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In this paper, we consider the asymptotic behaviour for the non-local parabolic problem

Af (u)

t = A )
= AU T T wdx)y

xe, t>0,

with a homogeneous Dirichlet boundary condition, where 4 > 0, p > 0 and f is non-
increasing. It is found that (a) for 0 < p < 1, u(x,t) is globally bounded and the unique
stationary solution is globally asymptotically stable for any 4 > 0; (b) for 1 < p < 2, u(x,1)
is globally bounded for any /4 > 0; (c) for p = 2, if 0 < A < 2|0Q|?, then u(x,t) is globally
bounded; if 4 = 2|0Q/, there is no stationary solution and u(x,t) is a global solution and
u(x,t) —» o0 as t — oo for all x € Q; if 1 > 2|0Q|%, there is no stationary solution and u(x, t)
blows up in finite time for all x € Q; (d) for p > 2, there exists a ° > 0 such that for 1 > 17,
or for 0 < A < A" and up(x) sufficiently large, u(x,t) blows up in finite time. Moreover, some
formal asymptotic estimates for the behaviour of u(x, t) as it blows up are obtained for p > 2.

1 Introduction

In this paper we study the asymptotic behaviour for the non-local parabolic problem

_ Af (u)
u,—Au—i—W, xe, t>0,
u(x,t) =0, x€0Q, t >0, (1.1)
u(x,0) = up(x), x € Q,

where Q < IR" is a smoothly bounded domain, 4 > 0 and p > 0.

Problem (1.1) arises, for example, in the analytical study of phenomena associated with
the occurrence of shear bands in metals being deformed under high strain rates [2, 12],
in modelling the phenomena of Ohmic heating [1, 10, 11], in the investigation of the fully
turbulent behaviour of a real flow, using invariant measures for Euler equation [3], and
in the theory of gravitational equilibrium of polytropic stars [9]. If p =2 and n =1, 2,
problem (1.1) models Ohmic heating (see [5, 10, 14]), where u(x,t) = u(x,t; 1) stands for
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the dimensionless temperature of a conductor when an electric current flows through it,
and f(s) represents, depending on the problem, either the electrical conductivity or the
electrical resistance of the conductor, satisfying the condition

£(s)>0, f'(s) <0, s =0, / : f(s)ds < oo. (1.2)
0

Condition (1.2) permits us to use comparison methods (see [10, 11, 13, 14]). Also, for
simplicity, we assume uy(x) is continuous with ug(x) = 0,x € 0Q and uy(x) = 0,x € Q.
Without loss of generality, we may assume that fooo f(s)ds = 1.

For problem (1.1) with p = 2, Lacey [10, 11] and Tzanetis [14] proved the occurrence of
blow-up for the one-dimensional problem and for the two-dimensional radially symmetric
problem, respectively. First they estimated the supremum A* of the spectrum of the related
steady-state equations and then they proved the blow-up, for 4 > 1*, by constructing some
blowing-up lower solutions. In [1], Bebernes and Lacey considered problem (1.1) and its
associated steady-state equations with p > 0, n > 1 and f(s) positive and locally Lipschitz
continuous. Existence/non-existence results were proven when f(s) = ¢* or ¢~ and Q
is a ball or star-shaped domain. Using some ideas of [1], Kavallaris and Nadzieja [8]
generalized the blow-up results for A > A" and n > 2 if ug is sufficiently large and f(s)
satisfies

/ w(sf(s) — 2 f/(s))ds < 0. (1.3)
0

Kavallaris et al. [7] showed that the solution u*(x,t) = u(x,t;A") is global in time and
diverges in the sense that ||u"(-,t)|c — o0 as t — co when n =1, Q = (—1,1) and f(s)
satisfies (1.2) orn =2, Q = {(x,y) € R? : x? + y? < 1} and f(s) = e~*. Moreover, it was
proved that this divergence is global, i.e. u"(x,t) — oo as t — oo for all x € Q.

The main purpose of this paper is to generalize and improve the results for dimensions

n > 2 and p > 0 obtained in [7, 8, 10, 11, 14]. Throughout this paper, we have assumed
that the domain Q satisfies the following condition:

(H) for any point yo € 0Q, there exist two balls B; and B; such that B < Q < B, and
0B N0 NOB, = {yo}

Our main results read as follows:

o If 0 < p < 1, then u(x,t) is globally bounded and there exists a unique stationary
solution which is globally asymptotically stable for any 4 > 0.

o If 1 < p <2, then u(x,t) is globally bounded for any 4 > 0.

e Assume p =2, and let 1* =2[0QJ%. If 0 < /1 < 2*, u(x,t) is globally bounded. If /. = 1*,
there is no stationary solution and u*(x,t) is a global-in-time solution and u*(x,t) — o0
as t — oo for all x € Q. If 1 > 2%, there is no stationary solution and u(x,t) blows up
globally in finite time T without requiring (1.3) and ug sufficiently large.

e If p > 2, then there exists a critical value 1* such that for A > 1* or for any 0 < 2 < A*
and up(x) sufficiently large, u(x,t) blows up globally in finite time T.

e We also obtain some formal asymptotic estimates for the local behaviour of u(x,t) as it
blows up for p = 2.
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This paper is organized as follows. In Section 2 we consider the steady-state problem
corresponding to (1.1). In Section 3, we investigate the asymptotic behaviour of some
critical solutions of (1.1) for p = 2. Section 4 is devoted to some formal asymptotic
estimates for the local behaviour of u(x,t) as it blows up in finite time for p > 2.

2 Steady-state problem

The steady states of the problem (1.1) play an important role in the description of the
asymptotic behaviour of the solutions of (1.1), and hence we first consider the stationary
problem of (1.1). The stationary problem corresponding to (1.1) is

Af(w)

Aw+ ——-—=0, x€Q; w=0, x€0Q. (2.1)
(Jo fw)dx)r
In order to study the non-local problem (2.1), let us first consider the following local
problem:
Aw 4+ uf(w)=0, x€Q; w=0, xec0Q, (2.2)

where u > 0 and f(s) satisfies (1.2). It is well known that the basic theory of monotone
schemes can be carried out for the problem (2.2). Therefore, there exists a solution in
H(Q). Moreover, the straightforward argument, based on the coercivity of —A with
Dirichlet boundary condition, implies that (2.2) has a unique positive solution wff in
H(Q). The above arguments are classical and known in the literature [6]. In order to
establish a relationship between the local problem (2.2) and the non-local problem (2.1),

we define a real function A(u) by

0= ( [ s0sdax) 23)

for any p > 0. This function is well defined due to the positive character of wff . From the
analyticity of the solutions wff on u, we deduce that the function A(u) is analytic on . It

is easy to see the relation between the solutions of problem (2.2) and problem (2.1).

Theorem 2.1 If'w is a solution of problem (2.1) for A = o, then w is a solution of problem
(2.2) for u=12o/ (fQ f(w)dx)P. Conversely, if w is a solution of problem (2.2) for u= g,
then w is a solution of problem (2.1) for A = A(uo).

Theorem 2.1 allows us to study problem (2.1) by analysing the behaviour of the function
A(un). Now we give some qualitative properties of the profile of the bifurcation diagram of
the local problem (2.2).

Lemma 2.2 Let wff be the solution of (2.2), then

(1) awff/a,u >0 for x € Q.
(2) limys wff(x)/@?(x) — oo, uniformly in Q, where ®%(x) is the first normalized ei-
genfunction of —A in H}(Q).
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The proof follows the same lines as in [4] so we omit it.
Now we prove that the solution of (2.1) is unique for any 0 < p < 1.

Theorem 2.3 For any 0 < p < 1, there exists a unique solution of the problem (2.1) for
any A = 0.

Proof Let us prove that A(u) is strictly increasing. Integrating (2.2) over Q, we have

where 0/0v is the outward normal derivative, which implies

) p
M) = ,ﬁ—l’< / aV:ds). (2.4)

By 0<p<1,w,=0w?/0u=0on0dQ and Lemma 2.2, we get

Aw>0 for p>0 and lim A(n) = co.

H—00

The proof is completed. U

The following results give us a way to construct a sub-solution of wff in order to
estimate from the above function A(u).

Lemma 24 Let Q' = Q. Then w? < w% on Q' for any u> 0.

We omit the proof.
We need a lemma concerning the solution to the problem in a ball

Aw+puf(w)=0, x€B; w=0, x€0B. (2.5)

Lemma 2.5 (see [14, Lemma 5.1]). Let f(s) satisfy (1.2), fooo f(s)ds = 1 and Wf be a
solution of (2.5); then we have

Ldwi 5y AR 26
B R - Mkl (20

where B ={x € R" :| x —Xx¢ |< R}, r = |x — xo|.

Theorem 2.6 Let f(s) satisfy (1.2), fooo f(s)ds =1 and Q be a bounded domain satisfying
(H). Then the following assertions hold:

(1) For 1 < p < 2, there exists at least one solution of the problem (2.1) for any value
A>0.

(2) For p = 2, let )* = 2|0Q|?; then there exists at least one solution of the problem
(2.1) for 0 < A < J* and no solution for /. > 1*. Moreover, () < 2|0Q|* for u >0
and 1im,_,., A(p) = 2|0Q%.
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(3) For p > 2, there exists a critical value 2* > 0 such that there exist at least two
solutions of the problem (2.1) for 0 < A < A", at least one solution for . = 1" and

no solution for 2 > 2°. Moreover, lim,_,, A(ut) = 0.

Proof Let yy € 0Q. Without loss of generality we assume that yo = 0. By (H), there exist
two balls @, @, (2 = Q = Q,) which are tangent to Q at yy, where Q; = {x € R" :
Ix — yil < Ri,y; = (Li,0')}. Lemma 2.4 implies that w

> wi on Q and w? > w

Applying Lemma 2.5, we conclude that

2> ——
f \/,Tl dX1

and

(0
e gim L0
=0 \f dx1
which imply
1 dwg(0)

f dX1

Since y is arbitrary, it follows that

w0

<2 and - lim

L dwl0) _ 1 dwi(0)

\/ﬁd)ﬂ /ﬁdxl’

A0 lim 1 dw;(0)

1. = = 25
U—0 f dX] H—0 f dX] f

1 dw?(0)

10 \f dx;

=2

0 Q
/ —”d < J210Q| for u>0 and — lim i/ &ds=ﬁ|69\.
now Jit Jog OV

By (2.4), we obtain the following:

(i) If 0 < p < 2, then lim,_,o, A() = 0.
(i) If p =2, then A(p) < 2(0Q|? for p > 0 and lim,_,o, A(p) = 2|0Q|%.

(iii) If p > 2, then lim,_,., (1) =0

The proof is completed.

Using Theorems 2.3 and 2.6, similarly as in [11], we can prove the following global

existence results.

Theorem 2.7

(1) If 0 < p < 1, then u is globally bounded and the unique steady state is globally

asymptotically stable for any A > 0.
(1) If1<p<2and fow f(s)ds =1, then u(x,t) is globally bounded for any A > 0.

(iit) If p=2, fo s)ds = 1 and 0 < /. < 2|0Q|?, then u is globally bounded for any initial

data.
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3 Asymptotic behaviour of solutions of problem (1.1) for p =2

In this section, we study the asymptotic behaviour of solutions of the following non-local
parabolic problem:

210921 (u)
w=Au+-—"-"—"-, x€Q,t>0,
' (Jo fw)dx)?
u(x,t) =0, x €02, t>0,
u(x,0) = up(x), x€Q,

where f satisfies (1.2) and fooo f(s)ds = 1. By Theorem 2.6, it follows that A(x) < 2|0Q|? for
all ¢ > 0; then we can find an increasing lower solution v = w(x; u(t)) with u(t) — oo as
t > T < oo. Thus u(x,t) is unbounded. Moreover, u(x,t) is globally unbounded. Indeed,
if T = oo, from Lemma 2.2, u(x,t) is globally unbounded; if T < oo, u(x,t) blows up
globally (see the proof of Theorem 4.1 for details).

Now we prove that ||u(-,t)||,, — o0 as t — oo, i.e. T = oo. It is sufficient to construct an
upper solution V(x,t) to problem (3.1) which is global in time and unbounded. Without
loss of generality, we assume that the hyperplane {x : x; = 1} is tangent to Q at (1,0'),
and Q lies in the half-space {x : x; < 1}. Let d(x) = dist(x, 0€Q). Set

Vix,t) =wy(x,t);u), 0<dx)<et), xe€Q,t>0, -
V(x,1) = M(t) = maxo<dx<e) W (x, 1) (1), d(x) =e(t), x€Q, 1>0, Gl

where 0 < y(x,t) = d(x)/e(t) < 1, &(t) > 0 is a function to be chosen later and w(y; u(t))
satisfies

wyy +u(Of(w) =0, 0<y <1 t>0; w0;u(t)=w(l;u() =0, (32)

or equivalently

Wiy + 2((2) w)=0, r=d(x), 0<r<e®), t>0; w(0)= \, =0, (33)
which implies
Aw — Ad dw + %f(w) =0, 0<d(x)<el),t>0,
e dy ¢ (34)
W(y(x, 03 (0) = 0, x €32, >0, th o =0,
and
2 ’ .
PRI LD oy (00, 0000 =0, 360 < 3 < 1, 10,
1
(3.5)

dw(y((6(1), 0'), 1) ; u(r))

w(y((1,0'),1); u(t)) = 0, I
1

=O’

where &(t) = 1 — 0(¢).
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From the definition of w, it is obvious that w, w, are continuous at r = &(t). We can
choose u(0) (or equivalently M(0)) sufficiently large so that V' (x,0) = up(x) (such a choice
is possible since w — oo as u — oo and provided that up(x), up(x) are bounded).

For any ¢ > 0, set Q, = {x € Q : 0 < d(x) < &(t)}. To prove that V(x,t) is an upper
solution, we need some preliminary results.

Problems (3.3) and (3.5) imply that

M
wr<0>=@“ /O F(s)ds (3.6)

and

1 2 / .
(e, 0, 0: ey = - PO,
5(1) u X1

(3.7)

From (3.3), we get
o NET (3.8)
F(w) — F(M) e’
where F(s) = [.” f(¢)do > 0. Relation (3.8) gives

(3.9)

N "
M) = 2/0 JFG) —FM)

For s < M, we have F(s)— F(M) = f(0)(M —s), 0 € [s, M] and due to f'(s) < 0 for s = 0,

we get
(M —35)f(M) < F(s) — F(M) < (M —s)f(s). (3.10)
Then
Vi< 2 [N syt 2m
W) < 37 [ on =t tnas < S
and hence
uM)f(M) <2M for M > 0. (3.11)
However,
M o0 o0
Mf(M) <2 f(s)ds <2 f(s)ds and / f(s)ds >0 as M — oo,
M/2 M/2 M/2

so Mf(M) — 0 as M — oo and due to (3.11) we finally get

VuM)f(M) -0 as M — oo. (3.12)

Next we claim that lim, ., \/2>u/M = oo. Indeed, by (1.2) and (3.9), we obtain

N > JM(M = s)"2f 73 (s)ds _ /1 s _S)_a .
Y M 0 (Msf(Ms))
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Taking into account sf(s) — 0 as s — oo, we deduce that lim, ., \/2u/M = oo, i.e.
]&im M/+\/2u=0. (3.13)

As indicated in [1], d(x) is smooth and, more precisely, |Ad] < K, for some K, in a
neighbourhood of the boundary if 0Q is smooth. In particular, such a neighbourhood Q,
consists of all x € Q such that d(x,0Q) < &(t), where &(t) is chosen small enough.

Integrating (3.4) over Q. we obtain

/f —i —d+/Ad

2
'aQ| w,(0) + / Add—wd

—sas?|fm+ /Ad—dx
aanfF /—dx (usmg zV;O)
sam\[ \/7 2|69\K / dW((xl,O’) u)
—SGQI\[ / f(s )ds—s|aQ\KM
By Jo

which implies

/f(V)dx= f(M)dx+/ fw)dx
Q Q\Q, Q.
2 [ M 5 M
= Q\ Q|f(M) + ¢0Q]4 | — f(s)ds — &”|0Q|K —. (3.14)
I 0 K
Our construction of the upper solution V' depends strongly on the behaviour of the

function
_ f(s)Juls)
8ls) = TFy 0

Since (3.12) holds and F(M) — 0 as M — oo, we distinguish two cases for the behaviour
of g(M). More precisely the following holds:

Theorem 3.1 Let f(s) satisfy (1.2), fo s)ds = 1, Q satisfy (H) and

liminf g(s) = C > 0.
§—00
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If
lim u(s)f(s) = Co >0 (e.g. f(s) =e7)
or

liminf u(s)f (s)/s = C1 > 0 (C1 <2, eg. f(s)=b(1 + s b > 0).

Then the function V(x,t) is an upper solution to problem (3.1) and exists for all t > 0.
In order to prove Theorem 3.1, we first derive a number of preliminary facts on d(x).

Lemma 3.2 Assume Xo = (X10,X20,---,Xn0), 2 = {x € R" : |x — xo| < Ri}(i = 1,2) and
Ry > Ry. Let d(x) = dist(x,0Q1),x € Q \ Q5. Then Ad(x) = (1 —n)/(]x — xo).

Lemma 3.3 Q is a bounded domain satisfying (H). Then there exists ¢ > 0 such that
Ad <0 for x € Q,.

Proof Here we only consider the case of n = 2. As for n = 1 or n > 3, the proof is
very similar. Divide 0Q into m parts and take m large enough such that the largest arc
is sufficiently small. Let Ay, A,,...,A4,, be the division points. For any arc Z;lm 1<i<
m — 1), choose C € fT,-z\éliH such that |4;C| = |EZ,—+1|. By the definition of Q, there exists
a circle Q; = {x € R* : |x — xo| < Ry} such that Q; (Q = Q) is tangent to Q at the
point C. Take Aj, A} | € 0Q; such that the segments A}xo, A}, xo intersect 0Q at A4;, A1,
respectively. Since Z;liﬂ is sufficiently small, we have Ziz\él,-ﬂ ~ AA' . From Lemma 3.2,
there exists a constant e3> 0 such that

—1

Ad(x) € m——
(x) 2|x—>c0|<

0, xe{xeQ: d(x,Z,-T‘l,»H) < ‘Sﬂm}'

Set ¢ = mln{emm,emm,l =1,2,...,m—1}. Then

Ad(x) <0, x€Q,={xeQ :d(x,00) <g¢}.

The proof is completed. U

Now we give the proof of Theorem 3.1.

Proof Case 1: We assume f(s) to be such that liminf,,,g(s) > C > 0 and
limg_,,, u(s)f(s) = Cy > 0. Then taking into account the relation (3.14), for d(x) > &(t), we
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get
210Q1*f(V)
FWV)=V,— AV — —— 1
7 (o £ (V)d0)?
> M(t) — 210Q1*f(M)
= P
(12 @ f (M) + oy 21/ [ (s)ds — 2lo0iK )
>M(t)— ,U(M)f( )
= 2
@ (B + " fds — g )
> M(t) — T “(M)Af;(M) S for &) < 1.
¢ (zfﬂ‘ag’\ + f(s)ds—%)

Choosing K; = (Co|Q|)/(8K|02]) and &(t) = (K{/M)'?, we have 0 < &M) < 1 for
M > 1. Moreover, from (3.12), (3.13) and limy;_,,, u(M)f(M) = Cy, we obtain

M
SEIND | ™ g, KM
0

2./2¢0Q| J2u
N0 / Fs)ds leK uf(M)
2,/2¢0Q|
_ 19l /mf(M)
1200 +/0 f(s)ds for M > 1.
Since
QM) 21 /1f (M) > 21C >1 for M>1,

4.260QIF(M) 42600 (1 — [ f(s)ds) ~ 442600

it implies that

Q| /uf (M) M

4ﬁs\ag| +/0 f(s)ds>1 for M > 1. (3.15)
Taking M(t) to satisfy

o _ WIM)f(M)
M(t)—W, t>0, (3.16)
we obtain
F(V)> M(t) — w =0 ford(x)=e(t) (xe€ Q) and M > 1.
(M)

By integrating (3.16), we have

M(t) 82(5)
d =1L
/M@ OGN
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and taking into account limg_,, u(s)f(s) = Cp, we obtain

K, /MW 1
—ds <t for M(0)> 1.
1+ CO M(0) S ( )

The last inequality implies that if M(t) — oo then t — oo.
Also for 0 < d(x) < &(t) (x € Q), we have

dw(y(x, 1) u(t)) | 20001
F (V) = wuly(x, 0); p(0) 1) + W“U CAw m
Q
d . d
= wu(y(x,t); u(t))ju(t) — W%ém
Ad dw u 2|69|2f(w)
T YT e

Since w, > 0, ju(t) > 0, &(t) <0, dw/dy > 0 and Ad(x) < 0 for M > 1, we have

Sy > 0D 20027 w)

& (Jof(V)dx)?

>“{f;v> YT 1 S| >0 for M1
S nf M
(% L+ s f(s)ds)

Case 2: Now let f be such that liminf,_, u(s)f(s)/s = C; > 0(C; < 2) and
liminf,_,, g(s) > C > 0. For this case it is enough to consider &(t) to be constant
such that Ad < 0 for x € Q,. Moreover, we choose ¢ to satisfy

Q\Qf  2Ke 1
V2600 C Cc

For d(x) = ¢ (x € Q), we have

- 2[0Q1*f(M)
F(V)= M) —
(IQ \ Q|f(M) + s|ag\\/% [ £(s)ds — e20QIK %)2
(S s )
> M(1) — HM)f (M)
82(‘9\%31\%#;;\(% n foM F(s)ds — ﬁKa}é(]M) [u)z
> M(t) — f(M)u(M) for M > 1.

82(f(M)Cﬂ/1(M) +foM f(s)ds)z
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Since

JOM) RO _ (M) R 1

CF(M) c(1— " fsds) ~ € ’

it implies that
M) Ju(M M
DT [ g4
0
Hence (V) > 0 for d(x) = ¢ and M > 1, provided that M(t) satisfies

uM)f (M)

M(t) = =—5—,

t>0. (3.17)

By integrating (3.17), we have

M) g2
————ds=t,
/M(O) (s)f(s)
and taking into account (3.11) we obtain
2 M)
i / —ds <t,
2 M(0) S

which implies that if M(t) — oo then t — oo.
For 0 < d(x) < &, we have

Add 21002
F(V) = wy(y(x,0); (1)) () — 7% + S%f(w) - W
Q
> wM)f(w) f(w)u(M) o o ML
g o (10000 1 (M r(s)as)”

Therefore, we finally get that, in each case, V(x,t) is an upper solution to problem (3.1)
for all t > 0. The proof is completed. O

Thus we formulate this main result of this section in the following theorem.

Theorem 3.4 If f(s) satisfies the hypotheses of Theorem 3.1, and Q satisfies (H ), then
u(x,t) is a global-in-time solution to problem (3.1) and u(x,t) — o0 as t — oo, iLe. u(x,t)
diverges globally in Q.

4 Asymptotic behaviour of the blow-up solutions

In this section, we deal with the blow-up solutions of problem (1.1). We do calculations
similar to those for the one-dimensional case (see [11], and also [14]).

Theorem 4.1 Let f(s) satisfy (1.2), fow f(s)ds=1, p=2and Q satisfy (H). If . > 1" =
210Q|?, the solution of the problem (1.1) blows up globally in finite time T.
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Proof By Theorem 2.6, in the case of 2 > A* = 2|0Q2|> and foDO f(s)ds = 1, there is no
steady solution to (2.2). Since A(u) < A for any p > 0, we can find an increasing lower
solution v(x,t) = w(x; u(t)) with g and v — oo for all x € Q as t —» T < oo. Thus u(x,t) is
globally unbounded. We shall show that T < co. Therefore, we look for a lower solution
V(x,t) which blows up at a finite time (V' (x,t) satisfy (3.1)—(3.5)). From (3.5) and (3.7),

we have
/Qf(V)dx = /Q\ng(M)dx + /Q f(w)dx

1
< IQlf(M)+|@Q|/ F(p((x1,0), 8); u(1)))dxy

IQIf(M)+|69|8\[ V2 IGQIf(M)( e a),

on choosing o = 8/(\/ﬁf(M)), where « is a suitable chosen constant; in particular choose
a > |Q|/(\JA — 2[08)) for > 2* = 2/0Q|2. Such an o gives

(12 + 2a4pQ))> o

From (3.12), we also note that with such a fixed o, ¢ —> 0 as M — co. Integrating (3.8) on

(0,r), we get
/w ds _ \/ﬂr _ ﬁr . (41)
0 JF(s)—F(M) € of (M)
For x € Q\ Q,,
FV)=M fif(M;x) <M — ’ " 2<M—%<0,
! 20Q1f( )(f\a‘m )

on choosing M < A/f(M
For x € Q,, we first differentiate (4.1) with respect to ¢ and get

we = — LMy /Fw) = FO)

/ ds
\/—7F(M)

70)
IOV Fo) = FOD) [
=A+B.

For A4, from (3.10) we have

A= LMy M(t)\/F(w) — F(M)

i ds
/ F(s) — F(M)

700)
2WM) e Afw)
<~ pran MO < Hap

https://doi.org/10.1017/50956792509007803 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792509007803

260 L. Qilin et al.

provided that
4

MO = xipan

and taking into account that f’(s) < 0 so that f(w)/f(M) = 1 for w < M. For B we have

| - w ds
B = Sf(M)M() F(W)—F(M)/0 (F(s) — F(M))3/2

20w o Af)
< o™ S pony
provided that
M(1) < A
S Fo0y

Also, using (3.4) and (3.8), we have the estimate

—Aw = —w,Ad + Sﬁz F(w) < Kw, + 8% f(w) (using |Ad| < K)

_ K% f(w)
= =N VFw) — F(M) + 2700

< V2K MAM)'f(w) - f(w)
T fA(M) o2 f2(M)
Af(w) n f(w)

fAM) - 2fAM)
since Mf(M) — 0 as M — oo. Thus for x € Q, if

0<M(t)=min{ 4 4 }
fM)y” 2Mf' (M) J°

< for M > 1,

and using the previous estimate, we obtain

A Af(w)
FV)=w —Aw 7”9 TV
p
=A+B—erd+§f(w)—(fo{%
< 3/1f(W)+ fw) 2f(w)

S OfAM) 2 (M)

200 12(M) (2

2
—Hx)

=0.

(4.2)

Also V(x,t) = u(x,t) = 0 on the boundary 0Q and taking V' (x,0) < ug(x), the function
V(x,t) is a lower solution to the problem (1.1). Hence u(x,t) = V(x,t) for M large enough

(after some time at which u(x, t) is sufficiently large if T = o0).

Now we show that u(x,t) blows up in finite time. Indeed, from (4.2) we have

A2 max{ (M), —2Mf' (M)} < f(M) — 2Mf'(M)

dM
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or y
At < / (f(s) = 2sf(s))ds < oo,

since Mf(M) —» 0 as M — oo and fo s)ds = 1. Hence V(x,t) blows up at t* < oo, and
u(x,t) must blow up at T < t* < o0.
The global blow-up is due to

/f(u)dx -0 as t—>T.
Q

Indeed,
Y

S Uy fandxy — M0

giving
t
M(t) — M(0) < / h(s)ds > o0 as t— T.
0

This implies [, f(u)dx — 0 as t — T since f(s) is bounded. Thus, for 1 > A" = 2/0Q/%,
u(x,t) blows up globally. The proof is completed. O

Now we examine the case p > 2 and we have:

Theorem 4.2 Let f(s) satisfy (1.2), fo s)ds =1, p > 2 and Q satisfy (H). Then there
exists a critical value A" such that for A > A" or for any 0 < A < A" but with initial data
sufficiently large, the solution of the problem (1.1) blows up globally in finite time T.

Proof Using Theorem 2.6, we know that for 4 > 2" or for any 0 < A < 2" but with initial
data uy more than the greater steady state u(x,t) is globally unbounded (see [11]). In

order to prove u(x,t) blows up in finite time T < oo, we also look for a lower solution
V(x,t) to satisfy (3.1)—(3.5). Then

/Q f(V)dx = /Q | s+ /Q s

1
<|QIf(M) + o0 / FO((Gen, 0, 0): (0))dxs

IQIf(M)+IGQI8\[ V2 |69|f(M>( f|a|sz| 1),

on choosing ¢ = \/ﬁf(M). From (3.12), we also note that ¢ > 0 as M — oo.

For x € 2\ Q,,
. 2 (M) . p
FV)y=M— Iy
(Jo F(V)dxy (vae@ly o) (2 1)
gM—%so for M > 1,
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on choosing M < 1/f(M) and taking into account p > 2 and f(

M)—>0as M — .
For x € Q,, similar to the proof of Theorem 4.1, we have w, = A 4+ B. For A4, from
(3.10) we have

(6)v/Fw) — F(M) /

JFG) = FOD
. f'(M) 1/2 f(w)
7 MOS0 < Ggpy

S

provided that

2Mf' (M)
For B we have

= %f(M)M(t) F(w)—F(M)/

fiw) £(w)

— F(M))3/2

provided that
1

M(t
NTIvY
Also, using (3.4) and (3.8), we have the estimate

—Aw = —w,Ad + ﬁ ~Fw) < Kw, + ﬁz f(w) (using |Ad| < K)

K\/>\/7F(M+ AL

F20)
(MF(M)2Fw)  Fw)
SRR )

2f(w)
fz(w), for M > 1,

since Mf(M) — 0 as M — oo. Thus for x € @, if

. . 1 1
o<t =min{ i g |

and using the previous estimate, we obtain

a0
FV)=w;—Aw (fg f(V)dx)P
u Af(w)
:A+B—WrAd+87f( )_W
4f(M) ) p <O for M2>1,
= fAM) (2\an)pfp(M)<f£%m+1)

since p > 2 and f(M) —» 0 as M — 0.

https://doi.org/10.1017/50956792509007803 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792509007803

Asymptotic behaviour for a non-local parabolic problem 263

Also V(x,t) = u(x,t) = 0 on the boundary 02 and taking V'(x,0) < ug(x), the function
V(x,t) is a lower solution to the problem (1.1). Hence u(x,t) = V(x,t) for M large enough
(after some time at which u is sufficiently large if T = o0).

The rest of the proof is similar to that of Theorem 4.1. We omit it. O

We now consider the Dirichlet problem, in which we rewrite (1.1) as

=Au+g(t)f(u), xe€Q,t>0,
u(x,t) =0, x €08, t>0,
u(x,0) = up(x), xe€Q,

where g(t) = 2/(,, f(u)dx)P.

We seek a formal asymptotic approximation for u(x,t) near the blow-up time T, still
taking f to be decreasing and to satisfy fo s)ds = 1. Set M(t) = maxyegq u(x,t).

As in [11], we obtain that lim,_,7 g(t) = oo and u(x,t) ~ M except in some boundary
layers near 0Q2. In the main core (outer) region we neglect Au, so

S~ gf (M)
and significant contributions to the integral [, f(u)dx can come from the largest (core)
region which has volume ~ |Q| (contribution ~ |Q|f(M)) and from the boundary layers
where f is large, f(u) is O(1) where u(x,t) is O(1). If the boundary layers have volume
0(9), for some small J, then to obtain a balance involving Au, either 62 = O(g) or
072 = O((T — t)~"), whichever is the larger, see [11].

Supposing that g(t) < (T —t)~! for t — T the contribution to the integral from the
boundary layer is O(6) = O(/T —t), whereas

/f(u Ydx = 0(g(t)~"P) > ( O > JT—t as t—

This suggests that the core dominates and

/Q f(udx ~ |QIf(M).

Then
A IO
o e qan~ - (2)
QPfr(M) 12| \g
and
1
T ~ gO)f (M) ~ @;Ll/pg(pfl)/p < (T — t)(lfp)/p for t— T.

This would indicate that M is actually bounded as t — T, contradicting the occurrence
of blow-up.

Next we suppose that g(1) = O((T —)™") for t — T. Since

1/p
2100 < [ s <> ,
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we must have f(M) < O((T —t)"/?). Again,

dM
— ~ 8Of (M) < O((T - 0)-Pr),
which contradicts the assumption of blow-up. There remains only one possibility:
gty> (T —t)™' for t—T.

The boundary layer has volume O(g(t)~'/?) <« /T —t, where u(x,t) is O(1) and u, is
negligible compared to Au. There has to be a balance between Au and g(t)f (u), that is,

—Au ~ g(6)f (u).

Without loss of generality, we assume that the hyperplane {x € R" : x; = 1} is tangent
to Q at yo (yo = (1,0')), and @ lies in the half-space {x : x; < 1}. Writing x; = 1 — g~ /2y
(g71%y < 1) gives

—yy(1,0') ~ f(u(y,0)), y>0,
u(y,0)=0, y=0, (4.3)
u(y,0)) > 1> uy(y,0), y>1
Multiplying both sides of (4.3) by u,(y,0') and integrating, we get
W2(y,0') ~ 2F (u(y,0),

where F(u(y,0)) = fo(cy,o/) f(s)ds. Integrating again gives u(y,0) ~ U(y), where

u

U(y)
Sy = /0 12 (5)s, (4.4)

Since yy is arbitrary, it follows from (4.4) that the boundary layers contribute to a total
amount

/d(x,aQ)éy/\/?f(u) e |/xI F e, 0))dx: NG /0 FUK))dy,

this is automatically of the correct size g(t) = 4/( fQ f(u)dx)P. It should also be observed
that

Afwmm=wm

Now look at the following steady problem:
w4+ ufw)=0, —l<x<1; w(*l)=0.

Set M(u) = max_j<y<; w(x) =w(0) and x =1— y/\/ﬁ, then
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From Lemma 2.5 (in case of n = 1), we have

1 aw(1)
/}glolo 7 dx \/Z

which implies that

dw(0)
lim —— = /2,
= dy V2
and it appears that the problem in limit for large u is the same as the asymptotic problem
(4.3). Thus,
, dw(0)
| swony = v = fim 4 - 2
p=o  dy
We deduce that the contribution to [, f(u)dx from the boundary layers ~\/§|69\ / \/g
Now
/Q fwdx ~ [QIF(M) + 2121/ /g
and
g~ for t > T (g,M — ).
(1Q1f (M) + f oQl/ J2)
We see that

2T~ g PIQIF(M) + 2021/ JB) = 117 (M) + \2joRlg >/,
1e.,

(i) If p =2, then f(M) ~ \ﬁ_m\/\/igﬁm

1 /a\YP
(i) If p > 2, then f(M) ~ — () .
1Q \ g

Therefore, in the core region u(x,t) ~ M, which satisfies

dM A3

5~ 8f(M) ~ f(]\}) if p=2, (4.5)
where 4; = ({4 — /2/02])/|2|, and

dM A .

o eI ~ S i p>2 (4.6)

where 4, = 1/|Q|P.

Remark 4.3 By (4.5) and (4.6), we obtain that the significant contributions to integral
fQ f(u)dx come from the largest core region and the boundary layers where f is large if
p = 2, but the core dominates for p > 2.

Let us consider two examples.
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Example 1 Suppose f(s) is decreasing, [ f(s)ds = 1, f(s) ~ B/s'"™ as s — oo for some
positive constants b and B.
For p =2,
dM A2
dr f(M)’
which implies
bA} o —1/b
M ~ (B) (T —r)~ 1/,
For p > 2,
dM Ay
de T My

which follows that

1

Mo~ ((1 +b)l(;f;_—1 - 1A2> B e T

Example 2 f(s) = e ".
For p=2,
M A
At e M’
which implies
M~ —In(T —t)—2In4;.

For p > 2,

aM Ay

dr T e
that is,

1 1
M ~ In((p— 1)4,) + In(T —t).
l—p —p

5 Discussion

We have considered the multi-dimensional problem
Af(u)
u, = Au+ xeQ, t>0,
[ (Jo fwydx)’

with a homogeneous Dirichlet boundary condition, which arises, for example, in the
analytical study of phenomena associated with the occurrence of shear bands in metals
being deformed under high strain rates [2, 12], in modelling the phenomena of Ohmic
heating [1, 10, 11], in the investigation of the fully turbulent behaviour of a real flow, using
invariant measures for Euler equation [3], and in the theory of gravitational equilibrium
of polytropic stars [9].

We have seen that in a physically important case of p = 2 with @ satisfying (H), the
critical value of 4 for the non-local elliptic problem (2.1) is A* = 2|0Q|? in the sense that
there exists at least one solution of (2.1) for 0 < A < 2" and no solution for 4 > A".
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This critical value was suggested but was not verified in [1, Theorem 2.2]. However, for
general domain without assumption (H), we are now unable to verify 1* = 2|0Q|. Next,
we saw that for p = 2, the solution u of (1.1) is globally bounded if 0 < A < A", u is a
global-in-time solution and u — o0 as t — oo for all x € Q if A = A" and u blows up
globally in finite time if 1 > A"

We also proved that for 0 < p < 2, u is globally bounded for any 4 > 0. For p > 2,
which is also of practical significance, there exists a critical value 1 such that for 1 > A*
or for any 0 < 42 < A" and uy(x) sufficiently large, u(x,t) blows up globally in finite time.
We obtained some formal asymptotic estimates for the local behaviour of u as it blows
up for p = 2.
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