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Abstract In this paper we construct a Q-linear tannakian category MEM; of universal mixed elliptic
motives over the moduli space My j of elliptic curves. It contains MTM, the category of mixed Tate
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as motivic local systems over M | whose fiber over the tangential base point d/dg at the cusp is a
mixed Tate motive. The basic structure of the tannakian fundamental group of MEM is determined
and the lowest order terms of a set (conjecturally, a minimal generating set) of relations are deduced
from computations of Brown. This set of relations includes the arithmetic relations, which describe the
‘infinitesimal Galois action’. We use the presentation to give a new and more conceptual proof of the
Thara—Takao congruences.
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1. Introduction

Among the principal goals of the theory of motives is to construct a Q-linear tannakian
category MM(T) of mixed motivic sheaves over a smooth base T whose ext groups are
the motivic cohomology groups of T

Exthygry(Q. M) = Hpo (T, M),

where M is a motive over T, such as Q(n). This goal was partially achieved by Levine [42],
Hanamura [35] and Voevodsky [60], each of whom constructed a triangulated tensor
category of mixed motives with the correct ext groups. Many obstructions remain to
constructing tannakian categories of mixed motives including, most notably, the problem
of establishing Beilinson—Soulé vanishing. One case where this goal has been achieved is
that of mixed Tate motives over a ring of S integers in a number field. This was established
by Levine [41] and Deligne-Goncharov [17] using the work of Borel [8], Beilinson [4] and
the existence of a triangulated category of mixed motives. The theory of mixed Tate
motives can be regarded as the story of motives associated to genus 0 curves and their
moduli spaces, [9].

In this paper we take a step toward extending this story to genus 1 curves and their
moduli spaces. We construct a Q-linear tannakian category MEM; of universal mized
elliptic motives over My 1,7, the moduli stack of elliptic curves, which contains MTM,
the category of mixed Tate motives unramified over Z. The ring of functions on its
tannakian fundamental group is a Hopf algebra in the category of ind-objects of MTM
which encodes relations between the periods of iterated integrals of Eisenstein series and
periods classical modular forms of level 1.

Each object V of MEM; consists of an object V of MTM whose Betti realization is
endowed with an action of SLy(Z). This action is required to determine a compatible
set of local systems (Betti, Q-de Rham, Hodge, ¢-adic) over M | whose fibers over the
canonical tangent vector t:= d/dq of Ml,l at the cusp are the various realizations of
V. An object of MEM; can be specialized to an elliptic curve E/T by pulling back its
associated local systems along the structure map 7' — M 1 to obtain a family of local
systems over T.

This hybrid approach to constructing a tannakian category of mixed motives over M |
is necessitated by the lack of understanding of motives associated to modular forms.
In particular, it circumvents the problem of proving Beilinson-Soulé vanishing for the
category of mixed motives generated by motives of classical modular forms. We expect
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the local systems (Betti, de Rham, Hodge, £-adic) associated to an object of MEM; to
be the set of compatible realizations of a mixed motivic sheaf over M /g in the sense of
Ayoub [2] or Arapura [1]. If this is the case, then their pullbacks to T should be the set of
realizations of a mixed elliptic motive over T in the sense of Goncharov [21]. We have not
pursued this as our interests lie in the tannakian aspects of the theory, especially in the
determination of the fundamental group of MEM; and its relation to classical modular
forms and mixed Tate motives.

The most basic object of MEM is the local system H := R'7,Q associated to the
universal elliptic curve 7 : £,7 — My 1,z. The simple objects of MEM are the Tate twists
S™H(r) of the symmetric powers of H. The elliptic polylogarithms of Beilinson and Levin
[7] produce basic objects of MEM;. These provide, for each n > 1, a non-trivial extension

0— S 2H2n—1) > E — Q(0) — 0, (1.1)
which corresponds to the Eisenstein series of weight 2n.

The tannakian fundamental group of MEM| is an extension of GL; by a prounipotent
group Z/{{V'EM. The main result of this paper (Theorem 25.1) is a partial presentation of the
'}"EM of U{V'EM. General results imply that this has a ‘minimal presentation’
MEM
1

Lie algebra u
whose generators project to a basis of Hy(u ) and where a minimal set of relations
projects to a basis of Hz(u'IVIEM). Existing results on modular forms and mixed Tate
motives are used to compute H! (u']VIEM) and to give a lower bound on the size of
H 2(u']VIE"/'). Specifically, the extensions (1.1) comprise a basis of the ‘geometric part’ of
H! (u'}AEM). A complete basis is obtained by adding the extensions that correspond to the
(motivic) odd zeta values £™(2m + 1), (m > 0). Using work of Brown [11] and Pollack [49],
we construct a (conjecturally complete) set of minimal relations between generators dual
to these extensions and determine their leading quadratic terms. These relations are dual
to a linearly independent set of elements of H 2(u'}/"z"/'). Each minimal relation corresponds
to a Hecke eigenform, and each Hecke eigenform determines a countable set of minimal
relations. If one assumes that the ‘regulator mapping’

EXtﬁnEMI Q, S"H(r) ® R — H%(MM/R, S¥"Hg (r))

is injective,! an analogue of Beilinson’s conjecture [6, Conjecture 8.4.1], then these

relations generate all relations in u'l‘/'EM. This partial presentation is discussed in more
detail later in the introduction.

One goal of this work is to illuminate the relationship between cusp forms of SL;(Z)
and the depth filtration of the fundamental group of MTM. In this vein, in §29, we
show that the relations in u'lleM coming from cusp forms imply the congruences between
the generators of the infinitesimal Galois action on the unipotent fundamental group of
P! — {0, 1, 0o} in depth 2 that were discovered by Thara and Takao [36] and made explicit
by Goncharov [22] and Schneps [51]. Our proof gives a conceptual explanation of how and
why cusp forms impose relations on the depth graded quotients of mixed Tate motives.

We now give a more detailed, but still informal, discussion of universal mixed elliptic
motives. The full definition is given in § 6. Suppose that r and n are non-negative integers

LSee Conjecture 17.1(i) for a more precise statement.
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with r +n > 0. Denote the moduli stack over Spec Z of smooth projective curves of genus 1
with n marked points and r non-zero tangent vectors by M ,47/7. So My 1 is the moduli
stack of elliptic curves, and M 7 is the moduli stack of elliptic curves (E, 0) together with
an additional point x # 0. For * € {1, 1, 2} we construct a category MEM, of universal
mixed elliptic motives over My /7. Objects of MEM, will be called universal mized
elliptic motives of type *.

The Tate curve Etye — Spec Z[[g]] defines a tangential base point

t: SpecZ((q)) — MI,I/Z-

The normalization of the fiber Eg over g =0 is isomorphic to P! and has a natural
coordinate w, unique up to the involution w <> w™!, that takes the value 1 at the identity
and defines an isomorphism of the smooth points Eq of Eg with G,, sz There is therefore
a map

Spec Z((t)) — SpecZ((q,v)) = Mi2/z, q > t,vi>t,

where v = w — 1, which determines a tangential base point of M 2,7 and the tangential
base point
Spec Z((t)) — SpecZ((q, v)) — Ml,I/Z

of Ml,f 1z We shall denote any of these distinguished base points, including i by V.

Informally, a mized elliptic motive of type * € {1, T, 2} over Z is a ‘motivic local system’
V of Q-vector spaces over M 4,7 with a weight filtration W, by sublocal systems that
satisfies:

(i) each weight graded quotient of V is a sum of the simple local systems S"H(m),
where H = R'7,Q(0) and 7 : £ — M 4 is the universal elliptic curve;
(ii) the fiber V, of V over V, is an object of MTM; its weight filtration M, is the relative

weight filtration associated to the weight filtration W, and the monodromy operator
about the nodal cubic.

The fiber of H over V, will be denoted by H. It is isomorphic to Q(0) ® Q(—1) as an
object of MTM.

Objects of MEM, have compatible Betti, Hodge, £-adic and Q-de Rham realizations.
The Hodge realization of a mixed elliptic motive V is an admissible variation of mixed
Hodge structure over Mi" whose fiber over V, is the associated limit mixed Hodge
structure. The f-adic realization of V is a lisse sheaf V¢ over My 4/z11/¢) Whose fiber over
V, is the ¢-adic realization of V,. The Q-de Rham realization of V is a bifiltered bundle
WV, F*, W,) over ﬂl,*/@ with a regular connection that underlies Deligne’s canonical
extension of V to ﬂj‘“l and its Hodge and weight filtrations. There are natural functors

MTM — MEM; — MEM, — MEM; — MTM

whose composite is the identity.

Along with the pure motives S"H(m), the simplest objects of MEM, include the
‘geometrically constant’ motives. These are the objects of MTM that are pulled back along
the structure map My 4,z — Spec Z. Their Hodge realizations are constant variations of
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mixed Hodge structure (MHS) over M" . More interesting objects of MEM, can be
constructed from the unipotent fundamental group of punctured elliptic curves. Denote
by p the local system over M, whose fiber over (E;0, x) is the Lie algebra p(E’, x)
of the unipotent completion of 7;(E’, x), where E’ denotes E — {0}. The local system
p is a pro-object of MEM,. This is an elliptic analogue of the result of Deligne and
Goncharov [17] that the Lie algebra of the unipotent fundamental group of P! — {0, 1, 0o}
is a pro-object of MTM.

The category MEM,, being a Q-linear neutral tannakian category, is the category of
representations of an affine group scheme, unique up to inner automorphism, that we shall
denote by 71 (MEM,). One goal of this paper is to determine the structure of 71 (MEM,).
While we do not find an explicit presentation of its Lie algebra, we are able to give a
good idea of its ‘shape’. The first step in this direction is taken in § 16 where we show
that 71 (MEM,) is an extension of GL(H) by a prounipotent group and prove that there
are natural isomorphisms

ﬂ](MEMI) = JT](MEM]) X @(1) and 7T1(MEM2) = 7T1(MEM1) X JTim(El, \7(,),

where Ej is the fiber of the universal elliptic curve over t. This reduces the problem of
finding presentations of 71 (MEM,) to the case * = 1 and to the problem of determining
how it acts on the Lie algebra of n{m(Ef’, Vy).

When trying to understand mj(MEM,), it is convenient to define the geometric
fundamental group nfeom(MEM*) of MEM, to be the kernel of the natural surjection
71 (MEM,) — 71 (MTM). Taking the fiber over the tangent vector V, corresponding to
the Tate curve gives a splitting s; : 711 (MTM) — 71(MEM,) of this homomorphism, so

that one has an isomorphism
71 (MEM,) = 71 (MTM) x 75" (MEM,).

A key technical point (established in §23), which simplifies the problem of finding
presentations of the Lie algebras of the m;(MEM,), is that the de Rham realization
of every object of MEM, has a canonical (i.e., unique natural) bigrading that splits the
Hodge filtration and both weight filtrations. This generalizes the canonical grading of the
de Rham realization of a mixed Tate motive that splits it weight and Hodge filtrations.
This bigrading allows us to canonically identify the de Rham realization VPR of an object
V of MEM, with its associated bigraded module

Gr VPR = @Grg’,’n GrlV vPR

m,n

and reduces the problem of finding a presentation of the Lie algebra of 71 (MEM,) to the
problem of finding a presentation of its associated bigraded Lie algebra.

For this reason, we now specify the fiber functor to be the de Rham fiber functor.
This allows us to identify the Lie algebra g!ﬁ"EM of 71 (MEM,) with the completion of its
associated bigraded Lie algebra. Denote its pronilpotent radical by u*MEM. The canonical
splitting of the weight filtration W, gives a canonical splitting of the extension

0— u*MEM — gi"EM — gl(H) — 0.
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So we can regard u!\f'EM as a Lie algebra in the category of gl(H)-modules and canonically

identify gMEM with gl(H) x uMEM,

The computation of the simple extensions in Part 2 is used in §20 to find a set of
generators ey, of the Lie algebra u“feom of the prounipotent radical of nlgeom(M EM,). The
generator ey, is dual to the extension (1.1) associated to the Eisenstein series of weight
2n. Tt is a highest weight vector in a copy of ¥ 2H(2n — 1) in u%eom

A fundamental result [17] of Deligne and Goncharov asserts that 73 (MTM) is an
extension of G, by a prounipotent group whose Lie algebra is freely generated
(non-canonically) by a set {o2,+1 : m > 1}. In Part 3, we show that u'IVIEM has a bigraded

presentation with generators

Zom+1 € Gr%mi2 Gr%m_z u'l\AEM and ey, € Gr%n Gr% u'}AEM, m>0,n>1,
as a Lie algebra in the category of sl(H)-modules, where each ;4 spans a copy of the
trivial representation of sl(H) and projects to the corresponding generator 67,4+ of the
Lie algebra of the prounipotent radical of 71 (MTM). The Lie algebra u‘(feom is generated
(topologically) by the set

fe) e :n>1,0<j <2n—2},

where ey € s[(H) lowers sl(H)-weights by 2 and where u - v denotes the adjoint action of
uon v.

MEM

There are two kinds of relations in u}"=": namely,

geometric relations: the relations between the geometric generators {ey, : n > 0},

arithmetic relations: which describe how the arithmetic generators z,,+; act on the
geometric generators ey, .

In §25, we compute the quadratic leading terms of a minimal generating set of relations
of u'lleM. There is one such geometric relation for each normalized Hecke eigen cusp form
and each integer d > 2, the degree of the relation as an expression in the ey,, n > 0. Each
Eisenstein series Gy, determines a countable set of arithmetic relations which express
[Zom—1, €2,] in terms of the geometric generators {e; : k > 0}. We conjecture that the
regulator

Exti(Q. Hlygpy (M1, S HQn +d)) ©g R — Hb (M, S Hp (2n +d))”>

should be an isomorphism. (Cf. Conjecture 17.1(i).) This is an analogue of Beilinson’s
conjecture [6]. If true, it would imply that the relations we have found generate all
relations in u!;"EM.

In Part 3, we approach the problem of finding the geometric relations by studying the
monodromy representation u%eom — Derp, where p denotes the Lie algebra of n;‘“(ET’, Vo).
Relations between the images of the ey, in Der p give an upper bound on the relations that
hold between the ey, in u‘%eom. The problem of determining these relations can be studied
by passing to the associated bigraded Lie algebras. Since p is free, it is isomorphic to the
completion of its associated bigraded, which is the free Lie algebra IL(H) = IL(A, T). The

Q-de Rham story gives a formula for the images of the e, in DerIL(A, T') via the elliptic
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KZB equation [13, 27, 43, 44]. The image of the generator ey, of u%eom is 2€3,/(2n —2)!,

where €, is the unique derivation? of L(H) satisfying
e (T) = —adzT”(A) and €,([T,A]) =0, n>1.

Pollack, in his undergraduate thesis [49], found all quadratic relations that hold between
the {€y, : n > 0} in DerL(A, T) and showed that they correspond to cuspidal cocycles of
SL,(Z) invariant under the ‘real Frobenius’ operator. He also found relations of each
degree d > 3 that hold between the €3, modulo ‘depth 3’, one for each invariant cuspidal
cocycle of SLy(Z). His results are summarized in § 24.

A lower bound on the relations in u'lleM is obtained from the computation of the cup
products of the classes of the extensions (1.1) in the real Deligne cohomology groups
Hp( *l‘f‘l, S?'H(r)). These are deduced from the fundamental work of Brown [11] who
computed periods of twice iterated integrals of Eisenstein series. His work is closely
related to unpublished computations of Terasoma [58] who computed cup products in
Deligne cohomology of the classes in higher Chow groups of Kuga—Sato varieties that
correspond to Eisenstein series, generalizing to higher weight Beilinson’s computations [5]
in weight 2.3 It turns out that the upper and lower bounds on the quadratic heads of the
relations in u'IVIEM coincide, as we show in § 25, which allows us to determine the quadratic
leading terms of all relations in u'lleM.

In related work, Enriquez [19] has defined an elliptic generalization of Drinfeld’s braided
monoidal categories [18] and defined an affine Q-group GRTej for which the scheme of
elliptic associators is a torsor.? It is a split extension

1 - Ren = GRTep — GRT — 1,

where GRT is the affine Q-group, defined by Drinfeld [18], and where the projection
to GRT is induced by the map (27.3). One expects there to be a homomorphism
71 (MEM;) — GRTey with an appropriate choice of fiber functors that induces a map
to the extension above from the extension

1 — 7" (MEM;) — 711(MEM;) — 7 (MTM) — 1.

Assuming that it exists, this homomorphism will be surjective if and only if Enriquez’s
conjecture [19, Conjecture 9.1] holds and the standard homomorphism 7; (MTM) — GRT
is surjective. It will be injective if and only if MEM — Derp is injective.” The existence
of this homomorphism will imply that the relations in u?"EM will also hold in the Lie
algebra grty; of GRTy.

2These derivations were first studied by Tsunogai [59] and later used in this context by Calaque
et al. [13].

3There is an inconsistency between the results of Brown and Terasoma. Our computations are consistent
with Brown’s. Nonetheless, we believe that Terasoma’s results are basically correct.

4Implicit in [19] is that this group depends on the choice of a free Lie algebra of rank 2 over Q together
with an ordered pair of generators. Two natural choices are the Betti and de Rham realizations of the Lie
algebra of nim(E%, Vo) with a pair of generators which descends to a symplectic basis of its abelianization.
Such a choice will correspond to the choice of a fiber functor.

5Brown’s result [10] implies that 7; (MTM) — GRT is injective.
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This paper is in four parts. In the first part we define universal mixed elliptic motives.
Before doing this, we give a detailed description of the local system H over M; | and
its fiber H over t in all of its manifestations. We also consider the basic structure of
1 (MEM,) that one gets from formal considerations.

The second part is devoted to proving that the elliptic polylogarithmic extensions
(1.1) lie in MEM, and that they exhaust all extensions of Q by a simple object S™H(r)
of MEM; when m > 0. For this we use the Hodge theory of the relative completion of
SLy(Z), which is described in detail in [28]. Results from [29] allow us to relate extensions
of admissible variations of mixed Hodge structure over M{", to the Deligne-Beilinson
cohomology groups Hp( ‘I’n*, S™H(r)). We also use Weighte(i and crystalline completion
to study the £-adic aspects. This part concludes with a discussion of the relationship
between the groups ExtﬁAEM*(Q, S™H(r)) and certain of the conjectures of Beilinson and
Bloch—Kato on regulators associated to modular curves.

In Part 3 we consider the problem of finding a presentation of the Lie algebra u&"EM. We
first show that the e, and the 7,11 generate u'{AEM. We then recall Pollack’s relations
and use Brown’s period computations to show that they lift to relations in u*MEM.

In Part 4 we use the results of Part 3 to begin the study of the relationship
between universal mixed elliptic motives and mixed Tate motives. This is achieved
by specialization to the nodal cubic. As an application, we deduce the IThara—Takao
congruences from Pollack’s relations. We also work out the precise relationship between
the depth filtration on 71 (MTM) and the pullback of the ‘elliptic weight filtration” W, of
Deryp.

1.1. History

This paper evolved slowly over the past 8 years and owes much to its antecedents.
These include the paper [7] of Beilinson and Levin on the elliptic polylogarithm, the
work of Deligne [15] on the fundamental group of P! —{0, 1, o0}, and the paper of
Deligne and Goncharov [17] on mixed Tate motives. The works of Calaque et al. [13]
and Levin—Racinet [43] on the elliptic KZB connection proved to be useful, both in
understanding the Q-de Rham picture and in establishing formulas that play a key role
in Part 4. Finally, Nakamura’s computation [45] of the action of the absolute Galois
group Gg on the fundamental group of ET/ was also a useful reference point and helped
us understand the £-adic picture.

This work originated in informal computations done in the Spring of 2007 in which we
found (under optimistic assumptions) the basic form (described in § 21) of a presentation
of the f-adic crystalline completion of m (MI’I/Z[@—I],B. Standard conjectures on the
ranks of Selmer groups and an optimistic assumption on the size of the image of cup
products in Galois cohomology — which now appears likely to be true — led us to predict
that each cusp form of SL,(Z) should determine a sequence of relations in the unipotent
radical of the crystalline completion, and thus between the derivations €, discussed
above. The first author gave the problem of finding some of these relations to Aaron
Pollack, who was then an undergraduate. He found all the quadratic relations between
the €, and also relations of each degree >3 that held modulo depth >3. This suggested
that our optimistic assumptions were indeed true. However, the proof that Pollack’s
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relations lifted to u'l‘/'EM had to wait until the period computations of Brown [11]. There
is no £-adic proof of this. It would be very interesting to have one.

2. Notation and conventions

All moduli spaces in this paper will be regarded as stacks and their underlying analytic
spaces will be regarded as orbifolds (i.e., stacks in the category of complex analytic
varieties). The dual Homp(V, F) of a vector space V over a field F will be denoted
by VV.

2.1. Path multiplication

We use the topologists’ convention. The product af of two paths [0,1] > X in a
topological space is defined when «(1) = B(0). The product af traverses « first, then
B. This is the opposite of the algebraists’ convention, where paths are multiplied in the
‘functional order’.

2.2. The topological fundamental group

Suppose that X is an algebraic variety over a subring R of C. Denote the corresponding
analytic variety by X®". For x € X(C), we denote the topological fundamental group of
X by 7P (X, x).

If X is a Deligne-Mumford stack (hereafter, DM stack) over R, the associated analytic
space X is an orbifold (i.e., a stack in the category of topological spaces). For each
suitable base point x of X*" we denote the orbifold fundamental group of X*" by
niOP(X , x). Fundamental groups of stacks are defined in [47], for example. Typically in
this paper, X will be the stack/orbifold quotient of a smooth variety by a finite group.
In this case the orbifold fundamental group is easy to describe directly. See, [26, § 3], for
example.

Denote the orbifold quotient of a topological space X by a discrete group I' by T\ X.
If X is simply connected, then for each choice of a base point x, € X, there is a natural
isomorphism

7 P(C\X, x,) = T

In addition, we can regard the projection p : X — I'\X as a base point. In this case I'
is naturally isomorphic to nioP (I'\X, p). For example

7P (SLy(Z)\h, p) = SLa(Z).

2.3. The étale fundamental group

Denote the étale fundamental group of a scheme X over a ring R by (X, x), where
X is a geometric point of X. The étale fundamental group of a DM stack X can also
be defined — see [47]. We will also denote it by 71(X,X). Suppose that R is a field k
with algebraic closure k. The fundamental group of Spec k with respect to the geometric
point Speck — Speck is simply Gal(k/k). We denote it by Gi. The structure morphism
X — Speck induces a homomorphism 71 (X, x) — Gg. One has the canonical short exact
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sequence
1 - (X xk,x) > m1(X,x) > G — 1. (2.1)

2.4. Topological versus étale fundamental groups

When X is a DM stack over C and x € X(C), there is a natural isomorphism®

(X, x) = 7, (X, 0"
between the étale fundamental group of X and the profinite completion of the topological
fundamental group of the associated analytic variety. When £ is a subfield of C, the exact
sequence (2.1) becomes

1= 7, %X, 0)" = 71(X,x) = G — 1.

2.5. Tannakian fundamental groups

Suppose that F is a field of characteristic zero. We will denote the tannakian fundamental
group of an F-linear neutral tannakian category C with respect to a fiber functor w : C —
Vecr by 71 (C, w). It is an affine group scheme that is an inverse limit of affine algebraic
groups. When the context is clear, we will omit w from the notation.

We will denote the category of linear representations of a group G over a field F
by Repr(G) and the subcategory of finite dimensional representations by Repfée(G).
If G is an affine F-group (scheme), we will write Rep(G) instead of Repr(G). If F has
characteristic zero, then Rep(G) is equivalent to the category of ind-objects of Repﬁe(G).

Subsequently, the term ‘algebraic group’ will mean ‘affine algebraic group’. In
particular, we will not refer to elliptic curves as algebraic groups.

2.6. Cohomology of affine group schemes

The cohomology of an affine group scheme G over a field F of characteristic zero with
coefficients in a G-module V is defined by

H*(G, V) := Exthop g (F. V),

where Rep(G) denotes the category of G-modules. The fact that every G-module is a
direct limit of its finite dimensional submodules implies that if V is finite dimensional
over F, then

H (Gv V) - EXtRepfte(G)(Fv V)v

where Repﬂe(G) denotes the category of finite dimensional G-modules. If G is an

extension of a reductive group R by a prounipotent group U, and if U has Lie algebra u,
then there are natural isomorphisms

H*(G,V)Z H*(U, V)R = H*(u, V)X,

For background and more details, see [37, Chapters 3, 4] and [29].

6Strictly speaking, our path multiplication convention implies that this is an anti-isomorphism. If one
prefers, one can replace the étale fundamental group by its opposite group.
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2.7. Free Lie algebras

The free Lie algebra generated by a vector space V will be denoted by IL(V). The free
Lie algebra generated by a set X will be denoted by L(X). It is isomorphic to the free
Lie algebra generated by the vector space with basis X.

Part 1. Introduction to universal mixed elliptic motives

3. Mixed Tate motives

Deligne and Goncharov [17], using work of Voevodsky [60] and Levine [41, 42], constructed
a Q-tannakian category of mized Tate motives MTM(Ok s) over a number field K,
unramified outside a subset S of primes of Og. This category has simple objects Q(n)
and has the property that

Q j=n=0,
EXtK/ITM((’)K,g)(Q’ Q) = KZn—l(OK,S) ®Q j=1n>0,
0 otherwise.

In this paper, we need only the case where Og s =Z, so for simplicity we restrict
discussion to that case. Denote MTM(Z) by MTM. Each object V of MTM has a weight
filtration, which we denote by M,. There are realization functors on MTM that take the
object V to its Betti realization (VE, M,), its de Rham realization (VPR M,, F*), and for
each prime number ¢, its ¢-adic realization (V;, M,), which is a filtered Gg = Gal(Q/Q)
module, unramified outside £ and crystalline at £. There are comparison isomorphisms

(VPR M) @0 C=VE M) ®0C and (VB M) ®g Qe = (Vi, M,).

The Betti and de Rham realizations combine to give the Hodge realization of V, which is
a mixed Hodge structure whose weight graded quotients are of Tate type. One important
property of MTM is that the functor that takes MTM to the category MHS of Q-MHS is
fully faithful.

Every simple object of MTM is isomorphic to Q(n) for some n € Z. For later use, we
recall same basic facts. The weight filtration of V = Q(n) is

0=M_, 1 \VCM_,,V=V
and that the realizations of Q(n) are
vi=Q VP*=Q Ww=0Q.

The Galois action on V, is given by the nth power of the £-adic cyclotomic character
xe : Gk — Z¢*. The Hodge filtration of VPR is

VDR — F—n VDR D F—n+1vDR — 0
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The comparison isomorphism VPR®C — VB @ C is multiplication by (27i)™". The
Hodge realization is the one- dimensional Hodge structure of type (—n, —n).

The category MTM® of semi-simple mixed Tate motives (i.e., those that are direct sum
of copies of Q(m)’s) is neutral tannakian and has fundamental group isomorphic to Gy;
the mixed Tate motive Q(m) corresponds to the mth power of the standard character of
Gp. The functor Gr¥ : MTM — MTM® is a retraction of MTM onto MTM®.

Let

B : MTM — Vecg, «PR:MTM — Vecg, w,: MTM — Vecg,

be the fiber functors that take V to VB, VPR and V;, respectively. For each of these,
the inclusion MTM* — MTM induces a homomorphism 7;(MTM, w) — G,,. Denote its
kernel by IC (or IC,, when we want to identify the fiber functor). It is prounipotent. Since
for every mixed Tate motive V, there is a natural isomorphism

VPR = 5 F"vPR 0 My, VR

n

of Q-vector spaces, the functor GrY induces a splitting of the homomorphism
71 (MTM, ®PR) — 7;(MTM®*, ®PR) = G,,. The Lie algebra £ of K is thus a G,,-module. Tt
is (non-canonically) isomorphic to the completion of the free Lie algebra

L(o3,05,07,009,...),

where G, acts on 62,41 via the (2n 4 1)st power of the standard character.

4. Moduli spaces of elliptic curves

Suppose that r and n are non-negative integers satisfying r +n > 0. Denote the moduli
stack over SpecZ of smooth projective curves of genus 1 with n marked points and r
non-zero tangent vectors by M , 7. Here the n marked points and the anchor points of
the r tangent vectors are distinct. Taking each tangent vector to its anchor point defines
a morphism M 47 — Mi 4, that is a principal GJ,-bundle. The Deligne-Mumford
compactification [39] of M, will be denoted by M ,. It is also defined over SpecZ.
In this paper, we are primarily concerned with the cases (n,r) = (1, 0), (0, 1) and (2, 0).
Then M is the moduli stack of elliptic curves (£, 0), and M 3 is the moduli stack of
elliptic curves (E, 0) with an additional point x # 0.

4.1. The moduli stacks M; ;, M, ; and M,

For a Z-algebra A, we denote by M ,17/4 the stack M 47 Xspecz Spec A. Similarly, the
pullback of M, to Spec A will be denoted by M ;4. The universal elliptic curve over
M1 will be denoted by £. Note that M is £ with its identity section removed. The
extension & — M| of the universal elliptic curve to M ; is obtained by glueing in the
Tate curve Eye — Spec Z[[q]] (cf. [54, Chapter V]). It is simply M 5.

The unique cusp of M ; is the moduli point of the nodal cubic. Denote it by e,. The
standard line bundle £ over /\_/11,1 is the conormal bundle of the zero section of & — Mm.
Sections of L£L&" over mm are modular forms of weight n, and those that vanish at the
cusp e, are cusp forms of weight n.
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The restriction of the relative tangent bundle of € to its identity section is the dual
£ of £. The moduli space Ml,T is /3’, the restriction of £ to M, with its zero section
removed. This is isomorphic to the complement £’ of the zero section of L.

We will also identify /\_/11,1 with the identity section of £. With this convention, e,
also denotes the identity of the nodal cubic in € and also the corresponding point of the
partial compactification £ of M-

An explicit description of £’ over M1 can be deduced from the discussion [38,
Chapter 2] and the formulas in [53, Appendix A]; namely M; | is the quotient stack
Gm\L'. When 2 and 3 are invertible in A, £/, is the scheme

' = A% — {0} = Spec Afu, v] — {0}.

The point (u,v) corresponds to the plane cubic y? =4x3 —ux —v and the abelian
differential dx/y. The G-action is A : (u, v) — (A~*u, 27%v). In this case, M1 and
M1 are the quotient stacks

Miaja=Gu\Ly and My 1/a =G, \ (A% — D1 (0)),

where D = u® —27v? is (up to a factor of 4) the discriminant of the cubic.

Since some 2-pointed genus 1 curves have a non-trivial automorphism, M > is a stack,
but not a scheme. When 2 and 3 are invertible in A, the stack M 3/4 is the quotient of
the scheme

{(u,v,x,y) € Ay x A% 1 y? =43 —ux —v, (u,v) #0)
by the G,,-action
Al (u,v,x,y) — ()»74u, )»761), )fzx, )F3y).
The point (4, v, x, y) corresponds to the point (x, y) on the cubic y* = 4x3 —ux — v and
the abelian differential dx/y. The action of A multiplies dx/y by A.

4.2. Tangent vectors

We use Deligne’s tangential base points [15, §15]. The Tate curve Erye — Spec Z[[g]]
corresponds to a morphism Spec Z[[g]] — M,1. The parameter g is a formal parameter
of Mj,1 at the cusp e,. The tangent vector

3/dq = Spec Q((¢"" : n = 1))

of M1 at the moduli point of the nodal cubic is integral and its reduction mod p is
non-zero for all prime numbers p. Denote it by t. Identify Ml,l with the identity section
of the completion /\_/11,2 of the universal elliptic curve over ﬂl,l. With this identification,
e, is the identity of the nodal cubic.

The fiber Eg of the Tate curve over ¢ = 0 is an integral model of the nodal cubic. Its
normalization is ]P’IZ. Let Ey be Eg with its double point removed. It is isomorphic to
Gmyz- Let w be a parameter on E¢ whose pullback to the normalization of Eq takes the
values 0 and oo on the inverse image of the double point, and the value 1 at the identity.
It is unique up to w — w~'. It determines the tangent vector W, := 8/dw of Eq at the
identity e, of Eg. It is integrally defined and non-zero at all primes.

We thus have the tangent vector V, := ¥+ W, of /\/l]j (and thus of M, and & as well)
at the identity e, of Eg, which is non-zero at all primes.
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4.3. Moduli spaces as complex orbifolds

To fix notation and conventions, we give a quick review of the construction of Mi’f’l, gm
and their Deligne-Mumford compactifications. All will be regarded as complex analytic
orbifolds. This material is classical and very well known. A detailed discussion of these
constructions and an explanation of the notation can be found in [26].

4.3.1. The orbifolds M{", and ./\/lll The moduli space M{"; is the orbifold
quotient /\/la“1 = SLy(Z)\h of the upper half plane h by the standard SL,(Z) action.
For 7 € b, set A; :=Z @ Zt. The point 7 € h corresponds to the elliptic curve

(E7,0) := (C/A-,0),

together with the symplectic basis a, b of H{(E;, Z) that corresponds to the generators
1, T of A; via the canonical isomorphism A; = H{(E;,Z). The element

= ()

of SL,(Z) takes the basis a, b of H|(E;, Z) to the basis

a b\ (b
(e 2) () ()
of H(Ey-, 7).

The orbifold ﬂalml underlying the Deligne-Mumford compactification M | of My | is
obtained by glueing in the quotient C;\ID of a disk I of radius e =27 by a trivial action
of the cyclic group C; := {£1}. These are glued together by the diagram

+1

>\\{T € b :Im(r) > 1} —— SL2(Z)\b,
where the left-hand map takes t to ¢ := exp(2wit) and where C5 is included in (iol jZ:) as
the scalar matrices.

4.3.2. The line bundle £*.  The restriction of £*" to M{"; is the orbifold quotient
of the trivial line bundle C x h — § by the SL,(Z) action

<i Z) 1 (z, 1) = ((ct +d)z, (at +b)/(cT +d)).

It is an orbifold line bundle over M{" . Its restriction (i.e., pullback) to the punctured

g-disk
1 Z
-6 D\

is naturally isomorphic to the trivial bundle C xD* — D*, and therefore extends
naturally to a (trivial) line bundle over . The line bundle £*" over M 1 is the unique
extension of the line bundle above to /\/lclml that restricts to this trivial bundle over the
q-disk.
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4.3.3. Eisenstein series. To fix notation and normalizations we recall some basic
facts from the analytic theory of elliptic curves.
Suppose that k > 1. The (normalized) Eisenstein series of weight 2k is defined by the

series o
1 2k—1)! 1 By n
Gy (t) = EW Z 2K = Ik +Z®k—1(”)q ,

AG)LZ;?OZT n=1

where ox(n) =Y din d*. When k > 1 it converges absolutely to a modular form of weight
2k. When properly summed, it also converges when k = 1. In this case the logarithmic
1-form
d§ .
? —2-2wi Ga(1)dt (4.2)
is SLy(Z)-invariant, where SLy(Z) acts on C* x h by v : (§, 1) = (§/(ct +d), y1).
The ring of modular forms of SL;(Z) is the polynomial ring C[G4, Gg].

4.4. The Weierstrass gp-function
For a lattice A C C, the Weierstrass gp-function is defined by
1 1 1
A = 5+ Y [—2 - _2}.
= = (z—A) A
220
For v € b, set p:(2) = ga,(2). One has the expansion

o]

or(2) = (2m')2< sz+z<r>(2mz>2’">.

1 2
(2Qmiz)? + Z (2m)!
m=1
The function C — P*(C) defined by z +— [2mi) 2p:(2), (27ti)_35<>; (2), 1] induces an
embedding of C/A, into P?(C). The image has affine equation
Y =407 — ga(0)x — g3(0),
where
2(1) =20G4(t) and g3(r) = Ge(1).
This has discriminant the normalized cusp form of weight 12:
A(r) = g2(r)* = 27g3(1)* = q [ J(1 — g
n>1

The following statement is easily verified. For a proof of the last statement, see [27,
Proposition 19.1].

Proposition 4.1. The abelian differential dx/y corresponds to dQmidz) and the
differential xdx/y of the second kind corresponds to (2mwi) 2p.(z)d(2miz). These
differentials form a symplectic basis of HI])R(ET) as

/ dx xdx )
— — —— =2mi.
E. Y y
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4.5. The analytic space ./\/lel‘nT
Recall that D(u, v) = u® —27v?. The map
C*xh—C*—D7'0), E 1) (E %), %;:(1)

induces a biholomorphism £ — M = C?—-D710). The point (£,7) of C*x}
corresponds to the point ’

(C/EA, 2midz) = (C/A;, 2mi d7)

of M*l‘ni, which also corresponds to the curve y = 4x3 — g»(t)x — g3(t) with the abelian
differential £dx/y.

4.5.1. The universal elliptic curve £*". Define I' to be the subgroup of GL3(Z)
that consists of the matrices

)/:

S o 8
S X8
- o o

where a,b,c,d,m,n € Z and ad — bc = 1. It is isomorphic to the semi-direct product of
SL,>(Z) and Z?* and acts on X := C x b on the left via the formula y : (z, 7) — (z/, '),

where
7/ abo T
Ill=@Cr+d ' |cao0]]1
7 mn 1 z

The universal elliptic curve 72" : £ — M{", is the orbifold quotient of the projection
C x b — b by I', which acts on h via the quofient map I' — SLy(Z). The fiber of 7" over
the orbit of 7 is E;.

It can also be regarded as the orbifold quotient SL»(Z)\&, of the universal framed
elliptic curve

& =7\ (Cxb),
where (m,n) : (z,7) — (z+mt +n, 1), by the natural action
yi@ e (ct+d) 'z, y1)

of SLy(Z).
The universal elliptic curve PR ./\/lelml is obtained by glueing in the Tate curve as

described in [26, § 5]. The restriction to the g-disk D of " minus the double point of Ej
is the quotient of C* x D by the Z-action

(q"w,q) q #0
(w, 0) qg=0.

n:(w,q)—

To relate this to the algebraic construction, note that M?nzﬁ is the analytic variety
'\ (C* x C x ), where y(&,z, 1) = ((ct +d)&, y(z, 1)). The function

(E,2,7) > (E (1), £ %3(0), [2mi) 2. (2), Qi) Pl (2), 1])
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from C* x C x h to C2 — D~1(0) x P? induces a biholomorphism

MN(C*xCxh) — MEIH,IZH'

It is invariant with respect to the-C* action A - (£, z, T) = (A&, z, 7) on I'\(C* x C x h) and
the C*-action on M, , 7 that multiplies the abelian differential by A.

4.5.2. Orbifold fundamental groups. Since leml is the orbifold quotient of h by
SL,(Z), there is a natural isomorphism

P (M1, p) = Aut(h — SLa(Z)\h) = SLo(Z),

where p denotes the projection h — Mi". The inclusion of the imaginary axis in b
induces a canonical isomorphism

P (M1, D Z 7M1, p) = SLa(2). (4.3)
The orbifold fundamental group of M is a central extension of SLy(Z) by Z. There

1,1
are natural isomorphisms

m (M, 7.V0) = B3y = SLy(2),

where B3 denotes the braid group on three strings and SL, (Z) denotes the inverse image
of SL,(Z) in the universal covering group ﬁ,z(R) of SL(R). Again, this is well known;
details can be found in [26, §8].

Similarly, there are natural isomorphisms

1 P(E V) Z P (E, p') = Aut(C x h — %) =T = SLy(Z) x Z2,

where p’: C x h — £ is the projection.

5. The local system H

Roughly speaking, the local system H over M ; is the ‘motivic local system’ R'7,Q
associated to the universal elliptic curve m :& — M;j 1. While we could work in
Voevodsky’s category of motivic sheaves [60], we will instead define H to be a set of
compatible realizations: Betti, Q-de Rham, Hodge, and ¢-adic étale. These are described
below in detail.

In subsequent sections, we will abuse notation and denote the pullback of H to M ,,47
by H for all r,n > 0 with r +n > 0.

5.1. Betti realization
The Betti realization of H is the orbifold local system
HE := R'z3Q

over Mi", associated to the universal elliptic curve 7*" : &% — M3",. Since Poincaré

duality induces an isomorphism H'!(E) = H{(E) for all elliptic curves E, HF is also
isomorphic to the local system whose fiber over [E] € M 1 is Hi(E, Q).
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Since h is contractible, there is a natural isomorphism
H\(&y,Z) = Hi(E;,Z) = Za®Zb

for each 7 € h. The sections a and b thus trivialize the pullback of H2 to h. The induced
action of SLy(Z) on Hi(Ey, Z) is given by left multiplication:

() ()

It corresponds to a right action of SL;(Z) on Qa&® Qb.

Denote the dual basis of Hl(&), 7) by a, b. The action of SL, (Z) on this frame is given
by y: (B —a)+ (b —a)y. The basis a,b corresponds to the basis —b,a of H{(E;)
under Poincaré duality. The corresponding action of SL,(Z) on this frame is:

y:(a —=b)—> (a —b)y. (5.1)

This defines a left action of SLy(Z) on HZ x h, where H? = Qa @ Qb should be thought
of as the fiber of H? over p, and also over t.

5.2. The flat vector bundle H*" and its canonical extension
Denote the flat connection on the holomorphic vector bundle
an __ B an
HE =H ®OM1.I

by Vo. The pullback Hy" of H*" to b is the vector bundle O pgm a@ O g b. The sections
a and b are flat. ' .
Define a holomorphic section w of 7-[%“ by

w(t) = 27i w; € H'(E,, C),

where w, denotes the class of the holomorphic 1-form dz in H'(E-).
This bundle has a Hodge filtration

H™ = FOH™ 5 F'H™ 5 FPH™ =0.

The section w trivializes F!Ha".
The sections a and w descend to give a framing

H%‘L = Op+a ® Op+w
of the pullback of H*" to the punctured g-disk. Since logg = 2nir,
d
Vow = Vo(—27ib +logga) = a™Z,
q

Since Vpa = 0, the connection on Hy is given by
d dq

Vo=d —— 5.2
0 +aawq (5.2)
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To define an extension 7 of H* to a vector bundle over M??], it suffices to extend
Hp+ to a vector bundle over D. We do this by defining

ﬁ%‘ = Opa & Opw.

The formula (5.2) implies that the connection Vy extends to a meromorphic connection
on H'" with a regular singular point at the cusp e,. The residue of the connection at the
cusp is the nilpotent operator ad/dw. This implies:

Pr@osition 5.1. The flat vector bundle (ﬂan, Vo) is Deligne’s canonical extension ofﬂa“
to MTHI The holomorphic subbundle F'H™ extends to the holomorphic subbundle FiE"
that is spanned (locally) by w.

5.3. Algebraic de Rham realization

A vector bundle on M 1,9 with a connection is a vector bundle on A?Q — {0} with a

G-action, endowed with a G,-invariant connection that is trivial on each G,,-orbit.
Define

—DR

H =0 A%Q SeO A%Q T.

Extend the action A : (u, v) = (A~*u, A7%v) of G,, on A? to this bundle by defining
A-S=2"18 and A-T =AT.

Define a connection Vg on ﬁDR by
o =d+(—id—D®T+§3®S)i+(—
12 D 2D aT
where o = 2udv — 3vdu and D = u3 —27v°.

The connection is Gy-invariant, trivial on each orbit, defined over Q, has regular
singularities along the discriminant divisor D = u® —27v% = 0 and is holomorphic on its
complement. It therefore descends to a rational connection over M i,q, with a regular
singular point at the cusp e,.

Define a Hodge filtration

"R = FORPR 5 IR 5 PR = 0
on ﬁDR by setting F lﬁDR = 042 T. This is a G,-invariant subbundle, and thus defined
over My 1/Q. ¢

The following statement follows from [27, Propositions 19.6, 19.7], and Proposition 4.1.7

ua®T+ 1 dD®S>8
8D 12 D

’

N

Proposition 5.2. There is a natural isomorphism

=—an ~ ,~7DR o
(H 9 VO) = (H ’ VO) ®Oﬁl,l/@ OMI,I

that respects the Hodge filtration. When pulled back to Ml,f/@ = A% — {0}, the section T
corresponds to dx/y and the section S to xdx/y. After pulling back to the q-disk along
the slice g — (g2(q), g3(q)) € A%, we have T =w and S = a—2G2(q)W.

"The normalizations in [27] differ from those here. They are related by T =27iT, S = §/27i, and A =
2mia.
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5.4. Hodge realization

The Hodge realization of H is the polarized variation of Q-Hodge structure (PVHS) of
weight 1 over M¥", whose underlying local system is the Betti incarnation H? of H and
Whose associated flat vector bundle, with its Hodge filtration, is the flat vector bundle

(ﬁ , Vo, F )@ O Man It is naturally polarized by the cup product. Since it is of weight
1, its weight ﬁltratlon is
0=WyH C WiH = H.

We compute the limit mixed Hodge structure on the fiber H := H; of H over t= a/9dq.

The fiber HPR of ﬂDR over the cusp e, has Q-basis S and T. Proposition 5.2 implies
that T = w and that, when ¢ = 0,

S=a—-G0O)w/2 =a+w/12.

Consequently,
= Qa® Qw.

The residue of the connection at e, is the nilpotent operator
d
N :=a— € End HPR.
ow
The associated monodromy weight filtration of HPR (centered at the weight, 1, of H) is
0=M_;H°R ¢ MyHPR = M;HPR c MyHPR = PR,

It remains to determine the Betti structure H? on H associated to the tangent vector
t = 9/9q. This is computed according to Schmid’s prescription [50]. The complex vector
space underlying H is HPR @ C. Its integral lattice is

HE .= HO(h, H?) = Za @ Zb.
The comparison isomorphism HZ — HPR ® C associated to t takes v e HB to
qlig%)q’vv = qlii%(id +logg ad/ow)v.
Since b = ((logg)a —w)/(27i), the comparison isomorphism takes a € H® to a € HPR

and b e HE to
lin%)(id—}-logq ad/ow)b = —@ri)" 'w.
q%

Since w spans F'HPR it follows that the limit MHS is isomorphic to Z(0) & Z(—1). The

copy of Z(0) is spanned by a and the copy of Z(—1) is bpanned by b=—Qri) 'w
The image of the positive generator of m; p(ID)*) in 7, p(/\/ll 1,t) = SL»(Z) is

(11
00.—01.

Formula (5.1) implies that in End H
a a
logo, =a— = —2mia—.

b ow
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Remark 5.3. For the uninitiated, it may seem strange that the pure Hodge structure
on H'(E;) becomes a mixed Hodge structure in the limit. One way to come to terms
with this is to think of the limit MHS H = H; as being the mixed Hodge structure on
H' (Ep), where E; denotes a smoothing of the nodal cubic E¢ in the direction of 1.8 There
is a continuous retraction E; — Eo whose composition with the inclusion Ej < Ej is the
inclusion Ej <> Eo, where Ej denotes the non-singular locus of Eg, which is isomorphic
to C*. This sequence induces an exact sequence of MHS

0— H'(E)) — H'(Ep) —» H'(E}) — 0,

which exhibits H'(E;) as an extension of H!(C*) = Z(—1) by H'(Eo) = Z(0). This MHS
is not always split — if one replaces t by )i then the MHS on H'(E ,7) 1s the extension of
Z(—1) by Z(0) corresponding to » € C* = Ext!(Z(—1), Z(0)). To prove this, one replaces
g by g/X in the above computations of the limit.

5.5. Etale realization

The ¢-adic realization of H is the lisse sheaf
Hy := R'7.Qy

over the stack M 1,q. Its fiber over the moduli point of an elliptic curve (£, 0) over a
number field K in Q is 71(E, 0) @ Q¢(—1), endowed with the natural action of Gg :=
Gal(@/K). As in the Hodge case, its fiber Hy = Hélt(Ef/@’ Q) over t= Spec@((ql/" n >
1)) is a split extension of Q¢(—1) by Q¢(0). Details can be found in Nakamura [45].

The local system Hy is determined by its monodromy representation

PH.C - m(Mu/@,Y) — Aut Hy.
Its restriction
71 (M g0 D) = Aut Hp = Aut(Qe(0) @ Qe(—1))

to the geometric fundamental group is Gg-equivariant and corresponds to the action of
nlt()p(/\/ll,l, t) on H2 ® Q; under the comparison isomorphisms

H =2 HP@Q, and m(M; g5 0% = (M1, D",

where ()" denotes profinite completion and op denotes opposite group. (Cf. §2.4.)

5.6. Summary

The key point of the previous discussion is that the fibers over t of the local system HB,

Hy, ﬂDR are naturally isomorphic to the realizations of the object H = Q(0) ® Q(—1) of
MTM. In this sense, the fibers over t can be lifted canonically to an object H of MTM.

=DR . . .
The local systems HZ, H  and Hy are determined by the mixed Tate motive H and the
action of SL,(Z) on its Betti realization. More precisely:

8The notion of the fiber Ej of £ over a non-zero tangent vector vV of the origin of the g-disk can be made
precise. See, for example, [27, Appendix C].
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(i) There is an object H = Q(0) ® Q(—1) of MTM, endowed with two weight filtrations:
M,, its weight filtration in MTM, and the second weight filtration

0=WoH C WiH=H.

Its Betti realization H? = Qa @ Qb is the fiber of H? over ?; its de Rham realization

is the fiber HPR = Qa® Qw of ﬂDR over the cusp. The comparison isomorphism
takes a to a and b to —(27i) " 'w.

(ii) There is an action of n;()p (M1,1,T) = SLy(Z) on HB, where y € SLy(Z) acts via the
formula (5.1). This determines the Q-local system H? over M3",.

. . . DR —_—
(iii) There is a filtered bundle with connection (H , F*, Vo) over M 19 whose
complexification is isomorphic to the canonical extension of H = H8 @ O M to

M?nl and where F* is the usual Hodge filtration. Together these give HZ the
structure of a polarized variation of Hodge structure over Mi",.

(iv) The fiber of H® over the cusp e, of Mj g is naturally isomorphic to HPR.
The filtration M, is the monodromy weight filtration of the residue N = ad/ow €
End HPR of V at e,. The limit MHS on the fiber of the polarized variation H? over
tis the Hodge realization of H.

(v) For each prime number £, the action 71 (M, , ool ?) — Aut Hy induced by the action

of SLy(Z) on H? via the comparison isomorphism is Gq-equivariant.

This is the basic universal elliptic motive. Other universal elliptic motives will include
S"H(r) := (S"H) @ Q(r).

6. Universal mixed elliptic motives

Suppose that % € {1, 1, 2}. Denote the natural tangential base point of M /@ constructed

in Paragraph 4.2 by V,. It induces a section Vo : Gg — 11 (M40, V,) of the natural

homomorphism w1 (M 4@, V,) — G and therefore an action of Gg on ”1(M1,*/@s Vo).
Let H be the structure described in the summary in § 5.6, pulled back to M ..

Definition 6.1 (Mixed elliptic motives). A wuniversal mized elliptic motive V over Z of
type * consists of:

(i) an object V of MTM (which is called the fiber of V over V,) whose weight filtration
is denoted by M,;

(ii) an increasing filtration W, of V in MTM that satisfies

V=UWmV and ﬂwmvzo;
m m
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(iii) a bifiltered vector bundle (V, W,, F*) over ./Vl,* /@ Whose fiber over ¢, is the Q-de
Rham realization of (V, W,);

(iv) an integrable flat connection
) 1
VV->VY® QMI‘*/Q(log A)

defined over Q with nilpotent residue along each component of the boundary divisor
A which preserves W, and satisfies Griffiths transversality:

. P p—1 1 .
V:FPV > F V®QM1,*/Q(10gA),
(v) a homomorphism py : JTIOP(MZI‘“*, V,) = Aut(VE, W,).
Denote by (VB, W,) the filtered Q-local system over M whose fiber over V, is (VB, W,)
and whose monodromy representation is py;

(vi) an isomorphism (V, W, V) ® Oﬂalm with the canonical extension of the filtered

flat bundle (VB , W) R0 M, to /\_/lim* that induces the comparison isomorphism of
(VPR W,) ® C with (VB, W,) ® C on the fiber over V,.

These are required to satisfy:

(a) for each prime number ¢, the homomorphism
ov.e: m(./\/ll’*/@, V,) = AutV,

induced by py via the comparison isomorphism V; = V8 ® Qy is G@-equivariant;

(b) each weight graded quotient Gr,v,y V of V is isomorphic to a direct sum of copies
(with multiplicities) of S™+2 H(r).

Remark 6.2. The last condition implies that M, is the relative weight filtration associated
to the nilpotent endomorphism logo, (the positive generator of the fundamental group
of the punctured g-disk) of the filtered vector space (VZ, W,). The isomorphism of the
canonical extension of V8 ® O Man, with the complexification of (V, W,, F*®) defines an
admissible variation of MHS over /\/lzl‘“* whose limit MHS over V, is naturally isomorphic
to the Hodge realization of (V, M,, W,).

In addition, since V is an object of MTM, the associated Galois representation Gg —
Aut(V ® Qy) is unramified at all primes p # £ and is crystalline at £.

Remark 6.3. Lemma 4.3 of [29] implies that the filtration W, of a universal mixed elliptic
motive V is uniquely determined by the filtration M, and the n}OP (M 4, V,) action on VE.

Definition 6.4. A morphism ¢ : V — U of universal mixed elliptic motives consists of a
morphism ¢M™ : vV — U in MTM and a morphism ¢PR : (V, F*, V) — (U, F*, V) of their
de Rham realizations. These are required to be compatible with all additional structures
in the sense that
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(i) the morphisms VPR — UPR induced by HM™ and ¢PR are equal;
(ii) for all prime numbers ¢, the diagram

pPU

1P (M 4, V) AutUB

T

Aut VB

PUE

1 (M40, Vo) Aut Uy

/
. mAu /

Vo

tVe

71 (MTM, w¢)(Qp)

Go
\ /
71 (MTM, w¢)(Qe)

commutes, where the homomorphisms Aut VZ — AutV, and AutU? — Aut U, are
induced by the comparison maps;

(iii) the induced map VB — U? of local systems induces a morphism of variations of
MHS over Mi",.

Denote the category of mixed elliptic motives of type * € {1, T, 2} by MEM,,. There is a
functor \7: : MEM,. — MTM that takes a mixed elliptic motive V to its fiber (V, M,) over
the base point V,,.

Example 6.5 (Geometrically constant mixed elliptic motives). Suppose that * € {I, 1, 2}.
Objects V of MEM, for which the representation py is trivial will be called geometrically
constant. These have the property that the two weight filtrations W, and M, coincide
on their fiber over V, and are characterized by this property when * # 1. (Ct.
Proposition 10.6.) One can think of the geometrically constant objects of MEM, as
pullbacks of objects of MTM along the structure morphism M, , — Spec Z.

Example 6.6 (Simple universal mixed elliptic motives). These are the Tate twists S™H(r)
of symmetric powers of H. That they are universal elliptic motives follows from the
discussion in the previous section that was summarized in §5.6. The mixed Tate motive
underlying S™H(r) is

S"H(r)=Qr)eQr-D&---®Q(r —m).

Definition 6.7. An object V of MEM, is W-pure of weight r if Gr;v V =0 when j #r. It
is M -pure of weight m if Grj}’[ V =0 when j # m.

The simple object S"H(r) of MEM, is W-pure of weight m — 2r. It is M-pure if and only
if m = 0. Not all objects of MEM, are W-pure or geometrically constant. The simplest
non-trivial examples are extensions of Q by S¥"H(2n + 1) over M for each n > 1. These
are the elliptic polylogarithms of Beilinson and Levin [7].
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Example 6.8. An important and non-trivial example of a pro-object of MEM,, is provided
by the local system over M; 2 whose fiber over [E, x] is the Lie algebra p(E’, x) of the
unipotent completion9 of w1 (E’, x). Its restriction to Ml,i is the local system whose fiber
over [E, V] is the Lie algebra of the unipotent completion of 71 (E’, V).

Choose a parameter w on the fiber Eg over ¢ = 0 of the Tate curve that takes the value
1 at the identity and defines an isomorphism of the smooth points Eg of Eg with G,,. It
is unique up to the involution w — 1/w of Eg. The tangent vector

W, : Spec Z((w)) — Eg

is integrally defined and is non-zero mod p for all prime numbers p. It will be used as
a base point for both E{ and also for E; via the inclusion Eg — Ej. Note that E| is
isomorphic to Pl — {0, 1, oo}

Theorem 6.9 [30]. The Lie algebra p(Ef’, W,) is a pro-object of MTM. The inclusion Eq —
E; induces a morphism

P {0, 1, 00}, Wo) == p(Eg, Wo) — p(Ef, Wo).
Corollary 6.10. There is an object p of MEM, whose fiber over V, is p(E%, Wo).

6.1. Variants: higher levels and more decorations

When r+n > 0, one can make a similar definition of mixed elliptic motives over the
moduli stack M ,47/0,[N] of decorated genus 1 curves with a level N > 1 structure,
where Oy = Z[my, 1/N]. One first has to choose an integrally defined tangent vector
V, at a cusp with everywhere good reduction. (That is, a tangent vector defined over
Oy that is non-zero mod g for all prime ideals  of Oy.) When N > 1 or r+n > 2,
there are several possible choices of tangent vector V. All give equivalent categories of
mixed elliptic motives. This will be proved in [30]. The coordinate ring of the tannakian
fundamental group of level N universal mixed elliptic motives should be an ind-object of
MTM(Oy) and there might be an interesting connection to Deligne’s work [16].

6.2. A ‘theorem of the fixed part’

We conclude this section by proving a mild generalization of the Theorem of the Fixed
Part. For this, we need the following result, which follows from GAGA.

Lemma 6.11. Suppose that k is a subfield of C and that X is a smooth variety defined
over k with an action by a k-algebraic group G. If V is a G- invariant vector bundle
over X with a rational, G-invariant connection V:V — V® Q; ®oy k(X), then for all

9Unipotent completion is briefly reviewed in § 10.3.
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P € X (k) the square
HO(X, (V, V)¢ ——— Vp

| |

H()(Xan’ (Van’ V))G — = Vp Q% C
is cartesian. Here Vp denotes the fiber of V over P. O
We also need the stack version. When the connection is trivial on G-orbits, there is an
isomorphism
HX, V, V)¢ = HYG\ X, (V, V).
This implies that the square

HOY(G\X, (V,V)) ———= Vp

| |

HO(G\X™, V™, V)6 ——= Vp @, C

is also cartesian.
The next result is a version of the Theorem of the Fixed Part for universal mixed
elliptic motives.

Proposition 6.12. For all objects V of MEM, there is an object H*(M 4, V) of MTM
whose Hodge realization is the canonical mired Hodge structure on the invariants
HO(M%?*,VB) of VB. It is a subobject of the fiber V of V over V,.

Proof. The Theorem of the Fixed Part implies that H O(ML*, V8) has a natural MHS
and that this is a sub-MHS of the Hodge realization of V with M, = W,. Since the Hodge
realization functor on MTM is fully faithful, H O(Ml,*, VB) is the Hodge realization of an
object of MTM. Denote it by H?(M 4, V). Compatibility with the Q-de Rham realization

follows from Lemma 6.11. O

Lemma 6.11 and Proposition 6.12 also imply that the geometrically constant object of
MEM.,, that restricts to HO(ML*, V) over V, is a sub-MEM of V.

Corollary 6.13. Every W-pure object of MEM, is semi-simple.

Proof. By standard arguments, it suffices to show that every extension
0> V->E—-QO0 —0

in MEM,,, where E is W-pure of weight 0, splits. The definition of universal mixed elliptic
motives implies that, since E is W-pure, as an SLy(Z)-module, E? is isomorphic to a
direct sum of copies of symmetric powers of HB. It follows that

HO(Mi,4, EP) > HO(M),4, Q)
is a surjective morphism of objects of MTM of W-weight 0. Since these are trivial
SL,(Z)-modules, the two weight filtrations M and W are equal, so they are both also

M-pure of weight 0. The morphism therefore splits. The choice of a splitting of £ — Q(0)
in MTM induces a splitting in MEM,,. O

https://doi.org/10.1017/51474748018000130 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000130

690 R. Hain and M. Matsumoto

7. Tannakian considerations

The category MEM,, * € {1, 1, 2}, is a rigid abelian tensor category over Q. The functor
that takes an object of MEM,, to its fiber (V, M,) over V, defines a functor \7:§ : MEM,, —
MTM. It is faithful, exact and preserves tensor products and unit objects. Consequently,
each fiber functor w : MTM — Vecr gives rise to a fiber functor w o\7§ : MEM,, — Vecp
that we shall also denote by w.

Proposition 7.1. The category MEM, is a neutral tannakian category over Q. [
The standard fiber functors for both MTM and MEM.,, are:

o? : MEM, — Vecq, o . MEM, — Vecg, and wy: MEM, — Vecg,.

Other useful fiber functors include Grl o?, Gr¥ PR and Gr¥ w,.

Tannaka duality implies that, when o = w? and w = »PR, the category MEM, is
equivalent to the category Rep(w;(MEM,, w)) of finite dimensional representations of
71 (MEM,, w).

The morphisms

Mg Mi Mio
Spec Z
induce functors
MEM; MEM, MEM,
MTM(Z)

In §7.2 we show that there is a ‘restriction functor’ MEM, — MEM; and that MEM; —
MEM; factors through it: MEM; — MEM; — MEM;.

7.1. Generalities

The functor c¢: MTM — MEM, that takes a mixed Tate motive (V,M,) to the
geometrically constant mixed elliptic motive with fiber (V, M,) over V, is fully faithful
and induces a surjective homomorphism

71 (MEM,,, ) — 71(MTM, w)

for each fiber functor @ : MTM — Vecp. It is split by the homomorphism V¥.

Set

nlgeom(MEM*, w) = ker{r; (MEM,, w) — 71 (MTM, w)}.
One thus has a split extension
1 — nlgeom(MEM*, w) — 71 (MEM,, 0) — 71 (MTM, w) — 1

which is split by V¥.

One also has the group 71(MEM,, V¥). It is an affine group scheme in MTM. More
precisely:

https://doi.org/10.1017/51474748018000130 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000130

Universal mixed elliptic motives 691

Proposition 7.2. The coordinate ring of w1 (MEM,, V¥) is a Hopf algebra in the category
of ind-objects of MTM. The Betti, de Rham and £-adic realizations of O(m1(MEM,, V¥))
are the coordinate rings of

7O (MEM,, o), 7" (MEM,, 0™®) and 7{*"(MEM,, wy),

respectively. O

A universal mixed elliptic motive V is semi-simple if it is a direct sum of simple universal
elliptic motives:

N
V=P smHr)).
j=1

The category MEM;® of semi-simple universal elliptic motives is the full tannakian
subcategory of MEM, generated by the S™H(r). For each of the standard fiber functors
w, we have
71 (MEMS, ») = GL(H,,)

where V,, denotes w(V) for all V € MEM,. The simple object H corresponds to
the defining representation of GL(H,), and the simple object Q(—1) is A’H, and
thus corresponds to the one-dimensional representation det : GL(H,) — G,,. Combining
these, we see that S™H(r) corresponds to the mth symmetric power of the defining
representation, twisted by det®~"). Note that if V is a W-pure object V of MEM, of
weight m, then the scalar matrix Aidy in GL(H,) acts on V,, as A" idy.

Proposition 7.3. For each of the standard fiber functors, the surjection
71 (MEM,, w) — GL(H,) (7.1)
is split and has prounipotent kernel.

Proof. Corollary 6.13 implies that the W-graded quotients Grn‘f V of an MEM V are
semi-simple. That is, we have a functor Gr) : MEM, — MEM. Tt is exact and thus
induces a homomorphism

GL(H,) — 71(MEM,, GrY ). (7.2)

Each choice of an F-rational point (F = Q, Q) of the ‘path torsor’ Isom®(w, Grlv )
gives an isomorphism 71 (MEM,, Gr¥¥ @) — 71(MEM,, »). Composing it with (7.2) gives
a splitting of (7.1).

The fact that the kernel is prounipotent is a consequence of the general fact that if C
is a neutral tannakian category whose category of semi-simple objects is C%, then the
kernel of the homomorphism 71 (C, ®) — 71(C%, w) induced by the inclusion C% — C has
prounipotent kernel. O

Remark 7.4. Later we will need to know that the functor Vi Grl Gr¥ v that takes a

mixed elliptic motive V to the associated bigraded of its fiber over V, is exact. This is
proved in Appendix B.
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7.2. The restriction functor MEM, — MEM;

Set N'= £~!. Recall that M, = £’. Since N is a covering space of £, there are
neighborhoods U of the zero section of A'* and V of the zero section of £2" such that V
gets mapped biholomorphically onto U by the projection N'— £ and such that U is a
deformation retract of A'. Denote the complement of the zero section in U and V by U’
and V’. Then the sequence of maps

2

~ )U/

an 1C an
Ml,f 4 1.2
. . t > t - . .
induces a homomorphism n]OP(M 17 Vo) = JTIOP(MLZ, V,). This induces a
G-equivariant homomorphism 7y (M, ; ol V,) — T (M, oL Vy).

Proposition 7.5. There is a natural restriction functor MEM; — MEM; that is the
identity on the fiber over the base point V, and takes the object V with monodromy
representation py : n{oP(Ml,z,Vo) — AutVE8 to an object of MEM; with monodromy
representation the composite

t - t >
Jt]()p(J\/l1 Vo) = JTIOP(MLz, V,) — Aut V5.

Proof. The only task is to prove that if V is an object of MEM;, then its de Rham
realization (VPR, V), a vector bundle with connection over M 1,2/0, pulls back to a vector
bundle with connection over Ml,i /Q satisfying the required compatibilities with the other
realizations.

Denote the zero section of g by Z and its ideal sheaf in Og by mz. Then

On =Gr* Og := @m’é/m}“.
n=0

There is a natural isomorphism Og = Oz @ mz that is induced by the inclusion Z — &£
and the projection &€ — My ; = Z. This induces the eigenspace decomposition

Og/my =O0z@mz/my =0z N

under the natural G,,-action, where ( )¥ denotes dual. Note that Oxs is the graded Oy
algebra
On = Symp, N = OzdNY OSSNV .

The pullback of VPR from &£ to N is defined to be the graded Ox-module
ey,DR . DR 2
Gr* V™" = (V7" ®p, Og/m7) ®Og/m22 Opn.

VDR 10

The connection V on induces a connection

V:Gr* VPR - (Gr* VPR) @ Q) (log 2)
which is characterized by the properties:

10Examples of how this works in practice can be found in [27, §13].
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(i) it has regular singular points along Z,
(ii) it is invariant under the G,,-action on N,
(iii) the residues of V and V along Z, which lie in H%(Z, End VPR|2), are equal.

To complete the proof, we sketch a proof of the compatibility of the monodromy
representations with the Betti realizations. More precisely, we explain why the diagram

NI(M?HTV)_)TH( 211?2’ V)

|

Aut Vp

commutes, where P € Z, V is a non-zero element of Tp M¥", (so Ve M?ni)’ and where py

and pg are the monodromy representations of V and V. It suffices to consider the case
where V = 3/3%. Let 1, € b be a point that lies above P € Z.
By standard ODE theory (see, for example, [61]), since V has nilpotent residue at each
point along Z, there is a polynomial
p(T, & T) € AutVp @c O(h x C)[T]

whose regularized value p(t,, 1,0) at V:= 3/ € TpM, 2 is the identity of Vp and with
the property that all flat sections of V' are of the form vp(z, &, log&) for some v € Vp. The
monodromy of V about an element y € (M7, V) is obtained by taking the analytic
continuation p of p along y and then taking its regularized value at V:

pv(y) = p(to,1,0).
On the other hand, ODE theory implies that the flat sections of V over M 1  are of the

form p(z, 1,log&). The regularized monodromy representation of V on y € my( ?ni’ )

is computed from p. Since we may assume that y lies in the neighborhood U’ of Z, we
have the claimed compatibility of monodromy representations. O

8. Hodge theoretic considerations

For F = Q or R, define MHSF (M, H) to be the category of admissible variations of
F-MHS over /\/l‘l"ik whose weight graded quotients are sums of polarized variations of
Hodge structure of the form S"H® A, where A is a Hodge structure.!! It is neutral
tannakian. Denote the forgetful functor that takes a variation to the F-vector space
underlying its fiber over V, by w,. When F = Q we will omit the subscript.

Theorem 8.1. The forgetful functor MEM,, — MHS(M, ., H) that takes a universal mized
elliptic motive V to the associated variation of MHS V* over M3 s fully faithful.

1,%

Consequently,
71 (MHS(M 4, H), o) — 71 (MEM,, )

18 surjective.

Hy is important to note that A is not necessarily of type (p, p).
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Proof. Since Hom¢ (A, B) is naturally isomorphic to Hom¢(Q(0), Homg(A, B)) for all
objects A and B of MEM, and C = MEM, and MHS(M, ., H), it suffices to show that

Hompewm, (Q(0), V) — Hompps g, 1) (Q(0), V)

is an isomorphism for all objects V of MEM,.

Injectivity is easily proved and is left to the reader. We will prove surjectivity. Suppose
that V= (V, VPR, py) is an object of MEM, and that ¢ : Q(0)* — V® is a morphism
of variations of MHS. It induces a morphism of MHS

v: Q) — VMRS .— (VB W, F*)

of limit MHS over V,. Since the Hodge realization functor MTM — MHS is fully
faithful [17], this map is the Hodge realization of a morphism Q(0) — V in MTM.

Identify the morphism v : Q(0) — V with the set of the realizations (vB € VB vPR e
VPR "y, € V) of the image of 1 € Q(0). For each prime ¢

Ve € HO(ML*/Q, Ve)

as vy is fixed by both Gg and 711(/\/11’*/@, Vo).

To complete the construction of a morphism ¢ : Q(0) — V in MEM, that lifts ¢*", we
need to construct a morphism Q(O)R}}1 o VPR Such a map corresponds to an element
of HO(ML*/Q, (V, V)), where VPR = (V, V). The vector v8 € V8 lies in the image of the
restriction map

HOMY,, 0™, V) — VE®C,

where V& denotes Deligne’s canonical extension of V5 ® Oy, , to /Vzlm* Lemma 6.11

implies that vPR lies in the image of the corresponding homomorphism

H' (M /0, (V, V)) — VPR, O

Part 2. Simple extensions in MEM,

In this section we compute the groups Ext,{AEM*((@, S"™H(r)) for all m and r. These
computations are made possible by the fact that the Hodge realization is fully faithful,
which means that an extension in MEM, is non-trivial if and only if its Hodge realization
is non-trivial. We also prove the corresponding statement for ¢-adic Galois realizations.
This part concludes with a discussion of EXt%/IEM* (Q, S™Hi(r)) and its relation to standard
conjectures in number theory.

9. Cohomology of M, ,

Here we recall the basic facts we need. Full details in the Hodge case can be found in [28].
References in the £-adic case are given below.

https://doi.org/10.1017/51474748018000130 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000130

Universal mixed elliptic motives 695

9.1. The cohomology of M{"

The first basic observation is that, since we are regarding M‘f“l as the orbifold SL»(Z)\b,
there is a natural isomorphism

H* (M, V) = H*(SLy(Z), V)

for all SL,(Z)-modules V, where V denotes the local system over ./\/lgl‘“1 that corresponds

to V. Since SLy(Z) is virtually free, this implies that HJ( ‘i‘“l V) vanishes for all
j > 2 whenever V is a local system of Q-modules. Since —I € SL(Z) acts as (—1)™ on
H*(SLy(Z), S™H), it follows that H*( ?t‘l, S™H) vanishes when m is odd. When m = 0,
H' (M, Q) =0 as H(SL2(Z); Z) = Z/12.

Well-known results of Shimura, Manin, Drinfeld and Zucker (cf. [40, 62]) imply that the
cohomology groups H*(M7", S"H) and their mixed Hodge structures can be expressed
in terms of modular forms. Denote the space of (holomorphic) modular forms of SL;(Z)
of weight w by 901, and the subspace of cusp forms by 97 . Recall that these are trivial
when w is odd.

In this section we regard H as a polarized variation of Hodge structure over ./\/lel‘“1 of

weight 1. As explained in § 4, its fiber over the tangent vector tis
H® =Qa®Qb and HPR = FOHPR = Qao Qw,
where the comparison isomorphism HZ @ C - HPR® C takes a to a and identifies w
with —27ib. The Hodge filtration F!HPR is spanned by w.
For f € My,40 define
wp = 2mif (r)w?dt = 2ri)*" ! f(7)(b—ra)*dr € E'(h) ® S H.

This is a holomorphic 1-form on h with values in S2"Hh. Since it is SLy(Z) invariant and
since the section w spans Fth,

wy € HHM{", Q' ® F¥' S H).

Since this form is holomorphic, it defines a class in H 1(/\/lel‘“l, S?'H). When f is the
Eisenstein series Ga,, we denote wy by 2.

Remark 9.1. The particular scalings have been chosen to have the property that, if
f € My,42 has rational Fourier coefficients, then wy is an element of the Q de Rham

cohomology HéR(Ml,l/Q, S?"H). (Cf. [27, §21].) In particular, the class of 2,42 under
the residue map

H' (M), $*"H) — Q(—2n—1)
is a rational generator of Q(—2n — 1)PR,

The following statement is a composite of well-known results. (Cf. [7, 62].)
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Theorem 9.2 (Shimura, Zucker, Manin-Drinfeld). For each n >0, the group
Hl(./\/lfim1 S?"H) has a natural MHS with Hodge numbers (2n+1,0), (0,2n+1) and

@n+1,2n+1). The map Mopin — H' (./\/l1 | S?"Hc) that takes f to the class of wfr
is injective and has image F?"t1H! (./\/lan S2"H) The image of M3, 5 1s

H2n+1’O(M?I’11, SZnH) — F2n+1W2n+1H1(M211?17 SZHH)

The MHS H' (M‘]"’ll, S2"H) splits over Q. The copy of Q(—2n — 1)PR is spanned by Y.

9.2. The Hodge structures associated to a Hecke eigenform

It is useful to decompose the real MHS on H 1(/\/131“’11, S?"H) under the action of the Hecke
correspondences. Denote the set of normalized Hecke eigen cusp forms of SL,(Z) of weight
w by By,. It is a basis of 99,.

For f € By,42, let K¢ be the subfield of C generated by the Fourier coefficients of f. It
is a totally real field. For each prime number p, T,,(f) = a, f where a, is the pth Fourier
coefficient of f. Let

Vi = ("\ker{T, —apid: H' (M, S*"Hg) - H'(M{"}, S*"Hzg)}.
p
This is a two-dimensional R Hodge substructure of H' (M?‘fl, S2"H). Its complexification
Vi is spanned by w; and its complex conjugate. As a real Hodge structure, ./\/lelm1
decomposes
H' (M, S"Hp) = R(-2n—1) & QB Vs (9.1)
f€Bwmi2

The copy of R(—2n — 1) is spanned by the class Yont2.

There is a similar decomposition of H'( T S?"H) as a Q-MHS. Suppose that f e
Br,42. As above, let a, be the pth Fourier coefficient of f. Let mp(x) be the minimal
polynomial of a, over Q. Then

My = ﬂker{m,,(rp) H' (M, $*"Hg) — H'(M{"}, $*"Hg)}
p

is a simple Q Hodge substructure of H I(Mil‘nl, Sz”HQ) with the property that
M;@R =PV,
g

where g ranges over the Hecke eigen cusp forms whose Fourier expansions are Galois
conjugate to that of f. It has dimension 2dimg K y. There is a decomposition

H' (M, S""Hg) = Q(-2n— 1) & P M.

where f ranges over the Galois equivalence classes of Hecke eigen cusp forms of weight
2n+2.
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9.3. Cohomology of /\/lan~ and MY,

These are easily deduced from the cohomology of M{", using the Leray spectral sequences
of the projections M, ; — My and My — M, ;. We state the results and leave the
proof to the reader.

Proposition 9.3. There is an isomorphism
H' (M™%, Q) = Q(-1).

This group is generated by the class of the form (4.2) corresponding to the Eisenstein

series Go.'2 If m > 0, then the projection to 1 induces an isomorphism

Hl(/\/tj‘“i, S"H) = H'(M",, S"H)
and the cup product H' (Man S"H) ® H! (./\/lan Q) — Hz(./\/lzlmi, S™H) is an isomorph-
ism of MHS, so that Y
H> (M, S"H) = H' (MY, S"H) (= 1).

In the case of M{",, we have:

Proposition 9.4. There are natural isomorphisms of MHS
H' (M H) = Q(=1) and H*(M{%, H) =0.
If m > 1, then the projection induces an isomorphism
H'( 1o, S"H) = H'( 11> S"H)
in degree 1, and in degree 2, there is an isomorphism of MHS
HA (M3, S"H) = H' (MY, S"TH) @ H' (M3, S TH) (- 1.
In particular, Hz(/\/ll,z, S™H) s non-trivial only when m is odd. O
This implies that
H*(Mi 2, H® S"H)
= H' (M, S7PH) @ H' (M3, ST (—1) @ H' (M3, S 2 H) (-2).
One can show that the cup product
H' (M, H) @ H' (MY, S"H) — H*(M1,, H® S*"H)
is injective and has image in the middle factor H' (M, SFI®2(_1).
121t is natural to extend the definition of the v, (n > 1) to the case n = 1 by defining ¥, = 27iG,(t)dt —

(1/2)d&/&. Then v, is a generator of ngR(/\/l1 T/Q) and HI(M?“T,Q(I)). Note also that ¥, = —.LdD

24 D>
where D = u3 —27v2 denotes the discriminant function on /\/l1 1
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10. Relative unipotent completion

The next task is to describe the tannakian fundamental group of MHS(M; ., H).
Computing it will allow us to bound the size of 7;(MEM,, w®). To do this, we need
to review some basic facts about relative completion of discrete groups and facts about
the relative completion of modular groups and their relation to extensions of variations
of MHS. References for this material include [23, 28, 29].

10.1. Relative unipotent completion

Suppose that T' is a discrete group and that R is a reductive algebraic group over a field
F of characteristic zero. Suppose that p : ' — R(F) is a Zariski dense representation.
Consider the full subcategory R(T, p) of Repy(I') consisting of those I'-modules M that
admit a filtration
O=MoCcM CMC---CM, =M

in Repg(I'), where the action of I' on each graded quotient M;/M;_; factors through
a rational representation R — Aut(M;/M;_) via p. This category is neutral tannakian
over F. The completion of I' relative to p is the affine group scheme w1 (R (T, p), ) over
F, where w takes a module M to its underlying vector space. It is an extension

1 = U, p) > 71 (R, p),w) > R — 1,
where U(T", p) is prounipotent. There is a natural homomorphism
p:T = m(R(, p), ) (F)

whose composition with the canonical quotient map 71 (R(T", p), ) — R is p. It is Zariski
dense. The coordinate ring of 71 (R (T, p), w) is the Hopf algebra of matrix entries of the
objects of R(T, p).

10.2. Cohomological properties

Set G =m (R, p),w) and U =U(T, p). Denote the Lie algebra of U by u. It is
pronilpotent. The action of G on u induced by the inner action of G on U induces an
action of G on H°®(u). Standard arguments imply that it factors through the quotient
mapping G — R, so that H®(u) is an R-module. The homomorphism I' — G(F) induces
a homomorphism H®*(G, V) — H*(I', V). There is a natural isomorphism

H*G, V)= [H*U, V)X

The following basic property of relative completion is easily proved by adapting the proof
of [31, Theorem 4.6] or [32, Theorem 8.1]. A proof in the de Rham case is given in [23].

Proposition 10.1. For all R-modules V, there are natural isomorphisms
H'@G V)= [H' weVIR=H'T,V)

and an ingjection
H*(G, V) = [H* W)@ VIR — H*(T, V).
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Using the fact (cf. [29]) that, for all G-modules V, there are natural isomorphisms
EXtRen) (A, B) = H*(G, Homp (A, B)) = H*(u, Homp (A, B)E,

one can restate the previous result as follows. For all G-modules A and B, the natural
map ' )
J J
EXtRep(g)(A’ B) —> EXtRepF(I‘)(A’ B)

is an isomorphism in degree 1 and injective in degree 2.

10.3. Unipotent completion

Unipotent completion is the special case where R is the trivial group. In this case, R(T, p)
is the category of unipotent representations of I'. The unipotent completion of I" over F
will be denoted by F}’}

Suppose that (E, 0) is an elliptic curve over C. Set E/ = E — {0}. Let b be a base point
of E’. (So b can be a point of E’ or a non-zero tangent vector V € ToE.) Denote the
unipotent completion of 71 (E’, b) by P(E, b) and its Lie algebra by p(E’, b). For all such
E and b, the coordinate ring O(P(E, b)) and Lie algebra p(E’, b) of P(E, b) have natural
mixed Hodge structures that are compatible with their algebraic structures. The weight
filtration W, of p(E’, b) is (essentially) its lower central series:

W_np(E', b) = L"p(E', b).

There is a canonical isomorphism Gr?] p(E’,b) = L(H (E)) of the associated weight
graded of p(E’, b) with the free Lie algebra generated by Hj(E). These form a variation
of MHS over M{", when b is a point of E’, and over M"l‘ni when b is a tangential base

point at 0.
There is also a canonical MHS on the unipotent completion of 7y (EY/’ W,). It is the limit

MHS associated to the tangent vector V, of Hl,z at the identity of the nodal cubic. It
has a weight filtration W, as above, and a relative weight filtration M,. This limit MHS
is computed explicitly in [27, § 18].

Denote the commutator subalgebra of p = p(E’, b) by p’ and its commutator subalgebra
by p”. Then there is a short exact sequence

0— Hi(p) — p/p" = HI(E) —> 0

in the category of Lie algebras with mixed Hodge structure. There is a canonical
isomorphism of mixed Hodge structures

H(p') = [Sym H\ (E)I(1) = @D S"H' (E)(m + 1).
m=0

Consequently, these variations yield extensions
0— S"Hm+1) - V,, > H1) — 0

of variations of MHS over M{", and ./\/lel‘"T for each m > 0. But since the log of monodromy

about the cusp of E’ lies in p’ and spans the copy of Q(1) in H;(p’), the monodromy of
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V;» about any loop in a fiber of ./\/lan — M{" is trivial. Consequently, the restriction of
this extension to Ma“ descends to a variation over M{",.
By standard mampulatlons each of these variations is equivalent to a variation

0— S"HHm+1)® " '"H(m) > E, —> Q — 0. (10.1)

Similar constructions can be made in the £-adic case.
The following result follows from Proposition 9.3 when * = 1 and the vanishing of

H! (./\/l1 ", Q) when % # 1.

Proposition 10.2. The umpotem‘ completion ofz'[““(/\/l1 > X) i trivial when * € {1, 2} and

is isomorphic to G, when x = 1.

10.4. Relative completion of JTIOP(M],*, V,)

Denote by fol(x) the completion of JTIOP(ML*,X) with respect to the natural
homomorphism n{OP(Ml,*, x) — SL(H2E). It is an extension

1 — U (x) > G (x) — SL(H,) — 1,
where Z/{f‘l(x) is prounipotent and SL(H,) denotes SL(Hf ).

Theorem 10.3 [23, 28]. For each choice of base point x of ./\/ll . the coordinate ring of

gfl(x) has a natural mized Hodge structure. The coordinate rings {O(gfl(x))}x form
an ind-object of MHS(M ., H). The MHS on the coordinate ring of gfl(\?(,) s the limit
MHS of this variation of MHS associated to the tangent vectorV,. In this case, the weight
filtration is the relative weight filtration M,.

Denote the Lie algebra of grel(x) by grel(x) and the Lie algebra of Z/{fl(x) by uffl(x).
The Lie algebra grel(x) is dual to the cotangent space m/m?, where m denotes the ideal
of O(gfel (x)) of functions that vanish at the identity. Its bracket is induced by the skew
symmetrized coproduct of (Q(Qrel (x)). The theorem implies that grel (x) is an inverse limit
of Lie algebras with mixed Hodge structure and that ufl(x) is a pronilpotent Lie algebra
in the category of mixed Hodge structures. These mixed Hodge structures have the
property that

rel(x) Wogrel(x) and urel(x) _ lgiel(x)

We now fix the base point of M{", to be V, and write g“’l for G« (V,), Z/lrel for Z/{rCl (V,) and
similarly for their Lie algebras. The coordinate ring of G' and each of the Lie algebras
has two weight filtrations, W, and M,. Both are compatible with the algebraic operations.

Since 7, (M1, 1) = SLa(Z) has virtual cohomological dimension 1, Proposition 10.1
implies that H?(u;) = 0. This implies that u; is topologically freely generated by
Hi(u). (See the discussion in §18.) Proposition 10.1 also implies that there are natural
SL(H)-module isomorphisms

H'w) = @ H MP,, S"H) @ (S H)Y = @) H' (M3, S*H) ® (S H)(2n).
n>1 n>1

Both are isomorphisms of MHS.
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Recall from [28, § 14] that the exact sequence
0—>7Z— JTIOP(MI’T, v, — nIOp(M1,1,¥) — 1
induces an exact sequence
0—>Ga—>g§el—>g{ﬂ—>1
and that this sequence splits, so that there is a natural isomorphism
g%el ~ g{el X Gy,
The projection onto G, is induced by the Hurewicz homomorphism
7P (M, 1.V0) = Hi (M, Q) = Q,

and is obtained by integrating the 1-form (4.2) along loops.
Applying completion to the extension

1 — Nl(E;/,\TVa) - NltOP(Ml,z,Vo) — ﬂ;()p(/\/ll,l,f) — 1

gives an extension
1—-P— g g1

where P is the unipotent completion of m(E%, W,). The corresponding sequence of Lie
algebras

0—>p—>gr2el—>grlel—>0

is exact in the category of pro-objects of MHSq.

Proposition 10.4. There are natural SL(H)-equivariant isomorphisms of MHS

H' () = P (Hoyy M, ST H)(20) @ Q(—1)) © S H,
n>1
Hu) = H' @) eQ-1) and H'(w) = H'w)eH. O

10.5. Variations of MHS over ./\/l?n*

The category MHS of Q-MHS is neutral tannakian. Let w® be the fiber functor that
takes a MHS to its underlying Q-vector space. Set 71 (MHS) = 71 (MHS, »?).

Suppose that G is an affine group scheme over Q whose coordinate ring is a Hopf algebra
in the category of ind-objects of MHS. A Hodge representation of G is a G-module V,
endowed with a MHS for which the corresponding coaction

V—->Ve0©)

is a morphism of MHS. The action of 7{(MHS) on O(G) respects its Hopf algebra
structure. We can thus form the semi-direct product 7;(MHS)x G. The Hodge
representations of G are precisely the representations of 71 (MHS) x G.

Recall the definition of MHS(M 4, H) from the beginning of §8. A proof of the
following result is sketched in [29]. A more detailed proof of a more general result will
appear in a joint paper with Gregory Pearlstein.
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Theorem 10.5. Taking the fiber at the base point x defines an equivalence of categories
from MHS(M | ., H) to the category of Hodge representations of G\ (x). Equivalently, for
all base points, there is a natural isomorphism

11 (MHS(M |, H), ©®) = 71 (MHS) x G®!(x),

where a)f denotes the fiber functor that takes a variation to the Q-vector space underlying
its fiber over x.

This result applies to tangential base points as well. This follows as the weight filtration
W, can be recovered from the relative weight filtration M, and the monodromy logarithm
N. (Cf. [29, Lemma 4.3].) It implies that a Hodge representation of G must also respect
the weight filtration Wi.

Proposition 10.6. If V is an admissible variation of mized Hodge structure over ./\/lal‘“*
whose monodromy representation factors through the relative completion of w1 (MY, Vo),
then the weight filtration W and the relative weight filtration Mo on the fiber over the
tangential base point NV, are equal if and only if V has unipotent monodromy. If x €
{1, 2}, every admissible variation with unipotent monodromy is constant. If x = I, every
admissible unipotent variation is pulled back from an admissible unipotent variation of
MHS over C* along the discriminant map Marﬁ — C*.

Proof. Suppose that V is an admissible variation of MHS over M3" | whose monodromy
factors through the relative completion of my(MY" 1o V,). Denote its fiber over Vv, by V
Let N € EndV be the local monodromy logarlthm The definition of the relative Welght
filtration implies that M,V = W,V if and only if N acts trivially on Gr)¥ V. But since
each W graded quotient of V is a sum of S H(r), and since N acts on H as ad/db, it
follows that M, = W, if and only if Ger V is a trivial local system — that is, if and only
if V is a unipotent local system.

If V is a unipotent local system, then its monodromy representation factors through the
unipotent completion of m(/\/lzl‘“*, x). By Proposition 10.2, this is trivial when * =1, 2.
SoVisa trivial local in this case, and therefore trivial as a variation of MHS as well.
When x = 1 the discriminant map Man — C* induces an isomorphism on unipotent

fundamental groups. So the last statement follows from the classification of unipotent
variations of MHS in [34]. O

10.6. Density results

The forgetful functor
MEM e R(]TIOP(MI X V()) /0)

induces a homomorphism G, — 71 (MEM,, @®). There is thus a natural homomorphism
1,7 (M4, Vo) = 71 (MEM,., 0®)(Q).
Theorem 10.7. The image of the natural homomorphism G — w1 (MEM,, 0®) is

geom(MEM*,a)B) Consequently, geom(MEM*,wB) is the Zariski closure of the image
of the natural homomorphism ”1 (/\/ll,*, V,) = 11 (MEM,, 0®)(Q).
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Proof. Since MEM,, — MHS(M ., H) takes geometrically constant MEMs to constant
variations of MHS, the surjection 71 (MHS(M 4, H)) — 7;(MEM,, ®®) commutes with
their projections to w1 (MHS) and to 71 (MTM, @®). So one has the commutative diagram

1 gl 71 (MHS) x G — = 7/ (MHS) —— 1

| | |

1 —— 7" (MEM,, 0®) —— 7 (MEM,, 0®) —— 7;(MTM, 0®) —— 1

The surjectivity of the middle map, which follows from Theorem 8.1, and the
splitting m(MEM*,a)B)’:“m(MTM*,a)B)b(nigeom(MEM*,a)B), imply the surjectivity
of the left-hand map. The last assertion follows as the canonical homomorphism
JTIOP(ML*, V,) — g;el(@) is Zariski dense. O

Recall that K = KB is the kernel of the natural homomorphism 71 (MTM, @) — G,,.
It is prounipotent. Denote the kernel of 71 (MEM,, o?) > 1 (MTM, 0?) by MLV'EM. Since
the commutative diagram (in which all fiber functors are w?)

1 1 1

eom

| — U —— > yMEM K 1

1 — 7" (MEM,) — 71 (MEM,) — 7;(MTM) — 1

| — > SL(H) —— GL(H) G 1
| | l
1 1 1

has exact rows and columns, we have:

Corollary 10.8. The kernel of the natural homomorphism m;(MEM,, w) — GL(H,) is
prounipotent. It is a split extension

1—>Z/{fe°m—>l/{yEM—>IC—>l
of IC by UE™™ == UMEM 5 vEM, .0) 75" (MEM,, ). O
The splitting is induced by the base point V,.
11. Extensions of variations of mixed hodge structure over Mj",

In this section we give a brief summary of results from [29] in the case of M{", and apply
these to compute the extension groups in MHS(M ,, H). It will be natural to work with
real variations of MHS as well as Q-variations. So in this section, F will be Q or R.
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11.1. Computation of the Ext groups

By the results of the previous section, the category MHSF (M| ., H) is the category of
representations of

Gy == 11 (MHSF) x G,

Consequently, for an object V of MHS p (M ., H) with fiber V over V,, there is a natural
isomorphism

Extips, (v, i (F> V) = H* (@, V)

that is compatible with products. The conjugation action of Gx on G induces an action of
71 (MHSF) on H‘(Qfl, V).So H*® (gfl, V) has a natural F-MHS. An explicit construction
of this MHS is given in [29].

The spectral sequence of the extension

1— G - G, > m(MHSp) — 1

and the fact that ExtKAHSF(A, B) vanishes for all MHS A and B when j > 1, implies that
there is an exact sequence

0 — Extyus(F, H7'(GH, V) — Ext',{AHSF(ML*’H)(F, V) - TH/(G™, V) - 0, (11.1)

where T' denotes the functor Hompypyg(F, ). For all objects V of MHS (M ., H), there
is a natural homomorphism [29, Thm. 7.2]

EXtRAHSF(Ml,*,H)(F’ V) — Hﬁ(/\/li’f’*, V). (11.2)
In the case of modular curves, we get the best possible result.

Theorem 11.1 [29, Prop. 6.2, Cor. 7.6]. The natural homomorphism H®(G™, V) —
H*(M® V) is an isomorphism of MHS. Consequently, the homomorphism (11.2) is

1,%°
an isomorphism.

Plugging this into the exact sequence (11.1) yields the following useful computational
tool.

Corollary 11.2. For all j > 0, there is an exact sequence
0 — Extyyg, (F, H/ 7'M, V) — ExtKAHsF(M]‘*’H)(F, V) — THI (M, V) — 0.

1%

This and the cohomology computations in §9 imply:

Proposition 11.3. The extension groups EXtIJ\'/IHSp(ML*,H)(F’ V) wvanish when j > 2 and
x € {1, 1}, and when j > 3 if x = 2.

First the 1-extensions. The cohomology computations in §9 imply that:
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Theorem 11.4. When * € {1, T, 2}, there is an exact sequence
0 — Extyys (F. F(r) = Extypg i, . my (Fs F()) = TH' (M{,, F(r) — 0.

1,%°

The right-hand group s trivial except when x = 1 and r = 1. In this case, it 1s spanned
by the class Yy associated to the Fisenstein series Go. When *x € {1, 1}, and m > 0, we
have

] " F m=2n>0 and r=2n+1,
EXtMHS(M]’*’H)(F, STHID = 0 otherwise

When x = 2, we have
F m=1 and r=1,
Ethl\/IHS(Ml,z,H)(F’ S"H(r) =1 F m=21>0 and r=2n+1,

0 otherwise.

When m = 2n > 0, the extension corresponds to the Eisenstein series G2n+2.13 O

Remark 11.5. The generator of Ext,lleS( M 2.H) (Q, H(1)) is the extension whose fiber over
(E,0,x) ’ ~
0— HI(E,Q) — Hi(E,{0,x}; Q) - Ho({0, x}; Q) — 0.

In degree 2, we consider only extensions of real variations of MHS, and so, only real
Deligne—Beilinson cohomology. The reason for doing this should become apparent in § 21.
We will compute the answer only for x € {1, 1} as we shall not need the case x = 2.

Theorem 11.6. For all integers m > 0 and r we have

R *=T,m=0andr>2,
Exsou, s (® S"He) = | B® D Vy m=20>0r>m+2
'*’ feBonyz

0 otherwise.

Proof. Since H*>(M? , S"H) vanishes for all m > 0 when % € {1, T}, we have

1,%°
HA (M i, S"Hg (1)) = Extiyys (R, H' (M 4, S"H(r))).

This vanishes when m is odd. So suppose that m = 2n. The decomposition (9.1) implies
that if r > 2n+ 2, where n > 0 when * = 1 and n > 0 when % = 1, we have

Hp (M, S Hr(r)) = Extypyg (R, H' (M ., SH(r)))

= ExtyysR.R-—2n—1)® P Vi)
FE€Bowms2
and that this ext group vanishes in the remaining cases.

13 These extensions correspond to the elliptic polylogarithms of Beilinson—Levin [7]. Their restriction to
M is described in [28, §13.3].
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To complete the proof, recall that if A is a real mixed Hodge structure, then
Extiyus (R, A(r) = Ac/(i"Ar + F" A).
Since V¢ has Hodge type (2n+1,0) and (0, 2n 4 1),
Vic=1i"Vi+F'Vy
when r <2n+2 and FOVf =0 when r >2n+2. This implies Ext,{AHS(R, Vi(r))
vanishes when r <2n+42 and is isomorphic to V; when r >2n+2. Similarly,

Ext,l\/lHS(R, R(r —2n — 1)) vanishes when r —2n —1 < 0 and is isomorphic to R when
r>=2n-—2. ]

11.2. The Fo action

In this section, we take * € {1, T}. Since M, and the universal elliptic curve over it
are defined over Z, complex conjugation (aka ‘real Frobenius’) F € Gal(C/R) acts on
g M?“* This implies that F4 acts on Hg, and thus on H'(Mel‘fl*, S?"Hg) as well.
It extends to a C-linear involution of H*(M{",, S?"Hc). As is well known, this can be
computed in terms of modular symbols. (Cf. [28, Lemma 17.7].)

For each f € B,12, Vy is preserved by Foo. Write

—vtav-
Vi = Vf @Vf

where Fo acts at +1 on V;-' and —1 on Vf_. The action on the class of the Eisenstein
series is given by: ‘

Lemma 11.7. The real Frobenius operator Foo multiplies the class of You42 in
H' (M, S*"Hc) by —1.
Proof. Since F, commutes with the action of the Hecke operators, Fo multiplies the

eigenform ¥,4+2 by 1. To determine this multiple we use the residue map
Res : H'(M®™ | S*"Hc) — S H/im N = Rb*",

1,%°
where N denotes the monodromy logarithm —ad/db. It anti-commutes with Fo, as
Foo reverses the orientation of the g-disk. The result follows as b?* is invariant and
Resg—o Yont2 = (27Tib)2n Gon+2(0). O
Let
Foo : HYM",, $*"He) — H* (M3, S*"H)
be the composition of Fs with complex conjugation on the coefficients. This is
C-antilinear. It corresponds to complex conjugation on HJg (M /R, $?"Hr) @ C under
the comparison isomorphism. It therefore preserves the Hodge filtration and the real
structure. It lifts to an involution of the real Deligne—Beilinson cohomology

Hiy (M3, S*H(r)) = Extiyg My R, SZ'H(r)).

1,%>

The (Betti) copy of Q(r —2n — 1) in H'(M™ SZ”HQ(r)) is spanned by

1,%°
F—2n—1
Qi) ™" Yo,

(Cf. Remark 9.1.) Lemma 11.7 implies that Foo multiplies it by (—1)". These observations
yield the following refinement of Theorems 11.4 and 11.6.
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Proposition 11.8. If x € {1, T, 2}, then

R x=1, r=1,
HHMP RONT> =R >3 odd,

0  otherwise.

If x € {1, T}, then for all integers m > 0 and r

Hp, (M3, S"Hg(r)) = Hp( S Hg (1)) 7.

l*’

It is non-zero if and only if m =2n, r =2n+1 and m > 0 when *x = 1 and m > 0 when
* = 1. In degree 2

R *:I,m:Oandr}Zeven,

Re @ VJ? m=2n>0, r >2n+2 even,

B2,
HE (M, S"Hg(r) > = T<0e
EB vl m=2n>0, r>2n+2 odd,
fe€Bo0
0 otherwise.

12. Weighted and crystalline completion

In this section we review the definitions of the £-adic weighted and crystalline completion
functors and make some initial observations about the crystalline completion of
1 (M1, /%/Q, V,). More details can be found in [31, 32].

Fix a prime number ¢. Suppose that I' is a profinite group and that R is a reductive
algebraic group over Q¢, endowed with a central cocharacter ¢ : G,, — R. Suppose that
p: ' > R(Qy) is a continuous, Zariski dense representation. Say that a representation
V of R has weight m if its pullback to G, via c is of weight m. Since ¢ is central, Schur’s
lemma implies that every irreducible representation of R has a weight.

Consider the full subcategory RCIS (T, p, ¢) of the category of continuous I'-modules
RepCtS (T") consisting of those I'- modules M that are finite dimensional and admit a
(necebbarily unique) filtration

O=W,MC W, MC---CWy_ 1MCWNM=M,

where the action of I' on each graded quotient Gr M factors through a rational
representation R — Aut(Gr M) of weight m via p. Note that every irreducible R-module
is an object of RCtZ (T, p,0).

This category is neutral tannakian over Q;. The weighted completion of I" relative to p
is the affine group scheme 711(7?,62 (T, p, ¢), w) over Q, where w is the fiber functor that
takes a module M to its underlying vector space. It is an extension

1 — U, p, c)—>m(RCtS(F,p,c),w) - R—>1
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where U(T, p, ¢) is prounipotent. There is a natural homomorphism
p:T — w1 (RG(T, p, ¢), 0)(Q)

whose composition with the canonical quotient map 7[1(73& (T, p,c),w) > Ris p. It is
Zariski dense.

Levi’s theorem implies that the central cocharacter c¢: G, — R can be lifted to
a cocharacter ¢:G,, — m(R&i(F,p,c),a)). So every object V of R&i(l",p,c) is a
Gp-module via ¢. Denote the subspace of V on which G,, acts via the nth power of the
standard character by V,. The inclusion V,, < V induces an isomorphism V, = Gr,‘?/ V.

Proposition 12.1 [31, Theorem 3.12]. The isomorphism V = &P
v=ar!v

nez

wez Va defines a splitting

of the weight filtration that is natural with respect to morphisms of R%Z T, p,c). It is
compatible with duals and tensor products.

Although this isomorphism is natural, it is not canonical as it depends on the choice
of lift ¢ of the central cocharacter c.

Corollary 12.2. For each n € Z, the functor Gr,‘f/ : R%ﬁ (T, p,c) — Repg(R) is exact.

Example 12.3. Here we recall from [31] the setup for the weighted completion of
w1 (Spec Z[1/€]). Let I" = 71 (Spec Z[1/£],Q), R = G,, and p : ' = G,,(Qy) be the £-adic
cyclotomic character x¢: Gg — Z¢* C Q¢*. The defining representation of G, thus
corresponds to Qg(1). Since this has weight —2, we define the central cocharacter to
be the homomorphism ¢ : G,, = G,, defined by z — z72. The weighted completion of I’
with respect to x¢ and c is

AP = 11 (R (ri(Spec ZI1/11, Q) p, €), ).

12.1. Crystalline completion

Suppose that K ¢ Q is a number field. Set Gx = Gal(Q/K). We continue with the
notation of the previous paragraph. Suppose in addition that there is a surjection
I' - Gk with a distinguished splitting s : Gk — I'. Define an object V of RS)Z (', p,c) to
be crystalline (with respect to s) if the representation pos : Gg — GL(V) is unramified
at all primes that do not lie over £ and that it is crystalline at all primes that lie over £.14
Let R&S(F, 0,c¢) be the full subcategory of R%Z (T, p,¢c) whose objects are the
crystalline objects. It is tannakian. The £-adic crystalline completion of (T, s) is defined
to be ‘
Cris

Q/Z (F’ 10’ C), CL))
It is a quotient of the weighted completion m(R%j (T, p, 0), ).

1 (

141 some applications it is natural to relax this definition and allow crystalline representations to be
ramified at a set S of primes. We will not need to do that here as M 47 has good reduction at all
primes.
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As in the case of weighted completion, every object of Rfoi (T, p, ¢) has a natural

weight filtration W,, the functors Gr,le are exact. Each lift ¢ of the central cocharacter ¢
to m (R%j (T, p, ¢), w) defines a natural splitting of the weight filtration of each object of
RG: (T, p,©).

12.2. Crystalline completion of Gg

The setup is similar to that in Example 12.3. Let I' = Gg, R = G, and p : Gg = G, (Qp)
the £-adic cyclotomic character x¢. The central cocharacter ¢ : G,, — G, is defined by
7+ 772, We also take K = Q and the homomorphism I' — Gq to be the identity. Define

ASTS = 771(736?(&@, Xe, €), ).

There is a canonical surjection AZ“d — Af,ﬂs, where AZth denotes the weighted completion
of 1 (Spec Z[1/¢], Q) defined in Example 12.3.
The ¢-adic realization functor MTM — R&S(GQ, Xx¢, ¢) induces a homomorphism

A — 71 (MTM, wy).

Theorem 12.4 [31]. For all £, the natural homomorphism Azris — 11 (MTM, wy) is an
isomorphism.

12.3. Weighted and crystalline completion of w1 (M 4, v,)

The monodromy of the local system H, over M) 4,7 induces a homomorphism
pe = T (M sz, Vo) — GL(Hp).

Define ¢: G,;, — GL(H) to be the cocharacter A+ Aidy. It is central and assigns
W-weight 1 to Hp. Recall from §5.5 that, as a Gg-module, H,; is isomorphic to
Qe(0) ® Q¢(—1). Define

gl“dv’z =m (Rﬁi (11 (M 14211701 Vo), P €), @).

To define the £-adic crystalline completion of 71 (M 4/, V,), we take s to be the section
of 71 (M40, Vo) = Gg induced by V,. Define

G = 7 (RS (11 (M1,4/. Vo). pe. ©), o).
Both groups are extensions of GL(Hy) by a prounipotent group:

1 — Uyt — gvt — GL(Hy) — 1
1 — Ut — geist 5 GL(Hy) — 1.

Proposition 12.5. There are homomorphisms

td, £ is, € i
Gl @ Q —= G o Agts,
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the last two of which are surjective, such that the diagram

JTIOP(ML*, Vo) — 11 (M40, Vo) —> 1 (M1 /21101, Vo) —> 71 (Spec Z[1/£])

| | | |

Grl(Qp) VL Q) L Qp) Agris

commutes. The sequence gfl@(@g — getst A;ris — 1 is exact and the morphism
gcrls,é N A(érls is Split.

Proof. The first homomorphism is induced by the forgetful functor
RE (11 (M sz11/61: Vo). p. ) = R, (1T (M4, Vo). p).
The existence of the middle surjection follows from the fact that
G = RS (@1 (Mi,4/0, Vo), pes ©)

is a full subcategory of Rﬁj The existence of the right-hand square follows from the
commutativity of the diagram

71 (Mi,4/Q, Vo) Go
L sz
GL(H,) det”! Gm(Qe)
ch % :
Gm (QZ)

The last statement follows from the right exactness of completion and from the fact
that one has functors ’RSQ?;(GQ, X, C) —> R&S — Rﬁéf‘f(GQ, X¢, ¢) whose composite is the
identity. The first is the inclusion of the geometrically constant objects, the second is

restriction to the fiber over V,. O

13. Extensions of {-adic sheaves over M /g

Our goal in this section is to prove the f-adic analogues of the results in §11. The
work [48] of Olsson, which we use as a ‘black box’, is key. These results are not needed
in the sequel. They are included to show how the computations in this paper are related
to certain fundamental questions in number theory.

The {¢-adic analogues of the groups EXtK/IHS(ML*,]HI) (R, S"™H(r)) are the groups

H*(GSC S™H,(r)). In this section, we compute these cohomology groups in degree 1
and bound them in degree 2.

For convenience, we denote the category RS (i (M1 x/z11 /015 Vo), pe, €) by MEMi, SO
that MEML is equivalent to Rep(G<sYy and

H*(GS™, S" He(r)) = Extp oy e (Qe, S"He (1),
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In this and subsequent sections, we will use the following notation. Denote the category
of Gg modules that are unramified at all p # £ and crystalline at £ by C,. For an object
V of Cy, define

Hg, (G, V) = Extg, (Q¢, V).

This group is typically denoted by H;(G@, V). We have chosen a non-standard notation
to avoid a notational conflict as f will often denote a cusp form of SL;(Z).

13.1. Computation of H!(GS"*, ™ H,(r))

The following result is the étale analogue of Theorem 11.4.

Proposition 13.1. When *x € {1, T}, we have

Qe =
Qe =
Qr m=2n>0 and r=2n+1,

1, m=0andr >3 odd,
=

I, m=0andr >1 odd,

H] (girisj, SmHZ(r)) —

0 otherwise.

When % = 2, we have

Q¢ m=0andr >3 odd,

. m=1 and r=1,
HIGE 57 Hyry) = |
Qr m=2n>0 and r=2n+1,

0 otherwise.
Proof. We will prove the result when % = 1. The remaining cases are left to the

reader. The proof uses weighted completion, which is easier to compute than

crystalline completion. Since the natural homomorphism gf”‘“’ — gfﬁ”’ is surjective

(Proposition 12.5), it induces an injection
HY (G, S"Hy(r)) < H'(G)'"", S Hy(r)). (13.1)
By [31, Theorem 4.6], there is a natural isomorphism
H' (G S™Hy(r) = H' (my (M1.1211/01. Vo))
Set Gy = w1 (SpecZ[1/¢], Q). The Hochschild-Serre spectral sequence of the extension
1= m(M, g Vo) = w1 (M 121170, Vo) = Ge — 1

degenerates at E; as the kernel has virtual cohomological dimension 1 and because the
extension is split. This implies that

H'(Gy, Qe(r)) m=0,

HYGM S Hy ) = 10 T
HO(Gy, HY (M 5, S"Hi(r))  m > 0.
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When m = 0, the image of (13.1) equals the image of

H} (G, Qe(r)) = H'(Ge, Qe(r) = HY(G)™, Qu(r)).

The m = 0 case now follows from Soulé’s computation [55].
Now suppose that m > 0. Then we have an injection

H' (G, S" Hy(r)) — H(Ge, Hiy(M, g, S"He(r))).
The comparison theorem and Theorem 9.2 imply that
H(Ge, Hiy(M, | g S"He(r)) = Q

when m =2n > 0 and r = 2n + 1, and is zero otherwise.

To complete the proof, we have to show that (13.1) is surjective when n > 0. To
do this, consider the extension E) 1 of my(Mi1 /Q,¥)—m0dules corresponding to the
subextension of the extension (10.1) over M{" with m =2n+1 that is an extension
of Q¢ by S¥"H,(2n +1). The restriction of S*"H,(2n + 1) to the base point i splits as a
sum

S Hi2n+1) = Q1) @ Qe Q) @ - - & Qe(2n +1).

So the fiber of E’2n+1 over 1 splits as a sum of extensions of Q; by Q¢(j), with 1 < j <
2n + 1. Nakamura [45, Theorems 3.3 and 3.5] shows that all but the last of these is trivial,
and the last one is a non-zero multiple of the generator of Hslm(GQ, Q¢(2n +1)).15 This
implies that the restriction of the E, | to tis crystalline, so that (13.1) is surjective. [

The following technical computation will be needed in the next section.

Corollary 13.2. Suppose that x € {1, i}, If e > 0, then

E S*Hy(2n+ 1), S Hy(2m — ¢)) = 0.

1
Xlypewme €
Proof. In order for the ext group to be non-zero, the weight of $*"Hy(2n+ 1) has to
be greater than the weight of $2”" H;(2m — e). That is, we have —2n —2 > —2m + 2e or,
equivalently, 0 < n < m —e — 1. In particular, n < m. Since n <m

Xty ey (S He@n+ 1), S Hy2m — €)) = Ext) 1 (Qr, ™ Hy ® S Hy(2m — e — 1))
2n
= PExt' Q. S Hy2m — e — 1 — 1)).
t=0

Since t < 2n and e > 0, we have 2m —e —t — 1 < 2n 4 2m — 2t. So none of the summands
on the right-hand side can be non-zero. The result follows. O

13.2. A bound on H2(GS™¢ S™ H,(r))

In this section we prove the following analogue of the second statement of
Proposition 11.8.

158ee also Remarks 14.2 and 15.2.
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Recall from [52, Theorem 1.2.4] that Hélt(./\/ll,*/@, S™Hy(r)) is a crystalline Gg-module.

Theorem 13.3. Fiz a prime number £. If x € {1, T} and m = 0 and r are integers, then
H2(gCrls t gm Hy(r)) vanishes when m is odd and when r < m+2. When m = 2n, there is
an injection

H* (G, S He(r)) — Hg,(Go, H'(M, 5, S He(r)).

More precisely, when r > 2n+2, there is an injection

H (G, S™ Hi(r))

Q¢ *:T,n:O,r}Zeven,
— 3 Qo H, (GQ, Cusp(./\/l1 /T S2H,(r))) n >0, r even,
Hslm(GQ, HlyyM, 5o S He (1) n>0, r odd

Proof. We will prove the theorem when % = 1. The proof of the case x = 1 is similar and
is left to the reader. _

We begin by establishing the vanishing of H2(g‘f“s"5, S™Hy(r)) when r <m+2 and
when m is odd. There are at least two ways to do this. Both exploit the vanishing of
H (g“‘S L ogm Hy(r)) when r <m+1 or m is odd. We will use Lie algebra cohomology.
The other approach uses Yoneda extensions.

Denote the Lie algebra of Uiris’e by uiris’[. Since

Exteyge Q. S"H(r) = HY @™, 8™ Hy ) OHD

and since there is a natural isomorphism
H]( cris, ¢ LS H(r) = HI (GrW cris, ¢ . S™Hy(r)),

it follows that ‘
Grl Hi(u"™) = P s> He2n +1).
n>0

w Cr1§ £ .

Since Gr, is generated as a Lie algebra in the category of GL(H)-modules by the

image of any GL(H)-invariant section of Gr)/ ?HS S Gl H (uiris’e)7 and since
SH® S’ H = @ S22t g (—p)
>0

it follows that if $™ Hy(r) appears in Grl¥ u cns ¢ then m is even and r > m + 1. This implies

that if S Hy(r) occurs in A2 GrW ms ‘ then m is even and r > m + 2. Consequently, the
group of GL(H)-invariant 2- cochams

Homgr ) (A2 Grl uS™¢, ™ Hy (r))

is non-zero only when m is even and r > m+2. It follows that H2(u‘inwZ S™Hy(r))
vanishes when m is odd and when r < 2m + 2.
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There are natural homomorphisms
H2(G™", S Hy(r)) — H* (G}, S Hy(r)) — HZ (Mu.1jz0 /0. S"He(r)

General properties of weighted completion (cf. [31, Theorem 4.6]) imply that the
right-hand map is injective. Our next task is to show that the second mapping is injective.
We do this using Yoneda extensions.

Suppose that the 2-extension

0> S”H(r) > E—>F—>Q,—0
in MEM{ represents a class in the kernel of
HXGi™", S™ Hy(r)) — H*(G""", S Hy(r))

By Yoneda’s criterion, there is a gr’td’z—module V and a commutative diagram

0 ——= S?"Hy(r) v F 0
-
0 E 1% Q¢ 0
wtd, ¢

with exact rows in Fiep(g1 ). We view V as a Gg-module via the homomorphism
Gg — mi(My1/0,D = GV4Q) — AutV

where the first homomorphism is the section induced by the base point t. To prove
injectivity, it suffices to show that V is a crystalline Gg-module as the fact that it is a
Qz“d—module implies that it is unramified away from £.
The action of g;“d on V determines compatible weight filtrations M, on E, F and V.
Let B be the kernel of F — Q. By the Pruning Lemma below (Lemma 13.4), we may
assume that each W, graded quotient of B is a sum of copies of $” Hy(r) where r > m
or, equivalently, that B = M_;B. In this case B is an extension

0—- M_4B— B — Q@(l)d -0
for some d > 0. This implies that E is also an extension
0—> M_4E - E — Q,(1)? - 0.
The pushout of the extension
0>E—>V->Q —0
along E — Qg (1)¢ is the extension
0— Q((l)d — F/M_4F — Q; — O.

Since F is crystalline, this is an extension of crystalline Gg-modules. Proposition 11.3
of [33] implies that V is also a crystalline Gg-module and therefore a Gi"*¢ module. This
completes the proof of injectivity.
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The final task is to show that the image of
H*(G7™", S Hy(r)) — H'(Ge, Hy (M, | 5. S™He(r))) (13.2)

is contained in Hslm(GQ, Hélt(/\/l1 1/ S2"H,(r))). When n = 0, this is clear.
To prove this when n > 0, we use the fact that g{el ® Qg is a crystalline representation of
Gq, or more accurately, that its coordinate ring (9(g§e‘) ® Qy is a crystalline Gg-module.

(That it is unramified away from £ is proved in [33], the full statement is proved in [48].)

Let A?/["d be the Zariski closure of the image of Gg in Aut(gi‘;l(@e).16 Representations of

G that factor through Gg — .AIZVIOd(Qg) are crystalline. Denote by C'fris’g the tannakian

category of finite dimensional representations of Gg X g{j{@e. Its tannakian fundamental

group (with respect to the underlying Q, vector space) is a split extension
1 —> g{j{@z — 7 (Clcm) — Ag/bd — 1.
The splitting is induced by the base point t. There is a commutative diagram

G % Gig, — A/ x GI%, (13.3)

l |

wtd, £ cris, £
9

—G

Now suppose that n > 0. Since HZ(Q{CI, S2"H(r)) vanishes for all n and r, since
Ho(g{e}@[, S?"Hy(r)) = 0 when n > 0, and since there are Gg-module isomorphisms

H' (G, S™ He(r) = [H' 5™ ® 2" He (1P = Hi (M, 5, S He(r))
there are isomorphisms
H*(Gg X Gif,» S He(r) = H' (Gg, Hi (M, 5, S*He(r)))
and

Hy,(Gg, Hy (M, | g, S*"He(r)))
Hy (Mg, S HL(r)).

12

H*(G, . S Hy(r))

12

Applying H? to the diagram (13.3) implies that the image of (13.2) is contained in
Hy (G, HY (M | g, S*H(r)). O

Our final task is to prove the Pruning Lemma.

Lemma 13.4 (Pruning Lemma). Suppose that * € {1, T}. Let G be either Q,\:/td’e or ins’e.
If
0->B—>E—>Q —0 (13.4)

16This group should be a quotient of the Qy form of the fundamental group of Brown’s category of mized
modular motives over Z, perhaps even isomorphic to it.
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is an extension of G-modules, then there is a G-submodule A of B such that the extension
(13.4) is pulled back from an extension

0>A—>F—->Q/—0

and A = M_»A.

Proof. All modules in this proof will be G-modules and all extension groups will be
extensions of G-modules. First recall that if C is a submodule of B and if Ext!(Qq, B/C) =
0, then Ext!(Q¢, C) — Ext'(Qy, B) is surjective.
Note that S"Hy(r) = M_»S™ Hy(r) if and only if r > m. So the condition that A =
M_5 A is equivalent to the condition that each copy of S He(r) in Grfv A satisfies r > m.
If M_»B # B, choose the largest integer w such that Grg B contains a copy of S™ Hy(r)
with » < m. Then decompose Gru“)/ B

Gry B=D"® D,

where DT is the sum of factors S™ Hy(r) with r > m and D~ is the sum of the factors
with r < m.
Corollary 13.2 implies that the extension

0—>D — B/Wy_1—>C—0
splits. There is therefore a projection B — D~ and an extension
0—->K—-B— D —0.

Corollary 13.2 implies that Ext'(Qg, D™) vanishes, which implies that Ext'(Qg, K) —
Ext! (Qy, B) is surjective. Repeat this procedure until M_»K = K. O

14. The elliptic polylogarithm

Recall from Corollary 6.10 that there is an object p of MEM; whose corresponding local
system has fiber the Lie algebra p(E’, x) of m{"(E’, x) over the point [E, x] of Mi",.
Denote by p’ the sublocal system whose fiber over [E, x] is the commutator subalgeb}a
[p(E’, x), p(E’, x)]. It is an object of MEM,.

The elliptic polylogarithm of Beilinson and Levin is the object Polg]1 =p/lp’,p'] of
MEM;, [7, Proposition 1.4.3]. It is an extension

0 — (SymH(1))(1) — Pols" — H(1) — 0 (14.1)
and therefore an element of

D Extygp, (H(1), S"H(m + 1))
m=0

~ @ Extyey, (Q, H® S"H(m + 1))
m=0

~ EB Extyey, (Q. $"'H(m)) & @ Extyey, (@, $"T'Hm +1)).  (14.2)
m>1 m=0
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By Proposition 7.5, p, p’ and Polg11 restrict to objects of MEM;, which we will also
denote by pj, p and Pole” The fiber of p; over the point [E, V] of ana is p(E’, V).
The monodromy of the local system Polell over M, 7 about the fiber of the G,,-bundle

Ml [ = M1 is the unipotent automorphlsm of p(E’,V) induced by the element of
m(E/ V) that rotates the tangent vector once about the identity. Its logarithm spans
a copy of Q(1) in Derp(E’, V) and induces a map

Pol%“(l) — Pol%n/(SymH(l))(Z) =5 H(Q2) < (SymH(1)(1).

The coinvariants Pol%ll JH(2) of this action descend to a local system on M 1, which we

denote by Pol?H. It is an object of MEM;.
The computations in the previous sections imply that some of the extensions in
the decomposition (14.2) are trivial in MHS(M 2, H). The next result shows that all

extensions in Pol?!" that can be non-zero are indeed non-trivial.

Proposition 14.1. The elements of EXtII\/IHS(M] H)(Q’ S"H(m + 1)) that occur in the

decomposition (14.2) and its analogues for Pol?ll and Pol?“, are non-trivial when

(i) m=2n>0, when x=1,2,

(ii) m =2n > 0, when * = 1.
In addition, the extension in Eth{/IHS(M.VZ,H) (Q, H(1)) is non-trivial.
Proof. The vanishing follows from Theorem 11.4. There are several ways to prove the
non-vanishing. Here, we appeal to the result [7, Lemma 1.5.3] of Beilinson-Levin, which
implies that the fiber of the kernel of the monodromy logarithm

log o, : PolS! — Pols!!

over the tangent vector V,, where o, is the generator of the fundamental group of the

punctured g-disk, is the fiber over W, = 10 of the classical polylogarithm local system
Pol®#ss gver P! — {0, 1, oo}. This is the subextension

0— @ Q(m) — Polg-;jss - Q) =0
m>=1
of the extension (14.1) obtained by replacing each copy of S™H(m+ 1) by the space
Q@m + 1) of its lowest weight vectors. This is an extension of Q(1) by Q(m + 1). It is well
known that the fiber of the polylog variation of MHS over V, is given by the zeta values
£(m) € Extiyyg (Q, Qm)) = Extyys(Q(1), Q(m + 1)).
This has infinite order when m > 3 is odd, which implies that the (2n 4 1)st subextension
of Pol§! (the (2n + 1)st elliptic polylog’)
0— SHHQr42) > Eypp — H(l) = 0
is non-trivial in
Ext! (H(1), S "H(2n + 2)) = Ext' (Q, S*"T’H(2n +2)) ® Ext! (Q, S*"H(2n + 1)).

Since the first summand is trivial, this implies that the second component of Ep,4; is
non-trivial. O
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Remark 14.2. The non-triviality of these extensions also follows from the explicit
computation [27, Proposition 18.3] of the limit MHS on p = p(Ef’,\TV(,). Alternatively,
one can compute the period of the limit MHS on the fiber of P01§11 over V, directly. This
was done by Brown in [11, Lemma 7.1].

Finally, one can prove the non-triviality using £-adic methods. Since p is a mixed elliptic
motive, one can check the non-triviality of an extension in any realization. Nakamura
[45, Theorems 3.3 and 3.5] computed the ¢-adic Galois action on p and showed that the
extension above is given by a non-zero rational multiple of the Soulé character.

15. Simple extensions in MEM,

We can now assemble the results of this part to give a computation of the extension
groups of Q by S"H(r) in MEM,,.

Theorem 15.1. When * € {1, i}, we have

Q x=1, m=0andr >3 odd,
' " *:I,m:Oandr}lodd,
Extyey, (Q. S"H(r)) =
Q m=2n>0 and r=2n+1,
0 otherwise.
When % = 2, we have
Q m=0andr >3 odd,
| m Q m=1 and r=1,
EXtMEMz(Q* S"H(r)) =
Q m=2n>0 and r=2n+1,
0 otherwise.

The natural maps
Ext,{AEMl (Q, S"H(r)) — Ext,{,lEMT (Q, S"H(r)) — Ext,{,lEM2 (Q, S™H(r))

are both injective for all m and r.

When m = 2n and r = 2n + 1, the group EXtI{/IEM* (Q, S™Hi(r)) is generated by the 2nth
elliptic polylogarithmic extension, which corresponds to the Eisenstein series of weight
2n+2. When m = 0 and r > 3 is odd, it is generated by the rth zeta element; when % = 1
and r = 1, it is generated by an invertible function associated to the Eisenstein series of
weight 2, which can be regarded as the discriminant function on MI,T' When % = 2 and
m =1, it is generated by the extension that corresponds to the tautological section of
the universal elliptic curve over M 3.

Proof. When m =0 and r > 3, the result follows from the fact that the restriction
mapping Ext,lleM* Q, Q) — EthlvlTM* (Q, Q(r)) is an isomorphism. When m =0 and
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r =1, the result follows from the fact that O(Mj )™ is trivial when *=1,2 and
generated by the discriminant when * = 1.

Suppose that m > 0. Since the functor MEM, — MHS(M, ,,H) is fully faithful
(Theorem 8.1), the induced homomorphisms

Extyem, (@, S"H(r) = Extypg i, . g (Q S"H() (15.1)

are injective. So Theorem 11.4 shows that the extension groups are no bigger than claimed
in the statement.

When m > 0, surjectivity follows from the existence of the elliptic polylogarithms in
MEM.,.. (Proposition 14.1.) The Q-de Rham realization of the generator of

Extygy, (Q. S”"H@n + 1)), n>0

can be written down explicitly using Proposition 5.2 and Remark 9.1, or deduced from
[27, Theorem 20.2]. O

Remark 15.2. Since the fiber H of H over 1 is Q) Q(—1), the fiber V over fof a
generator of Ext,l\/"_|s(/\/l1 l)(Q, S2"H(2n + 1)) is an extension of Q by

QHeQR)®---aQC2n+1)

and thus determines elements

rj € Extyps(@,Q(), 1< j<2n+1.

It is easy to see that A; =0 when j < 2n+ 1; the proof is in the next paragraph. The
proof of the theorem implies that the class of Aj,41 is a non-zero rational multiple of
the class of ¢(2n+1). And indeed, this is exactly what one sees in the computations of
Brown [11] and Nakamura [45, Theorems 3.3 and 3.5].

We know that N :=logo, acts on the limit V as a morphism of type (—1, —1). Since
the residue of the form v, at ¢ = 0 is non-zero, the map

N:Gr(‘)}VV—>Grv_V1V

is non-zero and therefore injective. Suppose that 1 < j <2n. Since j <2n+1, N:
S?"H — S H maps Q(j) onto Q(j +1). It thus maps the extension Aj of Q by Q(j)
isomorphically into an extension of Q(1) by Q(j + 1) that lies inside $**H (2n+ 1). But
all such extensions are split, so A; = 0.

16. Structure theorems

The results of the preceding sections allow us to determine how the fundamental groups
of the various categories MEM, are related.

Let @ be any fiber functor that is the composition of the fiber functor MEM, — MTM
with any fiber functor MTM — Vecg. Denote the unipotent completion of ﬂl(Ef,VT/o)
by P. The inclusion E{ <> M7 induces a restriction functor MEM, — Rep(P) and
therefore a homomorphism P — 71 (MEM;, w).
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The inclusion of a formal punctured disk I < Ef/ induces a homomorphism Q(1) =
(D, W,) — P. We will denote this subgroup of P by G,(1). It is also the unipotent
fundamental group of the fiber of MI,T — M1.1. As above, restriction to the fiber induces
a homomorphism G, (1) — 71 (MEM;5, w) such that the diagram

Ga(l) — T (MEMT, a))

| |

P 71(MEM;, w)

commutes.

Theorem 16.1. There are exact sequences
1 - P — mi(MEM;, w) — 71 (MEM;, ) — 1

and

1 — Gu(1) - 71 (MEM;, 0) — 71 (MEMy, 0) — 1.
Proof. It suffices to prove the result when w = w®. We first show that P is a normal
subgroup of 71 (MEM,, »®). Since the Lie algebra of P is an object of MEM,, there is a
natural action of 7;(MEM,, 0®) on P. The composite

P — 71 (MEM,, 0®) - AutP

is the inner action. It is injective as P has trivial center, which shows that P is a subgroup
of 71 (MEM,, w?).
To see that it is normal, consider the diagram

P—s0

|

P —— 11 (MEM,, 0?)

Since the right-hand vertical map is surjective, and since P is a normal subgroup of G&,
it follows that P is a normal subgroup of 71 (MEM,, ?).

We can thus consider the quotient group mj(MEM,, w®)/P. Its representations are
objects of MEM; that have trivial monodromy on each fiber of M 2 — M 1, and are thus
constant on each fiber. This implies that its representations are precisely the pullbacks of
objects of MEM; along the projection. This implies that 71 (MEM,, @®)/P is isomorphic
to 71 (MEM;, ?).

That G,4(1) is a normal subgroup of 71(MEM;, @) follows from the commutativity of
the diagram

Gu(l) —— G} — 711 (MEM-, 08)

b

P G 71 (MEMy, 0?)
As in the % = 2, case, 71 (MEM:, 0?)/G,(1) = 71 (MEM, 5). O
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Corollary 16.2. There are natural isomorphisms
JTl(MEMi, w) = 71 (MEM/, w) x G, (1)

and

71 (MEM;, w) = nl(MEMI, ) XG, (1) P.
Proof. Since Ext'{ATM(Q, Q1)) =0, the isomorphism Eth{/IEMI Q,QUNH=Q of
Theorem 15.1 restricts to an isomorphism

H' (" (MEM;, ), Q(1)) = Q.

The composition of the corresponding homomorphism nlgeom(M EM-, w) — Q1) with the
geom

inclusion G, (1) — 7y (MEMj, ) is easily seen to be an isomorphism. There is therefore
an isomorphism
7 MEM;, 0) = [7 8" (MEM;, ©)/Gq (D] x Ga(1) = 78" (MEMy, ©) x G,(1).

Since all of these isomorphisms are respected by the 71 (MTM, w) action, there is a natural
isomorphism

T (MEM;, ©) = 7 (MTM, 0) x (27" (MEM, ®) x G4(1)) = 711 (MEM)) x G4 (1).

The second isomorphism follows from Theorem 16.1 and the first assertion. The
splitting is induced by the homomorphism 71 (MEM;, w) — 71(MEM>, w):

71 (MEM;, o)

—

] —P —— 1 (MEM;, v) —— 71 (MEM|, ®) —— 1.

17. Motivic remarks

Suppose that * € {1, T}. We expect that the ext groups of the category MEM, to be
faithfully represented in the various categories of realizations. To be more precise, set
MHS, := MHS(M| ,, H) and MEM{ = Rep(G<SY). The realization functors

realyps : MEM, — MHS, and real; : MEM, — MEMi
induce ‘regulator mappings’
regg : Extygy, (Q, S"H(r)) — Extyys, (Q, S'"H-]I(r))?oo = Hp (M, S’"]HIQ(r))?oo
and
reg, : Extiygy, (Q. S"H(r)) — ExtKnEMﬁ (Q¢, S™Hy(r)) = H* (G, S™Hy(r))

that are compatible with products. We have already seen that, in degree 1, the first is
an isomorphism and the second is an isomorphism after tensoring with Qg. We can also
map to real Deligne cohomology

regp : Extyey, (Q. S"H(r)) — Bxthyg (R, S"Hg(r)”> = HE(M,, S"He (1) .
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In degree 1, this map is an isomorphism after tensoring with R. The story is more
interesting in degree 2, where we have regulator mappings

regr : Extygy, (Q. S"H(r)) — Hp(M" S"Hz (1))

1,%°

> Exths®, H (M, S"H(H) > (17.1)

1,%°

and

reg, : Exthgy (Q, S"H(r) — H2(GIS, ™ Hy(r))
= Hg(Go, Hy (M, 5, S"He(r)). (17.2)

Conjecture 17.1. For all m > 0 and all r € Z:

(1) The degree 2 regulator mapping (17.1) is an isomorphism after tensoring
Extyyey. (Q, S"H(r)) with R.

(ii) For each prime number £, the degree 2 regulator mapping (17.2) is an isomorphism
after tensoring EXtﬁ/IEM* (Q, S™Hi(r)) with Qy.

The first conjecture is an analogue of Beilinson’s conjecture [6, Conjecture 8.4.1] and
his result for weight 2 modular forms [5]; the second is an analogue of a version of the
Bloch-Kato conjecture (cf. [20, 4.2.2]).

In §25 we show that (i) holds if and only if the cup product

> Extyey, (Q. S*H(2a + 1)) ® Extygy. (Q. SH(2b + 1))
a+b=n
b
- QB Extygy, (Q. S H@2n +2 1))
r=0

is surjective.

Part 3. Toward a presentation of 7{(MEM.,)

The goal of this part is to find a presentation of 71 (MEM,, wPR),

or more accurately, a
presentation of the Lie algebra u!;/'EM of its prounipotent radical. While we do not achieve
this goal, we are able to come close, thanks to computations of Brown [11] and Pollack
[49]. Specifically, we are able to determine the ‘quadratic heads’ of all relations in u!\fIEM.
If the variant Conjecture 17.1(i) of standard conjecture holds, then the quadratic head
of every non-trivial minimal relation is non-trivial.

In §23, we show that the de Rham realization of every object of MEM, has a canonical
bigrading which splits the Hodge filtration and both weight filtrations. This is an

important tool. It means that ui"EM is the completion of a bigraded Lie algebra in the
category of sl(H)-modules.
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18. Presentations of graded Lie algebras

Before attempting the problem of finding a presentation of w1 (MEM,, w), we first consider
a more abstract setting. Suppose that G is an affine group scheme over a field of
characteristic zero that is an extension

l-U—->G—>S—>1

of a connected, reductive group S by a prounipotent group U. Suppose that the Lie
algebra g of G is graded:
9= l_[ 9n

n<0

where go is isomorphic to the Lie algebra s of S and
u= 1_[ n

n<0
is the Lie algebra of U. For simplicity, we will suppose that each g, is finite dimensional.
The splitting g = s x u gives a Levi decomposition G = S x U of G. To give a presentation
of G, it suffices to give a presentation of the associated graded Lie algebra u, of u in the
category of S-modules.

The first step in finding a minimal such presentation of u, is to choose an S-invariant

splitting of the graded surjection

¢ ClUe — Hl(uo)-

This induces a graded S-equivariant surjection L(Hj(u,)) — u, that induces the identity
on Hj.

Set §=L(H;(us)). The ideal of relations t:=ker¢ is a graded submodule of the
commutator subalgebra [f, f]. The Lie algebra version of Hopf’s theorem implies that,
since ¢ induces an isomorphism on Hj, there is a natural isomorphism

Hy(ue) = t/[v, f]

of S-modules. The image of any S-invariant section ¥ : Hp(ue) <> t of the canonical
surjection v — H»(u,) will be a minimal set of generators of v. That is, v is the ideal
(im ¢) generated by im ¢ and there are isomorphisms

imy —> t/[t, fl = Ha(u,).

So, loosely speaking, every pronilpotent Lie algebra in Repp(R) has a minimal
presentation of the form
u=L(H )"/ (H2(w)).

Of course, one has to determine the mapping ¥ . Its quadratic part is easy to describe.
Denote the lower central series of a Lie algebra b by

h=L'p2Lh 2L 2---.
The bracket f ® f — f induces an isomorphism
A?Hy(u)) — L*j/L*f.

Examining the Chevalley—Eilenberg cochain complex of u,, one sees immediately that:
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Lemma 18.1. The composition
Ha () o 12— L2/L3] — > A% H ()
is the dual of the cup product A’H'(us) — H?*(u,). Equivalently, there is an ezact
sequence
H(ua) —2> A2Hy(uy) =2 L2,/ L3y —— 0
where A denotes the coproduct; i.e., the graded dual of the cup product.

Definition 18.2. The quadratic leading term (or part) of a relation r € v is its image in
L%u,/L3u,.

The final observation is that the canonical isomorphism
H*G, V)= H*w, V)3

implies that (provided that every irreducible S-module is absolutely irreducible) there is
a natural isomorphism

Ho(ue) 2@ H* (G, V)" & Va, (18.1)

aeS

where S denotes the set of isomorphism classes of irreducible S-modules, ( )Y denotes
dual, and {V,} an S-module in the class «.
If we fix a Cartan subalgebra § of s and a set of positive roots, we can decompose s as

s=n; Ohdn_,

where ny (respectively n_) is the nilpotent subalgebra consisting of positive (respectively
negative) root vectors. So we can think of u, as being generated as an n_ module by its
highest weight vectors. Applying this to the isomorphism (18.1) gives the following result.

Proposition 18.3. The space of highest weight vectors of the generating space of a minimal
presentation of ue projects isomorphically to

Ho(n—, Hi(u,) = Hy(w)/n-Hi(u) =P H' @G, Va)”.

aesS

The space of highest weight vectors in a minimal space t/[t,f] of relations projects
isomorphically to

Ho(n_, v/[x, fI) = Ho(n_, Ho(w)) = Ha(w)/n_Hy(us) = €D H*(G. V)"

aesS

Combined with Lemma 18.1, we see that the space t/ (tﬂL3f) of quadratic leading
terms of the space of minimal relations is dual to the cup product.
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Corollary 18.4. The diagram

Ho(n_,t/(xN L)) ————— A2Hy(n_, Hj (1))

|

@ae§ H*(G. Va)¥ —= @’3,},65 HY(G, V) ® H'(G, V)Y

commutes, where A denotes the dual of the cup product.

19. Splittings

A fundamental fact about motives is that (say) the complex vector space underlying a
mixed Hodge structure is naturally (though not canonically) isomorphic to the direct
sum of its weight graded quotients. In Appendix B we show that we can simultaneously
split the weight filtrations M, and W, on the various realizations of all objects of MEMj,
as well as all G, and G modules. This will simplify the problem of writing down
the presentations as it allows us to work in the category of bigraded Lie algebras with
sl(H)-action, instead of in the much more slippery category of pronilpotent Lie algebras.

Specifically, let G be any of the groups 71 (MEM,, w), where x € {1, 1, 2} and o is PR
or w?. Then every G-module V has a natural bigrading

V=P Vun

m,nez

in the category of Q-vector spaces with the property that

MuV =@ Ven and W,V =D Vi,

r<m r<n
nez mez

It is natural in the sense that it is preserved by G-module homomorphisms. It is
compatible with ® and Hom. One can also choose the bigradings to be compatible with
the functors MEM; — MEM; — MEM;.

Remark 19.1. One consequence of the proof is that the functors Gr¥ Grl are exact. If
one knew this in advance, one could use the fiber functor Gr¥ Gr! to prove the result.
Analogous results hold for Gi-modules and GS:‘_modules. One can arrange for their
splittings to be compatible with those of m1(MEM,, @) via the homomorphisms @ —
71 (MEM,, ©P) and G"¢ — 71 (MEM,, 0') ® Q.

Remark 19.2. In § 23, we will construct a canonical Q-de Rham bigrading of each object
of MEM, which splits both weight filtrations and also the Hodge filtration. This bigrading
generalizes, and reduces to, the canonical grading of the Q-DR realization of a mixed Tate
motive which splits the weight filtration and the Hodge filtration.
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19.1. Bases

In the subsequent sections, it will be important to distinguish between H = H 1(Ef) and
H:=H () = Hy(E3). The intersection pairing induces an isomorphism

H® — Hom(H®, Q)= H®: x— (x- )

of their Betti realizations. Both are isomorphic to H? = Qa® Qb = HB. Their de Rham
realizations are different:
HPR = Qa®Qw

where w = —2mib. Note that w spans a copy of Q(—1) in H(1). The de Rham realization
of H(1) is
QA8 QT

where a = 27i A and T = —b. This is the Q-de Rham basis used in [27]. In this part, we
will be mainly working in homotopy, and thus with H(1) = H) (E3).

Note that SL(H) and SL(I-VI ) are naturally isomorphic, as are their Lie algebras. We
will identify them.

Below we will take @ to be either w® or @PR. When we use w®, we will use the Q Betti
basis a, b of I-VI; when we use wPR, we will use the Q-DR basis A, T of H.

B

19.2. Splittings of g*MEM

Fix * € {1, 1, 2}. Set g = g!;/'EM and u = u*MEM. By the results of the previous section, the
Lie algebras g and u are isomorphic to the degree completion of their associated bigraded

Lie algebras
g= l_[ Omn and u= l_[ Wy .-

n<0 n<0
me7Z, meZ

Since gl(H) = Gr(‘)}v g and U, , = gm.n when n < 0, we have the decomposition
9 = gl(H) x [ [ wnn = gl(H) xu.
n<0

mez

This decomposition corresponds to a Levi decomposition
71 (MEM,., ®) = GL(H) x UMEM,

Since a prounipotent group is determined by its Lie algebra, to give a presentation

of m(MEM,, w), it suffices to give a presentation of u:ui"EM in the category of

GL(H)-modules. To do this, it suffices to give a presentation of the bigraded Lie algebra
Gru:= @ U n
m,n

as a bigraded s[(H)-module, where sl(H) is the bigraded Lie algebra

sl(H) =5_20®500P52,0=Q(1) QO &Q(-1).

https://doi.org/10.1017/51474748018000130 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000130

Universal mixed elliptic motives 727

The elements
ebR = —A% and el =2mielR = a% (19.1)
span 5]3122’0 and 5?2’0, respectively. The subalgebra sp is a Cartan subalgebra and is
diagonal with respect to the basis A, T of HPR. It is natural to assign the sl(H) weights
1to T and —1 to A. With this convention, Ad/dT has sl(H) weight —2.
Each weight graded quotient GrXV V of a G-module V is an SL(H)-module. The subspace
Vin.n of Gr,‘;v V is the set of vectors of sI(H) weight m — n. In other words, the three notions

of weight are related by the formula

M-weight = sl(H)-weight + W-weight. (19.2)

Convention 19.3. Most formulas will hold for both the Betti and de Rham realizations.
For this reason, we will often omit the B or the DR and write, for example, ey, which can
be interpreted as eg in the Betti realization and egR in the de Rham realization.

MEM

20. Generators of u}

In this and subsequent sections, Gr V, where V is in MEM,,, will denote Gr Gr¥¥ V. Since
there is a natural isomorphism Gr ui"EM = u*MEM, to find a presentation of ul"EM, it suffices
to find a presentation of its associated bigraded Gr uyEM.

The abelianization of Gru*MEM is easily computed by plugging the computations of

Theorem 15.1 into isomorphism (18.1) and Proposition 18.3.

Proposition 20.1. For *x € {1, T, 2}, we have
Hy (Grul®™) = B Extygy (Q. S"H(r)¥ @ S"H(r)

m>=0

rez
Pacn+nHe s HEn+1) %=1,
m>0 n>0

~ |l Paeen+nHoP s Hen+1) w=1,

m>0 n>=0
Pocen+HeHOHOEP ST HEn+1) *=2.
m>0 n>0

Since the surjection 71 (MEMy, ) — 71 (MTM, w) is split, it follows that the sequence
0 — Hy(Gruf™™) — H;(GruMM) - H(Gre) - 0

is exact. Since

H(Grt) = @ Q@m + 1),

m>0

is a trivial SL(H)-module and since Hj(u§ ")SHH) = 0, we obtain the following result.

Corollary 20.2. There is a natural GL(H)-module isomorphism
Hi(GruM®My = [ (Gre) @ Hy (Gru§™™).
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Following the procedure in § 18, we choose a graded GL(H)-invariant (and therefore
bigraded) section of GruMEM — H; (GruMEM). This induces a surjection

L(H;(Gr ui"EM)) — Gr u*MEM.

We may assume that these maps are compatible with the projections uMEM — u%"EM —

MEM We now fix a basis of Hj (GruMEM) 17T Tts image under the sectlon will be a
generatlng set, of GruMEM These generators will not be unique as they will depend on
the choice of the section. More will be said about this in Remark 20.3.

For the rest of this section * € {l, T}. Recall that Q(n) is the one-dimensional
Gp-module Q on which G,, acts by the nth power of the standard character. Let

oam+1 € Extyry(Q, Q2m +1)" ® Q(2m + 1) € Hy(Grt)

be the basis vector on which the motivic zeta value {™(2m + 1) defined in [10] takes the
value 1. Let

Zom1 € Bxtygy, (@, SHQ2m +1))Y @ Q@2m + 1) € Hy (Grul'®™)

MEM

be the corresponding element of Hj(Gr uMEM) The projection uy — t takes 7,41 to

Oom+1. Let
€2 € Extygy (Q, S *H(2n — 1)) ® $*" 2H(2n — 1)

be the element whose value on the class ¥, of the normalized Eisenstein series is the
highest weight vector 27ib?*~2 € Q(1) of S*2H(2n — 1).

Remark 20.3. Just as in the case of the generators 67,41 of Gré, it is important to note

that, even though the z5,,4+1’s are canonical in H; (GruMEM)7 they are not canonical in
GruMEM o,

(i) The lift of zy;,41 from H, (ui"EM) to Gru&"EM is not unique. For example, z;; can be
replaced by any element of z1; + Q[z3, (23, Z5]].

(ii) Even if we fix the lift of zy, 41 to Gr uMEM we can adjust it by any SL(H) invariant

geom
element of Gr dm—2 Gr_4m o Ux

Note, however, that the geometric generators ep, are unique as Gr 2Gr on U MEM is

one-dimensional for each n > 1.

Remark 20.4. The results of §29 imply that there is a canonical Q-de Rham choice of

the homomorphism
MEM
@Gr am—2t— @Gr am— G4y 2
m>1 m>1

Namely, it is the homomorphism that takes z e GrM4 _, ¢ to its component (denoted
by z#"*2 in §29) of the image of V,4(2z) in the sl(H) invariants of GrW 'IAEM7 where

uMEM s identified with its W-graded quotient using the canonical Q-DR splitting of W
constructed in § 23.

17We shall see shortly that there is a natural choice.
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Notation 20.5. Denote the adjoint action of the enveloping algebra of gMEM on ui"EM by

f -u. In particular, if x € gMEM and u € u!\fIEM, then x/ - u = adj (u).

With this notation,
S 2H(2n — 1) = spanfe, - e, : 0 < j < 2n—2}.

One also has the relation 63”71 -ep, = 0. Note that

MEM J MEM

Zom+1 e GrM m— 2Gr dm—2 ty and e -e, e GrM “o-2j GtV MOWRT!

Their images under the chosen section of L(H; (Gr uMEM)) — Gr uMEM

set, so that, for example,

will be a generating

Gr u:\fIEM = f,/(relations),

where
fi :=L(e} - eny2. Zomp1 :n =0, m>1, 0< j <2n)

and f; := fj/(e2). This is free. Denote the Lie subalgebra of f, generated by the eé - €242,
j.on >0, by £ The Lie algebra us ™ is a quotient of f§ .

We will refer to the ey, with n > 0 as geometric generators as they generate Grug
The zy,,+1’s will be called arithmetic generators as they come from lifts of elements of €.

geom

Remark 20.6. Each element of Gru®™™ can be expressed as a Lie word in the e),’s, where
n > 0. Since each ey, is in GrM MEM , each element of GrMZd can be expressed as a Lie

MEM

word of degree d in the generators €. We will therefore refer to G g Uy as the degree

d elements of Gru'\/IEM

21. General comments about the relations in uMEM

Before embarking on the problem of determining the relations between the generators
of uMEM7 it is useful to ponder their shape and structure. As above, * € {1, 1}. In this
and subsequent sections, we denote 71 (MEM,, »®) by QL"'EM and 71 (MEM,, w?)gom by

geom

.

Relations between the ep,,’s will be called geometric relations. Since £ is free, there are
no relations between the 62,,41’s and hence no relations between the zy,,41’s modulo the

e2,’s. Since u§°" is an ideal in uMEM there are relations of the form

[Zom+1, €2q42] = Lie word in the geometric generators ey;, j > 0. (21.1)

These will be called arithmetic relations. They describe the action of £ on u§*™" and will
be discussed in greater detail in joint work of the first author with Brown.
The bigraded ideals of relations are

v, = ker{f, — GruM®M} and %" = ker (S — Gruf™"} = ¢, N

These are gl(H)-modules.
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A minimal space of relations of uyEM is a minimal bigraded subspace of the space of

sl(H) highest weight vectors of t, that generate it as an ideal. A minimal set of relations
of uMEM s a bigraded basis of a minimal subspace of generators of t,.
Proposition 18.3 implies that each minimal subspace of relations in u!

to

MEM

+ - is isomorphic

HO(n—a t*/[t*, f*])v

where n_ is the Lie subalgebra Qeq of sl(H). It also implies that the space of minimal
relations of ui"EM of sl(H)-weight 2n and M-weight —2d, and thus W-weight —2n —d, is
dual to

H*(GMEM §2" 5 (2n + d)).

Remark 20.6 implies that the geometric relations of M-weight —2d have degree d in the
{e2; : j = 0}. It also implies that the right-hand side of the arithmetic relation (21.1) has
degree 2m +2 in the {ey; : j > 0} as it has M-weight —4m — 4.

A minimal space of geometric relations is a subspace of the s[(H) highest weight vectors
in ¢&°°" that injects into Ho(n_, t,/[ts, f«]) under the canonical projection

tieom — t/[ty, fx] = Ho(n_, v /[, f4l).

Since £ is free, [ty, fx] € v ", which implies that any minimal space of geometric relations

is isomorphic to
geom

Ho(n_, v3 /[, f*])

A minimal set of geometric relations is a basis of a minimal space of geometric relations.
Those of sl(H)-weight 2n and M-weight —2d are dual to the image of the restriction
mapping

H2(GMEM §2 F (0n + d)) — HA(GE™, S H(2n + d)).
As remarked above, these have degree d in the ey, ’s and W-weight —2n — 2d. They occur
as highest weight vectors of copies of $?*H(2n +d) in the relations.

21.1. Conjectural size and shape of the relations

In this section we explain how standard conjectures in number theory, if true, would
constrain the size and form of a minimal set of relations of Gr ui"EM. In §25 we will give
an unconditional proof that there is a set of minimal relations is of this form and give a
partial computation of it.
Corollary 18.4 implies that the highest weight vectors in the space of leading quadratic
terms
te/([te, o]+t VL) = v/ (e N L)

of a set of minimal relations of uyEM of M-weight d and sl(H)-weight 2n is dual to the
image of the map

P  H'GM SPHj+1)@H (GVEM, s%*H (2K + 1)

j+k=n+d—2
J-k=0

— H*(GMEM 2" H(2n + d)) (21.2)
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obtained by composing the cup product with a GL(H)-invariant projection

SHHQj+1)®@S*H2k+1) —> S"HQ2n +d). (21.3)
Since ¢ is free and acts trivially on Hj(ug°™), we have [¢, v "] C L3f§e°m. It follows

that
T ET N LR > /N L)

is injective. The image is the set of quadratic leading terms (Definition 18.2) of the
geometric relations. The quadratic parts of geometric relations of M-weight —2d have
degree d as expressions in the {ey, : m > 0}, but are quadratic in f*.lg

MEM MEM

To better understand the relations we restrict to the case * = 1. Since us =u ®

Qey, where e; is central, there is no loss of generality.lg The generator ey,4+2 of fi (Betti
or de Rham, according to taste) is dual to a generator of Hl(gi"E'V', SZ"H((2m + 1)) and is
a highest weight vector of the unique copy of $" H in Hj(f;). When m = 0, the generator
Zym+1 of f1 is dual to a generator of HI(Q?AEM, Q@m + 1)). The projection (21.3) is dual
to an inclusion

S*H(2n+d) < Hi(f1) ® Hi(f1)

and thus corresponds to a line of highest weight vectors in Hj(f1)®? of sl(H)-weight 2n.
The line lies in Gr%d as the highest weight vector of $?*H(2n +d) has M-weight —2d.
Since the cup product is anti-commutative, the image of $** H(2n + d) lies in A2H; (f) =
L*1/L.

To get an idea of the shape of the relations and to see how they might be computed,
we assume Conjecture 17.1(i) for the rest of this section. This means that we identify
H*(GVEM, S H (r)) @ R with Hp (M3, S Hg (r))7 .

Recall that V¢ denotes the two-dimensional real Hodge structure associated to a Hecke
eigen cusp form f and that 9,1, denotes the set of normalized Hecke eigen cusp forms
of weight 2n + 2. Each Vy decomposes as the sum of two one-dimensional eigenspaces V;t

of the de Rham Frobenius Fs. The cup product
H.,,(SLa(Z), S H) ® Hg,(SLa(Z), S™" H) — Hg,,(SLa(Z), Q)

induces an isomorphism Hom(V%,R) = V;F. Conjecture 17.1(i) and Proposition 11.8
imply that there is an isomorphism '

R& @ VJ}" n>0,d>2even,

f€Bonyr
H*G'™M " Hen+d) " ®R=1 @ V;  n>0 d>2odd,
F€Bonyr
0 otherwise.

The copy of R when d is even corresponds to the Eisenstein series Goj42.

8xor example, [eé -€q, eg -eyp], where a,b > 1 and j, k > 0, is a quadratic element of f;, but has degree
d = j+4+k+2in the ey’s.

1976 understand the case * = 2, by Corollary 16.2, it suffices to understand the action of uMEM o

1 P

The action of the geometric generators is described in § 22.
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Proposition 21.1. When * = 1, Conjecture 17.1(i) implies that the cup product (21.2) is
surjective for alln and d.

Proof. The interpretation of Brown’s period computations [11] in terms of Deligne—
Beilinson cohomology [29, § 7] implies that the image of the cup product (21.2) under the
regulator regp, after tensoring with R, is isomorphic to H%( T S?H(Q2n +d)). O

Corollary 21.2. If we assume the Conjecture 17.1(i), then each minimal relation is
determined by its leading quadratic term. That is, the projections vi/[ty, f1] = t1/(t1 N
L) and

Ho(n, v1/[e1, i) = Ho(n—, v1/(v1 N L))
are isomorphisms.
So, granted Conjecture 17.1(i), for each f € By,4+2 and each d > 2, there is a map
Vi — G, Gy, oy Ho(n_, vi/[x1, f11) (21.4)
where € is + when d is even and — when d is 0dd.2° The map
V> G, Ho(no, v1/(e1 N L)

obtained by composing (21.4) with the projection is dual to the cup product. It is non-zero
and therefore injective. The last statement of Proposition 21.1 implies that the image of
this last map lies in the geometric part

GrlllZd Ho(n_, t%eom / (t%eom n L3f%eom)).

That is, the leading quadratic terms of each cuspidal relation are geometric. More is true:

Proposition 21.3. Under the assumption that Conjecture 17.1(i) holds, the image of
(21.4) lies in the subspace Gr%d GrWZHd Ho(n_, t%eom/[tl, f11) of the space of minimal

relations.

Proof. As pointed out above, there are no relations between the z,,,—’s modulo the ideal

generated by the ey,;’s. Since u‘(feom is an ideal, each relation [zp;,—1, €2,] lies in f‘%eom. So
we can replace every occurrence of zp,,—; in a cuspidal relation by an element of f%eom.
So every cuspidal relation lies in f%eom. O

When d > 2 is even, write d = 2m + 2, where m > 0. The dual
R < G, GY, ,, Ho(n_,v1/(t; N L3f1))

of the composition of the cup product with the projection associated to the Eisenstein
series Go,42 will contain the leading quadratic terms of the arithmetic relation (21.1)
associated to the Eisenstein series Go,,+2. Determining this map is a joint project with
Brown.

20This map is dual to the composite of the cup product with the projection onto Vf_e.
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22. The monodromy representation

Any relation that holds in gMEM will hold in any homomorphic image. Relations that
hold between the images of the €y, in a homomorphic image give an upper bound on the
relations in u%"EM. In this section we determine how the generators ey, of Gr u?"EM act on
the unipotent fundamental group of E..

As in previous sections, p denotes the Lie algebra of the unipotent completion of
] (E%, W). Recall that H denotes H(1). It can be thought of as the first homology group
of the first order Tate curve E;. The splittings given by Proposition B.1 give natural
isomorphisms

GV pB 2 L(H®) =L(a,b) and Gr pPR=LHPR) =LA, T)

which extend to the natural bigraded isomorphism obtained by splitting each W-graded
quotient into its s[(H) weight spaces.
The natural monodromy action Q%AEM — Autp induces a Lie algebra homomorphism

u%AEM — Deryp. This induces a gl(H)-invariant bigraded monodromy homomorphism

GruMEM — GrDerp = DerGrp = DerIL(I‘VI). (22.1)

Set 6 = [a, b] € Gr™, Gr", L(H).

Proposition 22.1. The image of the graded monodromy action (22.1) lies in
Der’ L(H) := {6 € DerL(H) : §(6) = 0}.

Proof. Set E = E;. Let y, be the element of 7y (E’, W) obtained by rotating the tangent
vector once about the identity. Observe that logy, € W_pp and that its image in Gr". 2, is
[a, b]. Each element of the group 711(./\/1 i ,V,) is represented by an element of Diff™ (E, 0)

that acts trivially on ToE, the tangent space of E at the identity. This implies that
the image of Autp in 711(./\/1 1 ,V,) is contained in the subgroup of elements that fix

geom

log ¥, € p and therefore act trlvmlly on Gr¥¥ ", p. This implies that the image of Gru —

Der GrL(H) lies in Der’ L(H).
To complete the proof, recall that, using the splitting ¢ — uy

vector t we can identify u';/'EM

image of ¢ — uMEM _, Derp acts trivially on it. It follows that Grt acts trivially on 6,

which completes the proof. O

MEM induced by the tangent

with € x ui ™ Since log y, spans a copy of Q(1) in p, the

Since, by Corollary 16.2, u%"EM %u'lleMeaQez where e, is central, there are, by
restriction, natural monodromy representations

u'}AEM — Derp and Gru'l\/'EM — Der’ L(H). (22.2)

Restricting to this smaller algebra will simplify the computations in subsequent sections.

Remark 22.2. Another way to see that there is a natural monodromy representation
Gr u'}AEM — Der? L(H) is to observe that, since the centralizer of a non-zero element x in
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a free Lie algebra is spanned by x,
Der’ L(H) NInnL(H) = Qad 6.

This implies that W_3 Der? ]L(I-VI ) — W_3 OutDer]L(I-VI) is an isomorphism. Since every
generator of Gr u'{"EM has weight < —4, the homomorphism u'}"EM — OutDer L(H) lifts to

Der® L(H).

For a basis v, vp of H and each n > 0, define the derivation €, (vy, v2) of L(I:I) by

a
—V)— n=0;
8V1 9
Vi v) =N a2l = Y D fadl (), adk ()l n=0. (223
1 ) 1 3V2
Jj+k=2n—1
Jj>k>0

Here we are identifying L(I:I) with its image in Der L(ﬁ) under the inclusion ad : JL(I-VI) —
DerL(H). Each €3, (v{, v2) annihilates 6 and is thus in Der® L(H), [27, Proposition 21.2].2!
It is useful to note that if ¢q, ¢» € C, then

2n—1
en(c1vi, cav2) = ¢ ca €0n(V1, V2).

Recall the notation of §19.1. Set
€y = eglR =€y, (T, A) and ef;, = 2711'6]2)”R = €3,(—b, a).
These lie in Grll’l2 Gran Der ]L(}VI ) and are sl(H)-highest weight vectors of weight 2n — 2.22
When n = 0, this agrees with the definition (19.1) of ey given earlier.
Pollack [49] found relations between the €3,.23 The relevance of Pollack’s computations
to bounding the relations in GruMEM comes from the following result.

Theorem 22.3 [28, Theorem15.7]. The monodromy representation (22.2) takes €y to €
and ey, € Gru%"EM to 2e2,/(2n —2)! when n > 0.

Remark 22.4. One consequence of this result is that a presentation of u%eom determines

a presentation of u%eom as Gr ugeom = Gruy X L(H) where the action is given by the ep,.

23. The canonical de Rham splitting

The Q-vector space VPR that underlies a universal mixed elliptic motive V in MEMj is
naturally isomorphic to its associated graded module

VPR = G yPR

21These derivations occur in the work [59] of Tsunogai on the action of the absolute Galois group on
the fundamental group of a once punctured elliptic curve. They also occur in the paper of Calaque et al
(13, §3.1].

220ne can show that there is a unique copy of S2"72H(2n —1)in Grivzn Der? L(H). It has highest weight
vector €.

23Note that in [49], €, denotes our €y, (a, —b).
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with respect to the weight filtration M,. The canonical way to realize this isomorphism
is via the identification

F"VPR N My, VPR = Gryf VPR
induced by the inclusion F” VPR M,,, VPR < M,,, VPR This grading splits both the
Hodge filtration and the weight filtration M,. As shown in Appendix B, this isomorphism
can be lifted to a natural isomorphism

VPR = GtV GrM yPR

of VPR with its associated bigraded module which splits the Hodge filtration and both
weight filtrations. The purpose of this section is to show that this lift is canonical.

Theorem 23.1. For every object V of MEM,, there is a unique isomorphism
VPR = (B GrY Grjl, VPR
m,n
of rational vector spaces, where VPR is the Q-de Rham realization of the fiber V.€ MTM
of V over V,, with the following properties:

(i) The isomorphism is natural with respect to morphisms in MEM, and compatible
with tensor products and duals.

(ii) This bigrading of VPR refines the standard grading VDRE@p FPM,, VPR of
the de Rham realization of a mixed Tate motive. That is, for each p € Z, this
isomorphism restricts to an isomorphism

FPVPRO My, VPR = (B Gy Gryl VPR,
n

Proof. Denote 1 (MEM,, wPR) by G, its prounipotent radical by U, and its Lie algebra
by g«. Results from § 7 imply that there are natural homomorphisms G; — G> — G;. This
means that every object of MEM, can be viewed as an object of MEM;. So it suffices to
prove the result for * = 1. Applying Proposition B.1 to G; implies that such compatible
bigradings which split the Hodge filtration and both weight filtrations exist.

To prove uniqueness, observe that such bigradings correspond to a lift of the central
cocharacter G,, — GL(H) that gives the Q-DR splitting of H to a cocharacter G, — Gj.
This cocharacter lies in F OWOMOQI and is unique up to conjugation by an element of
FOWOMOL{I. But since Gru; is generated the eé - ey, and the zp,,41 with n,m > 0, all of
which lie in M_», and since FONM_, =0, FOWoMouT = 0. Uniqueness follows. O

Denote the Q-DR realization of the Lie algebra of the unipotent fundamental group of
(ET/’ W,) by p. The isomorphism Hj(p) = QA @ QT given in § 19.1 induces an isomorphism
Grp = L(A, T) of bigraded Lie algebras. The canonical Q-DR bigrading induces an
isomorphism

Yip— LA, T
which is compatible with the bracket and satisfies

T eGr”, G}/ L(A, T), AeG"Y G™L@A,T). (23.1)
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The KZB connection [13, 43] is the Q-DR realization of connection associated to the
local system of unipotent fundamental groups of punctured elliptic curves over M ».
This was suggested in [43] and proved in [27, 44]. It gives an isomorphism

¢:p®C— LA, T)'®C

of p ® C with the completion of the bigraded Lie algebra IL(A, T) which splits the Hodge
filtration and both weight filtrations. (Cf. [27, §15].) In order to exploit the formulas
derived in [27] using the elliptic KZB connection, we need to show that the KZB bigrading
agrees with the canonical one constructed above.

Proposition 23.2. The isomorphism
poy LA, T ®C - LA, T) ' ®C

is the identity, so that the canonical bigrading of p constructed above and the bigrading
given by the KZB connection agree.

Proof. The isomorphism ¢ :p®C — L(A,T)"®C constructed from the KZB
connection induces the isomorphism

H(p QC=CTreCA

of §19.1 which respects the canonical bigrading. It follows that the map induced by
¢ oy~ on Hj is the identity.
Since ¢ oy ~! corresponds to a morphism of mixed Tate structures, it induces an
isomorphism
FPNMy,L(A, T)"®C — FPNM;,L(A, T)" ®C

for all p € Z. Since FOL(A, T)" ® C = CT, it follows that ¢ o ~1(T) = T. Since

F'NnM_LA, T) = ]_[ CT"-A,
n=>0

it follows that poy =1 : A> A+ 32, ¢,T" - A where each ¢, € C.

As in the previous section, we denote by y, the element of nim(E%, W,) that rotates the

tangent vector W, in Ty E; once about 0. Since log y, spans a copy of Q(1) in p, its image
under ¢ is 2wi[T, A]. But since, by [27, §12], the residue of the KZB connection at the
identity of E;is [T, Al the image of log y, under ¢ is also 2wi[T, A]. So ¢ o w_l([T, A]) =
[T, A]. Therefore

(0.¢]
[T, Al=¢oy " (T, A =T, A1+ ) e, 7" A.
n=1
It follows that all ¢, vanish, so that ¢ oy ~1(A) = A and ¢ oy ~! is the identity. O
By identifying g%’IEM with its associated bigraded Lie algebra via the de Rham splitting,

we can regard each e, as an element of gMEM. The following result is a consequence of
the previous result and Theorem 22.3.
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Corollary 23.3. The homomorphism gyEM — DerlL(A, T)" respects the bigrading when

* = I, 2. It takes ey to €9 and ey, to 2€2,/(2n —2)! when n > 0.

Remark 23.4. The theorem implies that the Hodge realization of an object of MEM; is
an Eisenstein variation of MHS over M{". (See [28, Remark 16.5] for a definition.) This
implies, in particular, that the weight filtration W, of the vector bundle V over M /Q
that underlies the canonical extension of V to mm is isomorphic to its weight graded

quotient:
v=@arn v
n

and that, in the notation of [28], the connection on V is of the form Vp+ ©, where Vy
denotes the connection on Gr)¥ V that is described in §5.2 and

Q=) V() € Qlﬂl,l/@ ®End<@ GrY v),
n n

where ¢@,, € Grf/’2 Grv_VZn End VPR is  the image of ey, wunder the monodromy
homomorphism Gr ull)R — End Gr VPR,

24. Pollack’s relations

In this section we recall Pollack’s relations [49], which give an upper bound on the leading
quadratic terms of these relations. If the cup product (21.2) is surjective, as would follow
from Conjecture 17.1(i), this will give an upper bound on the space of minimal relations
in WMEM.

Pollack found all highest weight relations of degree d = 2 that hold between the €3,
and all highest weight relations between the €5, of higher degree d > 2 that hold modulo
a certain filtration that we now define.

Suppose that n is a Lie algebra. Denote its commutator subalgebra by n’. Define the
filtration P*® of n by

Pl=n, P"n=L"" m>0.
where L™ denotes the mth terms of the lower central series. The filtration P*® of L(ﬁ )
induces a filtration?* on Der L(H) by

P"Der’ L(H) = {8 € Der® L(H) : §P/IL(H) € P/T™L(H)}.
It has the property that [P/n, Pkn] € P/tn,

Lemma 24.1. The image of L™ Gru%"EM in  Der? IL(I?) under the monodromy
homomorphism Gru%’lEM — Der IL(I:I) is contained in P™ Der” L(I:I).

Proof. A derivation of IL(I-VI) lies in P! Der? L(I:I) if and only if it acts trivially on both
Hi{(L(H)) and H{(IL(H)"). The map (Sym H)(1) — H{(L(H)') defined by

X]...Xp Z (X(1) -+ - Xo(m)) - 0

oex,

241y § 28, we will see that this is the filtration induced by the natural elliptic depth filtration of Der p.
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is an isomorphism. If § € Der? L(ﬁ), then
n
S((x1x2...xp)-0) = Z(S(xj)xlxz . Xj1Xj41 - Xy) -6 mod L’L(H)'.
j=1

So if § acts trivially on H;(L(H)), then it acts trivially on H;(L(H)').
MEM

Since the image of u in sl(H) is trivial, its image in Der? L(H) acts trivially on
H, (L(I:I)) and therefore lies in P! Der? IL(I—I(). It follows that Lmu%"EM is mapped into
P" Der’ L(H). O

Regard §2" H(2m + 1) as the copy of $?" H in Gru%"EM generated by e,42. Ifa > b > 0,
then the image of the bracket in f; is

2b

@ S22 H(2a+2b4+2—r) a > b,
[S*H(Q2a+1),S?H@b+ D] = { 50

P s 2 Hda—2r +3) a=bh.

r=1

The determination of the highest weight vectors in Lzﬁ /L3 of degree d is an exercise in
the representation theory of sl;.

Proposition 24.2. If a, b and d are positive integers satisfying 0 < d —2 < 2min(a, b),
then

1 ifd—2 : e ~
Wapi=7 D (—1)'< l. )<2a—z>!(2b—J)![ea-ezm,eg-ezm]

i+j=d—2

i20,j20

spans the space of sI(H) highest weight vectors in the subspace
Gr™,,[S* H(2a + 1), S’ H(2b + 1)]

of u%"EM, Its image in Gri’lzd Der’ L(H) is

(d—2\ 2a—)IQ2b— ) ;
d ._ _1)i - -
Wy p += i+j§_d2( D ( ; ) )b [€0 - €2a+2, € - €2p12],

20,720

which is an sI(H) highest weight vector in Gr%d Der ]L(PVI).

Both w¢, and w?, have W-weight —2a —2b—4 and sl(H)-weight 2a +2b —2d +4.

Note that wZ , vanishes when either a or b is zero as e; and € are central. Since WZ b=

(—l)deZ 4> We can, and will, assume that the coefficients in an expression

d
Z CaWqp

a+b=n

satisfy ¢, 4+ (—=1)%cp = 0.
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Before stating Pollack’s result we need to recall a few basic facts about cuspidal
cocycles. This material is standard, but conventions are not. We will use those given
in [28, §17]. The left action of SLy(Z) on H!(E) is given by (a, —b) — (a, —b)y. (Cf. [28,
Lemma 9.2].)

Denote the standard cochain complex of SLy(Z) with coefficients in the left-module V
by C*(SLy(Z), V) and its differential by §. Set

Z}p(SLa(Z), S"H) = {r € C'(SLa(Z), S"H) : 61 = 0, 7(T) = 0},

where T = ((1) %) These groups vanish when m is odd. Cuspidal cocycles are determined

by their value on § = ((1) ’Ol ) and are characterized by the functional equations

I+ Sr=I+U+U*r =0,

where U = ST. We will identify a cuspidal cocycle with its value on S.
The real Frobenius operator Fo acts on cuspidal cocycles via the formula

Feo:a—a, Fs:b— —b.

Let
Zeusp(SLa(Z), S"H) = Zgyp (SLa(Z), S" H)* & Zeyy (SLa(Z), S™ H)™

be the eigenspace decomposition. The + (respectively —) eigenspace consists of
polynomials with even (respectively odd) degree in a.
The map Z! (SL,(Z), S**H) — (M 1, S?"H) that takes a cuspidal cocycle to

cusp
its cohomology class has kernel spanned by the unique cuspidal coboundary 8(a*") =
b?* —a®". There is thus a short exact sequence

1
chsp

0— Qs§@" — z! (SL,(Z), S™"H) —

cusp

Hclusp(M],l ) SZnH) — 0. (24.1)

It is equivariant with respect to the Fo action. The class map has a section given by
modular symbols.

Recall that the modular symbol of a cusp form f of SLy(Z) of weight 2n +2 is the
homogeneous polynomial

2n ) ) ico

rr(a,b) = Zaf(j)a]bzn_j = (271i)2"+1/ f(r)(b—ra)?dr € S™'H
. 0
j=0

of degree 2n. This decomposes ry = r'} + r;, where r/% € chusp(SL2(Z), S?"H)* ®C.

Theorem 24.3 (Pollack). If n > 0, then

Z Cal€2a+2, €2p42]1 =0
a+b=n
if and only if there is a cusp form f of SLo(Z) of weight 2n+2 with r'}'(a, b) =
> cqa®b* 2 Ifn >d > 2, then

Z cawg’b = 0 mod P> Der” ]L(I-VI)
a+b=n
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if and only if

Z Ca32a7d+2b2b7d+2 c Z] (SLZ(Z), S2n72d+4H)€’

cusp

a+b=n
2a,2b>d -2

where € is + when d is even and — when d is odd.

Here f is arbitrary, in that it can have complex Fourier coefficients. The relations with
arithmetic significance correspond to normalized Hecke eigenforms.

Remark 24.4. The second statement can be rewritten to focus on the cocycle:

> caa’® e 2}, SLa(Z). SV H)¢
A+B=2N
A,B=d (2)
if and only if
Z cAwZ,b = 0 mod P> Der’ L(I:I),

A+B=2N
A,B=d (2)

where a = (A+d—2)/2 and b= (B+d —2)/2.

Remark 24.5. The trivial cuspidal cocycle b*N — a2V in chusp (SL2(Z), §*N H) corresponds
to the even degree relation

2%k 2%k h 2k M w 01 77\ p3
Wil Nk—1 — W k=1 k—1 = 2W_1 Nyk—1 € Gy Grlyy gy Der” L(H)/P~.

This has sl[(H)-weight 2N. There is one non-trivial such relation for each k > 1.

25. Pollack’s relations are motivic

In this section we use Brown’s period computations [11] to prove that there are relations in
Gr u'}"EM that project to Pollack’s relations in (DerL(H))/P3. These have also been proved
in [11, §§16, 20] using tannakian methods. Both proofs use the same general approach,
which was suggested in [25]. Namely, that relations in u'f/'EM correspond to certain
non-trivial extensions of MHS in the coordinate ring O(g{‘ﬂ) of the relative completion of
SLy(Z). The period computations in [11], which are key, imply the non-triviality of these
extensions and thus the existence of the lifted relations.

One can ask if the lifted Pollack relations generate all relations in u'l‘AEM. We show that
if we assume Conjecture 17.1, then the lifts of the Pollack relations generate all relations

in u'{’IEM. We continue with the notation of the previous four sections.

Theorem 25.1. Pollack’s relations that correspond to period polynomials of cusp forms
are motivic. That is, for each cusp form f of SLo(Z) of weight 2n+2 and each d > 2,

there is an element ryrq of Grf’lzd t%eom ® C with

rrg = Z cawfll , mod L3ﬁ’e°m,
a+b=d-2
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where
r;(a, b) — Z Caa2a—d+2b2b—d+2 c Zéusp(SLZ(Z)7 S2n—2d+4H)E
a+b=n
2a,2b>d—2
is the even or odd part of the modular symbol of f, where € is the sign of (—1)¢. The
Pollack relation corresponding to the trivial cuspidal cocycle lifts to the arithmetic relation

[Z2m—1, €2n42]

2m —2)! <2n + 2) Bontom Z -2n+i0)! . i
= o =1’ —[66 < €2m, € €2n+2m]
| |
2n +2m)! 2 Bonyo i+ 22 i!
i,j=>0

3 .M cgeom
mod L GrZ, 7.

The ‘tail’ of rry is well defined only modulo the ideal generated by the rg . where g
has lower weight and e < d. Note also that if the Fourier coefficients of an eigenform f
are rational, then the coefficients of the quadratic part of ry 4 a rational multiplies of a
fixed complex number.

The arithmetic relations look a little nicer if we set

2k —2)!
p=-——"e

) 2k -

The image of ey in the derivation algebra is ex;. With this normalization, the arithmetic
relations become

(Zl’l +2)' BZn+2m om

3 M ¢geom
(2]’1 +2m)' 32 4 Wm—l,n-i—m—l mOd L Gr_g fl °
: n

[221—1, €2n42] =

When m = 2, these become

[z3, €21] =

This agrees with Pollack’s computations of [Z3, €3,] for n < 6 in Der’ L(H) if one takes
z3 to 1/12 times his derivation z3, as W?’n goes to his E;‘n in the derivation algebra.

Baumard and Schneps [3] used combinatorial methods to prove that Pollack’s cubic
relations between the €, in (Der’ L(H))/P?3 lift to relations in Der’ L(H). Brown gives
a stronger version of the second statement in [12]. Since we have proved that Pollack’s
relations lift to relations in uMEM it follows that all of his relations lift to relations in the
derivation algebra.

Corollary 25.2. Pollack’s relations in Der? ]L(I-VI)/P3 lift to relations in Der? ]L(I-VI) for all
d > 3. The Lie algebra t acts trivially on Der’ L(H)/P3.

Proof of Theorem 25.1. The idea behind the proof is to bound the quadratic heads of
the relations in u'{AEM from above using Pollack’s relations and from below using the cup
product in the Deligne cohomology of Q{el.
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geom

For x € {1, T}, denote the image of 71(GE*"™) — Autp by S£°°™. Corollary 6.10 implies
that the coordinate ring of the image is an object of MTM. Set

S, = 71 (MTM) x S&°°.

Corollary 16.2 implies that there is a natural isomorphism Sigeom = Slgeom x Gg4(1). So it
suffices to prove the case x = 1.

Denote by P*® the filtration of Autp induced by the filtration P*® of p. It is obtained by
exponentiating the filtration P® of Derp defined above. It restricts to a filtration P*® of
Si. One has the following factorizations

Gx GMEM Si S/ P3

NS

Autp — (Autp)/P3
of the monodromy representation. There are therefore maps
H*(8/P?, S"H(r) - H*GY™M, S"H(r)) > H*(G., S"H(r) = HH(GY, S"H(r)

that are compatible with cup products. Proposition 11.8 and Theorems 15.1 and 22.3
imply that each of these maps is an isomorphism in degree 1 for all m and r.
In the rest of the proof, €; € {+, —} is the sign of (—1)? and € is the sign of (-1
Recall from [11] that when n > 0, the Haberlund—Petersson inner product induces a
non-singular pairing

)d+1.

ZypSLa(@), S H)* @ H' (MY, " H)T — Q.
under which the sequence (24.1) is dual to the sequence

0= Hl, (MY, S"H) - H' (M, $*"H) — $*"H/imey — 0.

cusp

The duality (Lemma 18.1) between cup products and quadratic heads of the relations
implies that the Pollack relations of degree d with SL; highest weight 2n correspond to
a surjection

rs : HA(S1/ P>, S HQ2n +d)) — [Z},,(SLa(Z), S H)“]Y = H' (M, S*H)“,

cusp

where [ ]V denotes dual, and that the restriction of rg to the image of the cup product

B H'S/PLSTHQEj+1))@H (S /P, S HQ2k+1)
Jj+k=n+d-2

— H*(S;/P3, S H(2n +d))

is an isomorphism.
By the results of § 11, there is an isomorphism

H*©\, S H2n+d)) = Hpy(M,, S* H(2n + d)).
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Since the class of the Eisenstein series in Hll)(/\/l‘lif‘l, S?"H(2n + 1)) is Foso-invariant, the

image of the cup product lies in H%(M‘iml, SZ”HR(2n+d))f°°. Define rp to be the
projection

HE (M, $*" Hr (2n +d))7> = Exthys (R, H'( an ., S Hg (2n +dy)Te
= H' (M, $™"Hz)%
— Hiyp(M3", S Hg).
Since the H's of Sj/P3, g{"'E'V' and G, are all isomorphic, we have the following
commutative diagram:

D thmnra— H'GMEM S2TH@2j+ 1)) @ H (GMEM, §2k 1 2k + 1))

image of cup prodg —————— image of cup prodygpy —— image of cup prodp

H2(S8/P3, $P" H(2n +d)) ——= H>GMEM s2"H (2n + d)) —— H*(Gy, S H(2n + dy)F oo

| |

HY(MEP,, SZPHQYSE v L > H' (M, S HR) .

Brown’s period computations [11, Corollary 11.2] and the computation of the cup
product in [29, §§8, 10] imply that there is a homomorphism ¢ that makes the diagram
commute and is a multiple of the adjoint of the Haberlund—Petersson pairing. It is
therefore an isomorphism after tensoring with R. Since the restriction of rg to the image
of cup prodg is an isomorphism,

image of cup prodg — image of cup prodpem
is injective. This implies that Pollack’s relations lift to u'}AEM.

The precise form of the arithmetic relation follows from [29, Theorem 10.5] and the dua-
lity (Corollary 18.4) between cup products and the quadratic terms of the relations. O

As a corollary of the proof we obtain the following statement which relates surjectivity
of the cup product with standard conjectures. The point of this result is that the degree
1 cohomology is motivic, so the image of the cup product should be as well.

Theorem 25.3. The image of the composition
P H'GM sHHEj+ 1))@ H (G, % H (2K +1))
j+k=n+d—2
of the cup product with the projection to the Foo invariant part of the real Deligne
cohomology of MY, is a Q-form of HEH(MY, S*He(2n +d)”=. Here, €' € {+. -} is
the sign of (—1)4+1,
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The corresponding result also holds for % = 1,2. The cohomology classes dual to the
relations account for the degree 2 real Deligne cohomology of M?“* that is in the image

of the cup product. For example, when % = I, the relation [e,, e2,] = 0 is dual to the copy
of R in H%(/\/l*l‘f‘i, R(2n)) when n > 2 given in Proposition 11.8. Similarly, when * = 2,
the relations that give the action of the ey, on the generators A, T (i.e., the formula for
€y, of ]L(I-VI)) correspond to copies of R in lej(/\/lfi“,1 , SZ’“HHR(Zr))fOO.

From the discussion in § 18, we know that the map

te/[te, o] = /(e N L), (25.1)
which takes a minimal relation to its quadratic head, is injective if and only if the cup
product

B H'GMM P H)j+ 1)@ H (GMEM, $% H 2k +1))
jHk=n+d—2
— H*(GVEM S H (2n + d)) (25.2)

is surjective for all n and d. Since, by Theorem 25.3, the image of the cup product under
regg : H2GYEM, S2 H(2n +d)) — HBHMI",, ¥ He(2n +d)) =
is a Q-form of
HA (M3, S He (2n +d)T> = H' (M, S¥"Hg)®,

Conjecture 17.1(i) is equivalent to the surjectivity of (25.1).

Corollary 25.4. Suppose that * = 1. The following statements are equivalent:
(i) Congecture 17.1(i) is true;
(ii) every non-trivial minimal relation in ui"EM has a non-trivial quadratic head — that
is, equation (25.1) is injective;

(iil) the cup product (25.2) is surjective for alln and d.

26. Problems, questions and conjectures

26.1. (¢-adic analogues

The existence of the lifts of the Pollack relations to u'l\/'EM was proved using Hodge theory.

One can ask whether one can also establish their existence using ¢-adic methods and
whether the £-adic analogues of Theorem 25.3 and Corollary 25.4 hold.

Conjecture 26.1. For all prime numbers ¢ and all n, d > 0, the cup product
@ Hl (glcris,é’ SZJHQZ (2J + 1)) ® Hl (gtilris,f’ SzkHQg (2k + 1))
j+k=n+d—2
— HX(G™, $2" Hy, 2n 4 d))

projn

- Hslm(GQ’ Hclusp(ML]/@y SanQK 2n+4d)))
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is surjective and the natural homomorphism
H*GY™M, $"H (r) ® Q¢ — H*(Gi™", " Hg, ()
is an isomorphism.

26.2. Does p generate MEM;?

Another approach to understanding G?AEM

in Autp.

is to ask whether it is faithfully represented

Question 26.2. Is the homomorphism Q{MEM

generate MEM; as a tannakian category?

— Derp injective? Equivalently, does p

If true, this would be an elliptic analogue of Brown’s theorem [10]. The proof [57] of
the Oda Conjecture implies the kernel of Q?AEM — Autp lies in gf”m, so the conjectured
statement is equivalent to injectivity of gf“m — Autp.

26.3. Eisenstein quotients

One can ask how faithfully MEM; is represented in Hodge theory. To explain this, recall
from [28, §16] that Gi" denotes the maximal Tate quotient of g{e‘ in the category of
affine groups with MHS. Since the Hodge realization of ngeom is a mixed Hodge-Tate

structure, the quotient mapping g{el — g%“m factors through a surjective homomorphism
g?ls - gigeom'

Conjecture 26.3. The natural surjection Qleis — Q;‘geom is an isomorphism.

If true, this implies, via Corollary 16.2, that gQ"EM = T[](MTM) X Qfs for x € {1, 1, 2}.
Denote the Lie algebra of the prounipotent radical of G** by u§®. Brown’s period
relations imply that Pollack’s geometric (i.e., cuspidal) relations lift to relations in u{®.

If conjecture 17.1(i) is true, then G&¥ — G¥**™ is an isomorphism.

26.4. Massey products

The higher order terms of the relations ry 4 correspond to non-vanishing matric Massey
products?® in H%( T S2"H(2n + d)) of the classes

Gomtz € Hp(MY, S*"H@2m + 1))

of the normalized Eisenstein series Go,,4+2. One approach to determining the relations in
Q?AEM is to compute these.

Pollack [49] found explicit lifts of the first two cubic relations to Der’ L(H). The
additional terms imply that there are non-trivial matric Massey triple products of degree

25Gee [46] for the definition of matric Massey products. The point for us is that the cohomology of a
pronilpotent Lie algebra is generated from its degree 1 cohomology by matric Massey products.
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2 in the cohomology of Q{VIEM. Specifically, as Pollack points out, the cubic relation
80[€12, [€4, €011 + 16[€4, [€12, €0]] — 250[€10, [€6, €011 — 125[€6, [€10, €0]]
+280[es, [eg, €0l] — 462[€s, [€4, €3]] — 1725[€6, [€6, €411 = 0

that corresponds to the normalized cusp form A of weight 12, can be rewritten (after
dividing by —40) as

4o s+ @3 ) —25(w3 4 + @] ) + 4203 5 + S s, [e4. €811 + 2 (e, [€6. €4]] = 0.
The first three terms comprise the quadratic head of the relation. It corresponds to the
multiple 4(x%y +xy?) —25(x"y® + x3y7) +42 x°y3 of r. The terms of the cubic tail imply
that the projection of the Massey triple products?6

%I(Gm G4, Gg) and %(G& Ge, Gy)
to the cuspidal summand of le)(./\/lel‘fll, S19H(13)) under the multiplication maps
S?H(3) ® S*H(3) ® SPH(7) — S'°H(13) and S*H(5) ® SH(5) ® S*H(3) — S'°H(13)
is equal. It also implies that (with the correct normalization) these equal the images of
4Gy — Gg = -25G10 — Gg =42Gg — Gg

in Hj (M3, S'OH(13)).

Problem 1. Compute (matric) Massey products in H%( IRE S2"H(2n + d)) of the classes
of Eisenstein series. Use them to compute higher order terms of the relations ry4.

The indeterminacy in the tails of the relations r s, and the indeterminacy in the matric
Massey products correspond.

26.5. Motivic sheaves

Ayoub [2], using the work of Voevodsky [60] has constructed a category of motivic sheaves.
Arapura [1], using the work of Nori, has also constructed a category of motivic sheaves.
These constructions are not known to be equivalent.

Question 26.4. Are universal elliptic motives the realization of motivic sheaves over
M wyz?

This makes sense when * = 1 as MI,T , is a scheme. When x = 1, define a motivic
sheaf over My 1,z to be a G -invariant motivic sheaf on MI,T/Z that is trivial on G,
orbits. Similarly when * = 2.

An affirmative answer to this question will imply that the specialization of a universal
mixed elliptic motive (as a set of compatible realizations) to a point [E] € M |(F)
corresponding to an elliptic curve over F will actually be the set of realizations of a
motive over F.

268ince there are no cusp forms of weight < 12, these Massey products have no indeterminacy.
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Part 4. Relation to MTM and the genus O story

Universal mixed elliptic motives are related to the study of the unipotent fundamental
group of P! — {0, 1, oo} via degeneration to the nodal cubic Eg. This is because the nodal
cubic can be identified with IP’}Z with 0 and oo identified. The corresponding group is
Eo = Gy /7 and the associated punctured elliptic curve E6 is G,, — {id} = P! — {0, 1, o0}.
Unless otherwise stated, in this part we will work with @Q-de Rham realizations and its
canonical bigrading constructed in §23.

27. Degeneration to the nodal cubic

In this section we recall some basic formulas from [27, Part 3] which were deduced from
the elliptic KZB connection [13, 43]. Denote the natural parameter on ]P’lZ by w, so that

PL, — {0, 1, 0o} = Spec Z[w, 1/w, 1/(w — 1)].

Denote the tangent vector 9/dw at w = 1 by W,. We can identify the nodal cubic Eq (the
fiber of the universal elliptic curve over ¢ = 0) with P! with 0 and oo identified.

The morphism (IP”Z —{0, 1, 0o}, W,) — (E?//Z[[q]]’ W,) induces a homomorphism (cf. [27,
§18])

A" (P — {0, 1, 00}, W,) — 7} (Ef, W,) (27.1)
on unipotent fundamental groups. The induced Lie algebra homomorphism
Lie 7™ (P! — {0, 1, 00}, W,) — Lie 7™ (EZ, W,)

is nmot a morphism in MEM;, but it is a morphism of MTM and is thus
1 (MTM)-equivariant.

To write down formulas, we now identify the de Rham realizations of £ and
Lie 71{“‘([?1 —{0, 1, 00}, W,) with the completions of their M, graded quotients

L(03765’67’693"') and L(XO’ Xl)gL(X()ervXOO)/(XO"i_XI"'_XOO)’

respectively via the canonical Q-de Rham splitting of mixed Tate motives. Likewise, we
identify p := Lie m{"(EZ, W,)PR with the completion of its associated (M,, W,)-bigraded
module via the Q-de R&lam splitting of mixed elliptic motives constructed in §23. To fix
notation, recall from §19.1 that

HP® = Hy(EDP® = QA& QT

where T spans the copy of Q(0)PR and A spans the copy of Q(1)PR. The associated
bigraded of p is naturally isomorphic to L(HPR) = LL(A, T).

In [27, §18] it is shown that, after identification with associated graded Lie algebras as
above, the map

L(Xo, X1, X00)" /(X0 + X1 + Xoo) — L(A, T)" (27.2)
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induced by (27.1) is given by

T
Xo— Ry = T -A,

X1 — R =[T, A],
T
Xoo = Roo = <T—> A, (27.3)
el —1
where - denotes the adjoint action of Q{A,T) = UL(A, T)" on L(A, T)". This
homomorphism is injective and ¢-equivariant.2”

Recall from § 5 that o, denotes the positive integral generator of the fundamental group
m(]D)*,B of the g-disk, which is isomorphic to Q(1). It acts on n’{m(Ef’, W,) and thus on
p. The image of o, in Autp lies in the prounipotent subgroup W_, Autp and thus has a
logarithm. Set

1
N = NPR .= ——logo, € Derp.
2mi
In [27, §13] it is shown that, after identification with the associated bigraded module,

B
N =" @m—1)—" e € Wo Gr¥y Der’ L(A, T)", (27.4)
(2m)!
m>=0
where B, denotes the 2mth Bernoulli number. It commutes with the action of £ as it
spans a copy of Q(1).

28. Depth filtrations

There is a natural depth filtration in the elliptic case which generalizes the depth filtration
in classical case, P! — {0, 1, oo}. The classical and elliptic depth filtrations are quite closely
related via the weight filtration W,. Unfortunately, the link between them is not as
straightforward as one might hope, as we shall see.

In this section we set £ = E; and U = P! —{0, 1, oo}. We will denote the Lie algebra
of 7"™(X, W,) by p(X), when X = U, Gy, E, and E'.

Recall that the depth filtration D® of the Lie algebra " (U, W,) is defined by

p(U) d =0,
D) = 3 ker(p(U) = p(Gn)} d =1,
LiD'p(U) d>1,

where L4 denotes the dth term of the lower central series. In the elliptic case, define?®

p(E") d=0,
Dp(E") = { ker{p(E') — p(E)} d =1,
LiD'p(E") d>1.

27Similar and related formulas appear in [13, Proposition 4.9] and [19, Proposition 3.8].
28 This is the filtration P® defined in §24.
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These filtrations are motivic and thus preserved by . The first is a filtration of p(U) in
MTM and the second is a filtration of p(E’) in MEM;. They can thus be described on
the associated graded modules: D?LL(X, X1) is the ideal spanned by the Lie monomials
whose degree in X; is >d; and D?L(A, T) is the ideal spanned by the Lie monomials in
which 0 := [T, A] occurs at least d times.

Remark 28.1. Note that Grf’l p(E") is naturally isomorphic to the T-adic completion of
L(A, T).

The morphisms
Ul——s Gy,

E'C——=E
preserve the base point W, and thus induce homomorphisms

pU) —p(Gp)

p(E) ——p(E)

That the vertical homomorphisms are injective follows from the fact that a Lie subalgebra
of a free Lie algebra is free. It follows that p(U) — p(E’) preserves D°.

Proposition 28.2. The inclusion p(U) < p(E’) is strictly compatible with the depth
filtrations. That is,
D'p(U) = p(U) N Dp(E).
Proof. Since Gr) and Gr¥ are exact, we can work with the associated gradeds. The
Lie algebra D'L(Xg, X1) is freely generated by the set {X{' - X1 :m > 0}. Since it is
free, it follows that for all m > 1, D™L(Xo, X1) = L™ D'L(Xy, X1). This remains true
after completion when we replace ‘generated’ by ‘topologically generated’. The Lie
algebra D'L(A, T) is also free. Its abelianization is naturally isomorphic to the free
Sym H-module generated by 6. The map (27.2) induces the inclusion
Hi(D'L(Xo, X)") — Hi(D'L(A, T)")

that takes X' - X1 to 7™ -6 and is therefore injective. It follows that

L"D'L(Xo, X1)" = L(Xo, X)) "NL™D'L(A, T)",
which implies the result. O

The weight filtration W, of p(E’) restricts to a filtration of p(U):
W_mp(U) := p(U) N W_pp(E").
s 29

The three filtrations D®, M, and W, are related by the ‘convolution formula’.

29The convolution of two filtrations F® and G® of a vector space V is the filtration F xG defined by

(F+G)"V =3 k=n FIVNG*V, There is a natural isomorphism G V = Djti=n Grﬁ7 Gr]& V.
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Proposition 28.3. For all m > 0, we have
W_np(U) = > M_p,p(U)NDp(U).
n+d>=m

so that

GV p(U) = @ Gr™, Grf, p(U).
n+d=m
Proof. Identify p(U) with L(Xo, X1)" and p(E’) with L(A, T)". We first show that if
m =n-+d, then
M_2,p(U)N Dp(U) € W-pp(E").

Suppose that w is a homogeneous element of L(Xg, X1) of bidegree (a, b) in Xg and X;.
Then w € W_p, N D? if and only if b > d and a + b > n. These conditions imply that a +
2b > m. On the other hand, the corresponding word in IL(A, T)" lies in W_,_»,IL(A, T)",
which is contained in W_,, when a +2b > m. It follows that

W_np(U) 2 > M_gup(U)NDYp(U).
n+d>m
To prove the reverse inclusion, define a filtration G4 on L(Xg, X1)”" by
G_ml(Xo. X" = ) M0 DL(Xo. X1)".
n+d>m

The first part implies that the identity (IL(Xo, X1)", Go) — (IL(Xg, X1)", W,) is filtration
preserving. To prove G, = W,, it suffices to show that the identity induces an
isomorphism on associated gradeds. An easy linear algebra argument implies that

Gr%, L(Xo. X)) = P G, Grf L(Xo. X)).
n+d=m

This implies that Grgm L(Xo, X1) is spanned by the monomials w in X¢ and X of bidegree
(a,b) with a+2b = m. Since these also span Grﬁ’m L(Xg, X1), the identity induces an
isomorphism on associated gradeds. O

Remark 28.4. One might suspect that one can invert this formula to get a formula for
D* in terms of M, and W,. However, while it is true that

Grj, L(Xo, X1) = Y Gr¥ Gr*, L(Xo, X)),

m—n=d
it is mot true that DdL(XO, X)) = @m—n:d W_,L(Xo, X1) N M_2,IL(Xo, X1). The point
being that the right-hand side is not the convolution of W, and M,.
Remark 28.5. The proposition does not hold if U is replaced by E’. For example,
A==l g e G, Gr¥ IL(H).

On the other hand, it lies in DIL(ﬁ) and projects to a non-trivial element of GrlD L(ﬁ).
So the relation n +d = m between depth and the weights holds if and only if the element
is of the form A"~!.6.
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The depth filtrations on p(E’) and p(U) induce depth filtrations on their derivation
algebras in the standard way. These are motivic as the depth filtrations on p(E’) and
p(U) are.

Define the Lie algebra of nodal derivations Der p(E’) of p(E’) to be

{86 € Derp(E’) : [, N] =0, 8(ogao,) =0 and 8§(p(U)) C p(U)}.

This is a pro-object of MTM. Define the extendable derivations Derf p(U) to be the image
of the restriction map
Der" p(E’) — Derp(U).

It is also a pro-object of MTM. The image of the natural action of ¢ on p(E’) lands in
Der" p(E’), so that we have the commutative diagram

14 ﬁ) DerVp(E")

Ny

Der® p(U).

The kernel of the restriction map res is spanned by N. Since this has weight 0, the
restriction map is an isomorphism after applying W_;. The depth filtrations of Derp(E’)
and Derp(U) induce depth filtrations on Der" p(E’) and Derf p(U), respectively.

The following useful result was proved by Pollack [49, 4.5].

Lemma 28.6 (Pollack). If 8 € Der’IL(A, T), then 8(A) € D?IL(A, T) if and only if §(T) €
DYL(A, T). O

Note that it is important that 8§(8) = 0. The derivation § = ad4 is not in D! DerL(A, T),
even though 8(A), 8(T) € D'L(A, T).

Lemma 28.7. If § € Der’ L(A, T), then
8 € D'Der’ L(A, T) < §(A),8(T) € DL(A, T)
< §(A) € DL(A, T) or §(T) € DL(A, T).

Proof. The left to right implications are clear. Pollack’s lemma 28.6 implies that the
right-hand statement implies the middle one. To complete the proof, we have to show
that the middle statement implies the left-hand statement. To do this, it suffices to prove
that if 8(A) and 8(T) are in DYIL(A, T) and if u € D'LL(A, T), then §(u) € D?T'L(A, T).
Since D'IL(A, T) is free, and since its abelianization is the rank 1 free SymI-VI module
generated by the class of 6, D'IL(A, T) is generated by elements of the form f(A, T)-0,
where f(A,T) € Q(A, T). The assumptions imply that §f (A, T) € DYQ(A, T). So, since
8(0) =0,
S(f(A,T)-0) =58(f(A,T))-0 € DT'L(A, T)

from which it follows that § takes D'L(A, T) into D4TL(A, T). O

We can now prove that the elliptic and classical depth filtrations agree.
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Proposition 28.8. The restriction mapping Der™ p(E’) — Derf p(U) preserves the depth
filtration and is strict with respect to it.

Proof. Identify Xg and X| with their images in L(A, T)". If § € Der? L(A, T), then

— r — ad Bom 2m—1y |
8(X0)—8<ﬁ.A> _a(A)+mz=:1 it -6 (28.1)

Observe that if § € D? Der® L(A,T) and n > 1, then
S(T"-A)=8(T""'1-0)=8(T"") -0 € DL, T).

So if 8§ € D?Der” L(A, T), then 8(Xo) € D?L(A, T)". So, by Proposition 28.2,
8(Xo) € L(Xo, X1)" N DUL(A, T) € DYL(Xo, X1)".

This implies that the restriction mapping Der" p(E’) — Derf p(U) respects the depth
filtrations.

It remains to show that the restriction mapping is strictly compatible with the
depth filtrations. Suppose that the restriction of § € Der¥ L(A, T) to L(Xo, X1)” is in
D?DerL(Xo, X1). That is, that §(Xo) € DYL(Xo, X1)". Then equation (28.1) implies
that 8(A) € DYL(A, T). Applying Lemma 28.7, we see that § € D¢ Der’L(A, T), as
required. O

So the depth filtration on ¢ can be computed by pulling back the depth filtration either
from Der p(U) (the ‘classical’ case) or from Derp(E’) (the ‘elliptic’ case). Next, we use this
to show that the depth filtration on ¢ is closely related to the elliptic weight filtration W,.

Theorem 28.9. For all m > 0, we have

W_,t = Z M_5,tN D%,
n+d>m

so that
GV = @ g™, Gr‘é £
n+d=m
Proof. Let y; be the class of the canonical loop in 7y P — {0, 1, 00}, V,,)) about 1 in U.
Its logarithm log y; spans a copy of Q(1) in p(U). Define

Der’ p(U) = {8 € Derp(U) : §(logy1) = 0}.

This is motivic as it is the kernel of the morphism Derp(U) — p(U) that takes the
derivation 8 to 8§(logy;). So it is a pro-object of MTM that is filtered by W,. The image
of the canonical homomorphism & — Derp(U) is contained in Der® p(U).

Choose any element yq of 71(U, V,) that, together with y;, generates 71 (U, V,). Define
a linear map ¢ : p(U) — Der’ p(U) by f 8, where 8¢ (log yo) = [log yo, f]. This has
kernel Qlogyy. Note that ¢ is not motivic, or even a morphism of MHS. However, its
restriction to M_4p(U) is strict with respect to the depth filtration and both weight
filtrations as we now show.
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Since log yp is not in M_4p(U) and since M_j, is the nth term of the lower central
series of p(U), the restriction

M_4p(U) — Der’ p(U) (28.2)

of ¢ to M_4p(U) is injective and strictly compatible with M,.
The inclusion (28.2) is also strict with respect to the depth filtration D® because, for
feM_pU),

87 € D! Derp(U) <= 87(logy) € Dp(U) < f € DIp(U).

Similarly, when m > 3, 6y € W_,, Derp(U) if and only if f € W_,p(U). In other words,
(28.2) is strict with respect to W, as well.

It is well known that the image of ¢ — M_4 Der’ p(U) is contained in the image of ¢.
Since M_4p(U) — Der? p(U) is injective, this lifts to a (non-motivic) map ¢ — p(U). The
result now follows from Proposition 28.3 and the fact that p(U) — Derop(U ) is strict
with respect to the depth filtration and the two weight filtrations. O

Although we cannot ‘invert’ the convolution formula, we nonetheless are able to express
the depth graded quotients of £ in terms of the classical and elliptic weight filtrations.

Corollary 28.10. The depth and elliptic weight filtrations on Grf”zn ¢ are related by
W_, G, ¢ =D"" G, ¢

Consequently, there is a natural isomorphism Grv_Vm Grf’lzn t= Grf’lzn Gry "¢ O

29. The infinitesimal Galois action and IThara—Takao congruences

The Thara—Takao congruence (Theorem 29.6 below) was proved numerically by Ihara
and Takao in [36] and proved again using modular symbols by Schneps [51]. In this
section, we use Pollack’s relations to give a more conceptual explanation of the Thara—Tako
congruence, which makes it clearer why cusp forms impose relations in the depth graded
quotients of €. We begin with a discussion of the infinitesimal Galois action ¢g : ¢ —
Der p(E’). We continue with the notation of the previous section. In particular, U denotes
P! —{0, 1, c0}.

The derivations €, are highest weight vectors. As we will see below, to ‘first order’,
the images of the Z,,41 in Der? L(H) are lowest weight vectors. For each n > 0, set3?

. 1 .
b =& = en(AT) = 5o e

Its Betti counterpart is

vB . B\2n-2 _B -\2n—1 DR
€, = €n(a, —b) = (€)™ "€y, = Qi)™ &,

2n—2)!

These are lowest weight vectors for sl(H).3!

30Recall the definition of €2, (V1, v2), equation (22.3).

31The equality égl = (2711')2"71%22,1{ reflects the fact that &;,, spans a copy of Q(2n — 1) in Grzvzn_‘_2 Derp(E’).
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We will identify € with the completion of Grf’l £ using the Q-de Rham splitting of M,.
Identify p(E’) with the completion of its associated (M,, W,) bigraded quotient via the
@Q-de Rham splitting. This gives an isomorphism of Grf’l p(E’) with the T-adic completion
of L(A, T). Choose generators of zp,4+1 of Grf’[ t that project to the natural generators
(see §20) of Hj(®).

The infinitesimal Galois action ¢g : € — Derp(E’) is a morphism in MTM. So it can be
identified with the mapping

¢r : L(03,05,07,...) > Dei® L(A, T)"

induced by applying Gr¥ to ¢g. Since ¢r is not a morphism in MEM;, it does
not preserve W,. For o € Grll’létm_2 £, let ¢ be the component of ¢z(c) that lies in
GV, 6™, Der®L(A, T).

Call an element of Derp(E’) geometric if it lies in the image of g5 " — Derp(E’).
Theorem 22.3 implies that, after identifying with the associated bigraded, the Lie algebra
of geometric derivations is the subalgebra of Der’ L(A, T') generated by & and the eé - €
with j > 0 and n > 0. Observe that

(4m+2) _
2m+1 =

as Zom+1 > 02,41 under u'}"EM — L

Zym+1 mod geometric derivations

(4m+2)

Proposition 29.1. If r # 4m 42, then o) s geometric. The remaining term o5,

2m+-1
is well-defined modulo the image of L3 Gru%eom.

Proof. Denote the normalizer of the image of a Lie algebra homomorphism a — Derp(E’)

by N(a). Since g'IVIEM / g%eom = ¢, and since there is a monodromy homomorphism gMEM —

Derp(E’), the image of ¢g lies in N (g%eom). Since u%eom is an ideal of g%eom, since

N ™ O /U2 _module, and since g&°*" /uE*™ = sI(H), it follows that

. geom .
= mu- 3 - - 3 S
1 )/ u1 154 g1 1 1 1

geom

N(gi )/img

geom
1

geom

geoms((H)
i P

)/ imus

C [N ;

After identification with associated bigradeds, we see that, modulo geometric derivations,
the image of ¢ is contained in [Der’ L(A, 7).
Since the sl(H)-invariants have the property that their M- and W-weights are equal

by (19.2), G(err)z+1 must be geometric when r # 4m + 2.

The second assertion follows immediately from the fact that
H (u%eom)SL(H) = A’H, (Uflgeom)SL(H) =0.

Since Grfv u“feom = Grfv u‘%eom for all r # —2, this implies that all s[(H)-invariants in
174 geom . . 3 geom
GrZl,, » U lie in L’ Gr W O

The next result is an immediate consequence of the fact that the odd W-graded
quotients of u%eom vanish.
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Corollary 29.2. If o) # 0, then r is even and 22m+2, so that

2m+1
2k
$E(O2n+1) = § G(Zmzi-l'

k>m+1

Remark 29.3. Brown’s proof [10] of the injectivity of ¢p : € — Derp(U) and the Oda
Conjecture, whose proof was completed by Takao [57], imply that the homomorphism
t— N(ggeom)/im g(]S’eom is injective.

The fact that the image of € lies in the centralizer of N gives finer information about

(r)
the Ly +1°

Proposition 29.4. For allm > 1, we have ¢g(62m41) = éxnir mod D?.

Proof. Recall the formula for the monodromy logarithm N from (27.4). Since ¢ (62m+1)

(2k)

commutes with N, the ¢ satisfy the system of equations

2m+1
2k 2k—4 2k—6 2m—+2
[€o, Ggmill = c4leq, Uémﬂ)] + colee, o§m+1)] + o+ cok—o2m-2[€2k-2m-2, Uén:":l ]
where ¢ = (2k — 1) Box /(2k)!. This equation determines ogilzrl up to an element of ker g
and implies that og:flz) is a lowest weight vector of Der® L(A, T). Since

Gt Y am—o ker{eo : H (ugeom) — Hj (ugeom)} = Qéom2,

2m+2)

it follows that ¢, "~ is a multiple (possibly zero) of €y, +2. It also implies that

W_om—3 ker{eo : Der®)" L(A, T) — Der®)™ L(A, T)} C L* Der®;" L(A, T),

geom

where Der”,” LL(A, T) denotes the geometric derivations of L.(A, T) of negative W-weight.

Combined w1th Proposition 29.1, this and the equation above imply that ogfil S

L? Dergeom L(A,T) when 2k > 2m +2. Since D® is a central filtration of DerlL(A, T),
D? Dergeom L(A,T) D L? Dergeom L(A, T). It follows that

2m+2
OE(02m11) = 5P mod D2,
It remains to show that 6%:::2) = &m+2. This can be proved either by computing the

cocycle of the étale realization or the period of a Hodge realization. Nakamura computed
the cocycle in [45, Theorems 3.3 and 3.5]. We deduce it from Brown’s computation [11,
Lemma 7.1] of the period of the Eisenstein series Goy42. His result implies that

m)! . 2
> im €42 mod D,

PE(O2nt1) =

where €p,42 1= e%m -€m+2/(2m)! and im means its image in Der’ L(A, T). Thus, by
Theorem 22.3, is éxp42. O
Brown [12, Theorem 1.2] has computed ¢g (62y,+1) mod W_y,_s for a certain choice of
02m+1- This gives the second term in the expansion in Corollary 29.2.
The &, satisfy Pollack’s relations as well. The elliptic analogue of the IThara-Takao
congruence is now an immediate consequence of Proposition 29.4 and Pollack’s relations.
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Theorem 29.5. Ifn > 0, then

> cal¢p(02a11), $£(0211)] = 0 mod D? Derp(E")
a+b=n

if and only if there is a cusp form f of SLa(Z) of weight 2n+2 with r'}'(x,y) =
Z CaxZayZn—Za'

The classical case of the Thara—Takao congruences now follows from the elliptic case
using the formulas (27.3).

Theorem 29.6 (Ihara—Takao, Goncharov, Schneps). If n > 0, then

D cal¢p(02441), $E(0254+1)] = 0 mod D Der p(U)
a+b=n

if and only if there is a cusp form f of SLo(Z) of weight 2n+2 with r'}'(x,y) =
Z Cax2ay2n—2a.

Proof. The formulas (27.3) and the definition of €p,42 imply that
éomin(A) = —AP" 2. T = A" R, and  &yuia(T) € D’L(A, T).

Consequently

Eomi2(A— [T, Al/2+ 5T [T, Al+--+)
A?"*1. R\ mod D*p(E’)
RY™. Ry mod D*p(E")

ém+2(Ro)

Since p(U) — p(E’) is strict with respect to D® (Proposition 28.2), Proposition 29.4
implies that
Pp(02m+1)(Xo) = Xé'"“ - X mod D*p(E").

Since ¢ (02m41)(T) € D’L(A, T)", we have

Y cal¢p(02a41), ¢r(02511)] = 0 mod D’ Der p(U)

a+b=n

= Y caldp(0211), $p(62541)](X0) € D*p(U)
a+b=n

= Y cul¢r©2+1), 9E(@211D](Ro) € D’p(E")
a+b=n

= Y caldrp©211), pE(©241)1(A) € D p(E')
a+b=n

= Y caldr(©2a11), $£(0211)] = 0 mod D Der’ (A, T).
a+b=n

The result now follows from the elliptic case, Theorem 29.5. O
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Appendix A. Relative weight filtrations

Universal mixed elliptic motives are mixed Tate motives with additional structure. This
extra structure includes a second weight filtration W, and a nilpotent endomorphism
N of V that preserves W,. Every universal mixed elliptic motive V has two weight
filtrations: its weight filtration M, as an object of MTM and the second weight filtration
W,. One of the axioms of a universal mixed elliptic motive is that M, be the relative
weight filtration of the nilpotent endomorphism N of the filtered vector space (V, W,).
In this section we review Deligne’s definition [14] of the relative weight filtration of
a nilpotent endomorphism of a filtered vector space. More information about relative
weight filtrations can be found in [56]. A concise exposition is given in [24, § 7].

A.1. The weight filtration of a nilpotent endomorphism

There is a natural weight filtration of a vector space associated to a nilpotent
endomorphism N of it.

Proposition A.1. If N is a nilpotent endomorphism of a finite dimensional vector space
V over a field of characteristic zero, then there is a unique filtration

0=WNN)—m—1 S W(N)_p < W(N)—m+l e SCWWN)u-1 SWWN), =V
of V such that
(i) for alln € Z, NW(N), € W(N),—2;
(ii) for each k € Z, N* : GrZV(N) V- GrKVk(N) V is an isomorphism.

The filtration W(N), of V is called the weight filtration of N.

Note that W(N), is centered at 0. When V is a motive of weight m, it is natural to
reindex the weight filtration of a nilpotent endomorphism N of V so that it is centered
at m. The shifted filtration

MV = W(N)g—m

is centered at m. The reindexed filtration M, satisfies NM; € Mj_» and

Nk:GM v —=aGi v
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is an isomorphism for all k € Z. We will call the shifted weight filtration M, the
monodromy weight filtration of N : V. — V.

Example A.2. Let H = Cw® Ca, regarded as a vector space of weight 1. Let N be the
nilpotent endomorphism a% of H. It induces a nilpotent endomorphism of V = S"H,
the space of homogeneous polynomials in a and w of degree n, which we regard as a
vector space of weight n. The shifted monodromy weight filtration M, of V is obtained
by giving a weight 0 and w weight 2. The monomial a”"~/w/ has weight 2. Then

MV = span of the monomials a" /w/ of weight < k.

A.2. The weight filtration of a nilpotent endomorphism of a filtered vector
space

Now suppose that N is a nilpotent endomorphism of a filtered finite dimensional vector
space V over a field of characteristic zero. That is, V has a filtration

Ogng—lngmngm+lvggV

which is stable under N.
Since N preserves the weight filtration, it induces a nilpotent endomorphism

Ny =GtV N:GV v > GV v.

of the mth weight graded quotient of V. Proposition A.1 implies that each graded quotient
has a weight filtration W(N,,). The reindexed filtration W (N,,)[m], is centered at m.
Denote it by M.

Definition A.3. A filtration M, of V is called a relative weight filtration of N : (V, W,) —
(V, W,) if

(i) for each k € Z, NMy € My_o;

(ii) the filtration induced by M, on Gr)¥ V is the reindexed weight filtration M.

Relative weight filtrations, if they exist, are unique. (Cf. [56]).

Example A.4. If N : (V, W,) — (V, W,) satisfies N(W,,V) C W,,_»V for all m € Z, then
each N, =0 and the relative weight filtration M, of N exists and equals the original
weight filtration W,.

Even though the weight filtration of a nilpotent endomorphism of a finite dimensional
vector space always exists, the relative weight filtration of a nilpotent endomorphism
of a filtered vector space (V, W,) does not. Necessary and sufficient conditions for the
existence of a relative weight filtration are given in [56]. They imply that the generic
nilpotent endomorphism of (V, W,) does not have a relative weight filtration.
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Example A.5. Let E be a compact Riemann surface of genus 1 and P, Q two distinct
points of E. Let V = H{(E, {P, Q}; Q). Then one has the exact sequence

0 — H{(E;Q) — V — Hy({P, Q}) — 0.

Define a filtration W, on V by W_,V =0, W_1V = H|(E), and WyV = V. Choose any
path y from P to Q. It determines a class [y] in V. Let u be any non-trivial element of
H|(E; Q). Define a nilpotent automorphism N of (V, W,) by insisting that N be trivial
on Gr¥ V and that N[y] = u. Since N is trivial on Gr!’ V, the relative weight filtration
M,, should it exist, would equal W,. But W, is not a relative weight filtration because
NWyV is not contained in W_, V.

Appendix B. Splitting the weight filtrations M, and W,

In this section, we show that both weight filtrations of an object of MEM, can be
simultaneously split and that such splittings are compatible with tensor products and
duals, and are preserved by morphisms in MEM,. Moreover, such a splitting of M, can
be chosen to agree with any given natural splitting of the weight filtration in MTM. The
existence of such splittings implies that Gr/.W , Grfv and Grfv Grf” are exact functors on
MEM.,.

Fix a fiber functor w : MTM — Vecp, where F is a field of characteristic zero. This
induces the fiber functor

MEM, —2> MTM —2> Vec

which we also denote by w. We will regard objects of MEM, as F-vector spaces with an
action of 71 (MEM,, w). Similarly for mixed Tate motives.
Suppose that we have chosen a natural splitting

v=arv
m

of the weight filtration M, of each object V of MTM. That is, we have chosen a splitting
of the canonical homomorphism 7;(MTM, w) — G,,. The weight filtration M, of a mixed
Tate motive V then splits under the G,,-action.

Proposition B.1. For each x € {1, 1,2}, the F-vector space V underlying an object of
MEM., has a bigraded splitting
V=D Vi

in the category of Q-vector spaces with the property that

MV = Vin and W,V =P Vi

r<m r<n
nez meZ

This bigrading is natural in the sense that it is preserved by morphisms ¢ : V. — V' of
MEM.,, :
¢ (Vinn) S Vo
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and also by the functors MEM; — MEM; — MEM;. It is compatible with tensor products
and duals. Finally, this splitting of (V, Ms) can be chosen so that it agrees with the
splitting of My when (V, My) is viewed as an object of MTM wia the action

71 (MTM, ) =% 7, (MEM,, ) —> Aut V.

This result will follow from the following lemma. Set

. t1 0
diag(t1, 1) = (5 tz) .

Define a homomorphism ¢ : G,, — GLy by c(t) = diag(1, t). This is a section of det :
GL2 — Gm.

Lemma B.2. Suppose that F is a field of characteristic 0 and that

G

1 U G GL, 1
L) e
1 K A Gom 1

is a commutative diagram of affine F-groups with exact rows and where K and U are
prounipotent and o is a section. If sp : G, — A is a section of A — Gy, such that pg o
o osa = c, then there exists a section sg : GLy — G that extends o osa in the sense that

G=< ¢L,

AN

ATGm

the diagram
Gm

id

commutes. Moreover, any two such sections sg are conjugate by an element of U that
centralizes o .

Proof. Denote p(_;limc by G.. This is an extension of G, by U. Choose a splitting
s :GLy — G of pg. Then s induces a splitting s" : G, — G,. Since pg oo oss = c, the
image of o lies in G.. Levi’s theorem implies that there is an element u of U such that
o =us'u~'. Now define sG = usu~!. Levi’s theorem applied to G implies that any two
such sections sp are conjugate by an element of U that centralizes with the image of . [

Proof of Proposition B.1. Recall that we have fixed an ordered basis b, a of H. This gives
an identification of GL, with GL(H). Denote the diagonal torus by T

diag(t, 1) :b— b and diag(s, 1) : a — na.
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Now take A = 7 (MTM, w), G = 71 (MEM,, w), s4 to be any splitting (such as the Q
de Rham splitting), and o = sy. The summand Va,, , of an object of MEM,, is the subspace
of Vg on which (11, ) € T acts by /" "1, ™. O

Such bigraded splittings of M, and W, correspond to homomorphisms G,, x G,, —
w1 (MEM,) whose composition with the natural surjection 7i(MEM,) — GL(H) is the
inclusion of the maximal torus associated to the basis a, b of H. Since V,, , = GrM G}V v,
we have:

Corollary B.3. Each mized elliptic motive V is naturally isomorphic to its associated

bigraded
V= Gy v

m,n

in the category of Q-vector spaces. Consequently, the functors GrM, Gr¥ and G Grl¥
are exact functors from MEM, to the category of (bi)graded Q-vector spaces and are
compatible with & and Hom.

The Lie algebra g!;"EM of 1 (MEM,) is a pro-object of MEM,. Its weight filtration W,
satisfies

g =M = wogh!™M, W, gl
It follows that if V is an object of MEM,, then each Grfv V is a gl(H)-module. The spaces
can be split according to their s[(H)-weight. To make this precise, we will view sl(H) as
a subalgebra of End(H). We fix a Cartan by specifying that a has sl(H)-weight 1 and b
has sl(H)-weight —1.

is prounipotent, and Gr(‘;v gyEM = gl(H).

Lemma B.4. If V is an object of MEM,, then, under the identification of V with
EBGrf’[ GrY V, the sl(H)-weight of Vinn is m—n.

In other words, the three notions of weight in Grf’[ Ger V are related by

M-weight = sl(H)-weight + W-weight.

Appendix C. Index of principal notation

E an elliptic curve, often the fiber of the Tate curve over t

E' E —{0}

€ the unique cusp g = 0 of Ml,l p. 675
t the integral tangent vector d/dg of Ml,l at the cusp e, p. 676
W, the integral tangent vector 8/dw of 1 in P! p. 676
Vo the generic notation for the integral tangent vector of Mj p- 676
H the local system R! £, Q associated to f : & — M p- 680
H the canonical extension of H® O Men tO ﬂ]‘“l p. 681
Vo the canonical connection on S™H p. 681
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H

MTM

MEM,

MEM?
MHS(ML*, H)

K
14
i " (MEM,)
grel
*
urel
sk
Z/{M EM
>Eeom
sk
uieom
G
cris, £

*
g!:/IEM

w2n
Vy

€2

Lm—1

Fa

fieom

L'g
Der’L(A, T)
€n(V1, V2)
€2n

an

R. Hain and M. Matsumoto

the fiber of H over V,, an object of MTM

the category of mixed Tate motives over Z

the category of universal mixed elliptic motives of type *
the category of semi-simple universal mixed elliptic motives
the category of admissible VMHS over M , generated by H

the prounipotent radical of 71 (MTM)

the Lie algebra of IC

the kernel of 7;(MEM,)) — 71 (MTM)

the relative completion of (/\/1‘1"’}k V,)
its prounipotent radical

prounipotent radical of 71 (MEM,)

the prounipotent radical of nfeom(MEM*)
the Lie algebra of U5°°™

71 (MHS) x gl

the £-adic crystalline completion of w1 (M «/z(1/e], v,)
notation for 71 (MEM,)

differential form associated to the Eisenstein series Gy,

real two-dimensional Hodge structure associated to eigenform f

the simple Q-Hodge structure associated to the eigenform f
involution induced by complex conjugation on M{", and H
Foo composed with complex conjugation on Hg

the eigenspaces of the involution Feo : V — V

modular symbol of the cusp form f

the even and odd degree parts of ry

Q-Betti basis of H
Q-de Rham basis of H
H(1)

Q-de Rham basis of H

free Lie algebra generated by a vector space V
the weight lowering nilpotent in s((H)
the generator of u%"EM dual to Gy, whenn > 0

a generator of £ and also certain of its lifts to uMEM
the free Lie algebra generated by Hj (u&"EM)

geom

the free Lie algebra generated by Hj(uz )

the rth terms of the lower central series of the Lie algebra g
the derivations of (A, T) that annihilate [T, A]

a derivation of IL(H) depending on v{,vy € H

en(T, A)

en(A, T)
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696
696
706
706
706
739
739

677
681
726
726

674
727
728

728
729
729
737
733
734
734
753


https://doi.org/10.1017/S1474748018000130

Universal mixed elliptic motives 763

p(E) the Lie algebra of 7{"(E’, W,) p. 748

p(U) the Lie algebra of 7!"™(P! —{0, 1, 0o}, W,) p. 748

Der™ p(E’) derivations that commute with N and kill cuspidal loop p. 751

Derf p(U) the derivations of p(U) that extend to p(E’), etc. p. 751
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