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ABSTRACT

Optimal reinsurance from an insurer’s point of view or from a reinsurer’s point
of view has been studied extensively in the literature. However, as two parties
of a reinsurance contract, an insurer and a reinsurer have conflicting interests.
An optimal form of reinsurance from one party’s point of view may be not ac-
ceptable to the other party. In this paper, we study optimal reinsurance designs
from the perspectives of both an insurer and a reinsurer and take into account
both an insurer’s aims and a reinsurer’s goals in reinsurance contract designs. We
develop optimal reinsurance contracts that minimize the convex combination of
the Value-at-Risk (VaR) risk measures of the insurer’s loss and the reinsurer’s
loss under two types of constraints, respectively. The constraints describe the
interests of both the insurer and the reinsurer. With the first type of constraints,
the insurer and the reinsurer each have their limit on the VaR of their own loss.
With the second type of constraints, the insurer has a limit on the VaR of his
loss while the reinsurer has a target on his profit from selling a reinsurance con-
tract. For both types of constraints, we derive the optimal reinsurance forms
in a wide class of reinsurance policies and under the expected value reinsurance
premium principle. These optimal reinsurance forms are more complicated than
the optimal reinsurance contracts from the perspective of one party only. The
proposed models can also be reduced to the problems of minimizing the VaR
of one party’s loss under the constraints on the interests of both the insurer and
the reinsurer.

KEYWORDS

Optimal reinsurance, value-at-risk, insurer’s loss, reinsurer’s profit, expected
value reinsurance principle.

1. INTRODUCTION

In a one-period reinsurance model, the underlying (aggregate) loss faced by an
insurer is assumed to be a non-negative random variable X. Under a reinsurance
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contract I, a reinsurer will cover the part of the loss X, denoted by 7(X), and
the insurer needs to pay a reinsurance premium, denoted by P;, to the rein-
surer, where the function 7 is called the ceded loss function. Under the rein-
surance contract I, X — I(X) + P; and I(X) — P; are the total losses faced
by the insurer and the reinsurer, respectively. To avoid moral issues, a feasible
reinsurance contract / should satisfy the following two conditions: (a) /(x) is
increasing in x € [0, oo) with 7(0) = 0; and (b) the 1-Lipschitz continuity,
namely, 0 < I(y) — I(x) < y—xforany 0 < x < y < oo. Throughout
this paper, we denote by Z the set of all feasible reinsurance contracts satisfying
these two conditions and define (x)™ = max{x, 0}, x A y = min{x, y}, and
xV y = max{x, y}. In addition, the term “increasing” means “non-decreasing”
and “decreasing” means “non-increasing”.

An optimal reinsurance design is obtained by determining a ceded loss func-
tion I* from a set of feasible reinsurance contracts such that the contract 7* is
optimal under certain optimization criteria. In the literature, optimal reinsur-
ance from an insurer’s point of view or from a reinsurer’s point of view has been
studied extensively. In particular, the classical results on optimal reinsurance
from an insurer’s perspective have shown under certain conditions that a stop-
loss reinsurance is optimal for an insurer if the optimization criteria is to mini-
mize the variance of the insurer’s loss or to maximize the expected utility of the
insurer’s terminal wealth. These classical results have been extended in different
ways. Indeed, the criterion of minimizing the variance of one party’s loss or max-
imizing the expected utility of one party’s terminal wealth has been generalized
to the criterion of minimizing the risk measure of one party’s loss, while the clas-
sical single-risk reinsurance models have been extended to multiple-risk reinsur-
ance models, reinsurance models with default risk and other related models. Re-
cent references on these generalizations and extensions can be found in Asimit
et al. (2013a, 2013b), Balbas et al. (2009, 2011, 2015), Cai et al. (2013, 2014),
Cai and Tan (2007), Cai and Wei (2012), Cheung (2010), Cheung et al. (2014a,
2014b), Chi (2012), Chi and Meng (2014), Chi and Tan (2011), Hiirlimann
(2011), and references therein.

As the two parties of a reinsurance contract, an insurer and a reinsurer have
conflicting interests. An optimal form of reinsurance from one party’s point of
view may be not acceptable to the other party as pointed out by Borch (1969).
Hence, a very interesting question is to take into consideration both an insurer’s
objectives and a reinsurer’s goals in optimal reinsurance designs so that an opti-
mal reinsurance form is acceptable to both parties. There are two general ways
to consider both an insurer’s objectives and a reinsurer’s goals in an optimal
reinsurance design. One way is to minimize or maximize an objective function
that considers both an insurer’s aims and a reinsurer’s goals, and the other way
is to minimize or maximize an objective function from one party’s point of view
under some constraints on the other party’s goals and on the party’s own ob-
jectives. Borch (1960) first addressed this issue by discussing the quota-share
and stop-loss reinsurance contracts and deriving the optimal retention of these
contracts under the optimization criterion of maximizing the product of the
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expected utility functions of the two parties’ terminal wealth. Recently,
Hiirlimann (2011) has readdressed this issue by studying the combined quota-
share and stop-loss contracts and obtaining the optimal retention of these con-
tracts under the optimization criterion of minimizing the sum of the variances of
the losses of the insurer and the reinsurer and several other related optimization
criteria. Cai et al. (2013) proposed the optimization criteria of maximizing the
joint survival probability and the joint profitable probability of the two parties
and derived sufficient conditions for a reinsurance contract to be optimal in
a wide class of reinsurance policies and under a general reinsurance premium
principle. Using the results of Cai et al. (2013), Fang and Qu (2014) derived the
optimal retentions of a combined quota-share and stop-loss reinsurance under
the criterion of maximizing the joint survival probability of the two parties un-
der the expected value reinsurance premium principle.

One of the main objectives for an insurer when buying a reinsurance is to
control his risk, while one of the main goals for a reinsurer when selling a rein-
surance is to make a profit. Of course, a reinsurer also worries about his own risk
when selling a reinsurance contract and needs to control his risk as well. One of
the important risk measures used in risk management is the VaR risk measure.
In this paper, the VaR of a random variable or a risk is defined as follows:

Definition 1.1. The VaR of a random variable Y at a risk level o € (0, 1) is de-
fined as VaRy(Y) £ inf{y e R: P(Y > y) <a} = S}l(oz), where S}l(y) is the
generalized inverse function of the survival function Sy(y) of Y. O

We point out with Definition 1.1 that VaR,(Y) < y <= Sy(y) < « and
that VaR,(Y) is decreasing in o € (0, 1). Roughly speaking, the VaR of a loss
random variable Y is the maximum possible loss at the confidence level 1 —«. In
practice, the risk level « € (0, 1) is a small value such asa = 0.01 or @ = 0.05. In
addition, we recall that VaR satisfies the following properties: (a) VaR, (X4c) =
VaR,(X) + ¢ for any constant ¢; (b) VaR,(X + Y) = VaR,(X) + VaR,(Y)
for any comonotonic random variables X and Y; (c) VaR,(X) < VaR,(Y) for
any random variables X < Y and (d) VaR,(f(X)) = f(VaR,(X)) for any
continuous and increasing function f.

When both the insurer and the reinsurer use VaR to measure their own risk,
then from the insurer’s perspective, the insurer prefers to buy a reinsurance con-
tract that is a solution to the optimization problem

min VaR, (X = 1(X) + P). (1)

However, from the reinsurer’s point of view, the reinsurer likes to sell a reinsur-
ance contract that is a solution to the optimization problem

min VaR (1(X) = Pp). 2

where o and B are the risk levels of the insurer and the reinsurer, respectively, for
VaR. Optimal solutions to Problems (1) and (2) are different. Indeed, when the
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reinsurance premium P; is determined by the expected value principle, namely
P, = (1 + 0)E[I(X)] with a positive risk loading factor 6 > 0, Cheung et
al. (2014b) proved that the optimal reinsurance form for Problem (1) or for the
insurer is

IF(x) = (x = VaR o (X)* = (x = VaR, (X))

Then, using the solution to Problem (1), it is easy to obtain that the optimal
reinsurance form for Problem (2) or for the reinsurer is

I'(x) = x — (x = VaR_1_(X)" + (x — VaRg(X))".

Obviously, in Problems (1) and (2), the optimal reinsurance form for one party
is not optimal for the other. Indeed, the optimal contract minimizing the VaR
of one party’s loss may lead to an unacceptable large value for the VaR of the
other party’s loss.

In this paper, we study optimal reinsurance designs from the perspectives of
both an insurer and a reinsurer and take into account both an insurer’s aims and
a reinsurer’s goals in reinsurance contract designs. We assume both the insurer
and the reinsurer use the VaR to measure their own loss and develop optimal
reinsurance contracts that minimize the convex combination of the VaR risk
measures of the insurer’s loss and the reinsurer’s loss under two types of con-
straints, respectively. One reason why this criterion was chosen is that it enables
mathematically tractable solutions to our problem. This surely oversimplifies
how the conflicting points of view of the reinsurer and insurer may be jointly
analyzed in practice, as is the case with the criteria proposed by Borch (1960)
and Hiirlimann (2011), which were mentioned above. However, our convex com-
bination has the advantage that we can study the effect of varying the relative
importance of the interests of each party, and also recover the two individual
points of view as extreme points. Furthermore, this criterion can lead to the
following type of economical interpretation: assume the reinsurer is designing
the contract to meet its objectives, but also wants to propose a contract that will
be attractive to the insurer. As the weight given to the insurer’s VaR increases,
the reinsurer is able to see the effect of putting more and more importance on
having a competitive contract, and can thus make a better informed decision
when designing the contract.

The constraints describe the interests of both the insurer and the reinsurer.
With the first type of constraints, the insurer and the reinsurer have their own
limit on the VaR of their own loss. With the second type of constraints, the
insurer has a limit on the VaR of his loss while the reinsurer has a target on his
profit in selling a reinsurance contract. For both types of constraints, we derive
the optimal reinsurance forms within a wide class of reinsurance policies and
under the expected value reinsurance premium principle. These optimal reinsur-
ance forms are more complicated than the optimal reinsurance contracts from
the perspective of one party only. The proposed models can also be reduced to
the problems of minimizing the VaR of one party’s loss under the constraints
on the interests of both the insurer and the reinsurer.
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To avoid tedious discussions and arguments, in this paper, we simply suppose
that the survival function Sy(x) of the underlying non-negative loss random X
is continuous and decreasing on [0, co) with Sy(0) = 1. Furthermore, we as-
sume that the reinsurance premium is calculated by the expected value principle,
namely, P; = (1 + 0)E[I(X)], where 6 > 0.

The rest of the paper is organized as follows. In Section 2, we propose two
reinsurance problems that take into consideration the interests of both an in-
surer and a reinsurer. The optimal solutions to the two problems are derived in
Sections 3 and 4, respectively. Concluding remarks are given in Section 5. The
proofs of all the results presented in this paper are given in the appendix.

2. REINSURANCE MODELS TAKING INTO ACCOUNT THE INTERESTS OF BOTH
AN INSURER AND A REINSURER

Assume the insurer and the reinsurer use the VaR with risk levels 0 < o < 1
and 0 < B < 1, respectively, to measure their own losses. Without reinsurance,
the VaR of the insurer’ loss is VaR, (X). With a reinsurance contract I, the
VaR of the insurer’s loss is VaR, (X — I(X) + P;), and the insurer requires
VaR, (X — I(X) + P;) < VaR,(X). Furthermore, the insurer wants the VaR to
be reduced to a tolerated value L; so that

VaRo (X — I(X) + Pp) < Ly, 3)

where L; > 0 is the threshold representing the maximum VaR tolerated by the

insurer after a reinsurance. Thus, it is reasonable to assume L; < VaR,(X).
On the other hand, the reinsurer also worries about his loss in selling the

contract / and wants to set a threshold L, > 0 for the VaR of his loss so that

VaRg(I(X) — Pp) < L. 4

Note that /(X) — X <0 < P;. Thus, I(X) — P; < Xand VaRg(I(X) — P) <
VaRg(X). Hence, it is reasonable to assume L, < VaRg(X).

As the seller of the reinsurance contract /, the reinsurer expects to make a
profit, namely, to have /(X) < P;. Assume that the reinsurer wants to make
a profit at least L3 > 0 at a confidence level at least 0 < y < 1 in selling the
reinsurance contract /, namely the profit target L3 and the confidence level y
satisfy

PP —I(X) = L) =1-PU(X)> P — L3) = y. )

To obtain feasible and applicable models for optimal reinsurance designs
from the perspectives of both an insurer and a reinsurer, we have to make some
assumptions on the relationships between the confidence level y and each of
the risk levels « and 8, and the safety loading factor 6. In doing so, suppose
1 —y < B. Then, VaRg (/(X) — P;) < VaR_, (I(X) - P;) = —L3 < 0,
where the second inequality follows from (5). However, the risk level 8 is used
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to measure the maximum possible loss of the reinsurer. Thus, if 1 — y < 8,
then the level 8 will lead to a non-positive VaR for his loss 7(X) — P;. Such a
non-positive VaR cannot provide useful information for the reinsurer. Thus, we
assume B8 < 1 — y. In addition, we assume o < 1 — y as well, since the risk
levels & and B8 should be near in practice.

Furthermore, for a feasible contract I € Z, note that /(X) is a non-negative
random variable and P; = (14-0)E[/(X)], thus by Markov’s inequality, it is easy
tosece P(I/(X) > P;) < 1/(1 + 0) or equivalently P (/(X) < P;) > 6/(1 + 0),
which implies that the reinsurer will make a profit, namely, /(X) < P;, with a
probability at least 6/(1 + 6). Thus, it is reasonable to assume y > 6/(1 + )
since Ls is the profit target or the minimum profit desire for the reinsurer to
sell a reinsurance contract and only a very high confidence level y is acceptable
for the reinsurer. Note that y > 6/(1 + 0) is equivalentto 1 — y < 1/(1 + 6).
Hence, the assumptionsof e« <1 —yand 8 <1 —y implya < 1/(1 + 0) and
B < 1/(1 + 0), respectively.

Throughout the paper, we denote a = VaR,(X), b = VaRg(X), ¢ =
VaR_, (X) and vy = VaR - (X) Therefore, for any I € Z, by the properties of
the VaR, we have VaR, (X I(X) +P)=a—I(a)+ Py, VaRﬁ(I(X) P =
I(b) — Prand VaR,_, (I(X)) = I(c). Itis easy to check that (3) is equivalent to
a—1I(a) < L — Py, (4)isequivalent to /(b) < L, + P; and (5) is equivalent to
I(c¢) < P — Ls. Moreover, notethata v 8 < 1 —y < 1/(1 4 0) is equivalent
tovg <c<a~nhb.

Thus, when the insurer and the reinsurer have the limits Z; and L,, respec-
tively, on the VaRs of their own losses in a reinsurance contract, the set of the
feasible reinsurance contracts acceptable by both the insurer and the reinsurer
is

Li2{Iel:Ibh)—ILy<P <I(a—a+ L}, (6)

where Z; is obtained when the constraints (3) and (4) are imposed on Z.
Furthermore, when the insurer has the limit L; on the VaR of his loss and the
reinsurer has the target L3 on his profit in a reinsurance contract, the set of the
feasible reinsurance contracts acceptable by both the insurer and the reinsurer
is
LE{Iel: I(e)+Ls< Pr<I@—a+ L}, ™

where 7, is obtained when the constraints (3) and (5) are imposed on Z.

The desired sets Z; and Z, may be empty. We have to impose some restrictions
on L, L, and Ls so that Z; and Z, are non-empty. First, for any I/ € Z;, we have
Li+1L,>a—1(a)+ P+ 1(b)— P =a+ I(b)— I(a). Furthermore, by the 1-
Lipschitz continuity of 7, we have I(b)—1I(a) > 0ifb > aand I1(b)—1(a) > b—a
ifa > b. Hence, L; + L, > a A b. Moreover, we assume

v + (1 + 0)/ Sy(x)dx < L. ®)
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This condition will guarantee that Z; is non-empty as showed in Lemma 3.1.
Next, for any I € Z,, because a > ¢ and [ is 1-Lipschitz continuous, we have

a+ P — L — P+ L3 <I(a)—I(c)<a-—c,andthusc < L; — Ls.
Furthermore, we assume

(1+9></9+f )SX(X)dX—U92L3~ ©)
0 c

The conditions (8) and (9) will guarantee 7, to be non-empty as proved in
Lemma 4.1.

When Z;, i = 1, 2, is the set of feasible reinsurance contracts acceptable by
both the insurer and the reinsurer, from the insurer’s perspective, an optimal
reinsurance contract is a solution to the optimization problem of

rIniZnVaRa (X—1(X)+ Pp), (10)
€Lj

while from the reinsurer’s perspective, an optimal reinsurance contract is a so-
lution to the optimization problem of

Instead of solving Problems (10) and (11) separately, we consider the unified
minimization problem of

min V([), (12)
1€Z;

where the objective function

V(I) £ AVaR, (X — I(X) + P;) + (1 — A)VaRy (I(X) — P;)
—ra+ Qh— )P — AI(@) + (1 — 1) I(b)

is the convex combination of the VaRs of the insurer’s loss and the rein-

surer’s loss, with A € [0, 1] a weighting factor. When . = 0, V() =

VaRg (1(X) — P;) and Problem (12) is reduced to Problem (11). When A = 1,

V(I) = VaR, (X — I(X) + P;) and Problem (12) is reduced to Problem (10).

Thus, Problems (10) and (11) can be viewed as special cases of Problem (12).
When a = b, the objective function V(1) becomes

VD) =xra+ (1 =20)I(a) — Pp) = (1 = Na+ 2xr — D(a— Ia)+ P,

which implies that Problem (12) is reduced to either Problem (10) when 1/2 <
A < 1 or Problem (11) when 0 < A < 1/2. However, these two problems are
covered in Problem (12) by setting A = 1 and A = 0, respectively. Thus, we
assume a # b.
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Furthermore, when A = 1/2, the objective function V(I) becomes

a 1
V) = §+§(I(b)—1(a))-

Thus, Problem (12) is reduced to minez, {/(b) — I(a)}, i = 1, 2. Note that the
1-Lipschitz property of I implies that 0 < I(b) — I(a) < b —a fora < b and
I(b) — I(a) > —(a — b) for a > b. Hence, min;cz, {I(b) — I(a)} = —(a — b)*.
Thus, the optimal contract 7* to the problem of min;cz, {/(b) — I(a)} and hence
to Problem (12) is any contract I* € Z; satisfying I*(a) — I*(b) = (a — b)™.
We will see in Remarks 3.1 and 4.1 that such optimal contracts I* exist in Z;
for i = 1,2, and thus Problem (12) is solved for A = 1/2. Hence, we assume
AF£1)2.

In summary, in the rest of this paper, we assume that the following conditions
hold:

k#%, a#b, Lsy+c<Ly<a, L,<bh,
O<w<c<anb<l+ L, (13)
and the inequalities (8) and (9) hold.

We point out that in Assumption (13), conditions I3 +¢ < Lj,vg <c <aAb
and the inequality (9) are actually not required for Problem (14) in Section 3.
Next, we will solve Problem (12) for i = 1, 2 in Sections 3 and 4, respectively.

3. OPTIMAL REINSURANCE WITH CONSTRAINTS ON THE VARS OF BOTH AN
INSURER’S LOSS AND A REINSURER’S LOSS

In this section, we will solve Problem (12) for i = 1, namely, to solve the mini-
mization problem of

111;11111 V). (14)

In this problem, V(I) = ra + 2x» — 1) Py — Al(a) + (1 — X)) I(b) and 7, is
the set of feasible reinsurance contracts acceptable by both the insurer and the
reinsurer. The definition of Z; also describes the constraints on the VaRs of
both an insurer’s loss and a reinsurer’s loss. A reinsurance contract / is said to
be acceptable if I € 7.

First, we introduce some notation. Define the two types of feasible contracts
1", and I, in T for some pairs of (&, &) as follows:

1. Ifa < b, for each pair (&,, &) € [0, a] x [0, b] and &, < &, define
e =—a+&)" —(x—a"+x-b-5+E)" - (x-b7,

M) =x—(x—&)"T+x—a)" —(x—(@+&—ENT+ (x—b)".
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el

m
ng,fb

:a b .-
FIGURE I: Relation between arbitrary I € Z; and the pair (Ig”f_gh, Ié‘l’{&) when a < b.
2. Ifa > b, for each pair (&, &) € [0, a] x [0, b] and &, > &, define
() =(x—b+&) —(x—b" +x—(@—&+&)T - (x— b)Y,
e =x—(x-—&)"+x-b"—(x-0b+&-&)"+(x—a)".

Since Iérf,éb (0) = 0 and lim,_, o, Sy(x) = 0, we have
oo
Py, = (L+OE[I, (0] = (1 +6) / I (9dFy(x)
0

=—(140) /O ', ()dSy(x) = (1+6) fo Sx()dlg g, (x)

anb avb
=(1+6) (/ +/ ) Sy(x)dx.
ll/\b—fa/\%'b llVb—|§b—§a|

Similarly, we have

P, =1+ OE[L, (X)]

Eanép anb+|&,—&,| 00
—(1+6) (/ +/ +/ )Sx(x)dx.
0 anb avb

It is easy to verify that for any I € 7 satisfying I(a) = &, and I(b) = &, we
have I . (x) < I(x) < Igfgb(x) for all x > 0 as illustrated by Figure 1 and thus
PIQ:.% =P= PI;‘Z&;,'

Next, we define the set E,; C [0, a] x [0, b] as follows:

a. Whena < b, B, is the set of all pairs (§,, &) satisfying

Ei <& <& +bA(Li+ L) —a, (15)
& a+éb_§a 0
b-n=ry =ato ([T [T [T siooan a9
“ 0 a b
a b
Li—atéaz Py, =01+0 ( / + / ) Sx(x)dx. (17)
a—£, b—&p+&,
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b. Whena > b, E, 5 is the set of all pairs (&, &) satisfying

b+ @—Li— L))" <& <&+a-—», (18)
&b b+&,—& 00
b-nzrp =ato ([ [+ [7) sona
@b 0 b a
(19)

b a
Li—a+& = Py, =(1+40) (/ ‘|‘/ ) Sx(v)dx.  (20)
b*fb a—&,+&

To solve Problem (14), we introduce the auxiliary functions g, g, and g3 and
discuss their properties in the following proposition.

Proposition 3.1.  a. Define gi(§) £ &€ — (1 +0) fa”_é Sx(x)dx for & € [0, a].
Then, g, is continuous, increasing on [0, a — vy), strictly decreasing on (a —
Vg, a], and maxgep, a1 81(8) = g1(a — vp).

b. Define g2(6) 2 & = (1+6) (f; + [;°) Sx(x)dx for & € [0, @ A b). Then,
&2 Is continuous, strictly decreasing on [0, vy), increasing on (vg, a A b], and
ming o, unr) 82(8) = g2(vp).

c. Define g3(6) & &€ — (1 + 6) fb‘ig Sxy(x)dx for € € [0,b). Then, g3 is
continuous, increasing on [0, b — vy), strictly decreasing on (b — vy, b], and
maxgep, 5 83(§) = g3(b — vp).

d. Assume a < b. Then, g,(&,) < gi1(&,) for any &, € [0, a]. In addition, for
any fixed &, € [0, a], Plsly,s;,’ P’s"i,sb and &, — Plsff.s,, are continuous and strictly
increasing in &, € [§,, &, + b — a).

e. Assume a > b. Then, g:(&y) < g3(&) for any & € [0, b]. In addition, for
any fixed &, € [0, b], Plsffs,,’ P’s’ﬁvs/, and &, — PIéZ,sb are continuous and strictly
increasing in &, € [&p, & + a — b].

Lemma 3.1. The following three statements are equivalent: (i) Inequality (8)
holds. (ii) T) # 0. (iii) E,p # . In addition, (8) implies

Vg oo
vg — (1+0) (/ +/ ) Sy(x)dx < L,. (21)
0 b
Lemma 3.2. Problem (14 ) has the same minimal value as the minimization prob-
lem
min us 22
($a,$b)€5mb U(S gb) ( )
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in the sense that minsez, V(I) = ming, g,)ez, , V(&q, &), where, v(&,, &) = Aa +
(2)\. — I)P%',,,%'/; — )‘éa + (1 — )V)Sb and

Li—a+&)A P ,if0<i<i,
S fa) A Bty ¥ : (23)
@ (Sb—Lz)VP]g:jfb, lf§<)u§1.
Moreover, let (£}, &) € By be the minimizer of Problem (22). Then, a con-
tract I* of the form

Fo)=@—d)" —(x— @ +& AENT+(x—d)F
—(x—(+ | -+ (x—dy)T 24)

Sfor some (di, dr, d3) € [0, anb—&; NEfIx[anb, avb—|& —EF|]x[aVvb, o],
satisfying Pp- = Pex ¢, is the optimal solution to Problem (14).

Lemma 3.2 reduces the infinite-dimensional optimization problem (14) to a
two-dimensional optimization problem (22). In the following two theorems, we
give the explicit expressions of (¢, &) and (di, d», d3) for the optimal solution
I* presented in (24).

Theorem 3.1. Suppose a < b, then Problem (22) has minimizer (£}, &;) with
&r = & and the optimal solution to Problem (14), denoted by I*, is given as
follows:

a. Inthecase 0 <\ < 1/2:

i. If g1(vg) = a — Ly, then §f = v and I*(x) = (x —d))T — (x — d) —
vo)t + (x — @)t + (x — d3)* for some dy € [0,a — vyl and d5 € [b, 00]
such that Py = vy — (a — Ly) Vv g2(vg).

ii. If g1(vg) < a — Ly, then there exists & € [vg A (@ — vg), Vg V (@ — vg)]
such that g1(§) = a— Ly. Moreover, §f = & and I*(x) = (x—a+&) " —
(x—a)™.

b. Inthecasel1/2 <A <1:

i. If g2(a —vg) < Ly, then & =a—vgand I*(x) = (x —d\)T — (x —d) —
a+vy)T+ (x—a)t + (x—d3)" for some d; € [0, v9] and dz € [b, 0]
such that Py = a — vg — Ly A g1(a — vg).

ii. If g2(a — vg) > Ly, then there exists & € [vg A (@ — vy), vy V (a — vg)]
such that g>(&) = L,. Moreover, §f = & and I*(x) = x — (x — &) +
(x—=5b)".

Theorem 3.2. Suppose a > b, then Problem (22) has minimizer (§),&;) with
&; = &; +a— b and the optimal solution to Problem (14 ), denoted by I*, is given
as follows:

a. Inthe case) < 1 < 1/2:
i. If g3(vg) = b — Ly, then & = vg and I*(x) = (x —d)*t — (x — d) —
v)t+(x—b)" — (x—a)" + (x — d3)* for some dy € [0, b — vg] and
d; € [a, oo] such that P = vg — (b — L1) V g2(vp).
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ii. If g3(vg) < b — Ly, then there exists &3 € [vg A (b — vy), vg V (b — vg)]
such that g3(&3) = b— Ly. Moreover, §f = &y and I*(x) = (x—b+&) T —
(x—a)".

b. In the case of 1/2 < X < 1:
i. If @2(b—vg) < Ly, then & = b —vg and I*(x) = (x —d))" — (x — dy —
b4+v)T+(x—b)"— (x—a)"™ + (x — d3)* for some dy € [0, vy] and
d; € [a, oo] such that P = b — vy — Ly A g3(b — vy).

ii. If g@o(b — vg) > Ly, then there exists &, € [vg A (b — vg), vo V (b — vp)]
such that g,(&4) = Ly. Moreover, &} = & and I*(x) = x — (x — &)1 +
(x=>b)".

Remark 3.1. By the proofs of Theorems 3.1 and 3.2, we know that the optimal
contracts I* in Theorems 3.1 and 3.2 satisfy I* (a) — I'"(b) = (a — b)™, and hence
the optimal solutions I* in Theorems 3.1 and 3.2 are also the solutions to Problem

(14) when » = 1/2. O

4. OPTIMAL REINSURANCE WITH CONSTRAINTS ON THE VAR OF AN
INSURER’S LOSS AND A REINSURER’S PROFIT

In this section, we solve Problem (12) for i = 2, namely, we solve the minimiza-
tion problem

rlrélzrzl V). (25)

In this problem, V(I) = ra + 21» — 1) Py — Al (a) + (1 — M) I(b) and I, is
the set of feasible reinsurance contracts acceptable by both the insurer and the
reinsurer. The definition of 7, also describes the constraints on the VaR of the
insurer’s loss and on the reinsurer’s profit. A reinsurance contract / is said to be
acceptable if 1 € Z,.

It is easy to check that for any given (&, &, &) € [0, ¢]x[0, a]x[0, b],if I € T
satisifes I(c) = &., I(a) = &,,and I(b) = &, then I 6, (0) < I(x) < Isyéllfb(x)
for all x > 0 and Pléif,sa.s;, < P < P,éMs e where

c.8a.

e )2 (r—cHE) —(x— O+ (x—(@Ab—E NE+E)T
—(x—anb) +(x—@Vh—|& - &) — (x—av bt
B DA (x—E) T+ (x— )T — (v — (c+E A B —ENT

+(x—anb)yt —(x—(@Ab+1g &N+ (x—avb)T,

are two feasible reinsurance contracts in Z.
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To solve Problem (25), we introduce auxiliary functions 4; fori =1,...,7,
Aé‘:[, Ag,, A7, Bgf, and B, and discuss their properties in the following three
propositions.

Proposition 4.1. Assume a # b.

a. Define hi (&) = (146) ([ + [) Sy(0dx—é for &, € [0, . Then, h (&)
is continuous, concave, strictly increasing on [0, vy), decreasing on (vg, c], and
maxe, e, 11 (6c) = hi(ve).

b. Define hy(€:) = (1+6) [, Sx(x)dx — & for & € [0, c]. Then, ha(&,) is
continuous, convex, decreasing on [0, ¢ — vg), strictly increasing on (¢ — vy, cJ,
and ming, o, ) h2(&.) = ha(c — vg). Moreover, hy(&.) < hi(&.) for & € [0, c].

Proposition 4.2. Assume a < b.

a. Functions Pyu Pym — Pv and &, — Py are continuous and
Liegsy * Lidasy’ & L say & Ity

strictly increasing in &, € [£,, &, + b — a].
b. Given &, € [0, c], define Ag(éa) L P and A (&,) L pw for

Ecba katb—a £c.kaka’
S0 € [5es6c+a—cl and Ag (&) £ Py, for &, € [, & + b — c]. Then,
all the functions Aé‘:[ (o), Al (a), §a — Agf (&) and &, — A (§,) are continuous
and strictly increasing in &, € [&., & +a — c], and Ag (&,) and &, — Az (&,) are
continuous and strictly increasing in &, € [E., &, + b — c].

c. Define h3(§.) 2 Ae(E. + a — ¢) — & for & € [0,c]. Then, hi(&.) is
continuous, concave, strictly increasing on [0, vy), decreasing on (vg, c] and
maxg o, q 13(6c) = h3(ve).

d. Define ha(§) & Al (E.+a — Ly + L3) — & for & € [0, c]. Then, ha(&.) is
continuous, convex, decreasing on [0, c — vy), strictly increasing on (¢ — vy, c]
and ming o, ¢ 4 (&) = ha(c — vp).

e. Define hs(&,) & A (6 +a — Ly + L) — & for & € [0, c] Then, hs(&)
is continuous, concave, strictly increasing on [0, vg), decreasing on (vq, c] and
maxg e, o 15(&.) = hs(vy).

S. Given&, €0, c], it holds that A (§,) < Ag, (§4) < Aél(éa)for &, €&, &+
a — c]. Furthermore, it holds that h4(&.) < hs(&.) < h3(&.) for &, € [0, c]. In
addition, hs(&.) = h3(&.) if and only if c = L) — L.

Proposition 4.3. Assume a > b.

J— M p— I
oty &, P,&‘vgu.sb and &, PIQV&Y%, are continuous and

strictly increasing in &, € [&, &, + a — b].
b. Given & € [0, c], define BM(&) £ Py and BJ'(&) = Py for

Ec.Ep+a—b.&p &c.bpta—b.Ep
& € [E.. & + b — c|. Then, all the functions B (&), B (&), & — B (&) and
& — Bg(éb), are continuous and strictly increasing in &, € [&., & + b — c].
c. Define hg(&,) = Bg’(éc +b— L+ Ly)") =& for& €0, c]. Then, he(&.) is
continuous, convex, decreasing on [0, c — vy), strictly increasing on (¢ — vy, c]
and ming o, he (&) = he(c — vp).

a. Functions Ppu_, Ppn
&c.kabp &
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d. Define hi(&,) 2 BM(E + (b — Ly + Ly)*) — & for & € [0, c}. Then, h1(&,)
is continuous, concave, strictly increasing on [0, vg), decreasing on (vy, c] and
maxe, e, 17(6c) = h7(ve).

e. Given& € [0, c], it holds that B'(&) < B(&) for & € [E.. & + b —c].
Furthermore, it holds that h¢(&.) < hq(&.) for &. € [0, c].

Furthermore, we need to define the following sets. Let E. , » be the set of all
(&c, &4, &) €10, ¢] x [0, a] x [0, b] such that

$c+(a/\b+L3_Ll)+Sé:a/\ébfga\/gba (26)
St Ls= Py, . 27)
L —a+ ‘i:a > Plélz{fafb . (28)
Let E. be the set of all &, € [0, ¢] such that
& 00

Ly +£ < (110) ( [+] ) Sx(dx, (29)

0 c

a
Li—c+&>(+6) f Sy(x)dx. (30)
c—&.

Foreach&. € E.,ifa < b, thenlet E, ¢ be thesetofall§, e [§. +a+ L3 —
Ly, & + a — c] such that

& c+&,—& oo
£+ Ly < (140) (/ +/ +/ >Sx(x)dx, (31)
0 c a
a—L <& —(14+6) (/ +/ ) Sy(x)dx, (32)
c—&, a—&,+&.
andifb < a,let ¢ bethesetofall§, € [§,+ (b+ Ly — L)™, & +b —c]such
that
& c+&p—&. 00
&+ Ly <(1+0) (/ +/ —|—/ ) Sy(x)dx, (33)
0 c b
b—Li<&—(1+6) (/ +/ ) Sy(x)dx. (34)
=&, b—&,+é.

Ifa < b, for each (&.,&,) € B, X Bgg,, let Epg, ¢, be the set of all & €
[é—aa é—a‘i‘b_a] such that &, 84.8) € Ec,a,b~ Ifa > b, for each (&c,&p) € Bex Eb,&a
let 8, ¢, be the set of all &, € [, &, + a — b] such that (§.,&,, &) € B¢ up.

Proposition 4.4. All the sets E., By, Bpe,. Bpe, g, and B¢ g, are closed inter-
vals and can be expressed as follows:

a. The set B, = [, EM] for some 0 < EM < M < c.
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b. Whena < b, given &, € E,, the set E, ¢, = [EM"(E.), EM(E)] for some &, +

a+L3—1L) < 5;”(‘56) =< SaM(gc) < gc‘f'a—C, andgiven (gw %.a) € B¢ X Ea,éu the

set EZ,E(,E“ = ['g[’;n(gu %-a)7 ‘i:bM(é:c, ga)]for some “;:a =< Sgn(fc, ga) =< ng(éCs %-a) <
— d.

& +
c. Whena > b, given &, € B, the set By, = [£] (&), 5;,M(§c )] for some Sc

(b+ Ly — LT < &"E) < gME) < Sc + b — ¢, and given (§., &) € B, x
Epe, the set Bug g, = [EM(Ec, &), EM (&, &p)] for some & < EM(E., &) <
EME, &) <& +a—b.

Lemma 4.1. The following three statements are equivalent: (i) Inequalities (8)
and (9) hold. (ii) T, # 0. (iii) Ecap # 0.

Lemma 4.2. Problem (25) has the same minimal value as the minimization prob-

lem
min w(&,, &,, & 35
ooz, G e 8 39)
in the sense that mingez, V(I) = mingg g)ez.., W &, &), where

w(e €a> §p) = 2a+ QA = 1) P g, 6, — Aa + (1 = )& and

(Ll—a—f—fa)/\PIM lf0<)»<—,
‘S(%—a%—b_ .

&+ L)V P if L<asl. (36)

5‘55[,

To solve the three-dimensional problem (35), we consider the following
three-step minimization problem:

mingceE( m%n&leaa‘g( m?n,&;eEb,g(‘_gﬂ w(gw S)-'a’ gb) s lfa < b, (37)
ming ez, (Mingez,, | Mingez, . ., W& & ) |), ifa>b.

In doing so, we define the minimizers of Problem (37) and the corresponding
functions as follows:

For a < b, define mingez, ., w(e. 6.8 = wle, b, 65 G 6)) =
wZ(ECa Sa) and
mingaes(,,&. wa (&, &) = wa(&,, S:(Sc)) = wi (&), where

sb (547 Sa) - arg mln w(S(’v Sav Sb) and s (Sc) = arg mln w2(§u 3):(1

Er€8h202a §u€Bag

FOI' a > bz denOte minSHEEm;(‘_gb w(gc, Sth Sb) == w(éc: E: (SC? &b)v Sb)
w2 (éc, &) and ming ez, wa(ée, &) = wa(ée, &5 (80)) = wi(§c), where

S (547 Sb) - arg mln w(‘i.‘L’ SLH Sb) and Sb (SC) - arg mln w2($£’7 Sb)

§.€Eu g, £ Ep€Ep g,

Moreover, denote ming, ez, wi(&.) £ w (&), where &F £ arg ming, ez, wi(&).
In addition, for @ < b, denote & £ £*(£)) and & £ £/(£¥,£"). Fora > b,
denote & = &7 (&)) and &7 £ EX(57, &)).
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d1 :C (:12 a dg b d4

FIGURE 2: Optimal form of the contract (38) from Theorem 4.1 when a < b.

Lemma 4.3. The three-step minimization problem (37 ) is well-defined in the sense
that the minimizer for each step exists. In particular, the minimizers of Problem
(37) can be expressed as follows:

a.Ifa < band 0 < A < % then & = &" Vv (v nEM), & =
sup (&, € Bag 1 Asr(§a) < &5 + Lo} and & = &' (X, &),

b. Ifa < band% <A <1 then& =&, p, VErLn & =& +a—c
and & = &' (87, &;), where &1, 5, = sup{& € [0, ¢ —ve] : ha(§,) = L3} and
$L3,h3 = sup {6 € [07 UG] : h3($c) < Ls}.

c. Ifa >band0 < & < 5, then & = E" Vv (vo ANEM), & = EM(EY) and
& =& +a—>.

d. Ifa > band% <A <1, then & =.§C’"\/[(c—v9)/\§(,M], =& +b—c
and&; =& +a —c.

Theorem 4.1. A contract I* of the form

) =@—d) —(x—di =€)+ (x—d)" — (x—(dh + EF NEF —EN)T
+(x—d)t = (x—(ds+|& —EDT+ (x—dp)T (38)

Jor some (dy, d>, d3, dy) € [0, c —&E¥] x[c,anb =& NES+E I x[anb, aVv
b— & — &l x [aV b, oq], satisfying Pr- = Pex ¢x ¢, is an optimal solution to
Problem (25).

Remark 4.1. Figure 2 illustrates the optimal form (38) in the case of a < b.

By the proof of Theorem 4.1, we know that the optimal contract I* in Theorem
4.1 satisfies I*(a)—I*(b) = (a—b)™, and hence the optimal solution I'* in Theorem
4.1 is also the solution to Problem (25) when . = 1/2. [l
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Next, we will derive the explicit expressions of the parameters in the optimal
solution 7* given in Theorem 4.1 in the following four corollaries.

Corollary 4.1. Suppose a < b and0 < A < 1/2 and let I* be the optimal solution
to Problem (25).

a. Inthe case hy(vg) < Ly — c:

i. If Ly < ha(vg), then I*(x) = (x—c+vp) T —(x—c) T+ (x—a+&, 0—ve) T —
(x—a)™, where &, is the solution to the equation of P;» = &,0+ Ly — a.
ii. If ha(vg) < L3 < hs(vy), then I*(x) = (x —d})T — (x —df —vp) " + (x—
At —(x—ds—(a— Li+ L))" +(x—d})*, where (df, dy, d) € [0, c—
vg] X [c, Li— L3]x[b, o0] is the solution to the equation of P;» = vg+ L.
iii. If hs(vg) < Ls, then I*(x) = x — (x —vg) T+ (x— )t —(x —c— &1 +
vo) T+ (x—b)t, where &, 1 is the solution to the equation of P;» = vg+ Ls.
b. In the case hy(vg) > Ly — ¢, then we have I*(x) =
(X - ¢ + %_L]—C, h3)+ - (X - Cl)+, where éLl—c, hy =

inf (£, € [vg A (c —vp), vg V (c—vyp)]: ha(§) = L1 —c}.

Corollary 4.2. Supposea < band1/2 < A < 1 and let I'* be the optimal solution
to Problem (25).

a. If Ly < hy(0), then I*(x) = (x — ¢ + &1, )T — (x — @)™, where
Ers.n, = sup{&. €0, c —vg]: ha(§) > La}.

b. If hy(0) < L3 < h3(0), then I*(x) = (x— )" — (x—a) T + (x —d*)*, where
d* e [b, o] satisifes P = L;.

c. If h3(0) < Ls, then I'(x) = x — (x =&, )P+ (x— )" — (x — (c +
EF — &, n))T + (x—b)T, where &1, j, = sup{&. € [0, vg] : h3(&) < L3} and
& el n +a—c, &, n, + b — c]satisfies P = &, j, + La.

Corollary 4.3. Supposea > band0 < A < 1/2 and let I* be the optimal solution
to Problem (25).

a. Inthe case hr(vg) < Ly — c:
i. If (b+Ls— L))"+ L —b < he(vy), then I'(x) = (x—c+vg) T —(x—c) T+
(x—(b=&p0+vp)) T —(x—a)™, where &, o € [vo+(b+Ls—L)*, vg+b—c]
is the solution to the equation of Pr» = &, — b + L.

ii. If he(vg) < (b+ L3y — L))"+ L1 — b < hy(vg), then I*(x) = (x —d})* —
(x—df —vp)T+(x—)t —(x—c—(b+Ls— L))"+ (x—b)" — (x—
a)yt + (x — dy)*t, where (df, dy) € [0, ¢ — vg] x [a, o] is the solution to
the equation of Pi» = vy + L3 Vv (L) — b).

iii. If Ly < h7(vg) < (b+ L3 — L))"+ Li —b, then I*(x) = x— (x —vy) T +
x—ot—(x—c—0b+Li—L)HT+(x—-b".

iv. If hy(vg) < Ls, then I*(x) = x — (x —vo)V + (x — )T — (x = (c+ &1 —
vo) T+ (x —b)t, where &1 € [vg + (b+ Ly — Ly)t, vg + b — ] is the
solution to the equation of P+ = vg + Ls.

b. In the case hy(vp) > Ly — ¢, then we have I*(x)

(x — ¢ + ép-en)t — (x — af, where &1,

inf{& € [ve A (c —vg), vg V (¢ —vg)] : ha(§.) = L — c}.
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Corollary 4.4. Supposea > band 1/2 < ) < 1 and let I* be the optimal solution
to Problem (25).

a. If hi(c —vg) < Ls, then I*(x) = x — (x — &, 5) " + (x — o), where
Eryn = sup{ée € [vg A (c —vg), vo Vv (c —vg)]: hi(&) = La}.

b. If Ly < hi(c — vg), then I*(x) = (x —d})* — (x —df —c+vp)" + (x —
ot —(x—a)t + (x —dy)T, where (df, d}) € [0, vg] x [a, oc] is the solution
to the equation of P = ¢ — vg + L3 V ha(c — vy).

5. CONCLUSIONS

In this paper, we describe feasible reinsurance contracts that are acceptable to
both an insurer and a reinsurer and explore optimal reinsurance contracts which
take into account both an insurer’s aims and a reinsurer’s goals. The models and
problems proposed in this paper are interesting in theory and applications. As
showed in this paper, solving the proposed problems and finding the optimal
reinsurance contracts from the perspective of both an insurer and a reinsurer
are challenging jobs. The optimal reinsurance contracts from the perspectives
of both an insurer and a reinsurer are more complicated than the optimal rein-
surance contracts from one party’s point of view only. The models and problems
proposed in this paper can be explored further in different ways such as replac-
ing the VaR by other risk measures and accommodating other demands of an
insurer and a reinsurer in the study of optimal reinsurance designs.

As mentioned in the introduction, the criterion used in this paper is arguably
oversimplifying how the two parties’ conflicting interests should jointly be ana-
lyzed in practice. For future work, we plan to consider more general approaches
to perform this type of analysis. For instance, we could use a two-step procedure
where the party that is designing the contract performs a first optimization step
based on its own criterion, with a choice of constraints such that there exist
multiple optimal solutions. One particular solution among those would then be
selected using a secondary criterion representing the other party’s objectives.
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APPENDIX A

Proof of Proposition 3.1. We only prove (a) and (d). Other results of Proposition 3.1 can
be proved similarly and are omitted.

a. It is easy to see that g, (§) is continuous in & € [0, a]. Since ¢« < 1/(1 4+ 0), we have
that g{(§) = 1 — (1 + 6)Sx(a — &) is non-negative for £ € [0, a — vg) and is negative for
& € (a — vy, a]. Hence, the desired results hold.

d. Suppose a < b, note that g,(&,) = &, — PIM < & - P[W = g1(&,) for any &, €
[0, a]. For each (&,,&,) € Eup, &4 < & by (15) and it is 0bv10us that P,w and P,m

are continuous and strictly increasing in &, € [0, b]. For any (§,, &) and (S,,, &) € Bup

with & < &, wehave 0 < P — P, = (146 [, RSy (ndx < (1+0)(E -
a.§) a8

&) Sx(a) < (14+0)a (& — &) < & —&;, where the third inequality follows from Sy(x) < «

for any x > VaR,(X) = a. Therefore, &, — P,EME is continuous and strictly increasing in
as5h
she[gasga+b_a]- | ]

Proof of Lemma 3.1. We assume a < b. The proof for the case of @ > b is similar to the
case of @ < b and is omitted.

(1) = (ii). Suppose (8) holds, namely g (¢—vg) > a—L;.Since g;(0) =0 < a—L,;and g is
continuous and increasing on [0, @ — vy], there exists &, € [0, a —vy] such that g,(&,) = a— L;,
and moreover, g1 (§,) = a— L, < L,. Consider the contract I(x) = (x—a+&,)T—(x—a)™ € T,
itis easy to check that I(a) = I(b) = &, and P = (1+O)E[I(X)] =&, —g1(€) =& —a+ L.
This contract 7 is acceptable, namely I € 1,, because the contract [ satisfiesa — I(a) + P; =
a—§&+é&—a+Li=L,andI(b)— Pr=& —(,—a+ L) =a— L, < L,. Thus,Z; # 0.

Meanwhile, by Proposition 3.1(b) and (d), we know that g;(§,) = a — L, < L, implies
that g>(ve) < g2(&,) < g1(&,) < L, namely (21) holds. Thus, (8) implies (21).

(ii) = (iii). Suppose Z; # @. For any I € Z;, denote &, = I(a) and &, = I(b). We are
going to check that (&,, &) satisfies (15), (16) and (17). Since I € Z;, we have

S—L =P <&+L —a. (39)

Furthermore, the 1-Lipschitz property of I implies &, <& <&,+b—a.Hence, (15) holds.
Moreover, it is easy to see that I ., (x) < I(x) < 5 ¢, (x) for all x > 0, and thus

PI;EEI; S P] S P]M . (40)

&a.&p
From (39) and (40), we have &, — L, < PIEME and P’em g = &, + Ly — a, namely (16) and (17)
aSh s
hold. Therefore, (§,, &) € B, and thus E,;, # @.
(iii) = (i). Suppose E,, # ¥. For any (&,, &) € E,.5, we have
a b a
a—L <§—(1+0) (/ +/ ) Sy(x)dx <& — (1 +9)/ Sx(x)dx = g1(&,)
a— b—Ep+Eq a—éq

<a—-v—(1+ 9)/ Sx(x)dx = gi(a — vg),
vg

where the first inequality is from (17) and the last one is due to the fact that g, is increasing
on [0, a — vy]. Thus, (8) holds. |
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Proof of Lemma 3.2. We assume a < b. The proof for the case of ¢ > b is similar to the
case of @ < b and is omitted.

For each (§,,8) € Eup, by (15), we have &, — Ly < & +b A (Li+ L) — L —a <
&, + L, — a, which, together with (16), implies & — L, < (L —a + &) A P,EM‘E . Hence, by

a.§p
(17) and PIén 5 = P,EME , we have (&, — L) Vv Plg” 5 = (Li —a+&) A P]EME . Therefore, by
a. g 2 0.6

the definition of FP;, ¢, given in (23), we have

& — Ly v Plg;‘sh S P,y <(Li—a+&)A P@L{Q . (41)
It is easy to check that any contract with the form of
I)=x—d)" —(x—di =) "+ (x—d)" —(x—dh =& + )T+ (x—dp)T, (42

for some (d, dy, d3) € [0, a — &,]] x [a, b — & + &,] x [b, <], satisfies [ € Z, I(a) = &,
I(b) = &, and I , (x) < I(x) < Ié‘llsh(x) for all x > 0. Thus, PIm < P < P,Ms In
B §a 17
particular, when dy = a —&,,d, = b — & +&,, and d3 = oo, the form (42) is reduced to 17 .
Whend; =0, d, = a, and d; = b, the form (42) is reduced to IV, . For the contract I of the

§a.kp "
form (42), its premium

dy+éa dy+Ep—&a
P[—(1+9)E[1(X)]—(1+9)</ / +/
d, dy d-

3

) SX(x)dx

can be viewed as a function of (dy, d>, ds). Obviously, the premium P; = P;(d,, d>, d3) is a
real-valued continuous function on [0, a — &,] x [a, b — &, + &,] x [b, 0o]. Since [0, a — &,] x
[a,b— &, +&,] x [b, 00] is a connected set, the image of P;(d;, d>, d5) is also a connected set.
Thus,

{Pr = (1+06)E[I(X)]: I has the expression (42)} = [P,én o P,EME ]
ash

For each (&,,&;) € Eqp, note that Py, ¢, € [P,gx o P,gMg ], thus there exists / € Z with the
a a.Ep

expression (42) such that P; = P;, ¢,, and moreover, such I € Z; due to (41).

The existence of the minimizer (£}, &) of Problem (22) will be demonstrated in the proof
of Theorems 3.1 and 3.2. Since (£, §}) € E,», by the above arguments, there exists I* € Z;
of the form (24) such that I*(a) = &, I"(b) = &;, and Ppx = Py g . It can be easily checked
that V' (I*) = v(g}, ). Meanwhile, for any 7 € Z,, we have (/(a), 1(b)) € &, by the proof
of Lemma 3.1 for (i) = (iii). From (23), we have P; < Py, 1) when 0 < A < 1/2, and
Pr > Py, 1) when 1/2 < A < 1. Therefore, QA — 1) Py > (21 — 1) Py, 1) and

V(D) =hta+ Q2r—DPr—2I(a) + (1= 01(b) = v((a), 1(b)) = " m)ill v(&a: &), (43)

a5p)€Sa.b

which implies that min;ez, V(I) > ming, g)ez,, V& &) = vEL, &) = VU =
minsez, V(I). Hence, min;ez, V(1) = V(I*) and I* is the optimal solution to Problem (14).
Therefore, a contract I* of the form (24) for some (d;, d>, d3) € [0, a —&}] x[a, b—&; +&F] x
[6, oc), satistfying I*(a) = &F, I"(b) = &, P~ = Per ez, is the optimal solution to Problem

(14). [

Proof of Theorem 3.1. Assume a < b. For each (§,, &) € E,;, we have &, < &, by (15),
&— P, IEME < L, by(16),and P]W -~ Li—a+é&,by(17).Since &, — P, IgMg and P]W ., are strictly
b

increasingin &, € [£,, &, +b— a] by Proposition 3.1(d), we have &, — IM < E;, - §M$ <L,
a-Sh
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and P’?Z .
(&4, &) € E,p 1s equivalent to

< P’éfig,, < L, —a+&, Thus, (&,&,) € E,p. From (16) and (17), we know that

82(60) = Ly and a — Ly < g1(8)- (44)

a. Consider the case 0 < A < 1. By Lemma 3.2, minjez, V(J) = ming, g,)ez,, V(€. &),
where v(&,, &) = Aa+Q2A—1) Py, ¢, —AE,+(1—N)Epand Py, ¢, = (L1 —a + 5,1)/\P,M . For

each (§,, &) € By, since §, < &, and §, — P[EM <& — P,M . together with the deﬁmtlon

of P, ¢ given by (23) and the facts that —(x A y) = (— x) v (=y)and kz + k(x Vv y) =
K[(z+ x) vV (z+ y)] for k > 0, we have

v, &) = Aa — A&, + (1 — & — (1 —2)) [(Ll —a+&) A P’sas ]
= ha = M+ 28+ (1 =20 [ — Lita =)V (5 — Py, )]
> ra+ (1 —22) [(a —Lyv <‘§" - P’$},4sa)]

=1 -Ma—1=20L+ 1 =20 [g26) — (@~ L] = v, &)

Hence, ming, ez, , v(€as §) = ming, g,ez, , v, §4), and since (&, §,) € E, p, we have

(50.2516115 » v(€4, &) = 1En)1€nu” ) V(Ea, £2)
= =na—(1=20L+1 -2 min [5E) =@ L]’

a-5a)€

+
=l-=Na—-1-20)L+(1-2) [ min  g(&,) — (a — Ll)i| .

§a.6a)€8ab

Note that Plg‘”g =&, — &2(&,) and then
Pee, = Ga—a+ L) A Plg‘{& =& —(a— L)V g(8). (45)

i. If g1(vy) = a— Ly, note that g>(vy) < L, by (21), thus &, = v, satisfies condition (44),
namely (vq, vy) € E,5. In this case,

min ) > min ) = >  min a)s
(6a,6a)€8q b gZ(g ) - &:6[%),11] gz(g ) g2(v9) - (Ea,éa)IEEa,b gZ(S )

where the equality holds due to Proposition 3.1(b). Therefore, ming, ez, , &2(6s) =

82(vp) and (&7, &) = (vg, vp). It implies that Pey ex = Py, o, = vo — (@ — L1) V g2(vp)

from (45), and

mil{ v(&, &) = v(vg, vp)
(€a.6a)€80 D

(I —=na—(1=20)L + (1 —22) [g2(vg) — (@ = LD]".

By Lemma 3.2, a contract I* of the form (24) satisfying I*(a) = vy, I*(b) = ve,
and P = P, ,,, is the optimal solution to Problem (14). Note that &’ = &;. Thus,
I'(x) = (x—d))*— (x—dy —vg)* + (x—d3)" for some d; € [0, a—vy]and d; € [b, 00]
such that P« = vy — (a — L) V 22(vg) is the optimal solution to Problem (14).
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ii. Ifg;(vg) < a—Ly,notethat g (a—vy) > a— L, from (8), thus there exists &, € [vyA(a—
V), VgV (a—vp)]such that g, (&) = a — L; due to the continuity and monotonicity of
g1 on this interval. From Proposition 3.1(d), we know g,(&§) < g(§) forany & € [0, a].
In particular, g>(&;) < g1(&)) = a — Ly < L, and thus & satisfies condition (44),
namely (§1,&;) € Eq,. For any (£,,6,) € Bas, we have [g2(6) — (@ — L)]" =0 <
[g2(£.) — (@ — L1)]". Then,

4
[ min  g(§,) — (@ — Ll)] =0=[gE)—(a— L)]",
(a.6a)€8q,

and &' = &;. In this case, we have ng,gg =Py =86 —(@@—L)VvgE) =& -

a+ Ly and ming, g)ez, , (€, &) = v(&1, &) = (1 —A)a — (1 — 21) L,. Therefore, the

optimal contract of the form (24) is reduced to I*(x) = (x —a + &))" — (x —a) ™ with

dy = a — &, and d; = oo because the contract [* satisfies I*(a) = I*(b) = & and
Pr=&—-gi6) =& —a+ L = P .

b. For the case % < X < 1. By Lemma 3.2, we have minez, V(1) = ming, g,)cz, , V(& &),

where v(&,, &) =ra+QCA—1) Py e, — A+ (1 =My and Py g, = (6 — Ly) Vv P,gfb. For

each (&, &) € E,p, since §, < &, and P,gm W = P,gv o0 We have
a-§a a.§p

v(éa, é,:b) = Aa — )\Su + (1 - }V)sb + (2)“ - 1) I:(‘S;:[’ - LZ) v PIEVZ-%]
= ha =+ (=g + @ - D@ - LV Py, |

= v 6) = ra+ (1 =20 L+ Q=D [~ L)V Py, — G- L)]

a4+ (1= 2L + 24— 1) [P,gfu (&, — LZ)T

=ra+(1=20)L+ Qr—D[L —giE)]".

Hence, ming, ¢,)ez, , V(€ &) > ming, ¢z, , V(& &), and since (&, §,) € E, p, we have

b eEas V(e 8) = (Eaé{zl)lEnEa,b v(8as &)
=ra+(1=2)L+ @i =1 min [L-gE)]"

(6a.6a)€8q D

i
=i+ 1=-20)L+2r—1) |:L2 —  max gl(éa)] .

(€a.8a)€Bq b

Note that PIQ’, "= &, — g1(&,) and then

Poeo =G~ L)V Pp =8~ L Agi(), (46)

i. If go(a — vg) < L,, note that a — L; < gi(a — vg) by (8), thus §, = a — v, satisfies
condition (44), namely (a — vy, a — vy) € E,p C [0, a] x [0, b]. In this case,

max < max =g(a—1vy) < max &),
@m)eaa.bgl(&) EaE[O.u]gl(Ea) gi( 0 (sa,mesu,hgl §a

where the equality holds due to Proposition 3.1(a). Therefore, max, ¢,)ez, , £1(6) =
gi(a — vp) and (§),&) = (a — vy, a — vp). It implies that Pagr = Puivpavy =
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a— vy — Ly A gi(a — vg) due to (46), and ming, ¢)ez, , V(Ea, &) = v(@ — vo, a — vg) =
ha — (2x — 1) [gi(a —ve) A Ly].

By Lemma 3.2, a contract I* of the form (24) satisfying I*(a«) = a — vy, I*(b) = a — vy,
and Pp- = P,_,, 4—v,, 1 the optimal solution to Problem (14). Note that £* = £ = a — v,.
Thus, I*(x) = (x—d))T—(x—d) —a+vy) T+ (x—d3) " forany d; € [0, vy]and d; € [b, 00]
such that P« = a — vy — L, A g1(a — vp) is the optimal solution to Problem (14).

ii. Ifgy(a—vy) > Ly, notethat L, > g,(vy) by (21), thus there exists & € [vg A(a—vg), VoV
(a — vg)] such that L, = g,(&,) due to the continuity and monotonicity of g, as showed in
Proposition 3.1(b). Moreover, (&, &) € &, from the observationa—L; < L, = (&) <
g1(&). For any (&, &,) € By, we have [L, — g1(62)]" =0 < [L, — g1(§,)]". Thus,

+
[Lz —  max gz(é,,)] =0=[L—giE)]".
(€a.6a)€80q,p

and £ = & In this case, we have Py ox = P, 5, = & — Ly A g1(&) = & — L, due to (46),

and ming, ¢,)ez, , Vi, &) = v(&, &) = ra+ (1 —21) L,. Therefore, the optimal contract

of the form (24) is reduced to I*(x) = x — (x — &))" + (x — b)" withd; =0and d; = b
because the contract I* satisfies I*(a) = I*(b) = & and Py = & — g2(&) = & — L.

|

Proof of Theorem 3.2. Assume b < a. For each (§,,&,) € E,p, we have &, < &, < & +

a—bby(18),& — L, < P,EM‘5 by (19),anda — L; < &, — P,gm 5 by (20). Since P[EME and
asSh s aSh

&, — P’é’fﬂs,, are continuous and strictly increasing in &, € [0, a] by Proposition 3.1(e), we have

& — L, < P,EME < P anda — L < &, — P1§m 5 = & +a—b— Pm . Thus,

a.&p a.

§pta—b.gp §pta=b.gp

& +a—>b, &) € E,p. By (19) and (20), we know that (§, +a — b, &) € B, is equivalent to

&2(&) < L, and g3(§) = b — L;. 47

a. Consider the case 0 < A < % By Lemma 3.2, minsez; V(1) = ming, g,)ez, , v, &),

where v(&,, &) =Aa+ QA=) Py gy — A&, + (1 —1)Eand P, g, = (L1 —a+ &) A PIEME;,'

For (&,, &) € By, since &, < & +a — b and P <

Py , we have
a.Ep Ep+a—b.Ep

V(6 6 = ha—2E, + (1 =D& — 1 =20) [(Li—a+ &) A Py ]
> ha—rE+a—b)+ (=06 — -2 [(Li—b+&) APy ]

= U(sb +a— b? Eh)

— b+ (=2 — L) — (1 —2%) [(Ll —b+E) APy, —(Li—b+ g,,)]

s
— (1 =M)b— (1 —22)Ly + (1 —22) [L1 —bh4E— P,ngﬂ_wb]

=1 =0b—(1=20L + (1 -21)[g&) — (b — L)'
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Hence, ming, ¢,)ez, , V(s &) = MiNg, 14— b g)ez,, V(€ +a — b, &), and since (&, + a —
b, &) € 8,5, we have

i as == i _ b,
oI VEob) = min  vE&+a-b8)
=(=0b=(1=2Li+ =2  min (o) = G- LI

(Ep+a—b, &p)EByp

+
=1=-Mb—1A=-20)L + (1 —2)»)[ gz(fb)—(b—Ll)] .

min
(Ep+a—b, E)€8qp

Note that P’s‘wa o = & — g2(&,) and then

b,

Porabgy =E +a—b—a+ L) A PIEA}’H%Q =& —(b—- L)V g(&, (48)
i. If g3(vy) > b — Ly, note that g,(vg) < L, by (21), thus &, = v, satisfies condition (47),
namely (v + a — b, vp) € E,5. In this case,

min 2(&) = min g5(&) = g2(vp) > min 2(8p),
(&p+a—b, Eh)EEa,hg 5 51;6[0ﬁ]g g & (Ep+a—b, SZy)EEa,zyg 5

where the equality holds due to Proposition 3.1(b). Therefore, min, 44—, ez, , £2(55) =
2(vp) and (&, &) = (v +a —b, vy). It implies that Pr; c» = Pyiapoy = V9 —(b— L1) Vv
2>(vg) due to (48), and

min v +a—>b,&) =v(vy+a—b,vy)

(Ep+a—b,Ep)€By b

=1 =1b—1=20)L + (1 =23 [g2(ve) — (b= LD]".

By Lemma 3.2, a contract I* of the form (24) satisfying I*(a) = vy +a—b, I'*(b) = vy and
Pr« = Py, +4-p,4,, 15 the optimal solution to Problem (14). In this case, note that £ = vy +
a —band & = vy. It implies that the range for d, given in (24) is reduced to a single point
set, thatis &, € [b, a — I*(a) + I (b)] = {b} and then, d>» = b. Hence, the optimal solution
to Problem (14) isreduced to I*(x) = (x—d|)—(x—d) —vg) T +(x—b) " —(x—a) T +(x—d3)*
for some d) € [0, b — vy] and d; € [a, co] such that P = vy — (b — Ly) V g2(vp).

ii. If g3(vg) < b — Ly, note that g3(b — vy) > b — L, by (8) and g3 is continuous on [0, b],
thus there exists & € [vg A (b — vy), vy V (b — vp)] such that g3(§3) = b — L;. From
Proposition 3.1(e), we known that g,(§) < g3(¢) for all £ € [0, b]. In particular, g,(&;) <
g3(&) = b — L; < L, and then &; satisfies condition (47), namely (&3 +a — b, &) € E,p.
For any (& + a — ¢, &) € Bqs, we have [g2(&3) — (b — L)]" =0 < [g2(&) — (b — LD]".
Then,

n
|i($b+a371,i$12)eaa_b 828p) — (b — Ll)] =0=[g&)— (b~ Ll)]Jr ,

and & = &;. In this case, we have Peser = Poyyavgy =& — (b—L)Vg(&)=&—b+ L,
due to (48) and

min v(€+a—b,&)=vE +a—b,&)=1—-1b—(1-21)L;.
(Ept+a—b. Ep)€Bqp
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The optimal contract of the form (24) is reduced to I*(x) = (x — b+ &) — (x —a)* with
dy = b—&,d, = b, and d; = oo because the contract /* satisfies /*(a) = & +a — b,
I"(b) =& and P =& — g3(§) =& — b+ Ly.

b. Consider the case 1 < A < 1. By Lemma 3.2, minjez, ¥ (/) = ming, ¢,)ez, , V(€. &),
where v(&,, &) = da—A&+(1—-0)E+QA—1) P, ¢, and Py, ¢, = (55— Lo)V P’élf.e,, . For any
(&4, &p) € B, p,itiseasy tocheck that, < &,+a—band Py —Eaz Ppr —(&+a-Db),
thus

V) =2+ (=G — )+ Q=D |G- L-8)v (P, —&)]
>aa+ (=GB —a)+@h—1) [(b —a—1ILy)v (P,g/:MMb — G ta— b))]
=v@+a=-be&) =+ -D[Lv (P, . ~&)]

-~ -]

=Ab+ (1 =20 L + 2 — D) [Ly — g3(E)]".

— b+ (1 =2+ (24— 1) [P,m

Ep+a—b.&p

Hence, ming, &)ez,, V(o &) = MiNg, 1a-pepes,, V(E + a — b, &), and since (&, + a —
b, &) € E,, we have

min v, &) = vy +a—b,&)

min
(Ea'6p)€8ap (p+a—b,Ep)€80

=i+ (1-20)L+ (21— 1) min _ [L, — g3(&)]"
(Ep+a—b,&p)eBy p

"
=Xb+(1—2ﬂ[g+(”w—D[L2— max gﬂ&q .

(Ep+a—b, Ep)€Bap

Note that P

Ep+a—b.gp

= &, — g3(§) and then

Peypvabe, = & — L) v Ppy =& — L, A g3(&), (49)

Ep+a—b.&p
i. If g&2(b — vg) < L,, note that g3(b — vg) > b — L, by (8), thus § = b — v, satisfies
condition (47), namely (¢ — vy, b — vy) € E,p. It implies that

max p) < max =g3(b—1y) < max s
(Ept+a—b,&p)€Bqp 8:(6) &p€[0,0] 8:(6) = &3 o) (Ep+a—b. Ep)€Bq 8:(6»)
where the equality holds due to Proposition 3.1(c). Therefore, we obtain that

MaX g, 1a—b, &)ee,, &3En) = &3(b — vo) and (), &) = (@ — vo, b — vp). It implies that
Pesgp = Puvgpvy = b —v9 — g3(b — vy) A Ly due to (49), and

min v +a—b.&)=rb+ (1 =20 L+ 2h — 1) [Lr — g3(b — vp)]".
(Ep+a—b,Ep)€By p
By Lemma 3.2, a contract I* of the form (24) satisfying I*(¢) = a — vy, I*(b) = b— vy, and
Pp = P,_, p—,,1s the optimal solution to Problem (14). Note that in this case, § = a—vy
and &f = b —vy. Hence, d> € [b, a — I*(a) + I*(b)] = {b} and thus d» = b. Therefore, the
optimal solution I* is reduced to I*(x) = (x—d))* — (x—d; —b+vy) T+ (x—b)" — (x—
a)t+(x—d;)* forsomed; € [0, vy]and d; € [a, oo] such that Py« = b—vy— Ly Ag3(b—1vp).
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ii. If g&2(b —vg) > L,, note that g,(vy) < L, due to (21), thus there exists & € [vyg A (b —
vp), VgV (b—vy)]such that g>(&4) = L, due to the continuity and monotonicity of g,. Since
a—L, < L, = g,(&) < g3(&4), we have that &, satisfies (47), namely (§4+a—b, &) € E,p.
For all (§ 4+ a — b, &) € E,;, we have [L, — g3(6)]" = 0 < [L, — g3(£)]". Thus,

+
|:L2 - max gS(Eb)i| =0=[L — g,

(Ep+a—b.Ep)€Bqp

and &; = &,. In this case, we have Per er = Peyra—bgy = 60— Lo A g3(64) = & — Lp due to
(49), and ming, 4—p, &)z, , VE+a—>b, &) = v(Es+a—b, &) = Lb+(1—21) L,. Therefore,
the optimal contract of the form (24) is reduced to I*(x) = x—(x—&;)" 4+ (x—b)™ because
the contract f* satisfies I*(a) = & +a—b, I*(b) = &, and Py = &, —g2(&y) = &4 — L, =
PE4+a—b,E4~

]

Proof of Proposition4.1.  a. Obviously, /(§,) = (1 + 6)(f;* +f(f°)SX(x)dx — &, is
continuous and differentiable with 7} (&) = (1 + 6)Sy(&.) — 1. Since A} (&) is decreas-
ing in &., we obtain that /,(&¢.) is a concave function of &. For any 0 < & < vy,
we have Sy(§) > ;. where vy = VaR 1 (X) = inf {x > 0: Sy(x) < 117 }. Thus,
hi) =1+0)Sx() —1 > 0forany 0 < & < vy, and A, (&) is strictly increasing on
[0, vg). For any ¢ > & > vy, we have Sy(&.) < ﬁ. Thus, (&) = (1 +6)Sx(E)—1<0
for any ¢ > & > vy, and &, (&,) is decreasing on (vg, c]. Hence, maxe, o, 11 (&) = hi(vg).
b. Obviously, i,(&.) = (1 + 6) fi& Sy(x)dx — &. is continuous and differentiable with
hy(&) = (1+0)Sy(c—&.) — 1. For & < ¢ — vy, we have ¢ — & > vy and Sy(c — &) < ﬁ.
For &, > ¢ — vg, we have ¢ — &, < vy and Sy(c — &) > ﬁ Thus, /1,(&,) is decreasing on
[0, ¢ — vy), strictly increasing on (¢ — vy, ¢] and ming,ejo,j 12 (&) = ha(c — vg). Since ¢ < a
and Sy(x) is continuous and decreasing in x > 0, we have, for &, € [0, c],

& a o0 ¢ a
hi(&e) —ha(6) = (1+0) </ +/ +/ )Sx(x)dx—(1+9) (/ +[ )Sx(x)dx
0 c a c—&; ¢
& c =)
=<1+9></ -+ )Sx(x)dx
0 c—&¢ a

& o]
—(146) / [SK(x) — Sx(x + ¢ — £)]dx + (1 +6) / Se()dx > 0,
0 a

where Sy(x) > Sy(x+ ¢ —&.) and Sy(a) =« > 0.
|

Proof of Proposition 4.2. We prove (b) for the function A4, only. The proofs for all the
other functions and results in (a)—(f) can be obtained using similar arguments and are omit-
ted.

(b) Clearly, 4, (§,) = PIé (= (1+6) (fo ‘4 ffﬁ"*é“ +fhoc) Sy(x)dx is continuous and
strictly increasing in &, with 4; (§,) = (1+60)Sx(c +&, —&.) > 0. Note that Sy(c +§, —&.) <
SX(C) = 1—)/ < ﬁ and % [Eu - A& (gu)] = 1_(1+9)SX(C+Eu _EL') > 0. Thus, éa - Aél. (ga)
is continuous and strictly increasing in &, € [&., & + b — ¢]. ]

Proof of Proposition 4.3. The proof of this proposition is similar to the proof of Propo-
sitions 4.1 and 4.2 and is omitted. |
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Proof of Proposition 4.4. (a) Note that E. C [0, ¢]. If E, = [0, ¢], then " = 0, §M = ¢
and the proof is done. Now, assume E. # [0, ¢]. From (29) and (30), &. € E. is equivalent to
hi(&.) > Ly and hy(&.) < Ly — c¢. From Proposition 4.1(a) and (b) we have that A, is concave
and £, is convex on [0, c]. Denote £” = inf E, and £ = sup E.. Then, 0 < & < &M < ¢
because E. C [0, c]. There exists a sequence {x,}°-, C E. such that x, — £ asn — oo.
For each n, we have (x,) > L; and hy(x,) < L, — ¢ because x, € E.. By continuity of
hy and hy, hi(E) = lim, o0 h1(x,) > L3 and hy(§)") = lim,_,» h2(x,) < L; — ¢ and thus,
&" € E,. Using a similar argument, we can prove §¢¥ € E,. For any & € (&7, &), there
exists A € (0, 1) such that & = A&™ + (1 — A)EM. 1t is easy to see that & € E. because
hi(€) = h(AE" + (1 — AEM) = Ah(EM) + (1 — M (EM) = ALy + (1 — A) Ly = L3 from
the concavity of /1j; and 3 (&) = ha(AE"+(1—A)EM) < Ahy(E™)+(1— A)ha(EM) < A(L—
)+ (1 — A)(Ly — ¢) = L — ¢ from the convexity of /. Therefore, E. = [£7, £M] C [0, ¢].

The proofs of (b) and (c) are similar to (a) and are omitted. ]

Proof of Lemma 4.1. We assume a < b. The proof for the case of ¢« > b is similar to the
case of @ < b and is omitted.

(1) = (i1). Suppose (8) and (9) hold, which are equivalent to /i;(¢c — vg) < L; — ¢ and
Ls < hy(vy), respectively. We will prove Z, # @ by considering the following two cases:

Case 1: If /,(0) V hy(c) > L; — ¢, by the continuity of /1, and (8), there exists &. € [0, ¢]
such that s,(¢,) = Ly — ¢, and thus Ly < L) — ¢ = hy(&.) < h1(&.). Consider the contract
I(x) = (x—c+&)" —(x—a)" € I.Itiseasy to check that I(¢) =&, I(a) = &.+a—c, and
P; = hy(§)+E = Li—c+é&.. Thus, I € I sincea—I(a)+ Py = a—(§.+a—c)+Li—c+&. = Ly
and P — I(¢)= L, — ¢ > Ls.

Case 2: If 1,(0) vV hy(c) < Ly —c¢, then hy(&.) < Ly —cforall & € [0, ¢], and in particular,
hy(vg) < Ly — c¢. Note that Ly < /1(vg) by (9), we have

Vg — ¢+ Ly > ha(ve) + vy = P

Vg, vgt+a—c

and vy + Ly < hy(vg) +vs = Pm

vg, vg+a—c’

where I} ., (X) = (x—c+vg)" —(x—a)" and Ivj;lug-%-a () =x—(x—vp) T+ (x—¢)F for
all x > 0. Since ¢ < L; — L3, we have vy + L3 < vg — ¢+ L;. Note that PIL’;,UW, L=< P’u’;’L9+a o
and thus (vy + L3) V P,;n <(wg—c+L)A PIU’K_ e’ Using similar arguments to those
used in the proof of Lemma 3.2, we know that as a function of (dy, dy) € [0, ¢ — vg] X [a, <],
P, = Pidi,d) = (1+06) ( it 4 fdz) Sy(x)dx can take all its intermediate values in

the interval [P,m pae , Prv . N Thus, there exists (d;, dy) € [0, ¢ — vg] X [a, oo] such that
6. vo

Pi(dy, d>) = (vo+ L3) v PIZ’;‘UWH Consider the contract I(x) = (x—d))T — (x—d; —vg) " +
(x—c)T—(x—dy)*, itis easy to check that I(¢) = vy, [(a) = vg+a—c,and P; = Pi(d;,d>) =
(1)9+L})VP[L prae .Thus, I(¢)+ Ly =vg+ L3 < Pp<vg—c+ L =I(a) —a+ L, and
I e IZ

Therefore, by combining Cases 1 and 2, we get 7, # (.

(i1) = (iii). Suppose Z, # @. For any I € 7,, denote &. = I(c), &, = I(a) and &, = I(b).
Note that for a < b and I € Z,, we have §, < &, and &, —|— L; < P <& —a+ L, and
thus (26) holds. It is easy to check that ", . (x) < I(x) < E e,.5,(¥) for all x > 0 and thus

Py e, = Pr= P Moreover,weget (5 + L)V Py < Pr= (o —a+ LoAPy,

and it implies that (27) and (28) hold for (&, &, &). By its definition, (&, &, &) € E. ., and
then ., # 9.

vgt+a—c
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(iii) = (i). Suppose E. . # ¥. From (27), we get

& c+&q—& a+ép—&a 00
0 c a b

& 00
<(1+490) (/ +/ )Sx(x)dx—éc:hl(a) < hi(vy).
0 c

Thus, (9) holds. From (28) and the fact that &, — 4" (£,) is increasing in &,, we get

¢ a b
a—Llssg—(1+9></ +/ +/ )Sx(x)dx
c—§¢ a—&q+&c b—&p+éq

<& —(1+40) ( [+ ) Sy(dx = £, — 4 (&)
c—&c a—&q+&c

<& ta—-c—AlE+a—c)=a—c— () <a—c—hilc— vy,
where hy(§.) = A7 (6. + a — ¢) — &.. Thus, (8) holds. |

Proof of Lemma 4.2. We assume a < b. The proof for the case of ¢ > b is similar to the
case of @ < b and is omitted.
For any I € 7,, from the proof of Lemma 4.1 for (ii) = (iii), we have (&, + L3)V Py ey =

Pr<(¢,—a+ L])/\PlsMs . ,where (&, &, &) = (I(c), I(a), I1(b)) € E.4,- By the definition
c.§a.6p

(36) of P, ¢, ¢, it is easy to check Py < Py 1(a), 1) f0r 0 < A < 1/2and P; > Py, 1a), 1) fOT
1/2 < & < 1. Therefore, we have A — 1) P; > 21 — 1) Pi(). 1. 15> and

V() = ha+ Qh— V)P — AI(@) + (1 — 2)I(b)
>ra+ Qr— D Py 1@, im — M (@) + (1 —1)I1) = w(c), I(a), I1(D)).

Thus, min,ezz V(I) > min@(,,gafh)egwﬁ w(Er, é;_a, Sb)

On the contrary, for any (&, &,, &) € E..4.5, using similar arguments to those used in the
proof of Lemma 3.2, we know that there exists / € Z such that P, = P ¢ ¢, 1(c) = &,
I(a) = &, and I(b) = &,. Thus, [ satisfies & + L; < P < & + Ly —a,namely [ € 7,
and V(I) = w(é., &, &). It implies that minsez, V(1) < ming, ¢, 5)ez, ., W &q. &). Thus,
minlelz V({I) = min(s(‘,ga,sb)ezm,b w(&e, a5 8p). n

Proof of Lemma 4.3. (a) Assumea < band 0 <X < 1/2. For any (&, &,) € B X Eug,
where B, = [, EM and B, ¢, = [£7(E.), EM(E)], in the first step, we solve the problem of

¢

ming, ez, . W&, 4. &), where Epe, ¢, = [6" (€. £a). £ (5. §4)]. By Lemma 4.2, we have

W s ) = ha+ 24— D[ (L —a+8) A Py

&c.ba kp

] — M+ (1= 1)
=ra— A, + A&+ (1 —22) [(Sb —Lita-§)v (g” - Pféffsafb)] ’

thus w(é,, &, &) inherits the increment in §, € Ej¢ ¢, from the function &, — PIeMs . by
c.a.§p

Proposition 4.2(a). Therefore, the minimizer of ming,cs, . ., w(&, &, &), is the left-end point

&y (e, 6a) = &80, 8,) of the set By, ¢, -
In the second step, we solve the problem of min w(&, &, &) (¢, 8)) =

a€Sa ke

Emﬁin wy (&, &). In doing so, consider the supremum of the set {§, € E,¢ @ 4 (§) <
a€Ea ke
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&. 4+ L3}, denoted by

Ea,& sup {“;:a € ua & - A& (grl) < é;_( + L3} (50)

By convention, the supremum (50) is defined as the left-end point £"(&.) of the set B, ¢, if
the set {E“ € B, ¢ As (&) < &+ L;} is empty. Note that 4 (&,) is continuous and strictly
increasing in &,, thus there are three possible scenarios for the supremum (50). First of all, if
£+ Ly < A (§)'(5.)). then &, = &"(€,). Second, if Ae, (§'(€.)) < & + L3 < A, (§M(E.)),
then £7(&,) < &,6, < EM(E,) and 4, (§,6) = &+ L. The last scenario is that if 4z (M(&,)) <
& + L, then &, = £M(&.). In the following, we discuss the properties of the function
wy (&, &,) in the second scenario, that is to assume Az, (67 (§.)) < & + Ly < A (EM(E,)).
Case a.l. For &"(&.) < & < &4, we have 4 (§,) < & + L3, and then PIM

e b ba
As, (§,) < & + Ls. By (31), we have P;m > &+ Ls. Since P,M is continuous and

&c.ba ba+b—a &c.ka.p
strictly increasing in &,, we know that the equation P[M . = &. + L3 has a unique solution

c.éa.

&0 € [€4, 4 + b — a], namely, (27) is satisfied by (&, &, &.9). Meanwhile, (28) is satisfied by
(SL" gav Eb,()) because PIg({.Eaf = P = Sc + L3 = Ll —da +Sa Thus (étv gas Sb 0) € *—‘L a.b

b,0 E(',Eaf[,'o
and &9 € Epg. ¢,. Forany & < &, , because PIEM < &. 4 L3, namely, (27) is not satisfied,
catp

we have that (&.,&,,&) ¢ E..» and then & ¢ E,¢ ¢ . Therefore, £'(&., &) = &, and

P, i e = &+ L3. Now, for any & and & such that £]"(§,) < & < & < £,¢,, we have
£ b & G o)
that Sb (&, &) satisfies P,M =&+ Ly, fori =1, 2. Then, the equation Pu =
& k) £ 81 G k)
&+ Ly= P 1mp11es that

E('«ELEL” (&c,&)

a+&)" (5c,61)—1 et~k
[ Sy(x)dx = / Sy(x)dx > 0.
a+&) (.2~ e+ —ée

Since Sy(x) is positive and decreasing in x, we have a + &, (&, &) — & — (a+ &} (&, &) — &) >
c+& —& —(c+& —&) and thus &' (&, &) > & (&, &). Moreover, & (&, &) — &" (6., &)
as & — &;. Therefore, &"(&., &,) is continuous and decreasing in &, € [£)(&,), £4¢,]- Since
§; (e, 8a) = &8, &) and Py =&+ L3 < Ly —a+§, we have

R HORN)

wa€e, §) =ra+ (20— 1) [(Ll —a+8)N P — M+ (=0 &)

Ie, G su)]

=Aa+ (2)‘- - 1)(ét + L3) — )“ga + (1 - A)g;(gu Eu)

is continuous and decreasing in &, € [§"(§.). &6 ]. In particular, when &, = &,¢, it is
easy to check that the equation A4 (£,:) = & + L; implies that &"(&.,&,¢) = &, and
wa(Eer Eag) = Aa+ (1= 22) (ae, — (& + La)).

Case a.2. For &,;, < &, < §M(&,), we have that 4, (§,) > & + Ls, then (27) is satisfied
by (&, &4, &,). Since &, € B,¢,, (32) implies that (&, &,, &,) satisfies (28). Thus, (&.,&,, &,) €
8c.qp- It implies that &, € Ep ¢, ¢, and then &;" (&, &,) = &,. We have (&, §,) = &, and

wZ(Su Su) =la + (2)\ - 1) |:(L1 —a+ Eu) AP - )"ga + (1 - )‘)gb*(gu ga)

Lta, & e, sm:|

=xa+(1=20)[(a— L)V (& — 4. ()],
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which inherits the continuity and increment in &, form the function &, — 4, (§,) by Proposition
4.2(b). Note that & + L3 <&,¢, —a + L, and then

slgns. wr(Ee, §) = ra+ (1 =20 [(@ = L) V (e, — A Gag))]

=xa+ 1 =20 [@@—L)V (s — G+ L3))]
=ra+(1=22) (bag — Ge + La)) = wa(Eer Eu,)-

By combining Cases a.1 and Case a.2, we obtain that, when 4 (§/"(&.)) < & + L3 <
Ag, (EaM(éy)), the function w» (&, &,) is continuous in &, € E,¢ and minimized at the point
EXE) = &g ITE 4+ Ly < A (§)'(£.)), by using the same arguments in Case a.2, we have
that w (&, &,) is continuous in §, € E, ¢, and minimized at the point £*(§,) = &, ¢, = &' (&.).
If 4, (SHM(SC)) < &+ Ls, by using the same arguments in Case a.1, we have that w, (&, &,)
is continuous in &, € E,,, and minimized at the point £(&,) = &, = £M(&.). In short, we
conclude that w (&, &,) is continuous in &, € &, ¢, and minimized at the point §(§,) = &, ¢,.

In the last step, we solve the problem of ming ez, wa (&, £7(&.)) = ming, .z, w1 (). Note
that, for each & € E., EM(&) = & +a — c and §7(&.) > & + Ly + a — L,. By Proposition
4.2(b), we know that &, — 4, (§,) and &, — A4 (§,) are both continuous and strictly increasing
in &,. Consider the following two cases:

Casea.i. If Ly < hs(&.),namely &+ Ls < Ag (§.+Ls+a—L;),notethat £/ (&) > &+ Ls+
a—L;and 4, (§,) isincreasing on E, ¢, , thus Ag (§)'(5.)) = Ag, (6. + Ls+a—Ly) > &+ Ls. It
implies that the set {£, € Bq¢, : g (§,) < & + L3} is empty. Thus, we have £/ (£,) = £ (&)
and A (§5(&.)) = & + Ls. From the arguments in Case a.2, we have £;(&., £ (£.)) = /(&)
and

wr(Ee, €) = ha+ (1= 23) [(a = L) V (§5(E) — 4, (€5 (ED)] .-

Suppose A, (6 (6)) < &6+ Li —a. then £ (6) > Ax, (6;(6)) — Li+a = &+ Ly +a— L,
and &7 (&) — A2 (8] (£) > £ (E) — A; (&7 (€.) > a— L;. Note that & — A (&,) is continuous
and increasing in §, € E,¢, then there exists £ € [§, + L3 + a — L, (&) such that
& — A (§) > a — Ly, which implies that & satisfies (31). Moreover, & satisfies (32) because
€+ Ly < A6+ Ly +a— L) < A, (&) < AY(&). Conditions (31) and (32) imply £ €
8g¢, namely & > £(£.), which contradicts the fact that § < £(&.) = £)'(&.). Therefore,
As, (X (E)) > EX(E) + Ly — a and wy(§., &) = Aa + (1 —2X)(a — Ly) is a constant function.

Case a.ii. If Ly > hs(§.), namely & + Ly > A, (5 +a — Ly + L3). Since A (&, +
b—c¢) = & + Ls, by (29), and the fact that A4 (§,) is continuous and strictly increasing
in & € B¢, we see that there exists &, € [§ +a — L, + Ls, & + b — ], which is the
unique solution to the equation of 4g (§,1) = Ls + &. Thus, (&) = &1 A EM(E) =
Eaa NG +a—c) <& and A (§5(5)) < A (§,1) = & + Ls. Consider the contract
I(X)=x—(x—&)"+(x—o)" —(x—(c+ &1 —&))T + (x—b)*, it is easy to check that
I(c)=¢&,1(a) = E+a—c)NE 1 =E(), 1(b) =&,1,and P = A (§,1) = &+ L. Since
IO+ Ly=6+Ly=P =&+ Ls+a—L)—a+ L, < I(a)—a+ Ly, wehave I € T, and
(‘g:(‘v (g(‘—’_a_c)/\ga,l ) ‘g:a,l) € E(‘,u,b- For any gb < ga,l , We have (gcs (EL‘+a_C) /\gu,l s Eh) ¢ E(“a,b
because either (26) is invalid when &, | < &.+a—c, or (27)isinvalid when &, | > &.4+a—c from
the observation that P,é{&“%sh = A (&) < As (6,1) = &+ Ls. Ttimplies that &, ¢ 8y e,

for any &, < &, and then &/ (&, £ (&) = &5, &5 (&) = &,1. It is easy to check that,
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= Ae.(6s1) =&+ L3 <& 1 —a+ L. Thus,

T Geta-0nEq 1
wi6e) = ra — A& (&) + (1 — M§ (6. &7(6)
+@2r—1) |:(L1 —a+EENAN Py ]

e &G0 &7 Ge 8 Gon

=i —ME+a—o)nE )+ A =&+ Ch—D(E+ Ly)

and it has derivative on the set 8. \ {& : A, (6 +a —¢) = Ly + & +a — ¢} with

d
wi(E) =1 =% = A1 <& +a—o)] (ds;sa,l - 1)
= : : S I—A—Al .
_Sx(c+sa.1—sc)<1+a‘ X@t-)>[ — A= I <& +a—o),

where %%‘«,1 =1+ [ﬁ — SX(SC)] /Sx(c+E&,1 —&.) since &, | satisfies the equation &, + L3 =

Az (E,1). Note that w) (&) < 0 <= L < Sx(6) < & < v,.

By combining Case a.i and Case a.ii, we obtain that w} (&) < Owhené&, < vy and w} (&) >
0 when & > vy. Therefore, £ = £ v (vo A EM).

The proofs of (b) and (c) are similar to (a) and omitted.

(d) Assume b < @ and 1/2 < A < 1. By Lemma 4.2, we have

W, 6) = Aa — b+ (1= D&+ QA= D [ G+ L v Py ]

=ra+ (=D&~ (1 =&+ -D[E+ L)V (P, —&)].

- Ea

Thus, w(&,., &, &) is continuous and decreasing in &, due to the properties of PI;{ -

given in Proposition 4.3(a). Hence, we have &7 (&, &) = EM(&, &) = & +a — b and

waEe, &) =w(&c. &, (6, 6). &) =ra — A& +a—b) + (1 = 1)§,
+@h =D [+ Ly) v B(&)]
=Ab+ 24— D [+ Ls — &) v (B (&) — &)] -

Thus, wy (&, &) is continuous and decreasing in &, due to the properties of B'(&,) — &, given
in Proposition 4.3(b). It implies &; (§,) = £M(&.) = & + b — c and thus

Smip wi(£) = SLIIélél‘ wa (&, & (&)

€8,

=min {Ab+ QL — D [(c+ Ls —b) vV (Bl +b—¢) — (. +b—0)]}

= 1213 {A=20b+2r—Dec+QCr—D[Ls Vv hy ()]}

=(1—Mb+Q@r—De+Qr—1) [L3 v min (sc)] .

Since £, (£,) is continuous, decreasing on [0, ¢ — vg), and increasing on (¢ — vy, ¢], we obtain
that wy (&) is continuous and £ = & v [(c — vg) A EM]. [ ]
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Proof of Theorem 4.1. We assume a < b. The proof for the case of @ > b is similar to the
case of @ < b and is omitted.

Fora < b, we have & = &/(§, &) € Epgrer. Note that Ep s ¢ is the set of all &, €
(£, &7 +b—a] such that (57, &%, &) € B, thus (§7, £, &) € Bcap. Itis easy to check that
any contract / of the form

I()=(x—d)" = (x—di =) "+ (x—d)" — (x—(dah + & —ENT
(X =d)" = (x = (ds+ & —ENT+ (x —da)* (51)

for some (dy, d», d3, dy) € [0,¢c — &) x [c,a — & + &] x [a, b — & + EF] x [b, 00], satisfies
1e€Z,I(c)=¢)1(a)=¢;, 1(b) =&} and IE”*’ £, é*(x) <I(x) < I?sm;(x) for all x > 0. For
1 of the form (51), its premium is given by

di+&F dy+E;—EF d3+EF—EF 00
Pr= Pdy, dov ds, di) = (1 +0) f +f +/ +/ Sy(x)dx,
dy dy ds dy

which is a real-valued continuous function of (di,d>, ds,ds). Thus,
{P; : I has expression (51)} = [P, P,y ] By (36), we have P,m e = Pererer <

E*e*s*’ € n et RN -

Py and & + L3 < Per g, g < &* —a + L,. Therefore, there exists I* € 7, such that
R

I'(c) =&, I'(a) = &, I"(b) = &}, and Py = Per x, g Forany I € T, denote & = I(c),

& =1I(a),and §, = I(b) then
V") =ra+ Qr— D Py g e — 26, + (1 =& =w(&, &7, &)
=w(E L ENED EXENENEDN)) = waEl EXED) = w (£)) = glellsn wi(§)

< w (gc) = 51;%111 w2(scs g) = wZ(sm sa) - InlIl w (gc, %-as 5)

§c.a

s w8 8p) =ra+ Q2r = D P g — 2+ (1 = 1)& < V(D),

where the last inequality is from the proof of Lemma 4.2. Therefore, a contract /* of the form
(38) for some (dy, db, d3, ds) € [0, c—EF]x[c, a—EF+&x[a, b—Ef+&]x[b, o0], satisfying
I(c) = & I'(a) = &, I"(b) = & and P« = Per er et is an optimal solution to Problem
(25). [ ]

Proof of Corollary 4.1. Suppose a < band 0 < A < 1/2. By (29) and (30), we have that
& € B, isequivalent to /1(§.) > L; and hy(&.) < L; — c. Note that (8) implies /1;(c — vy) <
L; — ¢ while (9) implies /1 (vg) > Ls.

a. Assume /1,(vg) < L; — c. Note that /;(vy) > L, thus we have v, € E.. By Lemma
4.3(a), we get £ = vg It follows that & = &7 (vg) = sup {& € By, : Avg () < vp + L3},
& = &5 (vg, &) = &' (vp, &)), and Pergrer = (L1 —a +EH AP L

¢ a8

i. If Ly < h4(vg), note that hi4(vg) < hs(vg), thus vy + L3 < Ay (vp +a— Ly + L;) <
Ay, (Vg +a — L + L3). From Case a.i in the proof of Lemma 4 3,wehave § =& =
&M (vg). We will specify the value of &)"(vg). Since (vg +a — L + L3) + Ly —a <
Ay (vp+a— Ly + L) from L; < hy(vg), (vg+a—c)+ Ly —a > Ay (v +a—c) from
hz(ve) < L —c,and Ay (&,) 1s continuous and strictly increasing 1n &, € Bg,y,, there
exists &, € [vg+ Ly +a — Ly, vg +a — c], which is the unique solution to the equation

of &0+ Li —a = Ay (§,0). Hence, &, satisfies (32) for & = vy. Meanwhile, &,
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satisfies (31) for & = vg because vg+ L3 < &, 0+ L1 —a = A (Ea0) < Af,'g(fa,o) Thus,
&,0 € Bq,- Forany &, < &, since &, — A} (&) is strictly increasing, we know that
& — Ay (Ea) < Eao— Ay (6a0) = a—L3. 1t implies that (32) with &, = vy is not satisfied
by &,, and then &, ¢ E, ,,. Therefore, £/ (vg) = &,,. It follows that & = £ = &, and
Pererer = (Eao+ Li —a) A Py = a0+ L1 —a) N Ay (§a0) = &0+ L1 — a.

9:5a,0+64,0
Hence, I*(x) = (x—c+uvp) T —(x—c)T+(x—(a—&,0+vs)) " — (x—a) ™ since it is easy
to check that I*(c) = vy, I*(a) = I*(b) = &0, and Pp = A7 (§,0) = Eu0 + L1 — a.
Thus, I* is the optimal contract by Theorem 4.1.

ii. If hy(vg) < L3 < hs(vy), which means Ay (vo +a— L+ Ls) < (ve+ Ls+a— L)+
Li—a=vy+Ls < A, (vg+a— L, + L3), then vy + L3 +a — L, satisfies (31) and (32)
for & = vg. It implies vy + L3 +a — Ly € 8,,,, Where E,,, C [vg + L3 +a — Ly, a]
by its definition, and thus, £)"(vs) = vy + L3 + a — L,. From Case a.i in the proof
of Lemma 4.3, we have & = & = §"(vy) = vo + Ls +a — L and Py gz er =
&+ Ly —a)Ale . =E+L—a)ANAy,(vo+a—Li+ L3) =vg+ L3. Asa

&
function of (d,, d>, d;) € [0, ¢ — vp] X [¢, Ly — Ls] x [b, <],

dy+vg dy+a+L3—L; 00
Pr = Pi(dy,d>, d3) = (14 6) (/ +/ +/ ) Sy(x)dx
d 1y d-

3

can take all values on [P;(¢c — vy, Ly — L3, 00), P;(0, ¢, b)]. Since P;(c — vy, L —
L3, 00) = h4(vg) +vs < Lz +vg < hs(vg) +v9 = P7(0, c, b), there exists (d}, d5, d}) €
[0, ¢ — vo] x [c, L — L3] x [b, oo] such that P;(d}, dj, dj) = vy + Ls. Therefore,

Fo)=(x—d)t - (x—df —v)* + (x—d)*
—(x—d5—(a—Li+ L) +(x—d)*

because it satisfies /*(x) = & for x = ¢, a, b and Py = Pi(d}, d;,d}) = vs + Ls.

iii. If 25(vg) < Ls, by the arguments in Case a.ii in the proof of Lemma 4.3, we know
that there exists &, € [vg + L3 +a — L, vy + b — c] such that 4,,(§,1) = ve + L3
and (§f, &5, &) = (vg, (Vg +a — ¢) A&, 1, &,1). It implies that Pergrgr = () —a+
L) A P,w =¢Er—a+ L) A A,E.1) =vy+ Ls. Hence, I*(x) = x — (x — ve) T+

58k e
(x—0o)t — ()lc —(c+ &1 —ve))" + (x — b)* since it easy to check that I*(x) = &* for
x=c,a,band Pr = A4,,(5,1) = vp + Ls.

b. Assume /,(vg) > L; — c. Note that h,(¢c — vy) < L; — ¢ and h, is continuous and

monotone on [vy A (¢ — vg), vy V (¢ — vg)], thus the equation A, (¢,) = L; — ¢ has solutions
on [vg A (¢ — vg), vg V (¢ — vg)]. Denote

Ef—emy, =Inf{E € [ug A (c—vp), v V (c—vy)]: My (&) = Ly —c}. (52)

Notice that Ly < Ly — ¢ = ha(§,—c.n,) < hi(§,—c.,) implies that (29) and (30) are
satisfied by &, 5, and thus &,,_. 5, € .. Suppose vy < ¢ — vy, then vy < &, p, <
c—vy.Forany&. < &;,_. ,, wehave hy (&) > L; —c because , is decreasing on [0, ¢ —vp].
It implies that &. ¢ &, because it does not satisfy (30). Thus, &7, _. 4, = &' and moreover,
Vo < Epy_cn, = EM < EM. By Lemma 4.3(a), we have & = £ v (v AEM) = &1, 1, In
the other case of vy > ¢ — vy, we have hy (&) > hy(§,—c.n,) = L1 —cforany & > &1, _c 4,
because /i, is strictly increasing on [¢ — vy, ¢]. It implies that &, ¢ E. because it does
not satisfy (30). Thus, M = &;,_. 1, < ve. By Lemma 4.3(a), we have £ = £" V (vg A
gM) = &r,—c n,- Therefore, in both of the two cases, £ = &, _. 5,. Note that the equation
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ha(Er,-c n,) = Li — c can be rewritten as Ag" E+a—-c)=(E+a—c)+ L —a. Since
the function &, — A’g} (&) is strictly increasing in &,, for any &, < &' + a — ¢, we have
§.— AL (&) < (6 +a—o)— AL (5 +a—c¢) = a— Ly, which means that (32) with § = &7
are not satisfied by &,. Thus, 8,z = {g: +a-— c} is a single point set. It is easy to check
thaté; = & (57, 6)) =& =& +a—cand Py g er = (Sj—a—l—Ll)/\P,SM =& —a+L,,

L
where Py, = Az (6 = ALED = (@) + 8 = Li—c+ 8§ =§ —a+ L. The

contract I*(x) = (x — ¢ + &r,—cn,)T — (x — @)™ is the optimal one because it satisfies
I"(x)=¢&forx=c,a,band Pn = hy(§)) — & =& —c+ L;.

[ ]
Proofs of Corollaries 4.2 and 4.3 are similar to Corollary 4.1 and are omitted.

Proof of Corollary 4.4. Suppose » < a and 1/2 < A < 1. By Lemma 4.3(d), we have
%':‘ = §Z”v[(c — Ug) N fl.M], S: = Sf—l—b—c, S: = S(’.‘—I—a—c and ng,gg.gg = (E:‘}'L})\/P[m =

6880 8
&+ Ly) v (hao(8) + &)). By (29) and (30), we know that ¢ — vy € E, is equivalen; to
hi(c —vg) > Ly and hy(c — vg) < Ly — ¢. Note that /i;(c — vy) < L; — ¢ by (9).

a. Ifh(c—vy) < L3, then c —v, ¢ E.. Furthermore, note that /1; (vy) > L3 by (9) and /& is
continuous and monotone on [vs A (¢ — vg), vy V (¢ — vp)], thus the equation /;(§,) = Ls
has solutions on [vs A (¢ — vg), Vs V (¢ — vg)]. Denote

Erym =suplé. €[vg Alc—vg), vy VvV (c—vp)]: My (&) = Ls}. (53)

Then, we have & (&1, 5,) = Ls. Moreover, h,(&;,,) < hi(§1,0,) = L3 < Ly — c. Thus,
&, € Be. Suppose vy < &7, 5, < ¢ — vy, since /1; is decreasing on [vy, ¢ — vg], we have
hi(&) < Ls, for any & > &, ,,, namely & does not satisfy (29) and & ¢ E.. It implies
that §M = &7, < ¢ — vg and thus §* = &, ,. Suppose ¢ — vy < &1,;, < vy, since h
is strictly increasing on [¢ — vy, vg], we have /(&) < h1(§, ) = Lz forany & < &1, ,,,
namely & does not satisfy (29) and £. ¢ E.. We also conclude that & = & = &/, ;,.
Moreover, Pt gr.6r = Eryny + L) V (ha(Eryng) +E1ym) = L +Ery0,, Where 2 (81, 5)) <
hi(ryn) = &1,.0, - The optimal contract is I*(x) = x — (x — &7, ,)" + (x — ¢)* because
it satisfies I*(x) = & for x =c,a,band Pp = &1, 5, + 11 Eyn) = Eryn + L.

b. If hi(c —vp) = Ly whichmeansc—vy € E.,then&§ =c— vy, &§f =b— vy, & = a — vy,
and P&-Z?vg:f;‘ = ¢ — vy + L3 V ha(c — vy). As a function of (d;, dy) € [0, vy] X [a, o<],

dy+c—vg

P = Pi(dy,dr)) = (14+06) (/dl + fn" + fdzo) Sy(x)dx is continuous and can take all

the values on [ P;(0, a), P;(vy, 00)]. Note that /(¢ — vy) > L3 by (29) and (&) > hy (&)
forall & € [0, c], then P;(0,a) = hi(c —vg) +¢c—vg = L3V hy(c —vy) + ¢ — vg. Together
with P;(vy, 00) = hy(c — vg) + ¢ — vy < L3 V ha(c — vy) + ¢ — vy, we know that there
exists (df, d3) € [0, vg] x [a, o] such that P;(df, d;) = Py ¢3¢ - The optimal contract is
Fx)y=x—-d)t—(x—df —c+v)"+(x—0" — (x—a)" + (x — di)* because it
satisfies I*(x) = &} for x = ¢, a, b and Pp = Pi(df, d3) = L3 V hy(c — vg) + ¢ — vg.
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