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The equations for the hydrodynamic force and torque acting on a sphere in unsteady
Stokes equations under different flow conditions are solved analytically by means
of the singularity method. This analytical technique is based on the combination
of suitable singularity solutions (also called fundamental solutions) such as primary
Stokeslets, potential dipoles, or higher-order singularities, to construct the flow field.
The different flows considered here include four examples: (1) a rotating sphere
in a viscous flow, (2) a stationary sphere in a time-dependent shear flow, (3) a
sphere with free rotation in a simple shear flow, as well as (4) a stationary sphere
in a time-dependent axisymmetric parabolic flow. Our paradigm is to derive the
fundamental solutions in unsteady Stokes flows and to express the solutions as a
convolution integral in time using the time-space fundamental solutions. Next the
Laplace transform is used to determine the strength of the distributed singularities
that induce the velocity field around a stationary or rotating sphere. Then we use the
computed strength of the singularities to derive hydrodynamic force and torque. In
particular, for the problem of a stationary sphere in unsteady axisymmetric parabolic
flow, our solution for the time-dependent force acting on the sphere consists of
five force components — the well-known quasi-steady Stokes drag, the added mass
term, the Basset historic (memory) force, and two additional memory forces. The
first additional memory force due to the rate change of velocity, we find, is similar
to the result obtained by Lawrence & Weinbaum (J. Fluid Mech., vol. 171, 1986,
pp. 209-218) for the ostensibly unrelated setting of a slightly deformed translating
spheroid. The second additional memory force comes from the effect of the rate
change of acceleration and is found for the first time in this study to the best of our
knowledge.
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1. Introduction

Over the past decades, analyses of creeping motion flows have been treated by
either the Stokes equations or the Navier-Stokes equations with very low Reynolds
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number. When the influence of the fluid inertia term of p(v - Vv) is totally negligible,
then the nonlinear Navier—Stokes equations are simplified to the linear Stokes
equations. For example, analyses of small-scale particle dynamics, locomotion of
microorganisms, the flow of red cells in the blood, Brownian motion, microfluidics
and some geo-fluid dynamics, etc., belong to flow regime of the Navier—Stokes
equations with very small Reynolds number. Unsteady flow past a sphere at a low
Reynolds number has been addressed by Bentwich & Miloh (1978), Sano (1981)
and others. The study of the effects of both the inertia term of p(v-Vwv) and the
inertia term of p(d,v) on the fluid dynamics and capturing the deviation from the
unsteady and steady Stokes equations remains open. In addition, some unsteady
problems are usually considered to be a sequence of steady-state problems (a series
of ‘snapshots’ of the flow) (Kim & Karrila 1991). This quasi-steady approach was
applied successfully to capture the characteristics of motion of particles (Jeffery
1922; Burgers 1938; Happel & Brenner 1965; Batchelor 1970; Cox 1970; Chwang
& Wu 1975; Pozrikidis 1989, 1992). However, it is noted that no actual flows can
occur without considering the effects of some fluid inertia in all real systems. For
illustration, a non-negligible effect of the small inertia term of p(v - Vv) causes
an interesting lift force (Segre & Silberberg 1962; Bretherton 1962; Saffman
1965). Another interesting example is that, by considering the influence of the
inertia term of p(0,v), particles in some inter-particle or wall-particle cases have
completely changed the motion characteristics of flow dynamics (Feng & Joseph
1995). Recently, only subjects involving the effects of the inertia term of p(d,v)
for the motion of a sphere (or slender body) or particles freely suspended in a
viscous fluid have received considerable attention. The problems not only formed
one of the fundamental phenomena of fluid motions, but they also arose in situations
such as problems on Brownian motion (Kheifets et al. 2014; Mo et al. 2015), the
calibration of optical tweezers (Grimm, Franosch & Jeney 2012) and the dynamics
of microelectromechanical systems (Clarke et al. 2006).

For the theoretical study of transient linear flows, Stokes (1851) was the first to
make contributions for particle dynamics in a quiescent fluid. His solution of the
hydrodynamic force included the frequency of oscillation, but it only corresponded
to an oscillating sphere. Basset (1888) extended his works and used Fourier inversion
to obtain the well-known hydrodynamic force on a sphere released from rest, with the
solution given by

2 dU v [dU 1
F=-6 Ul — =na’p— —6 2,//d, 1.1
npat(m 3Tm'0dt Tpa nJy dt Jt—71 ‘ (4.1

where U(t) and a are the velocity and the radius of the sphere, respectively; p and
w are the density and dynamic viscosity of the fluid, respectively, and v=pu/p is the
kinematic viscosity of the fluid. The first term on the right-hand side of (1.1) is the
well-known quasi-steady Stokes drag, the second term on the right-hand side is the
added mass term. The third term on the right-hand side is the Basset memory force,
which depends on past history of the particle motion, such as the rate change of the
sphere velocity.

In addition, another classical solution for transient motion is that of a rotating
sphere in a quiescent fluid. This problem was solved analytically by some researchers
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(e.g. Landau & Lifshitz 1959; Feuillebois & Lasek 1978). The torque on a rotating
sphere from rest with an arbitrary differentiable angular velocity w(f) is given by

1

Ct) = —8npd’ [m(z)+ 3 do(r) 1

a t
m/o dv Ji—t
1 /z dw(t) exp <v(t— r)) erfe <\/V(ta—r)> dr] ’ (12)
0

3 dt a?

where exp(x) is the exponential function, erfc(x) = 1 — erf(x) is the complementary
error function and erf(x) is the error function. The first term on the right-hand side
of (1.2) is the quasi-steady torque and the other two terms on the right-hand side
involve memory kernels. In particular, there is no ‘added torque of inertia’ term in
the rotary motion. The second term on the right-hand side of (1.2) is of the same
decaying order as the Basset integral in (1.1). In addition, the memory kernels function
exp(vt/a*)erfc(y/vt/a) ~a//Tvt at very short time ¢ < a®/v. It is also noted that the
third term on the right-hand side of (1.2) has a negative sign. Therefore, the two terms
involving the memory kernels in (1.2) decay much faster than the Basset memory
force as the motions tend to become steady (see Feuillebois & Lasek 1978, p. 442).

The other important result of the transient solutions is the hydrodynamic force
on a slightly deformed translating spheroid. By applying Fourier transforms to the
governing unsteady Stokes equations and using the dimensionless variables U*=U/V,
x*=x/L, t*=t/T, p* =pL/uV, Lawrence & Weinbaum (1986) were able to obtain
the dimensionless force on the spheroid (after dropping the stars) as

F 6 (14 264 2 ¢ U@ 2n (1420, 0%0) U
= —6m —&+ —=¢ — =T — &+ ==& | —
57175 3 577175 ) dr

8 116 ,\ [dU 1
—6ﬁ<1+58+1758 )/O Emdr
_ 8 (E> " e /t WG — 1) dr + 06
175 \3 | dr
with G(r) =Im(y/mne"erfc(/nt)), n=0B+ 34/30) /2. (1.3)

A slightly deformed spheroid with semiaxes is related by a = b(1 + ¢), where a, b
is the semimajor and semiminor axis, respectively, and ¢ is a perturbation parameter.
A new memory force that decays faster than the Basset memory force was found
in the last term on the right-hand side of (1.3). Until recently there have been
few analytical results available for solving unsteady Stokes flow problems (e.g.
Basset 1888; Landau & Lifshitz 1959; Feuillebois & Lasek 1978 and Lawrence &
Weinbaum 1986). Most of the analytical results are limited to the cases of a uniform
free stream or an oscillatory motion of a sphere or spheroid. In general the flow
fields are spatially inhomogeneous and undisturbed, such as linear or parabolic flows,
which are more significant from practical and experimental points of view. Mazur &
Bedeaux (1974) have derived the viscous drag on a sphere moving with an arbitrary
velocity for unsteady, spatially inhomogeneous flows. Faxén’s law was then extended
to transient Stokes flows. However, investigations into finding the analytical unsteady
hydrodynamic force or torque remain largely unexplored at present. Maybe the
possible difficulty arises when traditional analytical methods are used which employ
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the separation of the variables and Fourier inversion, as well as under the assumption
of small-amplitude harmonic oscillation of a particle.

The main purpose of this study is to obtain the exact solutions in more general
time-dependent flows instead of adopting the elections of many other available
analytical techniques. The singularity method is an inverse problem approach and the
main shortcomings are too general to guide the proper choice of singularities for all
the systematized situations. However, this method is more direct and simpler than the
conventional harmonic functions method, which is based on the choice of a suitable
coordinate system and uses known classical methods to obtain exact solutions. The
usage of the singularity method in the analysis of a wide variety of steady Stokes
flow problems has proven to be a valuable tool and presented fruitful results (e.g.
Oseen 1927; Burgers 1938; Batchelor 1970; Cox 1970; Blake 1971; Chwang & Wu
1975; Lighthill 1996). However, theoretical treatments using the singularity method
are mostly limited to steady Stokes equations. We hope the spirit of the singularity
method and time convolution integral technique will be carried out for more general
transient Stokes hydrodynamics problems by following the past valuable experiences
of steady Stokes flows. In recent years, an unsteady Stokeslet has been presented
by a number of investigators for unsteady Stokes flow problems (e.g. Hasegawa,
Onishi & Soya 1986; Smith 1987; Pozrikidis 1989, 1992; Avudainayagam & Geetha
1995; Chan & Chwang 2000; Shu & Chwang 2001; Guenther & Thomann 2007;
Hsiao & Young 2015). Nevertheless most works on the subject only use an unsteady
Stokeslet or oscillatory singularities as a function of the frequency of oscillation
® (see also Pozrikidis 1989). A novel technique for the hydrodynamic force with
the convolution quadrature method (CQM) (Lubich & Schadle 2002) coupled with
fundamental solutions has been presented by Hsiao & Young (2014) recently.

We will extend the above results and derive higher-order time—space fundamental
solutions (for example, an unsteady rotlet, an unsteady Stokeslet doublet, an unsteady
stresslet, and an unsteady Stokeslet quadrupole) in § 2. The fundamental solutions in
unsteady Stokes flow must be derived first. Next these time-dependent fundamental
solutions obtained will be then used to express the solutions as a convolution integral
in time. Finally, we will calculate solutions of the time-dependent force and torque on
a sphere in a shear flow and also in a parabolic flow by using the Laplace transform
technique. An attempt will be made to look for unknown solutions of new and more
complicated unsteady Stokes flow problems. We will use the coupling between the
time convolution integral and the superposition technique of the foregoing fundamental
solutions including force singularities and potential singularities to construct the
requisite flow structures. In § 3, a study of the transient flow of a sphere rotating in
a viscous fluid will be carried out. This well-known solution is also solved by using
different methods. It is also used to validate our analytical work by comparison to
other derivations. In §§4-6, we will focus on exact solutions of a simple shear flow
past a sphere, a sphere with free rotation in a simple shear flow and an axisymmetric
parabolic flow past a sphere. These transient flow structures may be the first derived
as far as unsteady Stokes flow problems are concerned. The force and torque solutions
of unsteady or steady Stokes flow problems may serve as challenging benchmarks for
numerical modellers to verify the accuracy of their numerical methods after obtaining
their viscous and pressure forces. Section 7 contains a short concluding remark.
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2. An unsteady Stokeslet and higher-order singularities
2.1. An unsteady Stokeslet

The fundamental solution of unsteady Stokes flow represents the solution due to a
concentrated point force f,,,, which has a singularity at the point xy and at time 7r=0.
The governing equation is

V.u=0,

) 2.1

p% =_Vps+l‘l'vzu +fext ( )

where f,,(x, 1) =ad(x — x¢)3(?) is the external force, u = (u, v, w) is the fluid velocity,

p is the fluid density, p* is the fluid pressure, p is the dynamic viscosity of fluid,

o = (o, @y, o3) is a constant vector and stands for the strength of the point force in

a three-dimensional Euclidean space respectively, é is the Dirac delta function and x

is the position vector. The solution in three dimensions for the velocity field is given
as

1 .

ui(x, 1) = mij(x, Na;, (2.2)

1 28 — &% 2 3(r28; — xik)) r?
S A _ ij i) ij i
G = < TR r4> exp (‘m)

(r28,-j — 3&,&1) < r )

— erf . 2.3

r V4vt 2.3)

Here r = |x|, X=x —x9, v = u/p is the kinematic viscosity of fluid and ij(,%, 1))
is a free-space Green’s function, also called a fundamental solution or an unsteady

Stokeslet. The induced pressure is

5() X
=200, 4
4rt 3
The surrounding fluid exerts a force on the control surface S, of a sphere with radius
a centred at the point impulse «. The total forces are given by

o a’ a’ 1
f= = <6vt2> exp (—4]”) — §a8(t). (2.5)

Furthermore, in (2.5) it is observed that the first term and the second term on the right-
hand side come from viscous force and the pressure, respectively. The aforementioned
formulations have been presented by Hsiao & Young (2015).

2.2. An unsteady Stokes doublet

By linear differential equations, the derivatives of u;(x, 1), p5(x, t) in (2.2), (2.4) are
also solutions of (2.1). Therefore, we differentiate an unsteady Stokeslet with respect
to xy. This means that we take the gradient of (2.3) in the chosen direction. Hence,
the induced velocity in three dimensions is

_ 1 SD (2.
(w0 = 5 GRE iy 2.6)
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Following Blake (1971) and Chwang & Wu (1975), Gi?(X, 1) is called an unsteady
Stokeslet doublet and dj is the strength of singularity by a second-order tensor. Next,
G;p (%, 1) is expressed in the form

0GI@E, ) AGE, 1)

GPR®, 1 =

ik ’ on_,k 856;(
(3)%](8,] + 3561‘81'1( + 3561‘8,‘]{) 1556,‘561‘56/(
r T X
_ 1 + (kaij +xi5jk +xj5ik) . SX,‘XJ‘X]( exp <_r>
Tt 2vtr? 2utrt 4vt
X8y XXX

4022 40P
35,8; 4 33,8, + 3%:6; 15%:X:%
. ( X j+ X, Jk+ Xj k)erf( r ) + xjcjxkerf< r ) . (27)
[Avt r 4vt

Similarly, the induced pressure of an unsteady Stokeslet doublet is

D 50 (b5

8X0’k 47 7'3 I"S

7

di. (2.8)

PP(x, )= f

Physically, an unsteady Stokeslet doublet means the induced velocity is due to a point
force dipole. Now, by integrating equation (2.6) with respect to ¢ from 0 to oo, it is
found that

> > 1 SD /2.
; ui(x, 1) dr = i —— G (%, dy dt

4mp
1 5Ck8ij — 5Ci5jk - -%jaik 3'%i'%j'%k

Equation (2.9) is in agreement with the steady Stokeslet doublet given by Blake
(1971), Chwang & Wu (1975) and Pozrikidis (1992).

2.3. An unsteady rotlet

We now consider an unsteady rotlet (also called a couplet in steady Stokes flow by
Batchelor (1970)), which regards the fundamental solution due to a point couple which
has a singularity at the point xy and at time =0, in a fluid otherwise at rest. The
governing equation is

V.u=0,
ou ) (2.10)
'OE =—Vp+uVu+V x(25x—x9)5(1))
Since we are looking for rotational flow, the pressure is assumed to be constant. On
the other hand, £2 is a constant vector, so that V x £ =0. After using vector identities,
equation (2.10) becomes

9
pa—l::/LVZu+V8(it) x 28(1). @2.11)
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By taking the Laplace transform of (2.11) with respect to ¢, we obtain
psii(s, x) = uV2a(s, x) + VSR®) x 2. (2.12)

The Laplace transform of a function u(¢, x), defined for all real numbers ¢ > 0, is the
function #(s, x), defined by

Lu(tx) =u(s,x)= / u(t, x) exp(—st) dr. (2.13)
0
Again taking the Fourier transform of (2.12) we obtain

psiu(s, k) = —p (k2 + K + KD + ———— (ki + ik + ikke ™ x 2. (2.14)

1
@m)?

The Fourier transform of a function #(s, x) is defined by
= 1
F@(s,x)=u(s, k)= —— / u(s, x) exp(—i(k - x)) dx, (2.15)
Q2m)32 Jgs

where E° denotes the three-dimensional Euclidean space and k = (k, ky, k)
is a constant vector, respectively. After a straightforward algebra manipulation,
equation (2.14) now becomes

i (s, k) i L S ST 3 (2.16)
u(s, k)= e x 2. .
2m)32p S+VIIkllzl S+VIIk||2] s+ v|k|?

Taking the Laplace and Fourier inversions of (2.16), we obtain the fundamental
solution of an unsteady rotlet in the vector form

H= L v r? 2
YD = G, Qe <exp (_41):» *

1 1 2 xr r? 2.17)
= (.4 _— . .
dmtp /vt \ 42 P 4vt

where »= |x — xy|. Equation (2.17) can also be expressed in a tensor form as follows:

1
wi(x, 1) = —G,..(x, R,
(2.18)

in which GR®, 1) = 1 ik ex —r—z
iD= e TP\ T )

In order to verify (2.18), we integrate the equation with respect to ¢ from 0 to oo,
and get

/oo L kg no =L 2Xr (2.19)
—Gi(x,N2;dt= — . :
o 4mp Y ! Anp  P3

Equation (2.19) agrees with the steady rotlet equation obtained by Blake (1971),
Chwang & Wu (1975) and Pozrikidis (1992). The surrounding fluid exerts a force
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on the control surface S, of a sphere with radius a centred at a point impulse with
strength §2. The force is given by
f= ] o-ndA, (2.20)
SC

where o is the stress per unit area of the spherical surface and n is the outward unit
vector normal to the surface. Due to the symmetry, the hydrodynamic force in (2.20)
is f = 0. Next, the hydrodynamic torque on the sphere is given by

c=/r><(d-n)dA. (2.21)
Se

Making use of the constitutive relation for stress in a Newtonian fluid,

o= —psy g (244 (2.22)
! / 8)(,' Bx,

then (2.21), after some reduction we obtain the hydrodynamic torque as

2 a’ a? (223)
c=———n—=|——exp|——]. .
Jmvr \ 12v28 P 4yt

In a similar way, we integrate equation (2.23) with respect to ¢t from O to oo, and the
torque due to a steady rotlet is given as

o] Q CIS 612
C=- ; — \T2vp exp o dr=-2%2. (2.24)

The result also agrees with the steady rotlet equation obtained by Chwang & Wu
(1975).

2.4. An unsteady stresslet

Equation (2.7) demonstrates that an unsteady Stokeslet doublet can be divided into a
symmetrical part and an antisymmetrical part with respect to the indices j and k, thus

GP(&, 1) =GP, 1)+ GPAG@, 1), (2.25)

ijk ijk
where G;jf S, t) and Gisjf ~45(%, 1) denote the symmetrical part and the antisymmetrical
part, respectively. The symmetrical part is

(356](8,:]' + 3)’2']‘8,‘1( + 3)%,‘(3,‘]() 15.%1‘)’21‘)%](

r ro
. . A A 2
GPSE. 1) = (e + X8 + Xibi)  SXiXXy exp [ -
gk Tt 2vtr? 2vtrt 4vt
kaij xj8ik XiXiXk

V22 8V 422

3%:8; -+ 308, + 33,6, 1533
B ( X;i0jk + 3Xx; ij + Xj k) erf( r ) n Xx]xkerf< r ) (226)
/5 /Ayt r v 4vt
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and the antisymmetrical part is

1 fck5 .%3/{ }"2
GPA5(%, 1) = CR —— . 2.27
ik &) JTvr \ 8v22 Qv exp 4vt ( )

Substituting (2.26) and (2.27) into (2.6) yields

1 1
u;(x, t)—HGif S(&, Dy + —Ggf @&, Ndye (2.28)

The first term on the right-hand side in (2.28) is called an unsteady stresslet, which
stands for the velocity field corresponding to the straining motion. By integrating with
respect to ¢ from O to oo, we get

* ] 1 X6 3XXx
GRS @, Dy dt = — (- :
/0 4rp (&, Dl 8w r + r

di. (2.29)

The result also agrees with the steady stresslet equation obtained by Blake (1971) and
Chwang & Wu (1975). If we define £ = —1/2¢;;d;, then the second term in (2.28)
is given by

1 gsas fd L1 (exr\ (. (2.30)
Arp ’ k_4rc,0 Jmve \ 4v2e? P\7%0 ) '

Equation (2.30) corresponds to the fundamental solution of an unsteady rotlet, which
is the same as (2.17). The induced pressure of an unsteady stresslet is equivalent to
an unsteady Stokeslet doublet as shown in (2.8), since the pressure of an unsteady
rotlet is constant. Furthermore, a steady Stokeslet doublet has been already separated
into the symmetrical part (namely, a stresslet) and the antisymmetrical part (namely,
a rotlet) by Batchelor (1970) and Blake (1971). This property also exists in unsteady
Stokes flow. Due to the symmetry, a steady Stokeslet doublet results in no net
force and a steady stresslet results in no net force and no net torque to the fluid,
as presented by Blake (1971) and Chwang & Wu (1975). Similarly, an unsteady
Stokeslet doublet and an unsteady stresslet also show the identical properties as
expected.

2.5. An unsteady Stokeslet quadrupole

Next, we differentiate again an unsteady Stokeslet doublet with respect to xy. The
induced velocity in three dimensions is

1
u(x, )= —G,jk,(x 1 Qju, (2.31)

where ijg(fc, 1) is called an unsteady Stokeslet quadrupole and Qj, is the strength of
singularity by a third-order tensor. ij%(fc, t) is defined by
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10
IGRE. D _ GRG0
ljk]( ) 8)60’] 8xl

-3

5](18,:]' + 8,‘18]‘1( + 8j18ik

kal(sij + x,~x,8jk + xjx,(Sik

+15

r ro
i lsij.%kcsil + 5C,‘5€1;5j1 + 5@&]‘81(1 _ 10556,‘56}5;](.%1
r r
8uby + 8ubix + 8k X8y + XiXiBj + XX S
1 - 2 +3 4
+— ~ n ~ A~ ~ A nA A A
1 2vt XixiSi + XX 8y + XX XXX r?
— — +5 jAkOil r/; jl Okl _35 :fék 1 exp <_4m)
Xk Xi8ii + XiXi8 iy + XX 8y
N 1 —3ud; + g 2 ’ d
(ZVI)Z + )%j)%kéil + fCij\Ckéjl + 56,'5\6]'81{1 . 7)%,'5?,’.%](/%1
r? r*
1 XXX X
— | xx8 — =
Ty (“’ = >
) 3 Sudy + 5i1<jjk + 810k 4105 XXXk
erf | —— NP P . n . (232
+ <«/4vt> _ lsxkxz5ij + XiXi8j + XX _ l5~xj~xk5il + XX 8 + XiX;8u ( )

7!

77

By integrating equation (2.32) with respect to ¢ from O to co, we obtain

o0 o0 1
/0 u,-(x, t) dr = /0‘ 4]_[[0 Uk,(x Z‘)ijl dr
Siklj1 + 8:djx — 8;i6u
/3

1 3 . . . . . A
= = *5(5kzxixj + 8uXiXy 4 SuXiX; + 8uXiXi + SuXiX — SyXixy) | Q. (2.33)
+1 556,5936,(561

%]
Equation (2.33) is in agreement with the fundamental solution of the steady Stokeslet
quadrupole as given by Pozrikidis (1992). Similarly, the induced pressure of an
unsteady Stokeslet quadrupole is obtained by

apSP(x, 1) 8(t 38ux; + 38x + 38ux; 15

PP (X, ) () (_ kX + ]ixk—f- X " X]kaz> On.  (234)

r r’

SQ
( ) 8X().1 4'.IT
2.6. The potential singularity of Stokes flow

We differentiate successively a point source and can obtain higher-order singularities.
Thus a potential dipole (appendix A, equation (A S5)) is given by

8 &
32

PD o\ ij
G, (x)=—— 5 (2.35)
A potential quadrupole G,Jk (*) obtained by differentiating a potential dipole is given
as
KB 8j; XiX; 38Xk + 38ux; + 38ux;  15x%%
yk(x) (_i+3 SJ):_ ik ic/ jk + 7/ k‘ (2.36)
X(),k I - r r
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(1)

Z

FIGURE 1. (Colour online) Schematic representation of a sphere which rotates with an
angular velocity (7).

In addition, a potential octupole, that is, the second derivative of a potential dipole, is

given by

82G§D ) asz;D )

8X07kaX(),[ B 85ck85c,

80 + Sudji + S
5

Gg?,g *®) =

6,»jxkx, + S[kaX[ + Sjkx,»x,

3 —15 >
r r
= A A A AA A A . 2.37)
15 BiXixy + (Sjl-x;'xk + SuXiX; 110 Sxixj)gckxl
r r

These singularities are standard and have been addressed in the literature (for example,
Kim & Karrila 1991 and Pozrikidis 1992).

3. A sphere rotating in a viscous flow

A rotating sphere in a quiescent fluid with an arbitrary differentiable angular
velocity @(f) is governed by the time-dependent Stokes equations (see figure 1). By
using the singularity method, we make use of an unsteady rotlet in (2.17) with poles
at the centre of the sphere and take §2; to be time-dependent. Thus fo. (%, 1) in (2.18)
stands for the response function in terms of a point couple §2;( =0) exerting on the
flow at time ¢t = 0. Therefore, the complete response of the induced velocity due to
the input time-dependent function £2;(#) can be expressed by the convolution integral

in time as
@) 1 1 1 ["R((x)xr r? d 3.1
ux,nH=-— — | ——exp|——— ) dr. .
drp /v 4v? J, (t—1)? P 4v(t—1)

For t > 0, the boundary conditions are

u=w({)xr onr=a, (3.2)
u—0 asr— oo. 3.3)

Upon applying the boundary condition at r =a, equation (3.1) yields

( :

; exp | —
_ 1 4v(t—1) )

w(t) = T /0 Q(1) - dr, (3.4)
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which is a Volterra integral equation of the first kind. In order to obtain £2(7), we take
the Laplace transform of (3.4) with respect to 7. After straightforward rearranging, we
have

2 3/2eXP(\/ a’s/v) .
AN 52

where @(s) and S}(s) are the Laplace transforms of w(#) and $2(¢), respectively. On
the other hand, from (2.23), because £2;(7) is time-dependent, the hydrodynamic torque
is also expressed as the convolution integral in time #:

Q (s) =4mpav

&
e P ( 4u(r — r))
C(t) = —f 1202 / ﬂ(f) ([ — ‘[)7/2 dr. (36)
Taking the Laplace transform of (3.6), we have

5

o A 1 24 24
Cls) = —R(s) \/ﬁﬁ <015«/_nvv2+6ﬂ TN s Jnvvs) exp(—/as/v).

3.7
Substituting S}(s) of (3.5) into (3.7), we have
A Jmpad (24 , 24 32 8 @(s)
C(S) = — 30 E«/ VY. + g VY ﬁ—{- E TVVS m (38)

Applying the inverse Laplace transform, we obtain the following torque equation:

/dw(f) 1
3Ty Jt—1
dw (1) (v(t—r)) <«/v(t—r)> }
— / exp erfc | —— | dr
0

3 dt a? a

1
— 8 pd’®(0) [3}\[—3 exp (:—;) erfc (T)] . 3.9

In particular, for a sphere starting rotation from rest at the beginning, w(0) = 0.
Equation (3.9) is in agreement with (1.2). The corresponding formula has also been
derived by Kim & Karrila (1991) and Pozrikidis (1992) with the assumption of
oscillatory rotation of the sphere.

dr

Ct) = —8nud’ [w(t)+

4. A simple shear flow past a sphere

We now consider a sphere of radius a centred at the origin, placed in an unbounded
unsteady Stokes flow undergoing a time-dependent simple shear flow U(x, ) =y (t)ye,,
as shown in figure 2. The centre of the sphere is fixed and does not rotate in a
torque-free state. Following the leading works of Chwang & Wu (1975), we employ
an unsteady stresslet, an unsteady rotlet, an unsteady potential quadrupole with poles
at the centre of the sphere, and use the convolution integral in time to construct
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U=y@)ye.

FIGURE 2. (Colour online) A sphere of radius centred at the origin, placed in an
unbounded unsteady Stokes flow undergoing a simple shear flow U =y (f)ye,, and is not
allowed to rotate or rotates freely in the plane (xy) with variable angular velocity.

the solution. From (2.18) and (2.26), the associated velocity is expressed as the
convolution integral

. 1 1 ! R
u(x, 1) = y@)ye, + H / Gif S@&, t— T)Si(t) dr + m /o Gl’;(x, t—1)82;(r)dt
Gl ®) Qi (D), (4.1)

where Sy (¢), $2;(r) and Qy(r) are the time-dependent strengths of the unsteady
stresslet, unsteady rotlet and unsteady quadrupole, respectively. In addition, the
potential quadrupole Gre®) is given in (2.36). The boundary condition is satisfied at
the surface by

ijk

u=0 atr=a. 4.2)

Implementing the boundary condition of (4.2) to be satisfied and taking the Laplace
transform of (4.1), three equations for three unknown strengths of the singularities are
found when all i, j, k each take values 1, 2 and 3 in three dimensions (appendix B).
The unsteady strengths of stresslet, rotlet and potential quadrupole of Sx(s), £25(s) and
le(s) in a Laplace transform domain are given as

N _ 20 5 3/Zexp(\/cﬂs/v) s 4
Si2(8) = ——-mpa (f~|—f/a) v (s), 4.3)
Ou(s) = 2mpaPr 2 TPV @SV 5 ) (4.4)

5+ oja)

——mva’— — —mv'a
on=| &V YOy
T —4na5\/§—207w3/2a2(1_eXp(\/a2s/v)> s+ vja)

9 3 s
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By using the final value theorem lim;_, sf‘ (s) =lim,_, , f(¥) of the Laplace transform
and assuming y (f)(s~!) is bounded and lim,_ ., ¥ (f) = ¥, the strengths of the steady
stresslet, rotlet and potential quadrupole are calculated as

S St 5 ? 2;0) 1
fim 520 _ 520 S s iy S5Oy O L s wean
s—>0 SJTM 1—00 8]‘[7/1, 6 s—0 4]‘[/,L t—>00 4]'[# 2

and

_5Qn(s) T 01 O S
M4 AR Tam e @D

These strengths of steady singularities are all in agreement with the results obtained
by Chwang & Wu (1975, p. 800). However, it is also noted that the sign of 1/6y..a’
due to the potential quadrupole in (2.6.4) compares with V(9%/0x9y)(1/R) (Chwang
& Wu 1975, p. 801, (49)). In addition, the hydrodynamic torque on the sphere comes
solely from the contribution of the rotlet, so we make use of (3.6), (3.7) and follow
an analogous procedure. Substituting (4.4) Q3 (s) into SAZ(s) in (3.7) and applying the
convolution theorem and inverse Laplace transform, the torque is given as

L 5[ 1 a /’d)'/(r) 1
C@t) = —4npa {)/(f)—k3\/ﬁ | Tar i

3 [ D e (N2 Yerte (LD Y ar o
0

dr

3 dr a? a

) 1 a 1 1 vt vt
— 4w pa’y (0) [35\/2—3 exp (;) erfc (a)] e,. 4.8)

The steady torque on the sphere is —4mua’ye, and agrees with the well-known
solution of Burgers (1938).

As a point of interest, comparing (3.5) and (4.4), from the relation of the strength
of the rotlet in the Laplace domain we find the following relationship if @ (t) =y (1)/2
exists:

25(5) = 2(s5)/2. (4.9)

The above equation states that the strength of the unsteady rotlet of a stationary
sphere in a time-dependent shear flow is half of a rotating sphere in a quiescent fluid
in the Laplace domain. Since the effect of rotation on the sphere is dominated by
the strength of the rotlet, the transient torque by the inverse Laplace transform is
similar in time domain and given the similar results in (3.9) and (4.8) by admitting
the relationship of w(f) = y(¢)/2. The torque on a rotating sphere in an arbitrary
time-dependent shear flow could also be explained by using Faxén’s law. Faxén’s law
for a moving particle is obtained by adding the contribution for the particle moving
through a quiescent fluid to the result for the stationary particle (see Kim & Karrila
1991, p. 155). The analysis of particle motion will be addressed in the subsequent
section.
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5. A sphere with free rotation in a simple shear flow

We now consider the case that a sphere, placed in a fluid undergoing a time-
dependent uniform shear flow, is free to rotate but without translation (figure 2).
The undisturbed shear flow is given by U(x, ) = y (f)ye,, relative to the Cartesian
coordinate axes (x,y, z). In order to study the problem, two cases are considered as
in the following.

Case 1 (the ambient fluid is at rest). The sphere has an arbitrary angular velocity
®(t)=(0,0, —w,(¢)). From (3.9), the torque C exerted by the fluid on the sphere when
®w(0) =0 is written as

/ do() 1
W Ji—t

1 (" dw,(2) v(t—1) v(t—1)
_ 3/0 3 exp ( = ) erfc <a> dr] e,. 5.1

Case 2 (the sphere is at rest). The fluid itself is in a time-dependent uniform shear
flow U(x, t) = y(t)ye,. From (4.8), when y(0) =0 the torque C exerted by the fluid
on the sphere:

C(t) = 8nuad’ [a) (t)—i-f dt

C(t) = —4npa’ l:y(t)_|_ / dy(r) 1
3/ Jy dr Ji—t

B / dy () exp (v(ta;f)) erfe (V"(f—f)) df} .. (5.2)
0

dr

3 dr a

Since the discussed problem of a sphere with free rotation in a simple shear flow is
linear, by the superposition of (5.1) and (5.2); or by applying Faxén’s law, the time
evolution of the sphere angular velocity is calculated by the following equation:

y () La [d (70 I
(2‘%®>+3¢530df<2 ‘””0.5??“

_ 3
8rua 1/’ d (;}(r) > (v(t—r)) (W(r—:))
__ — — w, (1) | exp erfc | —— | dr
3/, dr 2 a? a
_ 4.0
= 1=, (5.3)

where I =2/5ma* is the moment of inertia and a, m are the radius and mass of the
sphere, respectively. We consider a steady shear flow, starting from a state of rest, i.e.

ym={° (t=0), (5.4)

Vso = cCOnstant (¢ — 00).

The rotation rate w,(¢) of the sphere approaches its steady terminal value w,= constant
after a long time. Equation (5.3) then can be simplified to the steady result as

W, = %yoo. (5.5)

The angular velocity w, will adjust to result in a vanishing hydrodynamic torque until
a steady state is reached. In (5.5), the steady result was also a well-known solution
obtained by Jeffery (1922) and Cox, Zia & Mason (1968) with a quasi-steady
approach. On the other hand, if the shear rate p(¢r) is forced theoretically to be
y(t) = 2w,(t) in (5.3), thus the sphere rotates with a constant angular velocity
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u=K@®(*+ e,

FIGURE 3. (Colour online) An axisymmetric parabolic flow u = K(t)(y* + z%)e, past a
sphere of radius a.

6. Axisymmetric parabolic flow past a sphere

We now consider an unbounded Stokes flow with the axisymmetric parabolic
velocity profile u = K(£)(y* + z*)e,, past a sphere as depicted in figure 3. Following
the lead of the steady case of Chwang & Wu (1975), we employ an unsteady
Stokeslet, an unsteady Stokeslet quadrupole, an unsteady potential dipole and an
unsteady potential octupole with poles at the centre of the sphere, and construct the
solutions. Then the induced velocity is expressed as a convolution integral in the
following:

1 t
wi(x, 1) = KOO+ e+ — / G, 1 — D)ay(r) dt
drp Jo Y
t
A 1 R
+ m A G;gl(x, r— T)ijl(‘f) dr + EGS'D(x)dj(l)
1

+4n

GEO®) 0y 1), 6.1)
where the second term on the right-hand side of (6.1) is an unsteady Stokeslet and the
third term represents an unsteady Stokeslet quadrupole. The fourth term and last term
are an unsteady potential dipole and an unsteady octupole. The «;(t), d;(t), Qju(?),
and Ojy(t) are the time-dependent strengths of the unsteady singularities for unsteady
Stokeslet, unsteady Stokeslet quadrupole, unsteady potential dipole and unsteady
potential octupole, respectively. Moreover, the fundamental solutions of ij(fc, t) and

G;j%(,\?, t) can be found in (2.3) and (2.32). Next, a potential octupole has been
presented in (2.37). The boundary conditions are

u=0 atr=a. (6.2)

After applying the boundary conditions and taking the Laplace transform of (6.1), we
obtain four equations for the coefficients of the singularities (listed in appendix C).
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After solving the system, we obtain the unknown strengths of & (s), Zzl (s), Qm(s) and
O111(s) in the Laplace domain as given by

a1 (s) = —K(s) | 4mnpd’ + 17—531,0a5 p S 7z exp(v/as/v), (6.3)
<1 + ﬁ‘/} + 3vs>
! s exp(\/a’s/v), (6.4)
(1 + %«/E + ;lvs)

~ 7 5
Oini(s) = gK(S)Tf,val

%

N 1
di(s) = —K() <4na4ﬁﬁ —|—4Jm3v; + Sna5>

1 7 1
+K(s) | dnva® = + Bnas 3 exp(y/a?s/v), (6.5)
s a a
14+ — il
( + ﬁﬁ+ 3vs>
(7 nal/v N na’
3 a a’ a a?
1+ L s s 1+ L sl
ﬁ( +ﬁ¢§+3vs> ( +ﬁﬁ+3vs>
2 nabv=12 /s 1 na’vs
O =Ks{ 9 a &N " a @ (6.6)
= 1+ L s+ L 1+ L)y &
( + ﬁﬁ+ 3vs) ( + ﬁﬁ+ 3vs)
N 7 nva’ 1 —exp(y/a?s/v)
3 148 N a’ s
—5+ —s
Jv 3v

If K(¢) is bounded and lim,_ ., K(f) = K, by using the final value theorem of the
Laplace transform, the steady strengths of an unsteady Stokeslet, an unsteady potential
dipole, an unsteady Stokeslet quadrupole and an unsteady potential octupole in (6.3),
(6.4), (6.5) and (6.6) are calculated as

§ t 1 d dit) 5
LG O N - I e L e LB I R S
s—>0 8mu oo MU 2 =0 47 t—oo 47 12
and
C n 7 9) 01 (t 1
lim sQ111(s) — lim Qi1 (1) =7Kooa5a th 11 (8) — lim 11 (0 :_7Kooa7-
s—0  8mu t—oo 8T 24 s—0 47 t—>oo 4T 24

(6.8a,b)

In summary the results are all in agreement with the equations obtained by Chwang &
Wu (1975, p. 807, (68b)). It is also noted that the signs of —1/2Ka>® and —1/24Ka’
are due to the coefficients —C; and —C, (Chwang & Wu 1975, p. 806, (68a)).

From (6.1), the absence of rotary singularities results in zero net torque. However,
it is interesting to note that the hydrodynamic force is due to an unsteady Stokeslet
and an unsteady potential dipole. In the next §§ 6.1 and 6.2, we are going to compute
the hydrodynamic force induced by these two singularities for the problem of a sphere
in a parabolic flow.


https://doi.org/10.1017/jfm.2018.975

https://doi.org/10.1017/jfm.2018.975 Published online by Cambridge University Press

18 C. H. Hsiao and D. L. Young

6.1. Contribution of the unsteady Stokeslet

The force contribution from the unsteady Stokeslet can be decomposed as viscous and
pressure parts Fy(f) =F,(f) + F ,(#). In order to obtain the viscous force Fj,(f), we
can use the first term on the right-hand side in (2.5) which shows that the viscous
force exerted by an unsteady Stokeslet on the sphere in time ¢, and the convolution
integral will yield

a2
 la@ (@) TP (_4v(t—r)>
Fs,v(t)_—/o Nes (6])) e (6.9)

Taking the Laplace transform of both sides, we have

Fs,(s)= —%06(5) < \/3> exp(—+/a’s/v). (6.10)

D]

By substituting &;(s) of (6.3) into (6.10), we get

a
S8 w2+ 5)
Fi\(s) = | 3mna’K(s) + 37pa ﬁ«/EK(sH-ETcpa - S K(s)
I+ —=s+ s
Jv 3v

e,.

(6.11)

Using the convolution theorem and inverse Laplace transform (solved in appendix D),
equation (6.11) including the initial condition becomes

F,,(t) = {Tt,ua3[((t)+ T pa \/>/
l‘—‘L’
28«/_moa \/>/ 7SF1(I‘—T)dT+7 Tpa / —sz(t—r)dr

8 4 \/_ 4 v
+ —mpa \/71((0)\/_—1— 25 Tpa ;K(O)SF](I)

3
28v3 d dK
+t 5 TPa (K(O)dt(sz(t)) t 4 T:O sz(t)> } €x, (6.12)

where

Sp1(t) =Im (ﬁ <JLE'B> /e erfe <\/0_‘:/3\/;>> ,

(6.13)
Spa(f) = —Im <e<u/a2)ﬂlzerfc (M\/;)) , and B=
a
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To determine the pressure force F; ,(f), we note that the second term on the right-hand
side in (2.5) shows the pressure exerted by an unsteady Stokeslet. We substitute &;(s)
of (6.3) into the second term in (2.5) and use the convolution integral to obtain

F,,(t) = —% / a(t)é(t —t)dre, = —%al(t)ex. (6.14)
0

Therefore, the total force acting on the sphere due to an unsteady Stokeslet is the
summation of (6.12) and (6.14) as follows:

Fs(t) = Fsv([) +Fsp(t)

= {JTMCZ3K(I)+ npd \/7/
l—‘L’
28\/_7:,051 \/7/ f / —Sm(t—f)dr

8
+3Tt,0a4\/>K(0)\[+ 4;/_Hpa4 ;K(O)Sn(t)

28v3 d dK
45 Tpa (K(O)cit(SFz(t))+clt

1
SFz(t)> - 3a1(t)} 2 (6.15)
=0

6.2. Contribution of the unsteady potential dipole

The surrounding fluid exerts a force on the sphere of radius a centred at an unsteady
potential dipole as (appendix A, equation (A 7))

Fi() = —**(d ). (6.16)

By taking the Laplace transform of (6.16), the surface force due to an unsteady
potential dipole in the Laplace transform domain is

Fis) = —gsgli(s). (6.17)
Substituting &1 (s) of (6.5) into (6.17) and making use of (6.3), we get

Fu(s) = {gnua3K(s) + %npaSsK(s) + gnpcﬂﬁﬁl((s) + ;&l(s)} e.. (6.18)

Using the inverse Laplace transform, we obtain

4 4 1
F,(t) = {3n,ua K(t)+gnpa—+ Tpd \/>/ dr+ ozl(t)

4 5 4
+ Enpa K(0) + Tt,oa \/;K(O)ﬁ} . (6.19)

It should be mentioned that an unsteady Stokeslet quadrupole and an unsteady
potential octupole result in no net force and no net torque to the fluid due to the
symmetry property.
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6.3. Net hydrodynamic force on the sphere
By combining (6.15) and (6.19), we finally have the hydrodynamic force on the sphere

as
5 4
F = {4nua’K(t) + —J‘t,oa — —|-4T[,Ocl
15 Ji—1 r
28 [v
[ / 7SF1(f 7)drt +7 / 7SF2(I—T) dr

4 s 4 1
+ —7pa’K(0) + 4mpa —K(O)—
B!

5 NG
+28ﬁnpa4 Y K(0)Sp(2)
45 b1
283 dK
+ 4{npa (K(O) (Sm(t))+d— SFZ(t)>}ex- (6.20)
=0

For steady Stokes flow, the drag on the sphere when the ambient field has a
paraboloidal profile with the axis passing through the centre of the sphere is the
same as that on the same sphere moves with an ‘equivalent velocity’ in a uniform
flow (Chwang & Wu 1975). The role is based on the calculation of drag force. In
(6.20), we follow the equivalent velocity in steady Stokes flow given by Chwang &
Wu (1975) to put it in the following form:

2 2
U, = gK(t)a e,. (6.21)
Therefore, equation (6.20) can be rewritten in an equivalent velocity form:

F = 6nual, (t)+ —Ta p—+6npa \/ = / t
—‘L’

" dU, f , (1A,
pa
0 dT2

sz(t — T) dr

2
+ gna3,0Ue(0) + 67[,0a2 \/:Ue(O)ﬁ

14
+ g} 3&@%@
143
+? pa (U (0) dt . sz(t)>. (6.22)

Equation (6.22) is compared with (1.1), when U,(0) =0 and dU,/df,—, =0 is taken. It
shows that the rule is not hydrodynamically equivalent in unsteady Stokes flow. The
first three terms of (6.22) are the standard forms for the quasi-steady Stokes drag
force, added mass force and Basset force term, respectively. But results also show that
the coefficient of added mass force of (6.22) does not correspond to (1.1). It should be
noted that a very important feature of the result is to produce two additional memory
force terms in addition to the Basset memory force. The fourth term, like the Basset


https://doi.org/10.1017/jfm.2018.975

https://doi.org/10.1017/jfm.2018.975 Published online by Cambridge University Press

Singularity method in unsteady Stokes flow 21

force, is a memory force integral. More specifically, comparing (1.3) with (6.12) and
(6.13), it is surprising that the kernel function Sg;(¢) is also found in the hydrodynamic
force on a slightly deformed translating spheroid given by Lawrence & Weinbaum
(1986), and where the constants ./ = . In addition, when the flow starts from rest,
the initial condition at r=0, K =dK(¢)/dr=0, is applied and (6.22) is simply reduced
to

F = 6mpalU,(n) + ~na*p ¢ +6 2,/”/ldU” !
= 6mnpal, “na’p—= +6mpat, ) —
H 5P PN T )y dr iz

144/3 "du, 144/3 !
+ \/_n,oaﬂ/v/ Sp,(t—t)dr+fnpa3/
15 T Jo dT 15 0

By making the simple change of variable, we use the dimensionless time variable
T* = (v/a*)t which is normalized by the viscous time scale a®/v, to rewrite the two
new memory kernels Sp;(¢), Sr(f) in the following form:

Sp (T = ‘flm (ﬁﬁeﬂzT*erfc(ﬁJF)> ,

dr

dZUeS (t—1)d
— 7T T.
d‘L’2 F2

(6.23)

Spo(T) = —Im (eﬂzT*erfc(ﬁﬁ)) , (6.24)
iz Y (1 /ﬁ) .
a

It is should be noticed in particular that Sg(7*) is dimensional while Sg(T*) is
dimensionless. The Imaginary parts of both equations are all non-dimensional though.
The behaviour of Spi(x) as x — oo is well approximated by using the asymptotic
expansions of erfc(x):

e o L2n—1!
erfc(x) ~ N Z:(; (-1) Ty SET (6.25)

where 2n—1D!'=1x 3 x5 x 7 x 2n—1). Thus Sg(T*) in (6.24) exhibits the
behaviour that this term ultimately decays as (v/3/12)(y/v/a)T**/>. Moreover, we use
the asymptotic expansions of erfc(x) as x — 0*,

< 2n—1

erfe() ~1— =3 (=" al

+
D x =D as x— 0 (6.26)

and the limiting value is Sp(0) = +/3m/2(y/v/a). Similarly, another important
memory term Sp(7*) exhibits the behaviour that this term ultimately decays as
(1/2/310)T* 2 — (1/6+/37)T* 32 and the limiting value is Sr,(0) = 0. The fourth
term (new memory force with kernel Sg;(7*)) decays as 7% %2, which is much faster
than the third term (the Basset force kernel) by decaying as 7*~!/2, as the motions
tend to become steady, as shown in figure 4. It is noticed that the vertical coordinate
of figure 4 has a dimension of \/v/a. We compare the fifth term on the right-hand
side in (6.23) (another new memory force with kernel Sg,(7*)) with the second term
(added mass force). This new memory force is found the first time and the result is
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ST
i Basset (1888): 6.0 - 7*~1/2
3 14 1443/15 - $,1(0) = (1433/157F
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~
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I'ul Approximate function (14\5/15)\5/12 732
14
‘\‘ Memory force: (14\/?/15)SH(T*)
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Dimensionless time T* = v/a* t

FIGURE 4. (Colour online) Comparison of the fourth term (new memory force with kernel
Sr1(T%)), with the third term (the Basset force), in (6.23).

0.5
Added mass force: 2/5
0.4
03 1 7% =0.229, max = (14Y3/15) 0.149365 = 0.2414

T
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Dimensionless time 7" = v/a* t

FIGURE 5. (Colour online) Comparison of the fifth term (new memory force with kernel
Sk (T*), with the second term (added mass force), in (6.23).

illustrated by figure 5. The behaviour of Sg,(7T*) is bounded at short times and has a
maximum value of 0.2414 at T ~0.229.

Now we are going to extend the results from the parabolic flow to obtain
similar results for Poiseuille flow in a cylindrical tube. For steady Stokes flow,
the steady hydrodynamic force from a single spherical particle, fixed and kept from
rotating in a circular cylinder tube with the boundary condition of Poiseuille flows,
u="Uy(l—(O*+7%)/R}e, at x = Fo00, is well known and was obtained by Simha
(1936) and Brenner & Happel (1958). By the method of reflections given by Brenner
& Happel (1958), the steady force exerted on the sphere is

2 2
F=—6npa| -Us+=Uy [ Z) |e,. 6.27)
37\ R,
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umax(t) = K(t)R%
and # =t () (1= + 2°)/R)e,

I u}Yl(LX(t)
!
FIGURE 6. (Colour online) The hydrodynamic force that a rigid spherical particle moving
axially without spinning in a circular cylinder tube with the boundary condition of
unsteady Poiseuille flow # = 14, (1)(1 — (y* + 2%) /R}) ey, e (1) = K(HRE, at x = +o00 and
Ro> a.

where R, is the tube radius, a is the sphere radius and U, is the maximum axial
velocity. The centre of the sphere is situated at the cylinder axis. The force in (6.27) is
asymptotically correct only in the limit of small a/Ry < 1. The method of reflections
is an approximation method in the context of steady Stokes flow or featured in
reference textbooks (e.g. Happel & Brenner 1965; Kim & Karrila 1991). It is an
iterative procedure for solving linear boundary value problems based on the Stokes
equations. Thus the velocity fields can be approximated by a truncated expansion
and each partial velocity satisfying the physical boundary conditions. However, this
concept is seldom extended to the unsteady Stokes flows. Following the work of
Happel & Brenner (1965, p. 300), the incident field is unsteady, and the velocity
profile in the tube is given as

U=t ()(1 — (* + ) /R})ex, (6.28)
where u,,,,(t) is the maximum flow velocity as shown in figure 6. If we set
Uax(1) = K(1)RG, (6.29)

then the incident velocity becomes u = {u,.,(t) — K()(*+z°)}e, and can be
decomposed as the sum of a uniform flow and a paraboloidal flow with a negative
direction. By making use the initial condition at t =0, K = dK(¢)/dt =0 into (6.20),
and also (1.1), the transient hydrodynamic force for the spherical particle is obtained

as
2 Umax dumax
F = < 6mtan., + 3Tt,oa + 6mpa’
4 a 4 dumax
— AT UAUpax N T
’ R) 15 mpa’ Ro dr

2
dmax 1
—43‘[,0&21/1)()/ “ dr
T \ Ry o dt Jt—1
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283 2 Aty
— lnpaz i <a> / “ Spi(t—1)dr
T RO 0

45 dr
28V3 L a\ [ P
— 45 mpa (R0> A WSFZ([ - T) dr €. (630)

It should be noted that the force in (6.30) is also an approximated solution, and
the corresponding contribution is due to the first reflected flow field. Similarly, it is
also asymptotically correct only in the limit of small a/Ry < 1. When the boundary
condition of the Poiseuille flow is steady and u,,.(f) = constant = Uy, the force in
(6.30) agrees with (6.27), as expected.

7. Conclusion

In this paper, we have addressed the concept of fundamental solutions of the
unsteady singularities in order to describe the behaviour of a sphere in unsteady
Stokes flows. The singularity method, characterized by different unsteady singularities,
and combinations with the convolution theorem have been used to give an analytical
method that is more potent and general than the traditional methods using the Fourier
transform. Also more importantly, this proposed method does not need the assumption
of rotary or translational oscillation to solve the exact solution of transient force or
torque for flow past a sphere. From the demonstrating examples, the convolution
equations are finally governed by Volterra integral equations of the first kind. The
velocity field can be calculated by numerical inversion of the Laplace transform in
terms of the strengths of unsteady singularities in the Laplace domain, such as in
the case of axisymmetric parabolic flow past a sphere. The main advantage of this
approach is that it requires only the Laplace transform of fundamental solutions
instead of the time-domain fundamental solutions of the governing equations. In
general we still obtain stable and accurate results. As a consequence most of the
steady Stokes solutions can be deduced from this unsteady analysis of Stokes flow
problems.

Appendix A. Derivation of the hydrodynamic force due to an unsteady potential
dipole

A potential singularity is important in problems of both potential flows as well
as Stokes flows. The Helmholtz decomposition theorem, regarded as the fundamental
theorem of vector calculus, describes that every vector field # can be decomposed as
the sum of a rotational part v and an irrotational part V¢:

U=Vo+v. (A1)

In terms of the rotational and irrotational fields, it is convenient to substitute (A1)
into the unsteady Stokes equations and express the equations decomposed into two
parts:

V-v=0 Vip=0

av ) )
Py, = —VpR+ uVio+f P35 (V9) = —-Vp't
where p®, p/® are the induced pressure of rotational and irrotational part, respectively.
The potential singularities in (A 2b) have been widely used in potential flows. For
example, the familiar singularities are the point source, doublet (dipole), etc. Next,
it is easily discovered that the potential ¢ (f) = —m(t)/4mr satisfies V¢ =0, in three
dimensions, and m(¢) is related to the mass rate. By taking the gradient of ¢ to get

, (A2a,b)
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velocity and solving (A 2b) for the pressure, we obtain the velocity and pressure of a
point source as

A

ui(x, 1) = ‘% m(1), (A3)

plx, 1) = H@WO))' (A4)

To differentiate successively the point source with respect to the point xg, we
can obtain the higher-order singularities. Thus the induced velocity for an unsteady
potential dipole is given by

1 PD /A 1 (Sij 5C,'5Cj
ui(x, 1) = EGU ®)d;(t) = I (—r3 +373 d;(1). (A5)
The induced pressure of an unsteady potential dipole is

pun——7$(m> (A6)

The surrounding fluid exerts a force on the sphere of radius a centered at an unsteady
potential dipole. We obtain the force acting on the sphere as

pd
Fi(t) = _g&(di(t))- (A7)

Appendix B. Derivations of unsteady strengths of stresslet, rotlet and potential
quadrupole in the Laplace transform domain for the case of a shear flow past a
sphere

Implementing the boundary condition (u =0 at (x,y,z) =(0,a,0) in (B1), v=0
at (x,y,2) =1(a,0,0) in (B2), w=0 at r=a in (B3)) to be satisfied and taking
the Laplace transform of (4.1), and using the tables of integral transforms (Sneddon
1972), we obtain three equations for three unknown strengths of the singularities when
all i, j, k each take values 1, 2 and 3 in three dimensions, namely

3 e~ a’s/v F
a*s/v
Jvad s + 2va2 + 2V3/2q

\ 1
0=yp)at—
amp | 3 (1 e
+ = -+

/v A 1 3 ‘
—Vars/ ) £25(s) + i <_4> Q2(9), (B1)
T a
—a/as/v
3 e 4 3 e~ Vaislv 4

3 2002 3% VeV
1 va s va ~
0= — v Vi NUO)

dmp |3 (1 e
+= | —+
a N S

+7 < e eVl 4 g Vse Ve X/”) .Q;(s)+7 (—34) On2(s), (B2)
va “

\/_C N a%s/v

312(5)
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—afa%s/v

—a/a%s/v
D eV 6 e
1 ﬁcﬁ NG va? v

dmp |15 (1 e
+—|=--
a N N

1 15
+T < > le(s) (B3)

0= S‘12(8)

From (B 1) to (B 3), the unsteady strengths of stresslet, rotlet and potential quadrupole
in the Laplace transform domain can then be computed to be (4.3) to (4.5).

Appendix C. Derivation of the coefficients of the singularities for axisymmetric
parabolic flow past a sphere

Implementing the boundary condition (#=0 at (x,y,z) =(0,a,0) in (C1), u=0 at
(x,¥,20=1(a,0,0) in (C2), v=0 at r=a in (C3), (C4)) to be satisfied and taking
the Laplace transform of (6.1), and using the tables of integral transforms (Sneddon
1972), we obtain four equations for four unknown strengths of the singularities when
all i,j, k, [ each take values 1, 2 and 3 in three dimensions, namely

1 1 oe Ve 1 e 1 (1 e Vel
0=K 2 oa—Afarspy 2 A
($)a”+ 47tp (ﬁaz s + va® a \s s (s)

1 1\ -
+ E <—a3> d(s)

O eVl A VAL pan

1 - Jvd s va’ v3/2q2 N
i { 1 I— e Qi
e
a’ \s s
1 9\ -
+ i\ O111(5), C€h

4J'tp NG NG a \s s

24 eVl 10 [
€ e~ ass/v __

1 2 e Va9 [ eVl . 1 /2\ -
+—=|-- () +-— | = ) di(s)
4t \ a3

\/‘e A ats/v

Jvat f R v3/2a2 .
4 W O (s)
e
ey
1 2
+4 0111(5) (C2)
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1 3 —A/as/v 1 3 1 *«/‘T/V
0= (— © — —e Ve 4 - ( . @ (s)

N N

—a/as/v
45 eV I8 i 3 e
1 Jvat s va’ v3/2q2

n A
4p 45 [ 1 C’W Qi (s)
@ \s s
1 45\
+T —— | Om(s), (C€3)
b a

—A/a?s/v
_ 105 e _ ﬁe_ [a2s/v 10 \/Ee—ﬂlazs‘/v
1 Jvat s va? v3/2a? ~
CTEe | 1 w05 (1 e G
- e~ a?s/v 4+ — ( _ ¢ )

vZa a \s S

I /105) -
+H <615> O111(s). (C4)

Solving the system, we obtain unknown strengths of &;(s), 211 (s), Qm(s) and @lll(s)
in the Laplace domain as given by (6.3)—(6.6).

Appendix D. Derivation of the hydrodynamic force due to an unsteady Stokeslet

The viscous force due to an unsteady Stokeslet in the Laplace domain is

s <1 + %ﬁ) ‘o

8 8 1
F,,(s) = gnua3K(s) + gnpa“«/;\/EK(s) + —7pa’ e

45 a
1+ = il
+ ﬁﬁ+3vs

e,.

DD
Taking the inverse Laplace transform, the first and second term give

! (%nuaSK(s)) = %mufK(t),

8 8 v [fdK 1 8 v 1
7 4 K == 41//d + = 4,/—1(0—.
(3npa NONE (s)) 3Tt,oa | dr Jims T 37r,0a ()ﬁ
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The third term on the right-hand side can be divided into two terms:

a
s (1 + ﬁ)
E 5 \/U K(s)

45 a a?
1 - i
+ﬁ\/§+3vs
iszK(s)
14 K 14
= npd SK(s) —+ —npd’ il . (D3)
45 1+aJ_+a 45 NG 1+a«/_+a
—A/S+ —s s —A/S+ —s
Jv 3v Jv 3v
Next, using the tables of integral transforms (Sneddon 1972),
1 1
L erfe(cV/)) = —— 1 L —— — celerfe(c
(el = o (ﬁ ( J)) f+
(D4a,b)

And the inverse Laplace transform with the first term partly on the right-hand side in
(D3) is

P 1 EENOR R 1 B 1

1+j_ﬁ+a2s a 3 f+{ ﬁ+‘fﬂ

() (20 () ()
() et (500)

3 A 3 3

and 8 =— £i; B=—-— £i. (D5)
2 2

The inverse Laplace transform with the second term partly on the right-hand side in

(D3) is

= Vv

_ V3., 1 B 1
b () v (v L)
_3 (s rtc (Y2 57) — e e (Y257

1

— 23 (Im (e<v/“2)ﬂ2ferfc (*f ﬁﬁ) )) . (D6)
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Making use of (D5) and the convolution theorem, the first term on the right-hand side
in (D3) is

g—l Enpa SK(S) .
1+ NG s "
= 28[ \/ / *Sm(l —1)dr zgﬁﬂpa4\/ %K(O)Sm(f),
Spi(f) =Im (ﬁ <*/_ﬁ> e/ igrfe (?ﬁ)) . (D7)
a

In a similar way, using (D 6) and the convolution theorem, the second term on the
right-hand side in (D 3) is

a o,
—s5"K(s)
14
7 En,oa il 5
a a
_ZSI /sz(t 7)dt

zsﬁ

KO Spo(t dK Spa(t
+T pa (() (F2())+d » FZ())’

Spa(f) = —Im <e<“/“2>ﬁ2ferfc <*/Cf’3¢2>> . (DY)

Applying (D2), (D7) and (D 8), the inverse Laplace transform of Fj ,(s) is

8 3 8 4 v ! dK
Fs,v(t) = g'ﬂf,bba K() + gJTPa ; E
0
2
8*/_3_[/)“ \/>/ 7SF1(1‘ —1)dt

28*/_ / —sz(z ) dr
I
+8npa4\/>]{(0)+8\/_ npa’ %K(O)Sm(f)

3 Ji 45
2 dK
8ﬁﬂpa <K(0) Sp() + — Sn@)) } ex. (D9
=0

+45 dr
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