TEACHING NOTES 155

Teaching Notes

Extending the parity proof that 42 is irrational

The following argumentextendsone of the usual proofs that v2 is
irrationalto showthatvk? + 1 is irrationalfor all oddintegersk. Assume
for contradictionthat vk? + 1 is rational. Then+vk? + 1 = k + & for
integersa, b with 0 < b < a and the fraction £ in its lowest form.
Squaringboth sidesleadsto 1 = 2k2 + g—i or @ — b?> = 2kab so that
(@-by(a+ b) = 2kab (*). Since? is in its lowest form, we have a
contradiction because either:

* @, b areboth odd, in which case4 dividesthe left-handside of
(*) but not the right-hand side (becausis odd);
* a, b haveoppositeparity, in which casethe left-handsideof (*)
is odd and the right-hand side even.
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Areas of images of singulaB x 3 matrix transformations

Fora3 x 3 matrix, A |detA givesthe volumeof theimageof the unit
cubeundertransformatiorby A. For a singularmatrix this is zero, but we
canstill ask:whatis the areaof theimageof the unit cube?If the columns
of Aarea, b, ¢ thentheimageof the unit cubewhenA s singularlies in the
planespannedy a, b, c andis the convexregiongivenby aa + b + yc;
0 < a,8,y < 1. Asin Figure 1, thisis a hexagonwith pairsof parallel,
equal sidesrepresentedy the vectorsa, b, c. It is madeup of the three
parallelogramdabelledl, II, 1ll spannedy the respectivepairs of vectors
a, b; a, ¢; b, c. The area of the hexagon is thus

la x bl +|axc +|bxd. (¢D)

FIGURE 1: Possible images of the unit cube.

Evaluating the three vector productsin (1) thus answersour original

question, but it is worth making two further points in connection with (1).

e If we omit the modulussignsin (1), thenax b +cxa+ b xc
givesa normalvectorto the planecontaininga, b, c, [1]. (It will beOif
a, b, c are collinear.)
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e Usually, calculating the matrix of cofactorsAfs a waste of time iAis
singular,but herewe note that any row and non-zerocolumngivesus
all the information we need to evaluate (1).

212
For example,if A= (a b c) =|-1 2 3| then the matrix of
1 45
-2 8 -6
cofactorss| 3 -12 9 | Thecolumnsarethe (necessarilyarallel)
-1 4 -3

vectorsb x ¢, ¢ x a, a x b but to work out (1) all we needis the
magnitudeof the first column 1/(-2)2 + 3 + (-1)2 = V14 and the
size of the ratio betweenthe column vectors1: 4: 3 from which (1)
evaluates agl + 4 + 3)V14 = 8V14
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