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We find positive rapidly decaying solutions for the equation
— div(K(2)Vu) = K(z)u? ! + AK (z)|2|* 2u

in RN, where N > 3, the nonlinearity is given by the critical Sobolev exponent
2* = 2N/(N — 2), the weight is K(z) = exp(i|:p\°‘), a > 2 and X is a parameter.

1. Introduction
We study the equation
—div(K (z)Vu) = K(z)u? 7' + AK (2)|2|*%u, u>0eRY, (1.1)

where N > 3, the nonlinearity is given by the critical Sobolev exponent 2* =
2N/(N—2), the weight is K (z) = exp(|z|*), @ > 2 and X is a parameter. According
to the function space in which we seek solutions, u is forced to decrease sufficiently
fast to infinity.

As in [12], for a = 2 and A = (N — 2)/(N + 2), equation (1.1) occurs when one
tries to find self-similar solutions

vz, t) = tEN/ N2y (4 =1/2)
to the parabolic equation
ve — Av = [p|Y V"D RY x (0, 4+00).
Notice that (1.1) is equivalent to
—Au— alz]*7 2 (z Vu) = [ul* "2u+ Az|* 2. (1.2)
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Equation (1.1) was treated in [11] in the case o = 2. The authors noticed a
dichotomy in the existence range of A for N = 3, relative to space dimensions
N > 4. More precisely, for N > 4, there is a solution if and only if A € (%N, %N) If
N = 3, there is a solution for A € (1, %), there is no solution for A < % and \ > %
Complementing this result, it was proved in [1] that no radial solution exists for
A < 1. Here we present the situations where an analogous dichotomy happens,
depending on the parameters a > 2 and A, thus extending the existence results
of [11] for (1.1) and every o > 2. We also show in detail a non-existence result simi-
lar to the one in [1], relative to radial solutions of (1.1). We address questions about
symmetry breaking and multiplicity of solutions, where the least energy solutions
of (1.1) are not radial, and there are at least two positive solutions.

Our main results are stated below in terms of the first eigenvalue,

A= ta(N -2+a),

of the problem
—div(K (2)Vu) = MK (z)|z|*2u  in RV, (1.3)

We obtain solutions of (1.1) by minimizing the expression
_ Jay K@) Vul? = A fow K(@)]2]* 20
(Jrw K (@)|ul?")?/2

over the space H(«) defined as the completion of the smooth functions with compact
support C2°(RY) with respect to the norm

ol =( [ B K(w)WuP)l/g.

The infima of @y in H(«) are called ground states.
We shall prove the following results.

Qa(u) (1.4)

THEOREM 1.1 (strong weights). If2 < o < N — 2, problem (1.1) has a solution if
and only if X\ € (%)\1, A1). Moreover, in this situation the ground state is achieved.

THEOREM 1.2 (very strong weights). If N — 2 < a and A € (302,\1), problem
(1.1) has a ground-state solution. Moreover, if X < A1 or A > X1, then (1.1) has
no solution.

The next results complement the ones above.

THEOREM 1.3 (no radial solution). If N —2 < a and A < a?, the problem (1.1)
has no radial solution.

THEOREM 1.4 (symmetry breaking). Let

y oo
sup /ess‘“lds/ e SsHtR/a)-1qg

2
a® o<y<oo Jo y

B 42/a

where u = N/a. If
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when either

1 A
—<—<1 if2 <N-2
2<)\1< if2<a
or
o? A
— < —<1 g N -2
4)\1<)\1< if a >

holds, then the ground-state solution of (1.1) exists and it is non-radial.

The motivation for studying such problems stems from a phenomenon noted in [6]
which led to the notion of critical dimension (see [17]). Let B1(0) be the unit ball
in RY, with N > 3. Let u; denote the first eigenvalue of the Laplacian with zero
Dirichlet boundary conditions on Bj(0). The following problem was studied in [6]:
~Au=u*""14 A u, u>0in B(0), (15)
u=0 on 0B;(0). '

The authors proved that, for N > 4, (1.5) has a solution if and only if A € (0, 1),
while, for N = 3, problem (1.5) has a solution if and only if A € (31, f21). The same
phenomenon has been noted for problems with critical exponents on geodesic balls
on the sphere [2-4,7], and also for more general equations involving the p-Laplacian
on the ball in RY [9,10] or on the N-dimensional sphere [5]. A similar situation in
RY should be in some sense expected when the Dirichlet boundary conditions are
replaced by a requirement that solutions have a fast decay at infinity. We impose
this requirement by introducing the fast increasing weights K (x). By the method
developed in [6], we obtain solutions of (1.1) as critical points of Q.

We note that for our existence results we consistently use radial test functions. We
infer that, whenever a ground-state solution is achieved in H(«), the ground state
in Hyaq(a) (radial functions in H(«)) is also achieved. Indeed, this fact follows by
repeating the original arguments in H(«) in the radial setting Hyaq(«). We do not
know a priori whether the ground state in H(«) is radial. Theorem 1.4 guarantees
cases when the ground state is not radial and, considering the least energy solution
in Hyaq(a), we are thus led to the existence of at least two positive solutions of (1.1).

One is left with the following open question: are there situations when the ground
state is achieved, but no radial solutions exist? According to our result above, if
this happens, it has to be in the range o > N — 2 and %)\1 <A< iaz.

The paper is structured as follows. After a brief section of preparatory results,
we discuss in §3 the non-existence parts of theorems 1.1 and 1.2. Section 4 deals
with the existence part of theorem 1.1. We prove theorem 1.2 in §5, and theo-
rem 1.3 in §6. Finally, we present the symmetry-breaking argument that leads to
theorem 1.4 in §7.

2. Preliminaries

Hereafter we write only [u to denote I]RN u(xz)dx. For any a > 2 we define

u
0(z) = 1|z|*, K(z) = exp(6(x)), the Hilbert space H(«) as being the completion
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of C*(RY) with respect to the norm

full = ( [ &G |Vu|2)

induced by the inner product
(u,v) = /K(x)Vu - V.
We define the weighted spaces
L*(a) = {u measurable in RY : /K(x)|x\°‘*2u2 < oo}
and
L* (a) = {u measurable in RY : /K(w)|u|2 < oo}.

PROPOSITION 2.1. The space H () is continuously embedded in L*(a) and L* (a).

Proof. For any u € C(RY) we have
/|v x)2u :/|K(m)1/2Vu+V(K(x)1/2)u|2
/K )| Vul® + /V )22 V(K (z)Y?).

Integrating by parts we get

[ V@@ 0P = [ K@V - [ K eau @)
_ / K(@)|Vul? - & / K(2)(A0(z) + 1|V0() 2

From the Sobolev inequality we have

/|V ) Pu)? > So(/(K(:c)l/2|u|)2*>2/2*

where Sy > 0 denotes the best Sobolev constant. Hence,

/K(x)|Vu|2 > %/K(m)(AG(:ﬂ) V8 + SO</K(m)u|2*)2/2*, (2.1)

We therefore obtain

/ K(@)|Vul > | / K (2)(A8(x) + §|V6(x)[*)u® (2.2)
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and, since

26(a) + 4190 = ol (EZZE 4 e

a(N -2+ a)

>
4

2|72,

we find from (2.1) that

-2
/K |vu|2 ( +a /K ‘mla 2 2

which implies that H(a) embeds continuously in L?(«), and

/K |Vu|2>50</K u|2) ,

which implies that H(a) embeds continuously into L? (). a
PROPOSITION 2.2. For any a > 2 the space H(a) is compactly embedded in L?(c).

Proof. In order to show that the embedding is compact, we proceed as in [11,
proposition 1.1]. Let (u,) C H(a) be such that

up, — 0 weakly in H(a) and [Ju,|| <1

Given £ > 0, we can use the definition of # to obtain R = R(¢) > 0 such that

awoofa(N=24a) o 2, 0
860(0) + 5190 = fafe2 (AL 4 g ) 5 Zygge?

for any |z| > R. Hence, by (2.2), we obtain

/ K(2)|2]* 22 < s/K(x)|Vun|2 <e (2.3)
RN\BR(0)

On the other hand, arguments based on the Rellich—-Kondrachov theorem imply
that u, — 0 in L?(Bg(0)). Since K (z)|z|*~2 € L>(Bgr(0)), it follows that

/ K(2)|z|*"%u? < e forn>n..
Br(0)

The above expression and (2.3) imply that [ K(z)|z|*?u? < 2e for n > n.,

i.e. u, — 0 strongly in L?(a). The proposition is proved. O

Proposition 2.2 and standard spectral theory for compact operators imply that
the eigenvalue problem (1.3) has a sequence of eigenvalues

O< A <Xdo<< - <A <

such that Ay — oo as k — oo. Moreover, the first eigenvalue can be characterized
as the infimum of the Rayleigh quotient

e JIVePEG@)
weH1 (a)\ {0} J K (z)|z|*=2

A=
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We note that (1.3) is equivalent to
—Au— a(z - Vu)|z|*? = du|z|* 2.
A direct calculation shows that ¢(z) = exp(—1|z|*) > 0 is an eigenfunction
associated with the first eigenvalue A\; = fa(N — 2 + o).
3. Non-existence range

In this section we deal with the non-existence parts of theorems 1.1 and 1.2. We use
a Pohozaev identity to show that equation (1.1) has no non-trivial solution when
A< %)\1. The result is quite flexible in the sense that it prevents not only positive
solutions, but also sign-changing solutions in H(«a) (see proposition 3.3). For the
reader’s convenience we give a proof of the following inequality.

LeEMMA 3.1 (Hardy inequality). Let u € C2°(RY), a > —N and R > 0. Then

4
Juf?|z]* < 7/ (x - Vu)?[a|".
/RN\BR(O) (N +a)? Jev\Br(0)

Moreover, if R =0, the inequality is strict unless u = 0.
Proof. Integrate the identity
div(u?|z|*z) = |z|% - V(u?) + (N + a)|z|"u?

on the domain RY \ Br(0) to get

0> —RH! / u?do
OBRr(0)

= 2/ |z|%ux - Vu + (N + a) / || “u?.
RN\BRr(0) RN\BRr(0)

The Cauchy—Schwarz inequality then gives

1/2 1/2
2(/ |1’|“u2> (/ || (x - Vu)2> > (NJra)/ || u?,
RN\BRr(0) RN\BRr(0) RN\BR(0)

which is the desired inequality.
When R = 0 the only way to have equality is if the functions |u(z)| and |z-Vu(z)]
are proportional. This can only happen when u = 0. O

REMARK 3.2. We note that when a = & — 2 lemma 3.1 holds for u € H(«).
In the following we derive our non-existence result.

PROPOSITION 3.3. Suppose that u € H(a), a > 2, satisfies (1.2) and X < $A;.
Then u = 0.

Proof. On multiplying (1.2) by u and integrating by parts we obtain

/|Vu|2 - éa/|x\°‘72(Vu2-:1:) :/|u|2* +)\/|x|0‘72u2. (3.1)
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We now note that

/|ac|°“_2(Vu2 x) = —/u2 div(z|z|*"?) = —(N — 2 +a)/|x\a—2u2;

hence, from (3.1) we obtain

/|Vu|2—|— ga(N_2+a)/\x|a*2 2 =/|u|2* +A/|x|a*2u2. (3.2)

On the other hand, we can multiply (1.2) by (2 - Vu) and integrate by parts once
more to obtain

N « AN =2
T/‘v|2 /|x‘042(:rvu 2*/||2 +a/||a22

Suppose, by contradiction, that u # 0. Combining the above expression with (3.2)
we obtain

(Lo + La(N —2)(N -2+ a)) / o[22 = @/ 2[2(z - Vu)?

> tza(N - 2+0z)2/|x|°‘_2u2,

where we have used the strict Hardy inequality of lemma 3.1. The above expression
implies that
A>fa(N —2+a) =4,

which contradicts the hypothesis. Hence, u = 0 and the proposition is proved. [

It is also easy to see that (1.2) does not admit positive solutions when A > A;.
Indeed, since ¢, satisfies (1.3), we assume that equation (1.1) has a positive solution,
we multiply (1.1) by ¢ and integrate by parts. We obtain

N [ K@ = [ K e,

which implies that A < A;.

4. Existence range

In this section we prove the existence stated in theorem 1.1. We define

S ueHl(rg\{o} @x(w),

and Sy(K) in accordance with A = 0. For a > 2 fixed and A € R, we follow [6]
by using the expression (1.4). We first note that So(K) = Sy, the best Sobolev
constant. Indeed, from (2.1) we have So(K) > Sp. Using a smooth cut-off function
p(x) =1 in B1(0) and ¢(x) = 0 outside Bz(0), and a sequence u,(z) = o(x)(en, +
|22)2=N)/2 with €,, — 0, we obtain So(K) < liminf,, o Qo(us) = So.

The existence result will be proved by checking that, under the hypotheses of
theorem 1.1, the number S) is achieved. This is exactly the content of the next two
results.
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LEMMA 4.1. If 0 < S\(K) < So(K), then S\(K) is achieved.

Proof. Tt suffices to argue as in [11, lemma 4.11]. O

PROPOSITION 4.2. If2 < a < N —2, for any A € (A1, A1) we have 0 < Sx(K) <
So(K).

Proof. Let ¢ € C*(RY,[0,1]) be such that ¢ = 1 on B;(0) and ¢ = 0 outside
B3(0). Given a > 2 and b > 0, we can easily check that

/|x|“(1 + |2?)*™ < 0o provided that N > a + 2b.

In this case, we can compute
/ i / || +/ (¥ — 1)la|*
(e +[z[2)N =0 (e + [x[?)N =0 (e + [x?)N =0

B 2/ /2"
=0+ / N1+ 1) 2PN

= o)+ et [T (4.1)

ase — 0T,
For € > 0, let us define

Ue = K_l/ZSD’Um

where v, is the ‘instanton’ given by

1 (N-2)/2
'Ug(x) = <5 T |1‘|2) .

Our aim is to check that, for small values of €, we have @ (u.) < S. In order to do
this, we first compute

e} B o? B
/|VUE|2K = /@2<VU52 - Z’Us(x ' V’Us)|x|a 2 + mvf\xﬁ(a 1)>

+/v?|Vg0\2 +2/¢UEV<,0~ (V’UE — sz|x|a_2x).

It is easy to check that the two last terms of the right-hand side are bounded as
€ — 0. Thus, by using the definition of v., we get

_ Pl | aN-2) [ Pl

o (p2‘x|2(a—1)
O(1
+4-16/(€+|z|2)N*2 +0)

=L +1L+ I3+ 0(1).
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By using the estimate in (4.1) we obtain
L ="N2A, 4+ 0(1) (for N > 2),
Iy = /2 A=N/2D gy L O(1)  (for N > o+ 2),
Iy = eF1=N/2) Ay 4 O(1) (for N > 2a + 2),

with
Ay = (N—2)2/|x|2 (for N > 2)
(1+ [z)N ’
_ a(N-2) ||
Ag = 1 / 05 @ (for N > a+2),
a2 |x|2(o¢ 1)

As = for N > 2 2).
3 4o16/(1+|x|2)N*2 (for N> 20 +2)

In the same way, we have

2| |le—2
a- il
Y e

= /2HA=ND A, 4+ 0(1) (for N > a +2),

where

JL,0472
A4:_/(1_~_||$|2)N—2 (fOI‘N>Ot—|—2).

Arguing as in (4.1), we can compute

(e + |z|2)N
where

1
A :_/(1—&—|x|2)N (for N > 2).

Hence, we get

(

and therefore

2/2* )
2 K) — (E_N/2A0 + O(l))2/2

« N
— (E_N/2A0)2/2 +

2/2*

2/(2—N)
YK = / LS = N24,+0(1) (for N > 2),

N2 =n2p0 4 0(1)) 2N 0(1),

1165

(4.3)

(4.4)

We now consider several distinct cases depending on the values of N and a.
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CASE 1 (N > 2a+2). In this case, all the equalities in (4.2)—(4.4) hold and we
have

e1N/2(Ay 4 e%/2(Ay — NAy) + % A3) + O(1)
el=N2ANTAN 4 0(e)

= AT (A 22 Ay = M)+ 2 Ay + OV

< AaH-z/NA17

Q)\(ua) =

for € > 0 small enough, provided that A > Ay/A4. However, it is well known [6]
that A()_1+2/NA1 =59 = So(K) and therefore it remains to check that

A
T =tV +a=-2) (for N>a+2). (4.5)
4

In order to do this, we denote by wy_; the area of the sphere S¥~! ¢ RN and
integrate by parts to get

‘m|o¢—2
Ay= [ —
! /(1+|»”EIZ)N*2

> (N+a—2)—1 1
— a—2)—
_wal/O T (1+7’2)N72 dr
(N -2 /°° PNt
T WNta-2N) @GN
B 8
T a(N+a-2)"7

Thus, (4.5) holds and the proposition is proved in the case when N > 2a + 2.

CASE 2 (N =2a+2). In this case, we need to perform another estimate for Is.
Thus, we first note that

/ |1‘|2(°‘_1) I |x‘2(a—1)
s S I3 < / Y SSNEIVE
B (0) (€+ |z[?)% B,(0) (€ +]2[?)%™
On the other hand, for any R > 0, it holds that
2(a—1) R 2(a—1),2a 2
/ |z I %wNﬂ/ r r2 2(ar) ar
Br(0) (€ +1[?) o (e+7?)

e+R® (. _\2a—1
— Loy, / =™
£

52a

. e+R? 1 e+R?2a—1 s2a—1)—i
:2“’“1(/5 ;ds+/€ ; O ds)

= lwy_1logle + R?*| — Jwn_1logle| + O(1)
= 1wn_1|loge| +O(1).
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Hence, as in case 1, we get
/ |Vue 2K = e'=N2(A; 4+ 2% Ay + %5‘1+N/2wN,1| loge|) + O(1)
=l TN2(A e/ A5 + Letwy | loge]) + O(1),
and therefore
Qx(ue) = Ay N (A) + 292 (Ay — ML) + Lewn i |loge| + O(EN271)) < Sy,
for € sufficiently small.

CASE 3 (a4 2 < N < 2a+ 2). In this case, since N < 2a + 2, we can estimate I3

as follows:
2 2),.12(a—1) 2(a—1)
=12 / e B </ LL(N_z) —0(1)
4-16 Jp, ) (e +[z]?) Bs(0) 7]

and therefore

Qa(ue) = Ag TN (Ar +e%/2(A2 = ML) + O(ET) < So
for € small enough.

CASE 4 (N = a+2). In this case Is = O(1). However, (4.3) does not hold and we
also need to estimate I5. But this can be made as in case 2, and we can check that

I = Jwn-170(N —2)|loge| + O(1)
and
)\/ e P K [ = Lwy_1|loge] + O(1).
Hence,
Qa(us) = Ay N (A + Loy 1 (Ba(N —2) = ) + 0(N*Y) < S,
provided ¢ is small and
)\>ia(N72):%a2:

This concludes the proof of the proposition. O

5. Existence when N < a 4+ 2 and ioﬂ <AL ia(N — 24 a)

In this section we prove the existence statement of theorem 1.2. For this we work
with test functions using the solutions

A (N-2)/2
€2 + |z|?

U(z) = cN<
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of —AU = U? ~!. For convenience, define ¢(z) = K~1/2(z) = exp(—1|z|*) and let
= ¢?U. We calculate

[xiwal = [enr

= / 12UV + pVU|?

= /4U2|w\2 + 20UV - VU) + div(p?UVU) — @*UAU

= /4U2|w\2 + L(V? - VU?) + @*U% + div(p*UVU)

_ /4U2|w\2 CLU2AQ? + GPU 4 div(gPUVU + LUVe?).
Since the divergences integrate to zero, we get

/K|Vu|2 _ /¢2U2* +/U2(4|w\2 N
Using the explicit form of ¢, a direct calculation yields
AVl = 5A0% = ga(N +a = 2)[z|*7%¢? + gza®|z[**72p?
so we can write
Jrraver - sagh = [ vl -20)

where ¥ (z) = a(N + o — 2)¢? + 5502 [z|*p%
We now show that

[ttt = e 2 [ el e @) o (5)

therefore,

‘oc2

2 _ 2772* 2 _N-— 21 B |2
/K\Vu\ f/ng + cyeE a(N 4+« 2)/|x2(N 2)30
2 _N-2 1 |z>* 2 N-2
+ cye / TP T ¥ 24 0(eN7?). (5.2)
Indeed,

frr - [ e

- / |x|a+272N((|x|2 + 62)N72 _ |x|2(N72))
- (|$‘2 _;’_EQ)N—Q
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_2 |m|a+2 2N‘x|2(N 2— k)€2k
= 2, 2\N—2 vz
2 (e + &%)

N-2 g / |m|a+2—2N52kw(x)
Pt k (|]? + €2)k '

N

|m|a+2 2N 2k
/ o (x)

(P + )

Each of the integrals

is estimated as follows. Pick

«
0<p<mind ———12p, p=2=, g=——u1.
I mm{N2 } P q

We use Young’s inequality,

I X
@ + — > ab, witha= (p|x|2)1/p and b = (qu)l/q'
p q

Then
2

LRT2(2 — )0/

lz|? +e2 > || 1?7 H; (5.3)

hence,

/|x|o¢+2 2N 2k ( ku/2(2 ‘u)k(2 n)/2

a+2—2N—ku k,u,:p
‘$|2+82 ~ 2k: /|ZC‘ € ( )

From a4+ 2 — 2N — ku > —N we find that every integral on the right-hand side is

convergent. Hence,
|x|a+2f2N€2k X
| e v < e

and this proves (5.1).
Returning to (5.2), we use

B di |l,|o¢ 2 N 2 |O( 2 N |x|2a—2 9
= v e 2)@ (= N+ JzPN=2) P - ja |m|2(N72)SD

from which we may infer that

|2a 2 1 |a 2
/I e~ sela - N+2) /I PO

Therefore,

a—2
/K\VU\Q:/szz +cxeN 2 1a /| |2|(N 2)90 +o0(eN72),

The same estimates used for (5.1) give

am i
/\/lel 2u? = Acke N“'/HQ(N y¢” o™
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and so

/K\Vu\Q —)\/K|x|"_2u2

:/@2(]2 +02 N- Q(iaQ—)\)/ |xa;(N2)902+0(€N_2)'

/KuT _ /¢2(N+2)/(N72)U2*'

We show that, for p > 0, we can write estimates of the type

/gopUy = /UQ* + 0(eVN72), (5.4)

prr2* 2% el
U U
Jovr = [+ Jo- oo

Using Young’s inequality (5.3) again, with

. a+N2 - >2N—l
min { ——— -
N b /’l’ N )

Also

This is because

we obtain
. eN . MNM/Q(Q _ M)N(%M)/? eN-1)
1 — P2 < 2 1—P)
/( ¥ )CN (‘.’L‘|2+52)N CN 9N /( ¥ ) |x|NH )

which proves (5.4) because the exponent of ¢ is

Np—-1)>N-2
and the integral is convergent since, for |z| small,
1—¢P(z) < iplz|* and a4+ N-1—Np>-1.
Then, the definition of Q(u) gives

Ox (1) = JU + e 2302 = A) [([2*72/[2PN 2?4+ o(eV?)
A= U +o(eN-2))2/%

< Sy

for small € > 0, provided that A > a2,

6. The radial case for N < aa+2and 0 < A < % 2

In this section we prove theorem 1.3, so we show non-existence of positive radial
solutions in the case N < a4+ 2 and 0 < A < a . The argument is more general

than that in [1] for the case o = 2. We use the method in [8] to obtain a Pohozaev-
type identity.
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Positive radial solutions u = u(r) of equation (1.2) satisfy

N -1 a—1 .
—Upyr — + ar Upr = >\Ta_2u + ’LL2 _1' (61)
r 4
We set )
N -1 o o
h(r) = + ar4 and H(r) = rV=1em"/4,
T

Note that H, = hH. After multiplication by H, (6.1) can be written as
—(Huy)y = Mr® 2Hu + Hu? 1. (6.2)
Let £ and ¢ be solutions of the linearized (6.2) about u = 0, i.e. solutions of
(HE), = A2 HE, (6.3)
We define the Wronskian of u and £ as
W, §](r) = H(r)(u(r)&:(r) — ur(r)&(r)).

After multiplying equation (6.2) by £ and equation (6.3) by —u, we add the two
equalities to obtain

d 21
@W[u,f] = Hu® ~°¢. (6.4)

Similarly, by using the solution ( instead of £ we obtain
d .
Wl d = Hu* ~'¢. (6.5)

We multiply equality (6.4) by Wu, (] and equality (6.5) by W[u,&] and add the
results. We therefore obtain

d “
5 (Wl W, Q) = Hu =1 (EW [u, (] + (W [u, €]).
A straightforward calculation yields
i <W[U,€]W[U7C] bl 2u2*5<) = S HER R ()

(6.6)
We now show how to pick suitable £ and ¢, positive solutions of (6.3), so that if
N<a+2and 0< A< iaQ, the right-hand side of (6.6) is negative for all r > 0.
That is
(HYC+2¢0), <0,

which—Dbecause £ and ¢ will be positive—is equivalent to

N—-2 N-2arv ! & ¢
, +N—1 1 +z+z<0 (67)

Making the change of variables
s=3r7% &) =e"f(s), () =e"g(s),
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equation (6.3) for £ and ¢ transforms into the confluent hypergeometric equation,
also known as Kummer’s equation, for f and g:

$fss +(b—3s)fs —af =0, (6.8)

where b = (N — 2+ a)/a € (1,2) and a = (N — 2 + a)/a — (4\/a?) € (0,b).

Let @(a,b;s) and ¥(a,b; s) be the confluent hypergeometric function and confluent

hypergeometric function of the second kind, respectively (see [15, §§9.9-9.12]).
We define

)= LS00 and g(o) = r@(abis)

so that f and g solve (6.8) and have the integral representations

1
fo) =t [ e tteta gt
0
and
g(s) :eS/ e stgbma=l(p — 1)e~1de.
1

Using the differentiation formula (9.10.12) and the recurrence relations (9.10.14)
and (9.10.13) in [15] we have

d
d—@(a,b; s)=—a¥(a+ 1,0+ 1;s),
s
b—a—-1 1
Ula+1,b+1;8) = ———W(a+ 1,b;s) + —¥(a, b; s),
s s
1 1
Ula+1,b;s) = —¥(a,b;s) — =¥ (a,b—1;5).
a a

Combining the three equalities above we get

d b—1 b—a-—1
£W(a, b;s) = —TW(a,b, s)+ fkfl(a, b—1;s).

After multiplication by I'(a) this becomes

d b—1 b—a-—1 0
.Y + g= 07 s / e Stbma=2(¢ — 1)e"1 ¢,
s s s 1

Changing the variables back to r and ¢, we obtain

- (aral N (b— 1)oz>C _ ab—a-—1) /Oo e—r‘lt/4tb7a72(t —1)*"1dt. (6.9)
1

4 r r

When
b—a—-1<0, ie A< iaz,

we find that the left-hand side of (6.9) is negative, and, hence,
a—1 N —2
Q < _ar

¢ 4 r

Since &, /€ is also negative, inequality (6.7) follows from the inequality above.
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Assuming that (6.2) has a positive solution, we get a contradiction, as follows:
let

M= Wi, W [u, (] + o H2u? €

be the expression differentiated on the left-hand side of (6.6). Then

2 o«
H=H (“354 — uu(€0), + w6 Gy + o 54).
Since we have
€r)=0(1) and ((r) =O0F =) = O~ "-2)

near 7 = 0, we obtain

lim H(r) =0.

r—0t
On the other hand, for large r we have

f(?“) = O(T—Oz(b—a)) — O(r—4)\/a)

and

C(T) _ O(e—r"‘/élr—aa) _ O(e—r“/47,,—(N—2+o¢—(4>\/oz))).

These estimates, together with the requirements (which follow from v € H(«)) that

[ee] (oo} oo N
/ Hu$<oo7 / Hu? < 00 and / Hu? < oo,
0 0 0

imply that

Tlggo H(r) =0.
But this contradicts d#/dr < 0 for all 7 > 0. When A = 1a?2, (6.9) can be integrated
explicitly.

7. Non-radial solutions

In this section we show that there are cases when the least energy solutions are
non-radial, proving theorem 1.4. For this, we look at the second derivative of @y
calculated at a radial solution u, and we argue that there are situations when this
cannot be positive semi-definite. This implies that u is not a ground state. This
reasoning appeared in [13,18].

Proof of theorem 1.4. Let u = u(r) be a radial solution of (1.2), s € R and h €
H(a). We write
N(w)

Qx(u) = D)’

where

N (u) :/K\Vu|2—/\/K|x|a72u2

https://doi.org/10.1017/50308210506000795 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506000795

1174 F. Catrina, M. Furtado and M. Montenegro

and

(see (1.4)). Therefore,

e o _ Wby N'@h
ds 2Q ( + h) o0 D(u) 2 Dz(u) ( )h
N(w) N) o
+ 25500y (') = 5505 (D" (whs ).

Since by assumption u is a critical point of @, it follows that the second and third
terms cancel each other out. Therefore,

N (w)h, h)

() (D" (), )

(QA(w)h, h) = B(a)

Direct calculations show that
(N (u)h, h) = Q/K\vm? 72/\/K|x|“*2h2

and

(D" (u)h, h) = 2(2 — 2*)( / KU,Q*)(Q/Q*)_Q( / Ku2*1h>2
+2(2% — 1)(/Ku2*)(2/2*)_1/KuQ*_2h2.

Again, since u is solution of (1.2), we have

/K|Vu|2 /K|x|0‘ 2 2—/Ku =Du)?/? = Qx(u)"/?N.
If u is a local minimum of @y, then
(QX(uw)h,h) >0
for all h € H(a), that is

/K|Vh|2 A/K|x|a 2p2

2
+mQA N/2</K ¥ —1h> N+2/K Y=2p2 > 0. (7.0)

Of course, if we substitute u for h in the inequality above, we obtain an equality
because @) is constant in the direction of u. We are therefore led to test an h
orthogonal to u. We will choose h(z) = u(r)Y (w), where w € SN~ 2 = rw and YV’
is a first spherical harmonic function. That is, Y is not identically zero: it satisfies

—-A,Y = (N -1)Y, / Y dw = 0;
SN-—-1
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we will also assume that Y is normalized so that
||Y||2LQ(SA,,1) =1 and HV‘UYHQLQ(SN,I) =N-1

With this h we obtain
N N N
/ K|Vh? = / Ku?Y? +/ Ku?|V,Y|?
R R
:/ K( N12dT+ —1/K NleT
0
Substituting this in (7.1), and since h is orthogonal to all radial functions, we get

/K( yrN T2 dr + (N —1/K yrN =1y dr
0

. N 2 .
—)\/ K(r)yrVte=3y? dr — + / K(r)yr¥=1u? > 0.
0

Since u is a radial solution of (1.2) we have

/ K(r)r N-1 2dr—)\/ K(r pN+a=3 2—|—/ K(r)erluT.
0 0

Therefore, (7.1) implies that

4 e *
—1/ K(r)yrN "t dr > / K(r)yrN =12
0

N -2
or, equivalently,
i(N—l)(N—Q)/O K(r)rN ! 2dr+/\/0 K (ryrNTe=3y? dr

2/ K(r)yrN"tu2dr. (7.2)
0

We will show that there exist values of the three parameters N, o and A such that
the ground state is achieved and the opposite inequality to (7.2) holds. This implies
that the ground state is non-radial. We already have

/ K(r)yrN 12 dr > )\1/ K (r)yrNTo=3y2 dr. (7.3)
0 0
Since u is assumed to be a radial solution of (1.2), it satisfies

—(KrN ), = AKrN oSy KNl T, (0) = 0

hence, u,.(r) < 0 for all » > 0. We can apply the Hardy-type inequality of lemma 7.1,
below, to obtain

/K( N2 dr > C~ / K(r)yrN=1u? dr, (7.4)
0
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where B < C < 2B and B is defined by

g [ RO [ e 2

Making the change of variables s = ir"‘, we can write

42/a y o]
B? = sup / esgh—1 ds/ e SgHt (/) ~14s,
0 Y

a? 0<y<oo

where 1 = N/a. We see that, by keeping p relatively constant, we get B = 1/«
which is small for « large.

From
e N-1 2 A F N2 A [T N e
Kr'7ur=1—- — Kr 7 ur + — Kr™~ uy
)\1 0 )\1 0

and (7.3) and (7.4) we get

/ Kerz/ZlBQ( )\)/ KTN12+)\/ KTN+a32
1

Therefore, whenever
1 — —
LA (w2
4B? A1 4
the inequality (7.2) cannot hold and so the ground state cannot be radial. Note

that, in order for the ground state to exist, we have the sufficient conditions

3  f2<a<N-2

A
1>—> 2

A1 o .
— if N — 2.
o I o >

The lemma below is adapted from [14,16].

LEMMA 7.1. For every decreasing function u = u(r) in Hyaa(c), (7.4) holds where
B < C < 2B, and B is defined by (7.5).

Proof. Let

w(r) = K(r)rN=1 and h(t) = </t<>° w(ly)dy>1/4'

Since u is assumed decreasing, positive function, we have
o0 o0 1
_ / _ / 1/2
u(x) /m |u’(t)| dt /z |u’ () |w (t)h(t)iwlm(t)h(t) dt.

The Cauchy—Schwarz inequality implies that

u(@) < ( / h |u’(t)|2w(t)h2(t)dt>1/2< /x h Mdtjﬂ.
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But
/;Omdt_ —Q/IOOi(/toowgy)dy)l/zdt
o 12

_ 2( /x ﬁy) dy)

= 2h%(2).
Therefore,

u(z) < (/:O w(t)|u () 2R3 (t) dt>1/221/2h(x)

and

/000 w(z)u?(z) < 2/000 w(x)hZ(x)(/:o w(t)|ed ()2R2 (1) dt>,

Changing the order of integration yields

/Ooow(x)ug(x) < 2/000 (/Otw(l’)hQ(:v))w(t)|u’(t)|2h2(t> dt.

From the definition of B, we estimate that

[ <8 [ow( [ uwa)
=2B /Ot iﬂ(/@z w(y) dy>1/2

1/2

Substituting in the inequality above, we get

/ w(z)u?(z) < 432/ w(t)|u' (t)]? dt,

0 0

which is the inequality (7.4). O
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