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This article deals with Rényi entropies for the residual life and the inactivity time.
Monotonic properties of the entropy in order statistics, record values, and weighted
distributions are investigated, and the comparison on weighted random variables is
studied in terms of residual Rényi entropy as well.

1. INTRODUCTION AND PRELIMINARIES

Let X be a nonnegative random variable with density function f, distribution function
F, hazard rate Ar, and reversed hazard rate pp. The Rényi entropy of order « for X is

Ha(f) =

1 oo
logf f¥(x) dx, a>0,a £ 1.
l—« 0

As ameasure of complexity and uncertainty of chaotic systems, the Rényi entropy
has been playing a key role in various areas such as physics, electronics, engineering,
and so forth (Kurths et al. [16]) ever since it was introduced. For more on Rényi
entropy, one can refer to Rényi [22,23] and Song [25], among others. It is well known
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that the Rényi entropy reduces to Shannon’s entropy as the order tends to 1; that is,
[e.¢]
tim H, (/) = f F00) logf () dx = H(F).
- 0

Ebrahimi [12] studied Shannon’s entropy of the residual life X;" = [X — #]X > 1]
(called the residual entropy):

HY(f;1) = — /OOJ’,+(X) logf," (x) dx,
0

where f7(x) = f(t +x)/F(t) is the density function of X;". Later, Abraham and
Sankaran [1] further considered Rényi’s entropy of order « for X,

HI(f0) = . log/ [f,*(x)]a dx
_a o
=log F(t) + I log E[f* (X)X > 1]
—
_ loga 1

a—1
1 g 08Bl X)Xy = 1], (1.1)

where Ap(x) = f(x) /F (x) is the hazard rate function of X and X, has the survival
function F< (x).

Due to the duality, it is also natural to consider the entropy of the inactivity time
X, = [t — X|X < 1t]. (Block, Savits, and Singh [9]; Chandra and Roy [10]). In fact,
Di Crescenzo and Longobardi [11] studied the inactivity entropy

H (fit) = — /0 £ () logf (x) dx,

where f,” (x) = f(x — t)/F(¢) is the density function of X, . Afterward, Gupta and
Nanda [13] considered the Rényi entropy for inactivity time:

1 ! p
— log/O (f ()" dx

log E[f*~'(X)|X < 1]

H(f;1) =

=logF(t) +
11—«

lo 1

- ¢ log E[ug ™ (X2)IX; < 11, (12)

a—1 11—«

where wr(x) = f(x)/F(x) is the reversed hazard rate function of X and X has the

distribution function F*(x). The following two notions are closely related to Rényi
entropies for residual life and inactivity time, respectively.

DEEINITION 1.1 (Abraham and Sankaran [1]): A random variable X has decreasing o
order Rényi entropy for residual life (DRERL(«)) if H}f (f;1) is decreasing int > 0.
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DEerINITION 1.2 (Nanda and Paul [18]): A nonnegative random variable X is said to
have increasing uncertainty of inactivity time of order o (IUIT (a)) if Hf (f;1) is
increasing int > Q.

For independent random variables Xi, X», . . . , X;, with common distribution func-
tion F, let X;., <--- < X,., be their order statistics. It is well known that X.,
represents the lifetime of a (n — k + 1)-out-of-n system. Particularly, X;., and X,,.,
give the lifetimes of the series system and the parallel system, respectively. Xi., has
its density function, distribution function, and hazard rate function as follows:

_ n! k—1r n—k
Jin(x) = =Dl —h! k)!F(x) Fx)"f (),

P = 32 (") Py,

i=k

and
| L k—1
Ap, (1) = n! F(x)/F(x)] (),
(k=D =S (1) IF 0 /F ()
For more detailed discussions on order statistics, one can refer to Arnold, Balakrishnan,
and Nagaraja [2].

For a sequence of independent random variables X1, X5, . . . with acommon distri-
bution function F, X, is called an upper record value if X,, > X; foralli = 1,2,...,n —
1. By convention, X is a record value. The upper record times at which record val-
ues occur may be defined recursively is Ly = 1,L, = min{k : k > L,_, X > X, ,},
n > 2{X;,;n > 1} is the corresponding sequence of record values. The nth upper
record value X;, has its probability density, survival function, and hazard rate function

as follows:
AI’L 1 (t)
S =2 Dy R =Fo Z A
_ 1)!
k=0
A'H(t) (n—1)!
Ap, (1) = %)\F(I),
o Np () /k!
where Ar(t) = — log F(t) is the cumulative hazard. For more details on record values,

one can refer to Arnold, Balakrishnan, and Nagaraja [3].

In the past decade, many authors devoted themselves to investigating entropies
of order statistics and record values. For example, Asadi and Ebrahimi [4] studied
order statistics and record values related DURL (decreasing uncertainty of residual
life) distributions, Kundu, Nanda, and Hu [15] made a parallel study on IUIT distribu-
tions, and Baratpour, Ahmadi, and Arghami [6] established several characterizations
of distributions based on the Rényi entropy of order statistics and record values.
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Let w be a nonnegative real function such that 0 < E(w(X)) < oco. Then the
weighted version X, associated to X and w has its density function, survival function,
and hazard rate function as follows:

__w@® - EwOIX =1 -
fW(l) - E(W(X))f(t)’ Fw(t) = —E(W(X)) F([),
w(t)
AR, (D) = Ar(D).

Ewx)IX=0""

For more on the weighted distribution, we refer readers to Rao [21] and Patil and
Rao [20], among others. In the literature, there are also some research works on the
entropy of weighted distribution. See, for example, Belzunce, Navarro, Ruiz, and
Aguila [8] and Navarro, Aguila, and Asadi [19].

The article is a further study on Rényi entropy for both the residual life and the
inactivity time. Section 2 proves that the DRERL property of a stochastically smaller
(in the sense of likelihood ratio order) random variable is preserved by a larger one,
and based on this result, it is shown that the DRERL property is preserved by both
the formation of parallel systems and the record value. In Section 3 we prove that the
IUIT property of a stochastically larger (in the sense of likelihood ratio order) random
variable is preserved by a smaller one and, hence, it is also preserved by the formation
of series systems. As an application, Section 4 addresses some comparisons between
a random variable and its weighted version.

2. ON RESIDUAL LIFE

In reliability theory, some aging properties can be characterized through a stochastic
comparison between the total life and its residual life. For example, X is NBU (new
better than used) if and only if X is larger than X;" in the usual stochastic order for all
t > 0, and it is DMRL (decreasing mean residual life) if and only if X is larger than
X,’L in terms of the mean residual life order for all + > 0. Readers can refer to Shaked
and Shanthikumar [24] for more on stochastic orders. The first theorem presents a
similar characterization for DRERL.

THEOREM 2.1: A random variable X with density function f is DRERL(«) if and only if
HI(fH 0 <HI(f;1) foralls,t > 0. (2.1)

PrOOF: By definition, X is DRERL(«) if and only if

HI(fis+1) <Hf(f;t) foralls,t> 0. 2.2)
Note that
- _ B _F(s—i—x) I O )
FW=PX—s=Xz0=—F o= ff0="F
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and we have, for all s, > 0,

e8] + o
(" () I

HY( ) = ) 2
S0 =125e 0 TR
o0 o
_ log [ LEFY
-« ¢+ Fe(s+1)
o0 o
_ log / SO,
1_C¥ S+t F“(s—i—t)
=H (fis+1)
It is obvious that (2.2) is equivalent to (2.1). This completes the proof. |

Let Y be another continuous random variable with probability density function
g(x), distribution function G(x), survival function G (x), hazard rate A (x) and reversed
hazard rate i (x). Recall that X is said to be smaller than Y in the likelihood ratio order,
denoted as X <, Y, if g(x)/f (x) is increasing in x over the union of their supports.
Readers can refer Shaked and Shanthikumar [24] for more stochastic orders.

THEOREM 2.2: Let X <, Y and Ag(t)/Ap(t) be increasing in t > 0. Then Y is also
DRERL(w) if X is.

PrOOF: Case for o > 1. Denote 6 (x) = Ag(t)/Ap(f). Due to (1.1), it holds that

log log E[A%71(Yy)| Yy > 1]
HJ(g;t)—afl =% =
log (AL (Y)0* 1 (Y)Y, > 1]

a—1

Thus, we need to prove that A(¢) = E[x%fl(Ya)Oa_l(Ya)lYa > t] is increasing in
t > 0. In view of

o) ~o—1
A1) = ( /t %@m,\;—lmew(}c) dx)

/

a—1 a— “a
Otg(t)Ga_l(t)[ 3 0" ()G (1) }

+ [ ag()G )AL (009 (x) dx
G2« )

= —arc(OAETOTI (1) + arg(DA(D)

= k() [A@M) =25 067 (1],

it suffices for us to show A(¢) > )\fl (1)0%~1(¢) for all t > 0.
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For all + > 0, it holds that
Alt) — 25710 (1)

B /°° ag(®) G (x)

G0 [ @0 () — A (00 ()] dx

[ee) Gafl
= [ e ol W g o)
ooag(x)éafl(x) a—1 a—1 _ pa—1
+ [ —ew AT [0 ) — 0% ()] dx

21 + L.

Equivalently, m(7) is increasing in ¢ > 0. Note that m/(t) = —aAp(t) (X%fl(t) —m(1))
and we have m(t) = A%" (¢) for all t > 0; that is,

Denote m(t) = E[)\%*I(Xa,)lXa > t]. By assumption, H;(f, t) is decreasing in ¢ > 0.

/ ” af OF " (x) [A¢ () — 2% (0] dx = 0, r>0. 2.3)

X < Y implies that g(x)/f(x) is increasing in x > 0. Applying Lemma 7.1(i) of
Barlow and Proschan [7] to (2.3), we immediately have, for all # > 0,

1 > ag(x)G* (00! (x)

h(t) = = _—
G*(t) J; af () F*~1(x)

1 < g% (x)

Gt )i few)
> 0.

af OF () [A¢ () — A8 (0] dx

af F* ) [AF () — 287N (0)] dx

On the other hand, since 6 (x) is nonnegative and increasing, it holds that, for all r > 0,
o] Ga—l
L) = / %@mx;‘ 0 [0 @) — 67 ()] dx > 0.
t

Now, we can conclude that A(r) > )»";_1 ©)0*1(¢) for all £ > 0.

Forthe case withO < o < 1, note that H a* (g; 1) isdecreasing t > Oinisequivalent
to A(z) is decreasing in ¢ > 0; to get the desired result, we only need to reverse all of
the above inequalities. |

Asadi and Ebrahimi [4] proved that DURL is preserved under the formation of
parallel system and record values. As a direct consequence of Theorem 2.2, DRERL

can be proved to be preserved under the formation of parallel systems.

COROLLARY 2.3: If X is DRERL(«), then X,,., is also DRERL(«).
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PrOOF: Note that F,(x) =1—F"(x) and f.,(x) = nf @)F"~'(x) and we have
AF,, 00 = 0(0)Ap(x) with

n
Z:lz—ol Fi=01=1)(x) ’

It is not difficult to verify that 6 (x) is increasing in x > 0 and X <j; X,,.,. Therefore,
the desired result stems immediately from Theorem 2.2. |

0(x) =

One might wonder whether DRERL is also preserved under the formation of
series systems. The next example serves as a negative answer.

Example 2.4: Suppose X is the random variable with survival function

1-— ifo0<x<1

ifl<x<?2

c\|><NN|><M

2
3
0 if x > 2.

Then its residual Rényi entropy of order « is

1 | 601(1 _ totJrl) + 2a(2a+1 _ 1)
o
I—a &7 3a+D2-p)F
1 2a(2a+1 _ tot+l)

1
I—a 2at+D@E—n)e

ifo<r<1
Hf(f;0) =

ifl <t<?2.

For o = 0.5, H} (f; 1) is decreasing in 7 (see Fig. 1a); that is, X is DRERL(0.5). How-
ever, for 1 <t < 2, the residual Rényi entropy of order o corresponding to a series

(a) 1 (b) 1
0.5 051
0 0
-0.5 -05
-
-1
-15
-15 _2
-2 -25
25 3
-3 -35
-35 -4
0 02040608 1 12141618 2 0 0.5 1 15 2 25 3

FIGURE 1. Curves of Renyi entropies: (a) curve HJ 5(f; 1) in Example 2.4; (b) curve
H, (f;t) in Example 3.3.
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system with n independent and identical components is

a (2« o
H+(fl'n't) = ! log @2n) ./; x*(4 _)Cz) ( l)dx.
o Tqs ] — (4—1‘2)001

It is easy to check that for n = 25 and o = 0.5,
HF (fin: 1.86) = —3.9201 > HF (f1.; 1.88) = —4.2699
< H} (fi.n: 1.89) = —4.1088;

that is, H:[ (fi:n; t) is not monotone in ¢. Therefore, X;., is not DREFL(0.5).

Remark 2.5: In Example 2.4, Ap,, (X)/Ar(x) = n is both increasing and decreasing,
whereas fi.,(x)/f (x) = nF"~!(x) is decreasing in x; that is, X >; X;.,. This actually
tells us that the condition X <j; Y can not be dropped in Theorem 2.2. However, as can
be seen in the proof of Lemma 2.1 in Asadi and Ebrahimi [4], the condition X <. Y in
Theorem 2.2 can be relaxed to X <y, Y(the hazard rate order) at the cost of adding the
other condition lim,_, o, G(7) / F(t) < oo, which is not always the case. For example,
= n—1 k
i Fe0) iy S AOF
t—oo F(1) t—00 k!

k=0

In Asadi and Ebrahimi [4], it was proved that Xj 1., Xx:n—1 and Xyy1.4+1 are also
DURL if X;., is and that X;,, is also DURL if X is. The following two corollaries deal
with the corresponding Rényi entropy.

COROLLARY 2.6: If X;., is DRERL(w), then Xy, Xim—1 and Xigi1.,+1 are also
DRERL ().

PrOOF: Let Xj,.,, and Xy,.,, be order statistics of two sets of independent random
variables with common distribution function F7; also let Af, , (x) and Ap,, (x) be
their respective hazard rate functions. Then

Ay, (X) <F(x)>k2_k‘ St () (F(x)/F ()

al =
My ) \F(2) ! ( )(F(x)/F(x))J
Note that
fk+1:n(x) — (}’l - k)F()C) ﬁc:n—l(x) — (I’l _k) ﬁ<+1:n+1(-x) — I’lF()C)
Jien(®) kF(x) fen®)  nF(x)’ Jen(®) k

are all increasing in x; it holds that
Xk:n <Ir Xk+l:na Xk:n <Ir Xk:n—l, Xk:n <Ir Xk+l:n+l-

On the other hand, according to Nagaraja [17], Af,,, (X)/AF,,, (x) is increasing in
x in the following three cases: (i) ny = ny, =n,k; =k, and k, =k + 1; (i) n; = n,
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np=n—1,andky =k, =k; (iii)yny =n,ny =n+1,k; = k,and k, = k + 1. Thus,
from Theorem 2.2, our claim follows immediately. |

COROLLARY 2.7: If X is DRERL(«), then X, is also DRERL(«).
PrOOF: Denote Ar(t) = —log F(t). Note that

) [ArO! /(= 1)
A Y (/D IAF(DE

is increasing in ¢ and
fu® _ Ar@P!
f@ (n—1!

is also increasing in #; the conclusion follows from Theorem 2.2 directly. |

In fact, DRERL property extends from X; to X; .

COROLLARY 2.8: If X, is DRERL(«x), then X|,

n+1

is also DRERL ().
PrOOF: By Kochar [14]

A 0 Yo (/KDIAFO]
ki, (0 o (L/KDIAF(DF

is increasing in ¢ > 0.Since X;, <|. X,,,, we reach the conclusion by Theorem 2.2
again. |

3. ON INACTIVITY TIME

The first theorem of this section, which helps to deduce those upcoming conclusions,
asserts that IUIT property of a stochastically larger random variable can be preserved
by the smaller one.

THEOREM 3.1: Let X >, Y and ug(t)/ur(t) be decreasing in t > 0. Then Y is also
IUIT (@) if X is.

PrROOF: Case for & > 1. Denote n(x) = ug(x)/ur(x). By (1.2),

H(gpy 1o _ log Elug 'YV <11 log E[ug™ (Y2 n* ' (Y)|Y: < 1]
o 8 a—1 a—1 a a—1 ’

it suffices to prove A, (f) = E[u%‘l (YHn*~'(Y¥)|YF < t]is decreasing in ¢. Due to

A1) = apgOIug " On* ' (@) — ALD],

this is equivalent to showing A, (7) > M%*I On*~'(@) for all t > 0.
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For any ¢ > 0, we have

A — i O @)
Log(x)G* (x)

- /o G=(1)
— g On* (0] dx
Lag(x)G* ! (x)

B /o G(1)

oG ()
v e

[ on™ " (x)

7 g () — p& (0] dx

pa m* x) — )] dx
2150 + L)

Let m, (1) = E[u%‘l(X;)|X;‘ <t]. Since H (f,t) is increasing in t > 0, m,(t) is
decreasing in ¢ > 0. Note that

ml(t) = app@O)[pg~" (1) — m.(1)] and

and we have m, (t) > /Jci_l (¢) for all t > 0; that is,

/0 af OF* )l (0) — pg~ ()] dx = 0. (3.1

Since X >, Y, g(x)/f(x) is decreasing in x > 0. Applying Lemma 7.1(ii) of Barlow
and Proschan [7] to (3.1), we have

o [ e )
=50 /0 af COF 1 (x)
_ 1 " g%(x)
G Jy fow)

> 0.

1% )af (O F* ™ () (g (x) — u&(0) dx

af )F* (s () — ps (1)) dx

On the other hand, since n(x) is nonnegative decreasing, it holds that

t o—1
= [ o - ) ds = 0
0

G*(n)

Therefore, we have A, () > /1,%_1 ®On*'(¢) forall t > 0.

Forthe case with0 < o < 1, note that H, (g; t) isincreasingin¢ > 0is equivalent
to A,(?) is increasing in ¢ > 0. By reversing all of the above inequalities, we reach
the desired result. |
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Kundu et al. [15] proved that the TUIT property is preserved under the formation
of a series system. As a direct consequence of Theorem 3.1, we get the corresponding
version on IUIT ().

COROLLARY 3.2: If X is IUIT (@), then Xi., is also IUIT («).

PROOF: Since Fi.,(x) = 1 — F"(x) and fi.,(x) = nf (x)F"~'(x), we have jur,, (x) =
n(x)pur(x) with

n
Yy Free(x)’

which can be easily proved to be decreasing. Note that fi.,(x) /f (x) = nF"L(x) is
decreasing; that is, X > X;., and the conclusion follows directly from Theorem 3.1.
|

nx) =

The following example shows that IUIT(«) is not preserved under the formation
of parallel systems.

Example 3.3: Consider again the distribution in Example 2.4. The inactive Rényi
entropy of order « for X is

1 2op—atl .
log fo<t<l1
-« o+1
1 R e |
H,(f;t) = log G+ ) ifl<t<2
l—«o (@ + (% +2)*
1 R |
log + ift > 2.
11—« 3%+ 1)

Foro = 2,H, (f;1) is increasing in ¢ (see Fig. 1b). Therefore, X is IUIT(2). However,
the inactive Rényi entropy of order « for the corresponding parallel system is

1 32 ) 2na — o 4+ 1) + 2n)® [ x* (% + 2)2=D g
Hw_ (fn:n; t) — 10g ( l’l) /( no o )2 ( n) fl X (x ) x,
l—« (l‘ + Z)an

x1<t<?2.
It is easy to check that forn = 30 and o = 2,
H, (fun; 1.1) = =2.3579 > H (fy:n; 1.5) = —2.3604 < H, (.3 1.9) = —2.3221;
that is, H, (fu.,; t) is not monotone in ¢. Therefore, X,,., is not IUIT(2).

Remark 3.4: Note that wF),.,,(x)/ur(x) = n in Example 3.3 is both decreasing and
increasing and f;., (x) /f (x) = nF =1(x) is increasing; that is, X <;; X,,,, and X > Y
in Theorem 3.1 cannot be dropped in general. However, as can be seen in the proof of
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Lemma 2.3 in Kundu et al. [15], X >}, Y in Theorem 3.1 can be relaxed to X >, Y
(reversed hazard rate order) at the cost of further requiring lim,_.o G(x)/F (x) < oo.

Kundu et al. [15]. proved that X;_1.,,, Xi:n+1, and Xj—;.,—; are also IUIT if X;.,, is.
Corollary 3.5 extends it to the case for the Rényi entropy.

COROLLARY 3.5: If Xy, is IUIT(«) then Xi—_ 1.1, Xg:nt1, and Xix_1.,—1 are also TUIT («).

ProOF: Let uf, , (x) and up,,, (x) be the respective reversed hazard rate functions
of Xy1.n1 and Xio.,2, order statistics from a population F. Then

Wiz, ) (F(x) )’“‘ Y (1) F@/F@)!
HFy (x) F(x) Z;ikz ("]2) (F(X)/F(X))J

According to Kundu et al. [15], uf,,,,, (X)/1F, ., (x) is decreasing in x in the following
cases:())ny = nmp, =n,ky =k,andk, =k — 1;(ii)ny =n,ny =n+ l,andk; =k, =
k;(il)n; =n,np =n—1,k; =k,and ko, = k — 1. Note that X;., > Xi_1.0, Xpen >1r
Xkns1, and X, =1 Xk—1.n—1; the conclusion follows from Theorem 3.1 immediately.

|

4. ONWEIGHTED DISTRIBUTION

In the literature, there are some studies on the comparison between a random vari-
able and its weighted version in terms of the residual Rényi entropy—for example,
Belzunce et al. [8] and Navarro et al. [19]. Here, we present some further comparison
results in this line of research; some of them are applications of the main results in
previous sections.

THEOREM 4.1: Suppose E(w(X)|X > t) or w(t) is decreasing (increasing). If X or X,,
is DFR (decreasing failure rate), then H (f;t) > (<)H} (f,,; 1) for all t > 0.

ProoF: If w(t) is decreasing (increasing) in ¢ > 0, then Ew(X)|X > 1) < (>)w(t)
and hence Ap(f) < (>)Ap, (¢) for all > 0. Let m, (1) = Ew(X)|X > ). Since,
m.,(t) = Ap(t) (my, (1) — w(t)), if E(w(X)|X > 1) is decreasing (increasing) in t > 0,
we also have E(w(X)|X > 1) < (>)w(r) and thus Ap(r) < (>)Ap,(¢) for all £ > 0.
Now, by Theorem 4 of Asadi, Ebrahimi, and Soofi [5] we complete the proof. |

For a random variable X, its equilibrium version X, has the probabilistic density
functionf, (t) = F(t)/EX and its length-biased version X, has the probabilistic density
function f,(t) = #f (t)/EX . It is well known that X, and X, are weighted versions
of X with weight function w,(t) = 1/Ap(#) and w,(t) = ¢, respectively. As a direct
consequence of Theorem 4.1, we have Corollary 4.2.

COROLLARY 4.2: If X is DFR, then HI (f;1) < H (f,; 1) and H} (f;1) < HY (f; 1) for
allt > 0.
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Belzunce et al. [8] investigated the preservation property of DURL under the
weighted transforms. In view of

fO __w@ A w) pe @ _ w
fO TEW0) A EWCOX =z w0 EWOX =1

the following two corollaries parallel to DRERL(«) and IUIT(«) follow directly from
Theorem 2.2 and Theorem 3.1, respectively.

COROLLARY 4.3: Suppose w(t) is increasing (decreasing) and E(w(X)|X > 1)/w(t)
is decreasing (increasing). Then X,,(X) is also DRERL(«) if X (X,,) is.

COROLLARY 4.4: Suppose w(t) is decreasing (increasing) and E(w(X)|X < 1)/w(t)
is increasing (decreasing). Then X,,(X) is also IUIT () if X(X,,) is.

Acknowledgment
This was supported by the National Natural Science Foundation of China (10771090).

References

1. Abraham, B. & Sankaran, P.G. (2005). Renyi’s entropy for residual lifetime distribution. Statistical
Papers 46: 17-30.
2. Arnold, B., Balakrishnan, N., & Nagaraja, H.N. (1992). First course in order statistics. New York:
Wiley.
3. Arnold, B., Balakrishnan, N., & Nagaraja, H.N. (1998), Records. New York: Wiley.
4. Asadi, M. & Ebrahimi, N. (2000). Residual entropy and its characterization in terms of hazard function
and mean residual life function. Statistics and Probability Letters 49: 263-269.
5. Asadi, M., Ebrahimi, N., & Soofi, E.S. (2005). Dynamic generalized information measures. Statistics
and Probability Letters T1: 85-98.
6. Baratpour, S., Ahmadi, J., & Arghami, N.R. (2008). Characterizations based on Rényi entropy of order
statistics and record values. Journal of Statistical Planning and Inference 138: 2544-2551.
7. Barlow, R.E. & Proschan, F. (1981). Statistical theory of reliability and life testing: Probability models.
New York: Holt, Rinehart and Winston.
8. Belzunce, F., Navarro, J., Ruiz, .M., & Aguila, Y.D. (2004). Some results on residual entropy function.
Metrika 59: 147-161.
9. Block, H., Savits, T., & Singh, H. (1998). The reversed hazard rate function. Probability in the
Engineering and Informational Science 12: 69-90.
10. Chandra, N.K. & Roy, D. (2001). Some results on reversed hazard rate. Probability in the Engineering
and Informational Sciences 15: 95-102.
11. Di Crescenzo, A. & Longobardi, M. (2002). Entropy-based measure of uncertainty in past lifetime
distribution. Journal of Applied Probability 39: 434—440.
12. Ebrahimi, N. (1996). How to measure uncertainty in the residual life distributions. Sankhya Series A
58: 48-57.
13. Gupta, R.D. & Nanda, A.K. (2002). «— and B —entropies and relative entropies of distributions. Journal
of Statistical Theory and Applications 1(3): 177-190.
14. Kochar, S.C. (1990). Some partial ordering results on record values. Communications in Statistics:
Theory and Methods 19: 299-306.
15. Kundu, C., Nanda, A.K., & Hu, T.Z. (2009). A note on reversed hazard rate of order statistics and
record values. Journal of Statistical Planning and Inference 139: 1257-1265.

https://doi.org/10.1017/50269964810000379 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964810000379

250 X. Liand S. Zhang

16.

17.

18.

19.

20.

21.

22.

24.
25.

Kurths, J., Voss, A., Saparin, P., Witt, A., Klein, H.J. & Wessel, N. (1995). Quantitative analysis of
heart rate variability. Chaos 1: 88-94.

Nagaraja, H.N. (1990). Some reliability properties of order statistics. Communications in Statistics:
Theory and Methods 19: 307-316.

Nanda, A.K. & Paul, P. (2006). Some results on generalized past entropy. Journal of Statistical Planning
and Inference 136: 3659-3674.

Navarro, J., Aguila, Y.D., & Asadi, M. (2010). Some new results on the cumulative residual entropy.
Journal of Statistical Planning and Inference 140: 310-322.

Patil, G.P. & Rao, C.R. (1977). The weighted distributions: a survey of their applications. In P.R.
Krishnaiah (ed.), Applications of Statistics. Amsterdam: North-Holland, 383—405.

Rao, C.R. (1965). On discrete distributions arising out of methods of ascertainment. Sankhya Series A
27:311-324.

Rényi, A. (1959). On the dimension and entropy of probability distributions. Acta Mathematica
Hungarica 10: 193-215.

. Rényi, A. (1961). On measures of entropy and information. In proceeding of the fourth Berkeley

symposium on Mathematical Statistics and Probability, Vol. 1. Berkeley: University of California Press,
pp. 547-561.

Shaked, M. & Shanthikumar, J.G. (2007). Stochastic orders. New York: Springer.

Song, K. (2001). Rényi information, loglikelihood and an intrinsic distribution measure. Journal of
Statistical Planning and Inference 93: 51-69.

https://doi.org/10.1017/50269964810000379 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964810000379


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


