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Abstract

Li et al. ["Weak 2-local isometries on uniform algebras and Lipschitz algebras’, Publ. Mat. 63 (2019),
241-264] generalized the Kowalski—Stodkowski theorem by establishing the following spherical variant:
let A be a unital complex Banach algebra and let A: A — C be a mapping satisfying the following
properties:

(a) Ais 1-homogeneous (that is, A(Ax) = AA(x) for all x € A, A € C);

(b) A -A@y) e To(x-y), x,yeA.

Then A is linear and there exists Agp € T such that ApA is multiplicative. In this note we prove that if
(a) is relaxed to A(0) = 0, then A is complex-linear or conjugate-linear and EA is multiplicative. We
extend the Kowalski—Stodkowski theorem as a conclusion. As a corollary, we prove that every 2-local
map in the set of all surjective isometries (without assuming linearity) on a certain function space is
in fact a surjective isometry. This gives an affirmative answer to a problem on 2-local isometries posed
by Molnér [‘On 2-local *-automorphisms and 2-local isometries of B(H)’, J. Math. Anal. Appl. 479(1)
(2019), 569-580] and also in a private communication between Molnar and O. Hatori, 2018.
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1. Introduction

One of the basic problems in operator theory is to find sufficient conditions to deduce
linearity and multiplicativity of maps between Banach algebras. As a generalization
of the Gleason—Kahane—Zelazko theorem [6, 14, 35], Kowalski and Stodkowski
[16] proved the linearity and the multiplicativity of a functional A on a Banach
algebra A under the spectral condition; A(a) — A(b) € o(a — b) for a,b € A. Recently,
Li et al. proved interesting spherical variants of the Gleason—-Kahane—Zelazko theorem
and the Kowalski—Stodkowski theorem [17]. They proved that a 1-homogeneous
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functional on a unital Banach algebra that satisfies a mild spectral condition is linear.
Applying it, they studied 2-local and weak 2-local complex-linear isometries.

Motivated by the Kowalski—Stodkowski theorem, the concept of a 2-local map
was introduced by Semrl [34], who proved the first results on 2-local automor-
phisms and derivations on algebras of operators. Molnar [22] began to study 2-local
complex-linear isometries. Given a Banach space I, for j = 1,2, an isometry from
M, into N, is a distance-preserving map. The set of all surjective complex-linear
isometries from 9t; onto M, is denoted by Isoc(WViy, M;). The set of all maps from
M, into N, is denoted by M (I, M,). We say that a map T € M(Mi;, M,) is a 2-local
complex-linear isometry if for every x,y € M, there is a T, € Isoc(9i;, M,) such that
T(x) = Tyy(x) and T(y) = T, ,(y). Molnér [22] proved that each 2-local complex-linear
isometry on certain C*-algebras is a surjective complex-linear isometry. Initiated by
his result, there are a lot of studies on 2-local complex-linear isometries on operator
algebras and function spaces assuring that each 2-local complex-linear isometry is in
fact a surjective complex-linear isometry [1, 3, 7,9, 12, 13, 17, 22, 24].

Molnér raised a problem on 2-local isometries [25, 26]. The set of all
(non-necessarily linear) surjective isometries from 9i; onto M, is denoted by
Iso(Mi}, My). We say that T € M9y, M,) is a 2-local isometry or T is 2-local in
Iso(My, M) if for every x,y € M there is a T, € Iso(M;, M) such that

T(x) = Tx,y(x) and T(y) = Tx,y(y)-

The problem asks whether a 2-local isometry is in fact a surjective isometry or not.
One may expect that the problems on 2-local complex-linear isometries and 2-local
isometries are not so different. But the problem on 2-local isometries is very different
from the one on 2-local complex-linear isometries. To clarify the situation, we exhibit
an example showing that the assumption of linearity makes a quite big difference in
the conclusion for 2-local maps. Let A(C,C) ={T : C - C;Tx = ax+ b (da, b € C)}.
Since any map T : C — C is 2-local in A(C, C), T need not be in A(C, C) in general.
However, let

Ac(C,C) ={T;T € A(C,C), T is C-linear} = {T : C —» C; Tx = ax (da € C)}.

Then we get that every 2-local map in Ac(C, C) is an element of Ac(C, C). We can
easily prove that a 2-local isometry is necessarily an isometry. What we need to
prove is that a 2-local isometry is surjective. One may think that it is not a difficult
problem, but it is. Molndr [26] worked quite hard to prove that for each separable
complex Hilbert space H, every 2-local isometry on B(H) is in fact a surjective
isometry on B(H). The author believes that this is the first result on the problem of
2-local isometries. Molnar asked whether a 2-local map in Iso(C([0, 1]), C([0, 1])) is
an element in Iso(C([0, 1]), C([0, 1])) or not [25]. Inspired by his problem, Hatori and
the author proved that a 2-local map in Iso(B, B) is an element of Iso(B, B), where B is
the Banach space of all continuously differentiable functions or the Banach space of
Lipschitz functions on the closed unit interval equipped with a certain norm [10].
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The aim of this paper is to establish a generalization of the spherical variant of the
Kowalski—Stodkowski theorem exhibited in [17]. Applying it, we prove that 2-local
isometries on several function spaces are surjective isometries. In particular, we give
an affirmative answer to the problem posed by Molnar (Corollary 4.3). We remark
that Mori [29] also got an affirmative answer to the problem by a different approach
applying the theory of operator algebras.

In this paper, we denote the unit circle on the complex plane by T = {z € C; |z| = 1}.
For simplicity of notation, we denote [ f]' = fand [ f]7! = 7, the complex-conjugate
of f for any complex-valued function f. For any unital Banach algebra, 1 stands for its
unit element. The identity map is denoted by Id.

2. Generalization of the Kowalski-Slodkowski theorem

Li et al. [17] proved the spherical variant of the Kowalski—Stodkowski theorem; a
1-homogeneous functional that satisfies a certain spectral condition is complex-linear.
The concrete result reads as follows.

THEOREM 2.1 (Li et al. [17]). Let A be a unital complex Banach algebra and let A :
A — C be a mapping satisfying the following properties:

(@) Ais I-homogeneous, that is, A(Ax) = AA(x) forallx € A, 1 € C;
(d) A -AQy) €To(x-y), x,y€A
Then A is linear and there exists Ay € T such that Ay is multiplicative.

In this note, we consider the case that the hypothesis (a) is relaxed to A(0) = 0. This
hypothesis is closer to the one of the original Kowalski—Stodkowski theorem; however;
the conclusion also admits conjugete-linear maps.

THEOREM 2.2. Let A be a unital complex Banach algebra. Suppose that a map A :
A — C satisfies the conditions:

(@) A@0)=0;
(®) A - AQy) € To(x-y), x,y€A
Then A is complex-linear or conjugate-linear and A(1)A is multiplicative.

Fix a € A; we define a map f:C — C by f(1) =A(a+ A-1)— A(a). For any
A1, A, €C,
Ala+ A1 -1)=Ala+ 2, -1) € To((A; — ) - 1) = (A — )To (1) = (4; — )T,
by the assumption (b). Thus,
[f() = f()l =A@+ 21 - 1) = Ala) — (Ala + A2 - 1) — Aa))]
=A@+ -1)=Ala+ ;- 1)
= |4 — Al
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This implies that the map f is an isometry on C. The form of an isometry on C is
well known. Without assuming surjectivity on the isometry, there exist @, 8 € C with
la| = 1 such that f(1) =8+ Ada (1 € C) or f(1) =B+ da (1 € C). Since

f0) =A@+0-1)-A(a) = A(a) - A(a) = 0,
fA =4, A€C,
or
fQ) =2a, A€C.
In addition, we have @ = f(1) = A(a + 1) — A(a) and we infer that
Ala+A2-1)-A(a) = AAa+1) - Aa)), 1€C,

or
Aa+21-1)=Aa) = A(A(a+1) - Ala)), AeC.
Let
Aj={a€eA;Ala+1-1)=A(a) = A(A(a+1) — A(a)), 1 € C}
and

Ay ={acA;A@+1-1) = Ala) = A(A(a + 1) — Ala)), A € C).
For any a € A, the map A — A(a + 4-1) — A(a) is an isometry on C, so we have A =
AT UA_.
LEMMA 2.3. We have A=A orA=A_,.

PROOF. We have proved that A =A; UA_;. We prove that A; and A_; are closed
subsets of A. Let {a,} be a sequence in A; converging to a point ay € A. By assumption
(b), we have A(a,) — Aap) € To(a, — ap). Hence, |A(a,) — Alap)| < r(a, — ap) for the
spectral radius r(-). Since r(-) <|-|| for the original norm ||| on A, we get that
A(a,) — Alap) — 0 as n — oo. In the same way, we have A(ag +4-1) — A(a, + 1-1)
converges to 0 for A € C. Thus, for any A € C,
|A(ap + 4+ 1) — Alag) — A(A(ap + 1) — A(ao))l
= |Alag + 4+ 1) — Alao) — (Ala, + - 1) — Alay))
+ AA(a, + 1) — Alay)) — AAlag + 1) — Alag))|
<|Alag+ A1-1) — Ala, + A - D]+ |Alay) — Alay,)|
+AlA(a, + 1) = Alao + DI + |A/|A(an) — Alao)l
-0
as n — oo. This implies that A(ag + 4 - 1) — A(ap) = A(A(ap + 1) — A(ap)) for any A €
C. Since ag € Aj, we have that A, is closed. We can prove that A_; is also closed in the
same way. In addition, suppose that a € A| N A_;. Then, for any A € C,

AA@+1) = A@) =A@+ 1-1) = Ada) = AA@ + 1) — Ad@)).
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This shows that A(a + 1) — A(a) = 0. On the other hand,
Ala+1)—A(a) € To(1) =T.

We arrive at a contradiction. Therefore, Ay NA_; = 0. Since A is connected, we
conclude that Ay = AorA_; = A. m]

PROOF OF THEOREM 2.2. Lemma 2.3 shows that one of A = A; and A = A_; occurs.
We consider first the case in which A = A;.
(i) Let us assume that A is separable. By the definition of Ay, for any a € Ay,

Ala+A-1) - A(a) = A(A(a+1) - A(a)), AeC. 2-1)
By assumption (b),
|A(@) — AD)| < |la = bll, a,b €A,

which implies that A is a Lipschitz map. Kowalski and Stodkowski [16, Theorem 2.3]
(see also [17, Theorem 3.4]) showed that A has real differentials except for some zero
set. We say that A has a real differential at a point of a € A if for every x € A the
derivative Al(a) = limgs,—0(A(a + rx) — A(a))/r exists and the map (DA),: A — C,
defined by (DA),(x) = A’(a), is real-linear and continuous (cf. [16—-18]). Since

A(a + rx) — A(a) c To(rx)  rTo(x)
r

p =Tox), reR\{0},
DA = Jim HOEIZEOD ¢y

Sr—
As (DA), is real-linear, [17, Lemma 3.3] implies that (DA), is complex-linear or
conjugate-linear. Since a € A = A, A satisfies (2-1) and thus
Ala+rl) — Ala) lim r(A(a + 1) — A(a))
r B r1—>0 r

=Aa+1)-A@) e Te(1) =T

(DA),(1) = lim

and

(DA),(i1) = lim Ala rii) —A@) _ MA@+ 1) - Aa))

r—0 r

=i(A(a + 1) — A(a)).

It follows that (DA),(i1) = i(DA),(1) and (DA),(1) # 0. We conclude that (DA), is
complex-linear. We have proved that if A has a real differential at a pointa € A = Ay,
then (DA), is complex-linear. We conclude that A is holomorphic on A by applying
[16, Lemma 2.4]. For a,b € A, we define a map f,; : C — Cby

far(D) = A(da + b) — A(D).
Since A is holomorphic on A, f;; is entire. Moreover, for any A € C\ {0},

Jap(D)  A(da +b) — A(b) . To(la) _ ATo(a)
R A A2

= To(a)
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and
f a,b (/l)
A

By Liouville’s theorem, there exists M € C such that f, (1) = AM for all 1 € C. As
M = fa5(1) = Ala + b) — A(D),

< llall.

A(da +b) — A(b) = A(A(a+ b) — A(b)), A€C,
and
A(da +b) = A(A(a + b) — A(b)) + A(b), AeC. (2-2)
Taking b = 0 in (2-2),
A(da) = AA(a), A€C, (2-3)

by the hypothesis (a). We have shown that A is 1-homogeneous. We can therefore apply
Theorem 2.1 (see also [17, Proposition 3.2]) to conclude that A is complex-linear.

(i) We consider the case in which A is not separable. If we fix a € A and consider
the subalgebra generated by a and 1, it follows from the above that A(1a) = AA(a), that
is, A is 1-homogeneous, and we finish by Theorem 2.1.

In addition, since A(a) = A(a) — A(0) € To(a), we apply [17, Proposition 2.2] to
conclude that A(1)A is multiplicative. _

Secondly, we assume that A = A_;. We define the map A : A — C by

A(@) = Aa), a€A.
In the case in which A = A_j, A satisfies, for any a € A,
Ala+1-1)=Al@) = A(Aa+1) - Ala)), A€eC.
Thus,
Ala+2-1) - A) = A(A(a+1) - A@), A€C.

Moreover, it is clear that Z(O) = A(0) = 0. Therefore, the map A A — C satisfies the
conditions for A in the case of A = A;. This in turn implies that A is complex-linear

and K(I)Z is multiplicative. Thus, we conclude that A is conjugate-linear and A(1)A is
multiplicative. O

3. 2-local maps in GWC

In this section B; is a unital semisimple commutative Banach algebra with maximal
ideal space M; for j = 1, 2. The Gelfand transform * : B; — B; C C(M;) is a continuous

isomorphism. Identifying B; with 1’3;-, we consider that B; is a subalgebra of C(M;). We
say that f € B; is unimodular if | f| = 1 on M;. Sin(_:e M; is a maximal ideal space and
a unimodular element f of B; has no zeros on M;, f = 1/f € B;.
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An interesting generalization of the concept of 2-local maps is weak 2-locality.
There are some papers dealing with weak 2-local maps, not only with 2-local maps
(see, for example, [5, 17, 30, 31]). We define next pointwise 2-local maps.

DEFINITION 3.1. Let S ¢ M(By, B,). We say that T € M(Bj, B;) is pointwise 2-local
in S if for every trio f, g € By and x € M, there exists T ¢4, € S such that

(TCf NG = (T f,x(fI)(x) and (T())(x) = (T 1.4.(8))().

Note that if a map 7T is 2-local, then T is weak 2-local. If T is weak 2-local, then T
is pointwise 2-local. We say that T € M(B,, B,) is a pointwise 2-local isometry if T is
pointwise 2-local in Iso(By, B,). Our interest is whether a pointwise 2-local isometry
in Iso(By, By) is in fact a surjective isometry from B; onto B, or not. Simple examples
show that a pointwise 2-local isometry need not be a surjection or an isometry. We
show three of them.

e A map on C[0,1]. We denote the algebra of all complex-valued continuous
functions on [0, 1] by C[O0, 1]. The supremum norm |-||. makes it a Banach algebra.
Let 7 :[0,1] — [0, 1] be a continuous function such that 7(0) = 0, 7(1) = 1 and
O<nmx)<1lforxe(0,1).PutT(f)=fom, feC[0,1].Itis easy to see that T is
pointwise 2-local in Iso(CI[O0, 1], C[0, 1]) while it is not surjective when 7 is not a
homeomorphism.

e A map on C'[0,1]. We denote the algebra of all continuously differentiable
functions defined on the closed unit interval [0, 1] by C'[0, 1]. With the norm
Il flls = Il flleo + 1| f'lleo for £ € C'[0,1], C'[0, 1] is a unital semisimple commuta-
tive Banach algebra with maximal ideal space [0, 1]. Let 7 : C'[0, 1] — C'[0, 1]
stand for T( f) = exp(i-)f, f € C'[0, 1]. By [33, Theorem 4.1], every surjective
complex-linear isometry on C'[0,1] is of the form f(x) = €?f(x) or f(x)+
e’ f(1 —x) and, conversely, 6 € [-m, ], and therefore T is pointwise 2-local
in Iso(C'[0, 1], C'[0,1]). However, T is not an isometry since |/1|lsx =1 and
IT (Dl =2. ] ) )

e A map on the disk algebra A(D). The disk algebra A(D) on the closed unit disk D
is the algebra of all continuous functions on D that are analytic on the open unit
disk D. The disk algebra on D is a uniform algebra on D. It is well known that the
maximal ideal space of A(D) is D. Let 719(z) = 2%, z € D. Then the map T : A(D) —
A(D) is defined by T( f) = f o m, f € A(D). Trivially, T is not surjective and hence
T ¢ Iso(A(D), A(D)). On the other hand, T is pointwise 2-local in Iso(A(D), A(D)).
The reason is as follows. Let f, g € A(D) and x € D be arbitrary. If |x| = 1, then put
©x(2) = xz. If |x] < 1, then it is well known that there is a Mobius transformation
¢, such that ¢.(x) = x> since both of x and x*> are in D. Put T rex(h) = hog,,
h € A(D). We infer by a calculation that (T( f))(x) = (T £.ex( ) and (T(g))(x) =
(T £.4x(8))(x). Thus, T is pointwise 2-local in Iso(A(D), A(D)).

It is interesting to point out that a pointwise 2-local isometry is in fact a surjective
isometry for some Banach algebras (see Subsections 4.4 and 4.5). A simple example
is a pointwise 2-local isometry on the annulus algebra.
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o letO<r<land Q={z:r<|zl <1} be an annulus. Let A(QQ) be the algebra of
all complex-valued continuous functions that are analytic on the interior of Q. It
is well known that A(QQ) is a uniform algebra on Q whose maximal ideal space is
homeomorphic to Q. A pointwise 2-local map in Iso(A(Q), A(€2)) is a surjective
isometry (cf. Corollary 4.14).

Recall that foran e € {+1}and f € B;, [ f]* = fife=1and [ f]° = fife=—1.Let
GWC = {T € M(By, B,); there exista 8 € B,
an a € B, with |a| = 1 on M>,
a continuous map 7 : My, — M,

and a continuous map € : My — {+1}
such that T( f) = B+ a[ f o nr]¢ for every f € By}.

Applying Theorem 2.2, we show that a pointwise 2-local map in GWC is also in
GWC.

THEOREM 3.2. Suppose that T € M(By, B,) is pointwise 2-local in GWC. Then there
exist a continuous map © : My, — My and a continuous map € : My — {£1} such that

T(f)=TO)+TA)-TON[fonrl’, [feB, (-1

where T(1) — T(0) is a unimodular element in B;. In particular, a pointwise 2-local
map in GWC is an element in GWC.

PROOF. Put Ty = T — T(0). We infer that T(0) = 0. Since T is pointwise 2-local in
GWC, it is obvious that Ty is also pointwise 2-local in GWC. Let x € M,. There exist
ﬁo,l,x’ @1, € B, with |a/0’1’x| =1 on M;, a continuous map L0 I M, — M, and a
continuous map €1 M> — {£1} such that

€ (x)
To()(x) = By 1., + a1 W1 o7y 101700 = B 1,0 + a1, ()
and
€ (x)
0 = To(O)®) = By 1, + @, 1,00 0 751 101 0) = By 1 ().
It follows that To(1)(x) = “o,l,x(x)' As x € M, is arbitrary,

[To(DH@)| =1, x€ M. (3-2)
Hence, Ty(1) has no zeros on M,, so To(1) = To(1)™' € B,. We define T €
M(By, B,) by
T, = To(D)T,. (3-3)
We see that
T1(0) = To(DTo(0) = 0,  Ti(1) = To(DHTo(1) = 1, (3-4)

by (3-2). To proceed with the proof of Theorem 3.2, we need some claims.
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Claim 1. There exist amap 7 : M, — M, and a map € : M, — {x1} such that

T(f)=[fenrl feB.

PROOF. Let f,g € GWC and x € M;. Since Ty is pointwise 2-local in GWC, there
eXiSt B 1 ox, @ fox € By With @ 4| = 1 on M3, a continuous map 7 s o : M> — M; and
a continuous map €4, : M> — {+1} such that

To(f)) = B rgx(X) + @ 02O f © 7 101D (x)
and
To(8)(X) = B fgx(X) + @ 5 (X)[g © 7 411V ().
As Ty = To()Ty,
T1(f)(x) = To(D)(x)B 1o (x) + To(DX)@ £ () f 0 7 10 ]7 D)
and

T1()(x) = To(DW)B 1.5.4(x) + To(M) 1,0 (X)[g © 7 10174 ().

By (3-2), To(1)« £« is a unimodular function and thus 77 is pointwise 2-local in GWC
by the definition of GWC. Fix x € M;. We define A, : B — C by

A(f) = (i (f)x),  f€Bi.

As T is pointwise 2-local in GWC, for any f, g € By, there exists Ty, € GWC such
that

A(f) = (Ti(fH)
= T ron( [)X) = Brox(®) + @ g () f 07 1]+ (x)
and
Ax(g) = (T1()()
= T 1 0(8)X) = B rga(X) + @ fg2(X)[g © T 1] ().
We infer that
A f) = Ag) = @ g (O f = 8) © T 1] ().
Ifxe e}’lg’x(l),

[(f = 8) oM gl ) = (f = Q)7 fex(x)) € T(f = g).
Ifxe E},lg,x(_l)’

[(f = &) 07 pgul D) = (f = ) (%)) € To(f = g).

Therefore,
A(f)—A(g) €eTo(f-g), f.g€Bi.
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By (3-4), we have A,(0) = T1(0)(x) = 0. Applying Theorem 2.2, we obtain that
A, is complex-linear or conjugate-linear and A,(1)A, is multiplicative. As A,(1) =
T:(1)(x) =1 by (3-4), we conclude that A, is multiplicative. In addition, A,(1) =1
implies that A, # 0. Therefore, for any x € M5, one of the following (i) and (ii) occurs:

(i) A, is a nonzero multiplicative complex-linear functional;
(i1) A, is a nonzero multiplicative conjugate-linear functional.

In the case (i), by Gelfand theory, there exists m(x) € M, such that
A(f) = f(r(x), f€B.

In the case (ii), A, is a nonzero multiplicative complex-linear functional. Thus, there
exists m(x) € M; such that

A(f) = f(a(x), feBi,
and hence

Ad(f) = frx). [ eB.
Recalling that A,( f) = (T1(f))(x),

fom(x) (A, iscomplex-linear),

() = {—

fom(x) (A, isconjugate-linear).

We define a map € : M, — {£1} by

w={L e
Then
T(f)@) = [for(), feBi, xeM.
m|
Let
K| = {x € My; A, is complex-linear}
and

K_| = {x € M;; A, is conjugate-linear}.

Rewriting (3-5),

) = 1 (xeKy,
YTV ek,

Claim 2. We have K| = {x € M>; A.(i) = i}and K_| = {x € M>; A.(i) = —i}. In addition,
M, =K UK_{, Ky N K_; =0 and K; and K_; are closed subsets of M,.
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PROOF. Since, for any x € M,, A, is complex-linear or conjugate-linear, it is clear
that M, = K; U K_;. By the definition of K; and A,(1) = 1, if x € K;, then we have
x € {y € My; A(i) = i}. Suppose that x € {y € M»; A,(i) = i}. Then A,(i) = iA.(1). This
implies that x € K;. We conclude that K| = {x € M;; A,(i) = i}. We can also prove that
K_| = {x € M,; A(i) = —i} with a similar argument. Therefore, it is easy to see that
K N K_; =0. Let {x,} C K; be a net with x, — xy € M,. We get

i = Ay, (1) = (T1(D)xa) = (T1(D)(x0) = Ay, (D).

This implies that A, (i) = i and xy € K;. We have that K| is closed in M,. We also get
that K_; is closed in the same way. O

Claim 2 shows that € : M, — {%1} is continuous.

Claim 3. The mapping m : M, — M is continuous.

PROOF. Let {x,} C M; be a net with x, — xyp € M;. By Claim 2, K; and K_, are closed
and K| N K_; = (. Thus, there is no loss of generality to assume that:

(i) {x,} c Kyandxy € K;
(11) {xa} Cc K_; and xp € K_y.

First, we consider the case (i). Then

Ti\(f)xe) = Ti(f)xo), [ €Bi,

and hence

(fom(xa) = (fom(xo), fe€Bi.
This implies that m(x,) — m(xp) with the Gelfand topology. In case (ii) a similar
argument gives that 7 is continuous and therefore we finish the proof. O

CONTINUATION OF PROOF OF THEOREM 3.2. By (3-3), we get Ty = To(1)T,. By
applying Tp = T — T(0) and Claim 1,
T(f)=To(f)+T(O)

=To(DT(f) +T(0)

=To(D)[ for]®+T(), fe€B.
Putting f =1, we have Tp(1) = T(1) — T(0) and

T(f)={TA)=TO)LSf onl®+T(0).

In addition, by (3-2), we have |Tp(1)] = 1. We obtain that To(1) = T(1) — T(0) is a
unimodular element in B,. O

REMARK. Even though a map T € M(B;,B;) is a 2-local map in GWC, it is not
always the case that 7 : M, — M, is a homeomorphism. In fact, the map Ty in
[9, Theorem 2.3] is a 2-local automorphism and hence 2-local in Isoc(C(K), C(K)).
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On the other hand, the corresponding continuous map is not injective and hence it is
not a homeomorphism.

COROLLARY 3.3. Suppose that T € M(By, By) is pointwise 2-local in GWC and T is
injective. Then n(M>) is a uniqueness set for By, that is, if g € By and g = 0 on n(M>),
then g = 0.

PROOF. Suppose that g € By and g = 0 on 71(M;). Substituting g in (3-1),
T(g) = T(0) + (T() — T(0))[g o 7]* = T(0) + (T(D) — T(0))[0]° = T(0).
Since T is injective, we have that g = 0. Hence, m(M>) is a uniqueness set for B;. O
Let
WCe = {T € M(By, B,); there exist
an a € B, with |a| = 1 on M,

and a continuous map 7 : M, — M,
such that T( f) = af o m for every f € By}.

Then WC is a set of weighted composition operators. We see that a pointwise 2-local
weighted composition operator is a weighted composition operator.

COROLLARY 3.4. Suppose that T € M(By, B;) is pointwise 2-local in WC¢. Then
T e WC@.

PROOF. Let T € M(B1, B;) be pointwise 2-local in WC¢. Since WCe € GWC, we see
by Theorem 3.2 that there exist a continuous map 7 : M, — M, and a continuous map
€ : M, — {1} such that

I(f)=TO)+TA)-TO)[ forl®, feB, (3-6)

where T(1) — T(0) is a unimodular element in B;. Since any map in WC¢ is
complex-linear, we infer by a simple calculation that 7(0) = 0 and T is homogeneous
with respect to a complex scalar. We see by (3-6) that

I(f)=T)fon, feBi,

where T'(1) is a unimodular function. Thus, T € WCc. O

4. Applications

In this section we study 2-local isometries on several function spaces by applying
Theorem 3.2.

4.1. Uniform algebras. Let X be a compact Hausdorff space. The algebra of all
complex-valued continuous functions on X is denoted by C(X), which is a Banach
algebra with respect to the supremum norm ||-||c on X. We say that A is a uniform
algebra on X if A is a uniformly closed subalgebra of C(X) that contains constant
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functions and separates the points of X. As the Gelfand transformation on a uniform
algebra is an isometric isomorphism, a uniform algebra is isometrically isomorphic to
its Gelfand transform. We may suppose that X is a subset of the maximal ideal space
My and A is a uniform algebra on M4. The Banach algebra C(X) is a uniform algebra
on X whose maximal ideal space is X. The next result is obtained in [8, Theorem 2.1
and Corollary 3.4]. Note that we denote the maximal ideal space of a uniform algebra
A; by M; forj =1,2.

THEOREM 4.1. Let A; be a uniform algebra on a compact Hausdorff space X; for
Jj=1,2. Suppose that U : A| — A, is a surjective isometry from A onto A,. Then there
exist a homeomorphism n : M, — My, an a € Ay with |a| = 1 on M, and a continuous
map € : My — {£1} such that

Uf)=U0) +al forls, [feA. (4-1)
If A; = C(X;), the map U defined by (4-1) is a surjective isometry from C(X;) onto

C(Xy).
By Theorem 4.1,

ISO(A] , A2) c GWC

for uniform algebras A; and A;. As a direct consequence of Theorem 3.2, we get
Corollary 4.2, which is a generalization of Theorem 3.10 of [17].

COROLLARY 4.2. Let A; be a uniform algebra on a compact Hausdorff space X; for
Jj=1,2. Suppose that T € M(A1,A) is pointwise 2-local in 1so(A,A,). Then there
exist a continuous map n : My — M, and a continuous map € : My — {£1} such that

T(f)=TO)+TA)-TON[forl, [feA,

where T(1) — T(0) is a unimodular function.
We also obtain the following corollary.

COROLLARY 4.3. Let X; be a first countable compact Hausdorff space for j = 1,2.
Suppose that T € M(C(X;), C(X3)) is 2-local in Iso(C(X;), C(X3)). Then we have T €
Iso(C(X1), C(X2)).

PROOF. Let T be 2-local in Iso(C(X}), C(X;)). By Corollary 4.2, there exist a
continuous map 7 : X, — X; and a continuous map € : X, — {£1} such that

T(f)=TO)+TA)-TO)[feonl, [felX). (4-2)

We prove that 7 is an injection. Suppose that y;, y, € X, are such that n(y,) = n(y;) =
x € X;. Since X is first countable, there exists g € C(X;) such that g~'(0) = {x}. (For
example, in [23, Page 117, line 19-21], we see the existence of such a function g.)
Since, for Ty = T — T(0), T = Tp(1)Ty is 2-local in Iso(C(X;), C(X3)),

0 =T1(0) = Ty,(0)

= ﬁﬂ,g + G’U,g[o o ﬂO,g]E‘)’g = IBO,g
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and
T1(g) = To,(g)
= Pog + @oglg o mo g5
Hence,
Ti(g) = aozlg o mo ]
and thus

(T1(2)7'(0) = (g © m04) ™" (0) = 7, (x).

Since 7, is homeomorphism, the set nai,(x) is a singleton. Moreover, applying (4-2),
Ti(g) = [g o 7],
Thus,
(T1(®)(0) = (g0~ (0) = 77 (x) 3 {y1, 32}-

As we have already proved that the set (77(g))!(0) = T, l(x) is a singleton, we infer
that y; = y,. Thus, « is injective. Since T is a 2- local 1sometry, T is an isometry
by definition of 2-local isometries. Hence, T is injective. By Corollary 3.3, n(X3) is
a uniqueness set for C(X|), which must coincide with X, itself. Since a one-to-one
continuous mapping of a compact space onto a Hausdorff space is a homeomorphism,
we infer that 7 is a homeomorphism. It follows that 7' € Iso(C(X}), C(X3)) O

Corollary 4.3 gives an affirmative answer to the problem mentioned by Molndr.
Mori proved the same statement in [29, Theorem 4.6] by a different argument.
Next we consider the disk algebra. Let D be the closed unit disk.

COROLLARY 4.4. Suppose that U is a surjective isometry from the disk algebra
A(D) onto itself. Then there exist a Mobius transformation ¢ on D and a unimodular
constant « such that

U(f)=U@O) +afop, [feAD),
or
U(f)=UO)+afod [eAD).

Conversely, if one of the above equations holds, then U is a surjective isometry from
the disk algebra onto itself.

PROOF. Applying Theorem 4.1, we have a homeomorphism x : D — D, a unimodular
function a € A(D) and a continuous map € : D — {+1} such that

U(f)=U0) +al fonl, feAD). (4-3)

Due to the maximum modulus principle for analytic functions, @ is a unimodular
constant. Since D is connected, e = 1 on D or € = —1 on D. Letting f = Id, the identity
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function, in (4-3),

a(UId) - U@O) =n ife=1, (4-4)

aUAd) - UO) =7 ife=—1. (4-5)

Suppose that € = 1. Then « is analytic on D by (4-4). As n is a homeomorphism,
we conclude that 7 is a Mobius transformation. In the same way, 7 is a Mdobius
transformation if € = —1. Letting p = if e = 1, and ¢ = 7 if € = -1, ¢ is a Mobius
transformation. It follows that

Uf)=U@O) +afop, [feAD)

if e =1 and
U(f)=UO) +afop, [eAD)
ife=-1.
The converse statement is trivial. O
By Corollary 4.4,

Iso(A(D), A(D)) ¢ GWC
for the disk algebra A(D).

COROLLARY 4.5. Suppose that T € M(A(D), A(D)) is 2-local in 1so(A(D), A(D)). Then
T € Iso(A(D), A(D)).

PROOF. Corollary 4.2 asserts that there exist a continuous map 7 : D — D and a
continuous map € : D — {+1} such that

T(f)=T©O0)+(TA)-TO)[ fonxl, feAD), (4-6)
where T'(1) — T(0) is a unimodular function. By the same way as in the proof of
Corollary 4.4, we see that T(1) — T(0) is a unimodular constant. We also see that € = 1
on D or € = —1 on D because D is connected and € is continuous. Letting f = Id in
(4-6), we have that 7 is analytic on D if € = 1, and 7 is analytic on D if € = —1. Put
p=rnife=1,p=7mife=-1and Ty = T(1) — T(O)(T — T(0)). Then

Ti(f)=fog, [feAD)
ife=1and

Ti(f)= fop, [feAD)
if e = —1. Since T} is 2-local in Iso(A(D), A(D)), we apply Corollary 4.4 and thus there
exist a Mobius transform ¢, u € A(D) and a unimodular constant @ such that

¢ =Ti(Id) = u + apy and 0 = T1(0) = u.

It follows that ¢ = agy. As |a| = 1, we infer that ¢ is a Mobius transformation on D.
We infer by Corollary 4.4 that T € Iso(A(D), A(D)). m|
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4.2. Lipschitz algebras. Let (X;, d) be a compact metric space for j = 1, 2. Let
. | f(0) - I
Lip(X)) = {f € C(X) : L(f) = sup LD _SON oo}.
XFY d(x, )’)

We say that L( f) is the Lipschitz constant for f. With the norm || f|lz = || flle + L(f)
for f € Lip(X;), the algebra Lip(X;) is a unital semisimple commutative Banach
algebra. In addition, the maximal ideal space of Lip(X;) can be identified with X;.

COROLLARY 4.6. Let ||||; be any norm on Lip(X;). We do not assume that ||-||; is
complete. Suppose that

Iso((Lip(X1), II/l1), (Lip(X2), [IIl))
={T € M(Lip(X,), Lip(X>));
there exist € Lip(X3), @ € T,
a surjective isometry m : X, — X| and € = +1
such that T(f) = B+ a[ f o w1l for every f € Lip(X1)}. 4-7)

Ler T € M((Lip(Xy), [I1), (Lip(X2), [Il2)) ~ be  2-local in  Iso((Lip(Xy), [Il1),
(Lip(X2), [[l2)). Then T € Iso((Lip(Xy), [|-{l1), (Lip(X2), [I-[l2))-

PROOF. Suppose that T is 2-local in Iso((Lip(Xy), [||l1), (Lip(X2), |I-]l2)). The equality
(4-7) implies that Iso((Lip(Xy), ||:[l1), (Lip(X2), ||I-|l2)) € GWC. Applying Theorem 3.2,
there exist a continuous map « : X, — X; and a continuous map € : X, — {+1} such
that

T(f)=TO)+TD)-TO)[ fonl, feLipXy). (4-8)
Recall that T = Ty(1)T, for Ty = T — T(0). Since T is 2-local,
To(D) = Byq + [l omyq]od
and
0="To0)=p5,1 +a,1[00 7T0,1]€°‘1 =By1-

It follows that T(1) — T(0) = Tp(1) is a unimodular constant. Thus, T, = To(1)Ty is
2-local in Iso((Lip(X1), [[-]l1), (Lip(X2), [I-|l2)). We get

0 =T1(0) = To,(0)
= Bo. + @,[0 0 70, ]°" = Bo,i
and
T, (i) = To,:(i)
= Po.i + a@o,li 0w, ]?.
Therefore,

T1(i) = ag;li o mo,]%.
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Since @y, is a unimodular constant and € ; = +1, we obtain that 7/ (i) is a constant.
Moreover, applying (4-8),

T1(i) = [ion]".
Thus, we conclude that € = 1 or € = —1. As T is a 2-local isometry, T is an isometry
and hence T is injective. Corollary 3.3 asserts that 7(X>) is a uniqueness set for Lip(X1).

Thus, we have m(X;) = X,. This implies that x is surjective. Finally, we shall prove that
7 is an isometry. Let xy € X,. We define a Lipschitz function g on X; by

gx) =d(x,n(xp)), x€Xi.

As T is 2-local in Iso((Lip(Xy), [IF|l1), (Lip(X2), [Ill2)), there exists ap, € T and 7o, :
X, — X is a surjective isometry such that

0 =T1(0) = To,(0)
= Pog + @040 0 mo ] = o
and
T1(g) = Toe(g)

= Pog + @oglg 0 mo gl = Pog + @0 gg 0 Mo
because g is a real-valued function. It follows that

(T1(8)(2) = @0,g8(M0e(2)), z € Xo.
By (4-8), for any z € X»,

d(n(2), n(x0)) = [8(m(2))]°
= (T1(®)(2) = @0,48(1m0,4(2)) = @,gd(70,4(2), T(x0)). (4-9)

We may suppose that X; is not a singleton. (Otherwise, X> is a singleton since 7, is a
surjective isometry. Then r is automatically a surjective isometry.) Hence, there exists
20 € X5 such that d(mo4(z0), 7(x0)) # 0. By (4-9) with z = z,

8 d(ﬂ’Qg(ZO)»JT(xO)) -

and we obtain ag, = 1. Hence, by (4-9),
d(n(z), m(xp)) = d(mo4(2), m(x0)), 2z € Xa. (4-10)
Putting z = x¢ in (4-10),
0 = d(n(x0), m(x0)) = d(7o,4(x0), 7(x0)).
It follows 7 ¢(x0) = 7(xo). By (4-10),
d(n(2), m(xp)) = d(mo4(2), m(x0)) = d(mo,4(2), m0,4(x0)) = d(z,X0)

since 7, is an isometry. As z and x, are arbitrary, we conclude that 7 is an isometry.
This completes the proof. O
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For an arbitrary compact metric space X; for j = 1,2, Hatori and the author
[10, Theorem 6] showed that Iso((Lip(X}), |||lz), (Lip(X2), ||-|l=)) fulfills the condition
of Corollary 4.6. Thus, we have the following corollary.

COROLLARY 4.7. Let T € M(Lip(X}),Lip(X»)) be 2-local in Iso((Lip(X1),|||ls),
(Lip(X2), [ls)). Then T € Iso((Lip(X1), |I|ls), (Lip(X2), [I]l£))-

Corollary 4.7 generalizes Theorem 8 in [10], where the case X; = X, = [0, 1] is
proved.

4.3. The algebra of continuously differentiable functions. We denote the algebra
of all continuously differentiable functions by C'([0,1]). It is a unital semisimple
commutative Banach algebra with the norm ||-||y defined by

I Al =1 flleo + 11 f e, f € C'([0, 1]).

The maximal ideal space of C!([0,1]) is homeomorphic to [0,1]. We have the
following corollary.

COROLLARY 4.8. Let ||-||; be any norm on C'([0,1]) for j = 1,2. We do not assume
that ||||; is complete. Suppose that

Iso((C' ([0, 1]), 1), (C' ([0, 1], 112)
= {T € M(C'([0, 1]), C'([0, 1]));

there exist B € Cl([O, 1), a eT,

n=Idorn=1-1Idand e = +1

such that T(f) =B+ af f o w]° for every f € c'([o, 1D} (4-11)

Suppose that T € M(C'([0,1]),C!([0,1])) is 2-local in Tso((C'([O, 11), 1),
(C([0, 1], [112)). Then T € Iso((C*([0, 1]), 11, (C' ([0, 11), [ll2))-

PROOF. Let T be 2-local in Iso((C!([0, 1]),]I-Il), (C'([0,1]),]I]l2)). By (4-11),
Iso((CL([0, 11), IIll), (C([0, 11), |I-l.)) € GWC. Theorem 3.2 asserts that there exist
a continuous map 7 : [0, 1] — [0, 1] and a continuous map € : [0, 1] — {1} such that

T(f)=T()+(T@) -TO)[forl, feC(0,1]). (4-12)

Since € : [0, 1] — {1} is continuous and [0, 1] is connected, we conclude that € =
+1. As T is a 2-local isometry, we get that T is an isometry. This implies that T
is injective. Corollary 3.3 asserts that x([0, 1]) is a uniqueness set for C'([0, 1]),
which is [0, 1]. Thus, we have that m is surjective. To complete the proof, we
prove that & is an isometry. Let x € [0, 1]. We define the function g(x) = x — m(xp) €
C'([0, 1]). Define T; = To(1)T, for Ty = T — T(0). It is easy to see that Ty is 2-local in
Iso((C1([0, 11), II-111), (C'([0, 11), [I-112)):

To1) = By 1 + ayq[lomyq]*l
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and

0="To0) =81 +,1[00 7T0,1]e°‘1 =By1-

It follows that 7(1) — T(0) = Tp(1) is a unimodular constant. We have that T; =
To(1)T, is 2-local in Iso((C'([0, 11), [I-Il1), (C'([0, 1]), |I|l2)). Hence,

0 =T1(0) = To,(0)
= Pog + @040 0 719 = Lo

and

T1(g) = To,(g)

= Bo,g + aolg o mo ],
It follows that
(T1(9))(2) = @olg © mo14(2) = @olg(moe ()], z €0, 1].
Thus, by (4-12),
[7(2) = m(x0)]° = [g(n ()] = (T1(8)(2)
= 0,g[8(70,4(2))] = g,¢[70,4(2) — 7(x0)] ¢
for any z € [0, 1], where ag, € T and 7o, = Id or 7, = 1 — Id. Putting z = xo,
0 = [m(x0) — 7(x0)]° = o g[mo,g(x0) — 7(x0)]1®.

It follows that 7 4(x0) = 7(xg). Thus,

[7(2) = m(x0)1€ = @ g[mo,g(2) — m(x0)]1%¢ = @ 4[7m0,4(2) — 70,4 (X0)]©*

and

[7(z) — 7(xo)| = |mo,¢(2) — 70,6 (x0)l = |z — X0l

As z and x¢ are arbitrary, we conclude that 7 is an isometry. This completes the
proof. O

In [15, 20], the authors gave a complete characterization of all surjective isometries
on C!([0, 1]) with respect to various norms. There are many norms with which the
groups of surjective isometries on C'([0, 1]) fulfill the condition of Corollary 4.8. We
present one of them.

COROLLARY 4.9. Suppose that T € M((C'([0,1]),Ils), (C'([0, 1]),|Ilz)) and
T is 2-local in Iso((C'([0,1]), ), (C ([0, 11),|Ilz)). We conclude that T €

Iso((C' ([0, 1]), I, (CM ([0, 1]), [IIx))-

Corollary 4.9 has been also obtained in [10, Theorem 9] with a different argument.
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4.4. The algebra S”(ID). As we stated in the beginning of Section 3, for some

Banach algebras B;, a pointwise 2-local map in Iso(B1, B) is not always a surjective

isometry. But, in this subsection and the next, we show examples of Banach algebras

B; in which every pointwise 2-local map in Iso(B1, B>) is always a surjective isometry.
Let

S¥(D) ={f € HD); f" € H (D)},

where H(D) is the linear space of all analytic functions on D and H*(D) is the
algebra of all bounded analytic functions on D. The algebra S™(ID) equipped with
the norm || flls = sup,cp | ()| + sup,,ep | f/(W)| for f € S®(D) is a unital semisimple
commutative Banach algebra. As is described in [19], S*(D) coincides with the space
of all Lipschitz functions in the linear space of all analytic functions on D and each
f € S¥(D) is continuously extended to the closed unit disk D. Hence, we may suppose
that S®(D) is a unital subalgebra of the disk algebra on D. Trivially, all analytic
polynomials are in S*(DD).

THEOREM 4.10. The maximal ideal space Mo, of S™(D) is homeomorphic to the
closed unit disk D.

PROOF. To prove that D = M,,, firstly we show that if fi, ..., f, are arbitrary functions
in S*(D) such that

Z|fj|>00nD,

j=1
then there exist g1, ..., g, € S¥(D) such that

zn:ﬁgj =1.
=1

It is well known that the maximal ideal space of the disk algebra A(D) is D. As
fisoos fn € S¥(D) C A(D), there exist Ay, ..., h, € A(D) such that

Zn:jj-hj = 1.
j=1

As functions in A(D) are uniformly approximated b%r analytic polynomials, there exists
a sequence of polynomials {pf,’}}"" such that ||p§’,l = hjllo — 0 as m — oo for every

m=1

j=1,...,n. Hence, for sufficiently large my,
n
Hl - Z ﬁp%
j=1

In particular, 37| ﬁp% has no zeros on D. Then 1/ o1 ﬁps,’;)o € S¥(D). Put g; =

p%/zzzlﬁ(p% for j=1,...,n. Then g; € S*(D) and Zj’.':l];gj =1 by a simple
calculation.

< 1/2.
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For each p € D, the point evaluation & » on S*(D) which takes the value at p is a
nontrivial complex homomorphism. Hence, we have that D ¢ M,,. Suppose that there
exists 6 € M, such that § # ¢, forany p € D. It follows that for any p € D, there exists
fp € S¥(D) such that

6(fp) =0, 6,(fp) #0. (4-13)
For every p € D, we define an open subset of D by V), = {x € D; f,(x) # 0} and we
have p € V),. Since D is compact, let py, ..., p, be the corresponding elements in D;
thus, we have 27:1 | fp;| > 0. By the above arguments, there exist gi,...,8, € S*(D)
such that 37, f,,g; = 1. By (4-13),

L=am =8 3 ) = a0 =0,
j=1 j=1

which is a contradiction. It follows that D = M. O

Miura [19, Theorem 1] determined the form of all surjective isometries on
S<(D).

THEOREM 4.11 (Miura [19]). Suppose that U : S (D) — S*(D) is a surjective isome-
try with respect to the norm ||||s. Then there exist unimodular constants a, A € C such
that

U(f)=U0) +af(), feS™D),
or
U(f)=UO) +af(d), feS D)
Conversely, each mapping of the above form is a surjective isometry from S (D) onto

S*(D).

COROLLARY 4.12. Suppose that T € M(S*(D),S*(D)) is pointwise 2-local in
Iso(S*(D), S®(D)). Then T € 1so(S™(D), S*(D)).

PROOF. Suppose that T € M(S*(D),S*(D)) is pointwise 2-local in Iso(S”(D),
S®(D)). By Theorem 4.11, Iso(S”(D), S*(D)) ¢ GWC. Then Theorem 3.2 asserts
that there exist a continuous map n : D — D and a continuous map € : D — {+1} such
that

T(f)=TO)+alfonl, feS*D),
where @ = T(1) — T(0) is a unimodular constant since 7(1) — 7(0) is a unimodular
function and it is analytic on D. Furthermore, e = 1 on D or € = —=1 on D. Put 7} =
a(T — T(0)). Then

T,=fon, feSTD)
ife=1and

T\(f)= fom [feS™(D)
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if € = —1. Letting f = Id, the identity function, we see that 71 € S*(D)if e = 1 and 77 €
S*M)ife=—-1.Putp =nife =1and ¢ = 7if € = —1. Then we have that ¢ € S¥(D)
and

TW(f)=fop, [fe€STD)

ife =1 and

Ti(f)= fop, feST(D)
if € = —1. In particular,
Ti(Id) = ¢ (4-14)

either for € = 1 or for € = —1. Since T} is pointwise 2-local in Iso(S™ (D), S*(D)) by
the definition of T, for every x € D there exist u, € S®(D) and unimodular constants
a,, A, such that

(T (Id))(x) = ux(x) + @ Id(Ax)

and

0 = (T1(0)(x) = ux(x),
or

(T1(1d)(x) = ux(x) + @ 1d(Aex) = ue(x) + @, 1d(A:x)

and

0 = (T1(0)(x) = ux(x).
In any case,

(ThAd))(x) = axAsx. (4-15)
Combining (4-14) and (4-15),
@(x) = axdyx

for every x € D. Then we have ¢(0) = 0 and |p(x)| = |x| for every x € D. Since ¢ : D —
D is analytic in D, the Schwartz lemma asserts that there is a unimodular constant A
such that

o(x) = Ax, xeD.
It follows that
T(f)=T©O)+(TA)-TO))f(), fe€S™(D)

or

T(f) =T(0) +(T(1) - T(0)) f(Ay"), f € S™(D).
By Theorem 4.11, we conclude that 7' € Iso(S*(D), S*(D)). O
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4.5. The algebra A('). Let 0 <r<1and Q={z:r<|z <1} be an annulus. Let
A(Q) be the algebra of all complex-valued continuous functions that are analytic on
the interior of Q. It is well known that A(Q) is a uniform algebra on 2 whose maximal
ideal space is homeomorphic to Q.

COROLLARY 4.13. Suppose that U is a surjective isometry from the annulus algebra
A(Q) onto itself. Then there exist unimodular constants a, A € T such that

UH) =U0)+af(1), feAlL),
or
U(f)=UO) +af(@), feAQ).
Conversely, each mapping of the form is a surjective isometry from A(Q) onto A(L2).

PROOF. Let 7 be a homeomorphism on Q that is analytic on the interior of Q. Then
there exists a unimodular constant A € T such that 7(z) = Az for any z € Q. The desired
statement follows from a similar argument to that of Corollary 4.4, in which we get a
characterization of all surjective isometries on the disk algebra. O

COROLLARY 4.14. Suppose that T € M(A(Q),A(Q)) is pointwise 2-local in
Is0(A(Q2),A(Q)). Then T € Iso(A(Q2), A(Q)).

PROOF. By Corollary 4.13, we get Iso(A(€2), A(2)) c GWC. A homeomorphism on
Q which is analytic on the interior is just a rotation and thus we finish by a similar
argument to Corollary 4.12. O

S. Iso-reflexivity

Many references in the literature study isometries from the point of view of how
they are determined by their local actions [2, 4, 11, 21, 27, 28, 32]. By Theorem
3.2, we have that several 2-local maps are linear and hence they are local maps. In
this section we prove that a local isometry in Isoc(Bj, By) is 2-local in Iso(By, By).
Applying corollaries of the above section, we see the reflexivity of Isoc(By, B;) for
several Banach spaces of continuous functions.

DEFINITION 5.1. Put

Mc(By,By) ={T € M(By, By); T is complex-linear},

Isoc(B1, By) = {T € Iso(By, B); T is complex-linear}.

Recall that T € Mc(B1, By) is local in Isoc(By, By) if, for every f € By, there exists
Tf € Isoc(B1, B) such that

T(f)=Ts(f).

We say that Isoc(Bj, By) is iso-reflexive if every local map in Isoc(Bj, By) is an
element in Isoc(B1, B»).
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PROPOSITION 5.2. Suppose that T € Mc(By, By) is local in Isoc(By, By). Then T is
2-local in Iso(By, By).

PROOF. Let f, g € By be arbitrary. Then there exists T's, € Isoc(Bi, B) such that
T(f-8)=Tyre(f -9

As T and T f , are complex-linear,

T(f)—T(Q) =Trg(f)—Tre(8). (5-1)
Put

hyg=T(f)=Tre(f)
By (5-1),

T(f)=hyg+Tre(f)

T(g) = hf,g + Tf,g(g)'

It is easy to see that hy, + T ,(-) € Iso(By,By). It follows that T is 2-local in
Iso(B1, By). O

COROLLARY 5.3. Suppose that every 2-local map in 1so(By, By) is an element in
Iso(By, By). Then Isoc(By, By) is iso-reflexive.

PROOF. Suppose that T € Mc(By, B;) is local in Isoc(Bj, B>). Then, by Proposition
5.2, T is 2-local in Iso(By, B,). By assumption, we have T € Iso(By, B,). Since T is
complex-linear, we infer that T € Isoc(Bj, B»). O

Applying Corollaries 4.3, 4.5, 4.7, 4.9, 4.12 and 4.14, we obtain Isoc(C(X}), C(X3))
for first countable compact Hausdorff spaces X; and X, and Isoc(A(D),A(D)),
Isoc(Lip(X)), Lip(X2)), Isoc(C'[0, 1], C'[0, 1]), Isoc(S®(D), S®(D)) and Isoc(A(RQ),
A(Q)) are iso-reflexive.
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