up. (b)
Test section geometry for sudden expansion. (¢) Control volume for flow through sudden
expansion.

Test section 1 2 3 4

d (mm) 26.4 16.6 9.5 4

D (mm) 32.1 32.1 33.5 32

Fd; (mm) 385 385 355 245

L, (mm) 77 77 107 217

L, (mm) 77 77 107 112
L(L, + L,, mm) 154 154 214 329
Fd, (mm) 385 385 355 350
Area ratio (AR=A/a) 1.48 3.74 1243 64
Number of pressure taps 6+ 1+ 6) 6+1+4+6) T+1+6) ({A14+147)
Mass flow rate 7.49 x 1078-8.42 x 10> kg s~ (44500 sccm)

Re in small section (Rey) 0.2-228 0.32-363 0.56-494 1.34-837
Kn at the inlet (Kn;) 0.0001-0.037 0.0002-0.043 0.0005-0.045 0.0005-0.016

Kn at the junction (Kn;) 0.0001-0.037 0.0002-0.043 0.0005-0.067 0.001-0.075
Mach number at inlet (M;)  0.005-0.02  0.009-0.056  0.017-0.16 0.015-0.26

TABLE 2. Test conditions employed in the measurements. Here Fd; = flow developing
length upstream of the first pressure tap, L; = length between the first pressure tap and the
sudden expansion junction, L, = length between the sudden expansion junction and the last
pressure tap, L = length between the first and last pressure taps and Fd, = flow developing
length downstream of the last pressure tap.

where L, the flow development length in metres, D is the internal diameter of the
pipe in metres and Re is the Reynolds number. Dombrowski et al. (1993) proposed the
following correlation for hydrodynamic developing length in a circular pipe:

L
BD —0.260 + 0.055Re + 0.379¢ 0-148Re, (2.2)

Barber & Emerson (2001) concluded that the formulae of Chen (1973) and
Dombrowski et al. (1993) for continuum flows are equally valid in the slip flow
regime for a circular pipe. The expression for the developing length proposed by
Sreekanth (1969) on the basis of experiments (in the range of Re = 0.045-22.57
and Kn = 0.007-0.24), is as follows:

LD kRe
—=—(k=0.20). 2.3
D= 1 ) (2.3)
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Area ratio Knudsen number at the junction Gas temperature in Kelvin
Inlet Junction Outlet
3.74 0.04 300.1 299.7 299.8
0.0002 300.2 299.7 300.0
12.43 0.06 300.2 299.6 300.0
0.0005 300.1 299.7 299.8
64 0.07 300.1 299.5 299.8
0.001 300.0 299.6 299.9

TABLE 3. Gas temperature measurement.

Note that the development length employed in the measurements is larger than the
maximum of the developing lengths calculated (for highest Re of the experimental
range) using (2.1)—(2.3). It can therefore be concluded that the flow is fully developed
at the first pressure tap location.

2.3. Experimental procedure

The validation of the experimental set-up is established by comparing results against
those in the literature. Towards this, the pressure drop for different mass rates is noted
for a straight tube. The f Re value on the basis of these measurements are compared
against the f Re value obtained from the correlation proposed by Verma et al. (2009).
The correlation of Verma et al. (2009)

FRee 64
¢ T 1¥14.886Kn

for laminar flow in a smooth circular tube was obtained using experimental data from
several researchers. The deviation is observed to be less than 2 %, thereby validating
the experimental set-up and data reduction procedure.

Thereafter, experiments for sudden expansion are carried out. The set-up is tested
for leakage using the procedure discussed in Demsis et al. (2010). The leakage is
ensured to be less than 2 % of the mass flow rate employed in the measurements. The
absolute static pressure is measured along the wall of the test sections for different
mass flow rates of nitrogen at 300 K. The temperatures of the gas at the inlet, junction
and the outlet were explicitly measured as tabulated in table 3. The variation in
temperature was noted to be less than 1 °C, which confirmed that the flow can be
treated as isothermal. The flow Reynolds number is varied in the range 0.2-837 (Mach
number at inlet M; = 0.005-0.26) and the Knudsen number is varied in the range
0.0001-0.075. The Knudsen number (Sreekanth 1969; Sharipov & Seleznev 1998) and
Reynolds number are calculated as

(2.4)

U~A/TTRT /2

A
Kn=-= 2.5
n=- vd (2.5)
4m
Re=— (2.6)
wdu

where A is the mean free path of molecules (m), d is the diameter of the tube
(m), n dynamic viscosity (Pas), R is the specific gas constant (J (kg K™, T is
the temperature of gas (K), p is the gas pressure (Pa), m is the mass flow rate
(kg s7!). Note that the Knudsen numbers at both the inlet (Kn;) and junction (Kn))
are calculated on the basis of the smaller tube diameter of the sudden expansion as
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the characteristic length. The range of test conditions employed in the measurements is
tabulated in table 2. Note that the results reported in this paper are in the slip regime;
performing measurements in the transition regime is beyond the scope of the current
work. Our results show several novel behaviours in the slip regime; such behaviours
can be explored further in the transition regime.

3. Results

The experiments are carried out for the slip (0.001 < Kn < 0.1) flow regime. The
local pressure variation is noted and analysed. The velocity distribution is obtained
theoretically using measured values of pressure and mass flow rate as discussed in
§ 3.3. The effect of expansion on the wall shear stress and momentum is analysed in
§3.4.

3.1. Pressure variation along the wall

The variation of non-dimensional static pressure along the wall is presented in
figure 2 for different Knudsen numbers (Kn; = 0.0005-0.04) and four area ratios.
These measurements are for Re; between 0.2 and 837. The location of the junction
is marked in the figure. Figure 2(a,b) show that the static pressure variation is linear
in both the tubes (Kn; < 0.004, area ratio 1.48 and 3.74), with a higher pressure drop
in the smaller tube. It can be noted from figure 2(c,d) (for an area ratio of 12.43)
that the pressure variation passes through two different flow behaviours. The static
pressure variation for Kn; < 0.001 is similar to curve I in figure 2(f). An increase in
the rarefaction at the junction (Kn; = 0.003; figure 2d) causes an increased pressure
ratio in the smaller tube, and the pressure variation resembles curve II in figure 2(f).
For the case Kn; = 0.006 in figure 2(d), the slope of the curve is different on the
left and right sides of the junction; this discontinuity in slope is indicated as curve
IIT in figure 2(f). The discontinuity in the slope at the junction becomes particularly
pronounced for an area ratio of 64. Note from figure 2(e) that the overall pressure
gradient increases with an increase in the Knudsen number. Therefore, figure 2(d)
indicates two different flow behaviours: that is a continuous slope at the junction for
low Kn, and a discontinuity in slope at the junction for higher values of Knudsen
number.

The critical Knudsen number for transition from a continuous slope at the junction
to discontinuity in the slope at the junction is plotted against area ratio in figure 3. The
vertical line at an area ratio of 1 indicates that there is obviously no discontinuity in
pressure variation for a straight tube. It can be noted from the figure that the critical
Knudsen number ((Kn;) ., on the basis of smaller tube diameter) decreases with an
increase in the area ratio. Interestingly, the figure suggests that discontinuity in slope
is possible in the continuum regime as well for sufficiently large area ratios. The
following correlation is formulated for (Kn;)_, on the basis of the experimental data in
figure 3:

(Knj) = —3.122 x 10*log,(AR) + 0.0131 (1.48 < AR < 64). (3.1)

cr

Equation (3.1) fits the experimental data points within +16% range with a root-
mean-square (r.m.s.) error of 3.5 %. The correlation indicates that the critical Knudsen
number decreases logarithmically with an increase in the area ratio.

The absence of flow separation near the junction is another noticeable feature
from these measurements; flow separation would manifest as an adverse pressure
gradient, which is clearly absent in figure 2. The highest Reynolds number in
these measurements is 837. These new and interesting observations are confirmed
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FIGURE 2. (Colour online) Static pressure variation (normalized with outlet pressure) along
the wall: (@) AR = 1.48; (b) AR =3.74; (c) AR = 12.43; (d) expanded view of A from
AR = 12.43; (e) AR = 64; (f) schematic diagrams of static pressure variation at the wall of
sudden expansion (I = low-Re continuum gas flow with low area ratio, II = low-pressure
ratio rarefied gas flow (Lee et al. 2002), III = high-pressure ratio rarefied gas flow (Agrawal
et al. 2005), IV = laminar liquid flow (Oliveira & Pinho 1997; Chalfi & Ghiaasiaan 2008)).
(Here X = axial distance, m; L = length between first and last pressure tap, m; Kn; = Knudsen
number at junction; AR = area ratio, P; = static pressure at the first pressure tap, P, = static
pressure at the last pressure tap.)
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FIGURE 3. (Colour online) Effect of rarefaction and area ratio on discontinuity in the slope at
the sudden expansion junction (labels along the curve indicate area ratio, refer to figure 2f for
curves I, I and III; Kn; is the Knudsen number at the junction on the basis of the smaller tube
diameter).

by performing measurements at other values of Knudsen number. In addition to this,
the static pressure at various radial locations just upstream and just downstream of
the junction is measured for the four area ratios. The static pressure in the flow
stream is normalized with the static pressure at the wall and plotted against the local
radius normalized with the radius of the smaller section, as shown in figure 4. These
static pressure measurements are observed to be within 4% of the corresponding
static pressure at the wall. In contrast, Oliveira & Pinho (1997) reported non-uniform
radial pressure profiles just upstream and just downstream of the junction in the
case of liquid flow with flow separation at the junction. The uniform radial pressure
profiles just upstream and just downstream of the junction noted in the present work
further indicate the absence of flow separation at the junction. The measurements were
compared with numerical solution obtained using a commercial computational fluid
dynamics (CFD) solver in the continuum regime. A maximum deviation of 10 % is
observed in the local static pressure variation as compared with the numerical solution
(not shown).

Agrawal et al. (2005) first reported the discontinuity in slope at the junction
of a suddenly expanding microchannel, through their lattice-Boltzmann-method-
based simulations. The simulations reported by Agrawal et al. (2005) are however
for a planar geometry, and therefore cannot be compared quantitatively with the
axisymmetric geometry results from the present experiments. Oliveira & Pinho (1997)
however observed an adverse pressure gradient and flow reversal with liquid flow. The
pressure variation reported by Oliveira & Pinho (1997) at Re;, = 50 is similar to curve
IV in figure 2(f). Chalfi & Ghiaasiaan (2008) also noted a similar pressure variation
in their study of continuum flows (Re;, = 160-11000). As is well known, the adverse
pressure gradient downstream of the junction causes secondary flow at the junction for
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FIGURE 4. (Colour online) Radial static pressure variation just upstream and just
downstream of the sudden expansion junction for (a) AR = 3.74, (b) AR = 12.43 and (c)
AR = 64. Here, P is the local static pressure in the flow stream and P,, is the static pressure at
the wall. r is radial distance from axis and R, is radius of smaller section.

liquid flow through a sudden expansion. However, a dramatically different type of flow
behaviour is noted here with rarefied gas flow through a sudden expansion.

3.2. Effect of sudden expansion on pressure variation

In this section, the pressure variation in each tube is individually compared with that
of an isolated tube. The experimentally measured inlet pressure and the mass flow
rate are used as inputs for computing the pressure variation in the isolated small tube,
whereas the outlet pressure and the mass flow rate serve as inputs for computing the
pressure variation in the isolated large tube. The pressure variation for the straight tube
is computed from the analytical solution of Sreekanth (1969).

The comparison in pressure variation for a sudden expansion and isolated straight
tubes is presented in figure 5 for one set of parameters. While the pressure variation
between the two cases agree sufficiently far away from the junction, the pressure
drops more rapidly for the sudden expansion case. The overall pressure drop is clearly
larger for the tubes connected in series (sudden expansion case with area ratio of 3.74,
12.43 and 64) as compared with the two isolated tubes. However, for the area ratio
of 1.48, the static pressure variation is same (maximum deviation of +2 %) as that
for the isolated straight tubes. The result for the smallest area ratio therefore agrees
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FIGURE 5. (Colour online) Static pressure variation (normalized with the outlet pressure)
along the wall. Here Re; = Re in the smaller section, Kn; = Kn at the junction on the basis of
the smaller tube diameter, X is the axial distance (m), L is the length of the tube (m) and SE is
the sudden expansion.

qualitatively with the simulation results in Agrawal et al. (2005) with area ratio of
two.

The distance (L,) from the junction to the upstream point, where the difference
in pressure between smaller section of sudden expansion and corresponding isolated
straight tube first appears can be gleaned from figure 5. This distance normalized by
the smaller tube diameter is plotted in figure 6 as a function of the Knudsen number
at the junction. The figure shows that L, is of the order of the tube diameter and
increases monotonically with respect to the Knudsen number. A correlation (equation
(3.2)) is formulated for L,/d on the basis of the experimental data in figure 6:

L,
— =15.45(AR x Kn)*? (3.74 <AR < 64, 0.0005 < Kn; <0.062)  (3.2)
d

where d is the smaller tube diameter (m), AR is the larger section area/smaller section
area ratio, Kn; is the Knudsen number at the junction on the basis of smaller tube
diameter. The correlation fits the experimental data points within +20 % range (2 data
points out of 15 data points fall outside the range) with a r.m.s. error of 4.2%. The
relatively large error could be because of the limited resolution in the measurements;
the resolution is dictated by the spacing between the pressure taps. Equation (3.2)
indicates that for a given area ratio, L,/d varies approximately as the square root
of the Knudsen number at the junction. The result suggests that the flow senses the
presence of the junction much before reaching there, and begins to adjust its state.
Further, the presence of the junction, as measured by the distance L,, is felt over a
longer distance upstream of the junction for a larger Knudsen number and a higher
area ratio.

Similarly, the distance (L,;) from the junction to the downstream point where the
difference in pressure between the larger tube of the sudden expansion and the
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FIGURE 6. (Colour online) Variation in L, (normalized with the smaller section tube
diameter d) versus Knudsen number at the junction (Kn;) on the basis of the smaller tube
diameter. Here L, is the length from the junction to the upstream point where the deviation in
pressure between sudden expansion and the straight tube first appears.

corresponding isolated straight tube first appears is plotted in figure 7 as a function of
the Knudsen number at the junction. The figure indicates that the distance L, increases
with an increase in area ratio, but decreases as Kn increases. The following correlation
is proposed for L;/d on the basis of the experimental data in figure 7:

Ld B AR1.35
d  400(Kn)"*®

The correlation fits the experimental data points within £20 % range with a r.m.s. error
of 3%. Again, the limited measurement resolution may be the reason for the
relatively large error. The correlation indicates that for a given area ratio, L,/d varies
approximately as the square root inverse of the Knudsen number at the junction.
Clearly the static pressure variation in the larger tube approaches the pressure variation
as that of an isolated straight tube with an increase in rarefaction for a given area ratio.
In contrast to the variation of L,, the information about the presence of the junction is
not propagated far downstream in the flow. The reason for this variation of L, and L,
is discussed in §4.1.

(3.74 <AR < 64, 0.0005 < Kn; < 0.062). (3.3)

3.3. Effect of sudden expansion on velocity distribution

The objective of this section is to present the effect of sudden expansion on the
velocity distribution in the two tubes. The following methodology is used for obtaining
the velocity distribution for gas flow through a tube with sudden expansion. The
velocity profile is assumed to be either a second-order or a fourth-order polynomial.
Sreekanth (1969) through direct measurements showed that the velocity profile for
rarefied gas flow in a tube is parabolic. That is, the velocity profile will be parabolic
even for the present case far away from the junction (i.e. x < L,, where x is the
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FIGURE 7. (Colour online) Variation in L, (normalized with smaller section tube diameter d)
versus Knudsen number at junction (K#;) on the basis of smaller tube diameter. Here L, is the
length from the junction to the downstream point where the deviation in pressure between the
sudden expansion and the straight tube first appears.

streamwise coordinate). In the case of continuum flow, the distortion of the velocity
profile from the parabolic shape near the sudden expansion junction was noted by
Durst et al. (1974) and Oliveira & Pinho (1997). Therefore, considering the possibility
that the sudden expansion can distort the velocity profile close to the junction
(L, < x < Ly), both second- and fourth-order polynomial velocity profiles were tested
in our analysis. The fourth-order velocity profile was tested such that any distortion in
the velocity profile near the junction will be reflected in its shape.
The parabolic profile is given by

u=a+br 3.4)

where a and b are coefficients to be determined and r is the radial coordinate. The
mass flow rate (kg s~!) is calculated as

R
m:/ p2mrdru 3.5
0

where p is the density of gas (kg m~>) and R is the radius of the tube (m). The values
of mass flow rate and gas density are obtained from experimental measurements. For
rarefied gas flow through a tube, the slip velocity at the wall using second-order slip
boundary condition (Cercignani 1964; Sreekanth 1969; Cercignani & Lorenzani 2010)

is given by
du ,(0%u
us, = —C])\, - - Cz)\. — (36)
ar wall 8}’2 wall

where C, and C, are the first- and second-order slip coefficients, with C; = 1.1466 and
C, = 0.14 (Sreekanth 1969; Agrawal & Prabhu 2008). By employing (3.5) and (3.6),
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the values of coefficients a, b in (3.4) can be determined; and therefore the complete
velocity distribution is known. It must be noted that both the coefficients are strong
functions of the streamwise coordinate.

The velocity profile obtained from the above analysis can be verified by substituting
it in the momentum equation. The integral form of the momentum equation for a finite
size control volume (see figure 1lc) is

P —pA =1,7d(xy — x1) + [M, — M,] (3.7

where py, p, is the static pressure (Pa) and M, M, is the momentum (N) at locations 1
and 2, respectively, t,, is the average shear stress between locations 1 and 2 (N m~2),
d is the internal diameter (m) of the tube and A is the cross-sectional area (m?)
of the tube. Note that p,, p, A, d, x; and x, are known from the experimental
measurements. From the velocity profile (equation (3.4)), the shear stress at the wall
() and momentum M; and M, can readily be calculated from

_ <du> (3.8)
T, = U ar) .

R
M=/ p2mr dru? 3.9)
0

where p =p/(R,T), p is the experimentally measured pressure (Pa), R, is the specific
gas constant (J (kg K)™, T is the temperature of the gas (K). The average shear
stress at the wall for the control volume is calculated from t,;, 7,, using (3.8) and
(3.10); where 7,1, 7,, are the shear stress for points 1 and 2:
ry= T (3.10)
2

The various terms calculated based on the velocity profile at locations 1 and 2
indeed satisfy the momentum equation. This observation applies to all control volumes
starting from the first pressure tap to the junction, which justifies the assumption of a
second-order parabolic velocity profile. It further suggests that the velocity slip model
(equation (3.6)) is applicable in the present case. The analysis also helps in bringing
out the relative contributions of the increase in momentum and increase in wall shear
stress, in the overall pressure drop.

Considering the possibility that the sudden expansion can distort the velocity profile
close to the junction (L, < x < L;), a fourth-order polynomial velocity profile (given
below) was also tested:

u=a-+brr+crt. (3.11)

Note that due to symmetry consideration, the velocity profile is expected to be an
even function of r, and therefore coefficients of r and r° terms have been set as
zero. Considering the control volume with point 1 located just upstream of the point
where difference in pressure variation of sudden expansion and that of an isolated
straight tube begins to appear. The velocity distribution at point 1, which is parabolic,
is known. The fourth-order velocity profile (equation (3.11)) is assumed at point 2,
leaving three unknown coefficients to be determined. The three conditions used to
evaluate the three coefficients are the slip condition at the wall (equation (3.6)), the
mass flow rate (which is known) and the momentum equation (equation (3.7)). Once
the fourth-order velocity profile was determined at point 2, the procedure can be
extended for subsequent control volumes all of the way to the junction. It is observed
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FIGURE 8. (Colour online) Velocity profile for the smaller section of the sudden expansion
and the straight tube. Here Re, = Re in the smaller section, Kn; = Kn at the junction, ST is the
straight tube, SE is the sudden expansion, JN is just upstream of the junction, X is the axial
distance (m), L is the length of the tube (m), r is the local radius (m) and d is the internal
diameter of the smaller tube (m).

that the fourth-order velocity profiles are same as the second-order velocity profiles
even close to the upstream of the junction (i.e. the contribution of the last term
in (3.11) is negligibly small); thereby confirming that the velocity profile is indeed
parabolic throughout both the entire tubes.

Figure 8 presents the velocity profile in the smaller tube. The velocity distribution
for an isolated straight tube (hereafter referred as ‘straight’ tube) is also plotted
for comparison. The latter is available from the analytical solution of Sreekanth
(1969). The velocity profiles from the first pressure tap to the junction are plotted
in figure 8 for an area ratio of 12.43, for Kn; = 0.0112 case. The velocity for the
sudden expansion is greater than the straight tube owing to the lower density at that
location in the former case. With reference to a straight tube, the increase in the
central velocity for the sudden expansion case is observed to be larger towards the
junction. The variation in the slip velocity is shown in figure 8; a higher amount of
slip is noted with sudden expansion as compared with that for a straight tube.

Figure 9 shows the velocity profiles from the last pressure tap to the junction for an
area ratio of 12.43, for the case Kn; = 0.0112. The velocity for the sudden expansion
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FIGURE 9. (Colour online) Velocity profile for larger section of sudden expansion and
straight tube. Here Re; = Re in the larger section, Kn; = Kn at the junction, ST is the straight
tube, SE is the sudden expansion, X is the axial distance (m), L is the length of the tube (m),
is the local radius (m) and D is the internal diameter of the larger tube (m).

is marginally lower than the straight tube near the junction owing to a lower density
at that location in the straight tube case. Further downstream (at a distance L; from
the junction) the velocity profile in the larger tube is identical to that of the straight
tube. The variation in the slip velocity is shown in figure 9; the same amount of slip
is noted with sudden expansion as compared with that for a straight tube due to nearly
constant velocity in the larger tube.

3.4. The effect of sudden expansion on the wall shear stress and momentum

The results in the previous section indicate that the distortion from the parabolic
velocity profile upstream of the junction is not observed due to higher slip at the
wall or acceleration of the flow. The parabolic second-order velocity profile therefore
continues to be a justified assumption in the case of rarefied gas flow through sudden
expansion. The calculated velocity profile is used to further evaluate the wall shear
stress and flow momentum in this section.

The wall shear stress and the momentum for sudden expansion and a straight tube
as a function of the axial location is shown in figures 10 and 11. The wall shear
stress and momentum are identical for the two cases away from the junction. However,
the sudden expansion case has a higher wall shear stress and axial momentum (as
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FIGURE 10. (Colour online) Wall Shear stress variation for sudden expansion and straight
tube. Here Re; = Re in the smaller section, Kn; = Kn at the junction on the basis of the
smaller tube diameter, SE is the sudden expansion, X is the axial distance (m) and L is the
length of the tube (m).

compared with a straight tube) just upstream of the junction (figures 10 and 11). The
increase in wall shear stress is owing to an increase in the velocity gradient at the wall.
The extent of slip is larger in smaller tube of sudden expansion as shown in figure 8
and the velocity gradient at the wall is also higher for the same case. The wall shear
stress and momentum in the larger tube are approximately the same as that of the
straight tube (figures 10 and 11).

Figure 8 indicates that the central core of flow in the smaller tube of a sudden
expansion is accelerated at a higher rate than the near-wall region, when compared
with a straight tube. The rate of gas expansion in the central core increases as the
junction is approached. The amount of velocity slip at the wall also increases; unlike
conventional flows, where the flow has to satisfy the no-slip boundary condition at the
wall. The rate of change of rarefaction up to the junction is directly proportional to
the rate of gas expansion. The increased rarefaction causes an increase in the axial
velocity, the wall shear stress and the momentum towards the junction as explained
above. This results in increased pressure loss in the smaller section (analysed further in
§4).

The force balance for sudden expansion and the isolated straight tube is plotted in
figure 12. The inlet flow condition and the geometry are the same for these cases.
The pressure force is primarily balanced by viscous force away from the junction. The
pressure force, shear force and inertia force in the larger tube are nearly same as that
of the straight tube. The magnitude of the shear force is only marginally higher in
the smaller tube of sudden expansion than that in the straight tube. The inertia force
however increases rapidly in the smaller tube as compared with the straight tube, as
the flow approaches the junction. The figure indicates that the flow acceleration due
to the sudden expansion has a greater contribution in the overall pressure drop than
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FIGURE 11. (Colour online) Momentum variation for sudden expansion and straight tube.
Here Re, = Re in the smaller section, Kn; = Kn at the junction on the basis of the smaller tube
diameter, SE is the sudden expansion, X is the axial distance (m) and L is the length of the
tube (m).

the increase in the wall shear stress. The flow acceleration starts upstream away from
the junction and leads to maximum velocity at the junction. This observation agrees
qualitatively with the numerical simulations results of Xue & Chen (2003), Celik &
Edis (2007) and Kursun & Kapat (2007).

3.5. Effect of Kn and Re on the pressure loss coefficient

The results in the previous sections provide information about the local variation in
the pressure. The variation in pressure loss coefficient with Re and Kn from the
overall pressure drop is discussed in this section. The overall pressure drop between
the first and last pressure taps (refer figure 1) for different mass flow rates (4 sccm
(7.49 x 1078 kg s7!) to 4500 sccm (8.42 x 107> kg s71)) is shown in figure 13. Note
that the pressure drop with mass flow rate is plotted on log scale for the four test
sections, in the figure. The pressure drop varies nonlinearly with mass flow rate similar
to gas flow through uniform cross-section straight tube. However, the pressure drop is
larger in the sudden expansion than that of the two isolated straight tubes, which is
analysed further in §4.2. The pressure drop is normalized with the dynamic pressure
head at the inlet and presented in figure 14.

The pressure loss coefficient for the sudden expansion can be expressed in an
analogous manner to that for incompressible flow as

AP
K = T (3.12)
_ ,-U~2
2P
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FIGURE 12. (Colour online) Force balance for sudden expansion and an isolated straight
tube. Here Re; = Re in the smaller section, Kn; = Kn at the junction on the basis of the
smaller tube diameter, ST is the straight tube, SE is the sudden expansion, Fp is the pressure
force, Fi is the inertia force, Fs is the shear force, X is the axial distance (m) and L is the
length of the tube (m).

where AP is the pressure drop between the first and the last pressure taps (Pa), p; is
the density of gas at the first pressure tap (kg m~) and U; is the average velocity at
the first pressure tap (m s~!). The pressure loss coefficient is plotted in figure 14. The
following correlation is proposed for K on the basis of the experimental data points:

B 692(AR)"”
(1 + 183Kn;) x (Rey)'™’
(1.48 < AR < 64, 0.0001 < Kn; < 0.045, 0.20 < Re, < 837). (3.13)

The correlation fits the experimental data points within +20 % range with a r.m.s. error
of 1.3 %. Figure 14 shows the variation in K (Rey)'* with Kn;. The figure indicates
that K is a function of Kn, Re and area ratio in the slip regime. The correlation
indicates that in the continuum regime (Kn — 0), K is roughly independent of Kn and
is primarily a function of the area ratio and Reynolds number.

4. Discussion

The reason for the increase in central velocity, wall shear stress and momentum
towards the junction in the smaller tube is elaborated upon in this section. The larger
pressure drop than the straight tube and the absence of flow separation at the junction
are also discussed.
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4.1. The absence of flow separation at the junction

The absence of an adverse pressure gradient at the junction is noted from figure 2,
which indicates an absence of flow separation. It is in line with the numerical
simulation results of Agrawal et al (2005). Liou & Lin (2013) reported the
absence of flow separation for low Reynolds number (Re = 3.6, Kn at outlet = 0.1)
in a numerical study on rarefied gas flow through microchannel with a sudden
contraction—expansion of 2:1:2 using an isothermal lattice Boltzmann method.
However, in a numerical study (Darbandi & Roohi 2011) of rarefied gas flow,
the flow separation is noted at the backward facing step of the microchannel
(expansion ratio = 2, pressure ratio along the channel = 2). Alexeenko, Gimelshein
& Levin (2005) observed separation in the transition section from their DSMC results
with fully diffused gas—surface interaction, in their study of a microchannel with
constriction (expansion ratio = 4, pressure ratio along the channel = 2.47). It was
however mentioned that such a small separation region does not have any significant
effect on the pressure drop and the pressure distribution along the microchannel.
Alexeenko et al. (2005) further noted the absence of flow separation with specular
gas—surface interaction, with low flow Mach number in the upstream channel. The
simulations reported in the above-mentioned studies are for a two-dimensional
geometry, and therefore cannot be compared quantitatively with the axisymmetric
geometry results from the present experiments. The absence of flow separation is
qualitatively in line with the above discussed simulations for low pressure ratio and
low area ratio. Although no adverse pressure gradient has been observed in this work
(pressure ratio < 1.4 for AR < 12.43), the possibility of a small separation region at
the junction (in such a magnitude that it does not substantially affects the pressure
distribution), as noted by Alexeenko et al. (2005), cannot be ruled out altogether.

In contrast, flow separation at the junction is observed with liquid flow (Oliveira
& Pinho 1997; Chalfi & Ghiaasiaan 2008). The difference in liquid and gas flow
behaviour is explained as follows. In case of gas flow (in the considered regime), the
kinetic energy (KE) of the gas flow is negligible as compared with the driving pressure
energy of the flow (Lee er al. 2002). The KE of the flow reduces at the junction due
to sudden enlargement of the cross-section. This reduction in KE is so small that no
significant effect on the pressure variation is observed. Therefore, no adverse pressure
gradient at the junction is observed and the flow separation gets delayed/suppressed
altogether in case of low Re continuum and slip flow regime. In the case of liquids,
the KE is comparable with that of pressure energy even for low Re flow. The drop in
KE at the junction causes an increase in the pressure just downstream of the junction
resulting in an adverse pressure gradient and secondary flows at the corner of the
junction with liquid flow. Macagno & Hung (1967) noted a small corner eddy for
liquid flow through circular conduit sudden expansion with a low Reynolds number
(Rey, = 1) in a smaller tube.

The absence of flow separation at the junction for a low Re continuum gas flow
regime to a slip flow regime can also be understood from the point of view of
momentum diffusion. The momentum diffusion, involving product of u/p and second
gradient of velocity, is proportional to kinematic viscosity. The momentum diffusivity
increases in the case of rarefied gas flow to a large extent due to rarefaction, as
compared with continuum flow. The flow is therefore subjected to larger radial
momentum diffusion at the junction. In this kinetic environment, as the gas enters
the larger tube just downstream of the junction, the gas molecules find way in the
radial direction as well; Rathakrishnan & Sreekanth (1995) termed this as the relief
effect. The streamlines near the sudden expansion junction for an area ratio of 12.43
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are plotted in figure 15(a) using the velocity distribution discussed in § 3.3. It can be
noted from the figure that the streamlines are of concave pattern and curved in the
radial direction just downstream of the junction; indicating gas motion in the radial
direction. Since the gas molecules leaving the smaller tube at the junction follow the
surface in the radial direction (figure 15a,b), there is no secondary flow at the junction.
Having finite momentum at the wall (due to slip) further helps in preventing the
secondary flow. In contrast, the streamlines in case of incompressible flow exhibit a
convex pattern (Oliveira & Pinho 1997), depicted schematically in figure 15(c). Larger
radial momentum diffusion leads to a smaller value of L; downstream of the junction.
This explanation is therefore in line with the observation in figure 7.

In addition to above-mentioned points, the absence of flow separation can also be
deduced from only marginal deviation in the velocity profile just downstream of the
junction as compared with the straight tube (figure 9). Further, the wall shear stress
and momentum in the larger tube are approximately the same as that of a straight tube
(figures 10 and 11). Also, the pressure force, shear force and inertia force in the larger
tube are nearly the same as that of a straight tube (figure 12).

The rarefied gas flow is also subjected to a large axial momentum diffusion
upstream of the junction, due to rarefaction and larger axial gradient of streamwise
velocity (as evident from figure 5); as compared with its continuum counterpart or
rarefied flow in a straight tube. Thus, any distortion in the flow imposed by the
sudden expansion travels backwards into the flow due to the large axial momentum
diffusivity, and the flow starts adjusting itself sufficiently upstream. Here it is the
viscous diffusion that contributes more in adjusting the flow upstream of the expansion,
as also mentioned by Oliveira & Pinho (1997). This hypothesis is supported by
the calculation of L,, which indeed exhibits a systematic variation with rarefaction
and area ratio (figure 6). The systematic variation in L, suggests that the gas flow
exhibits a ‘predictive memory’ because of the larger axial momentum diffusion. The
approximately square-root dependence of L,/d (and L;/d) on Kn; (see (2.5) and (2.6))
lends further credence to the hypothesis. The fact that there is finite slip velocity at the
walls exaggerates this predictive memory effect.

4.2. Larger pressure drop than isolated straight tube

It is observed from figure 5 that the overall pressure drop in sudden expansion is larger
than the pressure drop for straight tubes considered separately under the same flow
conditions as that of a sudden expansion. This is apparently surprising because there
are no secondary losses near the junction, as already noted from figures 2 and 4. In the
velocity analysis (figure 8), it is observed that the central core of the flow accelerates
up to the sudden expansion junction more than that of a straight tube flow for the
same inlet flow condition. It is noted that this higher acceleration causes a larger
pressure drop in the smaller tube than that of straight tube, as evident from figure 5.
This gas flow expansion causes additional acceleration of the flow in the smaller tube,
over and above what would be observed in a straight tube. The gas flow expansion
however does not happen suddenly at the junction although there is a sudden increase
in the cross-sectional area. As discussed above, the expansion starts upstream away
from the junction and then continues gradually with a nonlinear pressure variation
up to the junction. However, a jump in average velocity is observed at the junction
from figures 8 and 9 due to the sudden increase in the cross-sectional area (see also
Agrawal et al. 2005) and a larger momentum diffusion at the junction. Considering
all of these effects, the total pressure drop in the smaller section can be separated as
follows.
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FIGURE 15. (Colour online) (a) Streamlines near the sudden expansion junction for rarefied
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streamlines of rarefied gas flow near the junction. (¢) Schematic streamlines of laminar,
incompressible, separated flow (Oliveira & Pinho 1997; Lee et al. 2002) near the junction.
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(Kaaa = (AD) 4a/ (0.5 ,0_,-Uj2), Re, = Re in smaller section, Kn; = Kn at the junction on the basis
of the smaller tube diameter and AR is the area ratio).

Total pressure drop in the smaller section = frictional pressure drop in the straight tube
+ acceleration pressure drop in the straight tube 4 additional acceleration pressure drop
due to sudden expansion + additional frictional pressure drop from the acceleration due
to sudden expansion.

The additional pressure drop (AP,;;) in the sudden expansion is obtained by
subtracting pressure drop in the isolated straight tubes from the sudden expansion
pressure drop. The additional pressure loss coefficient for the sudden contraction can
be expressed as

AP iq
1

5/01‘ sz

where AP, is the additional pressure drop (Pa) p; is the density of gas at the junction
(kg m™3) and U; is the average velocity at the junction on the basis of the smaller
section area of sudden expansion (m s~'). The additional pressure loss coefficient as
a function of [(Kn;)" x (Re,)"] is presented in figure 16. The following correlation is
proposed for K,,; on the basis of experimental data in figure 16:

Koiga = 4.1)

_ 16.36(AR)"”
add — (Knj)0'45 % (Res)l'z’
(3.74 <AR < 64, 0.0002 < Kn; < 0.075, 0.32 < Re,; < 837). 4.2)

The correlation fits the experimental data points within £20 % range with a r.m.s. error
of 2.4%. The correlation indicates that the normalized additional pressure drop is
proportional to area ratio. For a given area ratio, K, varies inversely with (Knj)o'45
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and (Re,)'. The correlation for L, (equation (3.2)) and L, (equation (3.3)) can be
useful in estimating the location of pressure measurements taps for direct measurement
of additional pressure drop for sudden expansion.

5. Conclusions

Rarefied gas flow experiments are carried out for four test sections of circular
cross-section with a sudden expansion (area ratios of 1.48, 3.74, 12.43 and 64) in the
slip flow regime (0.0001 < Kn < 0.075; 0.2 < Re; < 837). The static pressure along
the wall is measured and analysed to understand the flow physics. The velocity profile
is obtained by applying momentum balance and using experimental mass flow rate
and pressure measurements at the wall. These results are compared with the solutions
obtained for a straight tube of the same diameter and length following a similar
analysis.

An adverse pressure gradient is not observed close to the junction in any of the
cases investigated, suggesting the absence of flow separation. The overall pressure
drop is however still larger with sudden expansion as compared with isolated tubes
in series; this surprising observation is owing to an increased acceleration of the flow
in the sudden expansion case. The measurements suggest that the gas flow expansion
does not happen suddenly although there is a sudden increase in the cross-sectional
area at the junction. In fact, the expansion starts upstream away from the junction
and continues gradually with a nonlinear pressure variation up to the junction; this
expansion of the gas is aided by velocity slip at the wall. The upstream distance
from the junction, where this additional acceleration begins, increases with an increase
in the Knudsen number; this is related to increased axial momentum diffusion in
rarefied gas flow. The downstream distance from the junction beyond which the
additional acceleration ceases however reduces with an increase in the Knudsen
number, owing to an increased radial momentum diffusion. This additional acceleration
of the flow increases the velocity gradient at the wall leading to an increase in the
axial momentum and wall shear stress near the junction. The force balance brings out
the importance of inertia terms for this flow; the inertia force contributes substantially
in the overall pressure drop, while the relative contribution of the wall shear stress
diminishes close to the junction.

Our analysis suggests that the velocity profile remains parabolic throughout both
the entire tubes. Interestingly, the pressure variation is significantly different from
its continuum counterpart. A discontinuity in the slope of streamwise variation of
pressure appears at the junction beyond a critical value of the Knudsen number; the
critical value of Knudsen number is a strong function of the expansion area ratio. The
pressure loss coefficient is a function of Kn, Re and the area ratio in the slip flow
regime.

It is proposed that rarefied gas flow exhibits a predictive memory because of the
larger axial momentum diffusion. This makes the flow behaviour at microscale/rarefied
gas flow dramatically different from their continuum counterpart; in that the flow
senses the oncoming expansion junction earlier and accordingly starts adjusting to
the change in the cross-section area. These novel results should help improve our
understanding of rarefied gas flow and gas flow in complex microchannels.
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