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We consider the equation Au = Vu in the half-space Ri, d > 2 where V has certain
periodicity properties. In particular, we show that such equations cannot have
non-trivial superexponentially decaying solutions. As an application this leads to a
new proof for the absolute continuity of the spectrum of particular periodic
Schrédinger operators. The equation Au = Vu is studied as part of a broader class
of elliptic evolution equations.
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1. Introduction

We are interested in the possible decay rate of (distributional) solutions to the
equation

(—A+V)u=Eu (1.1)

where A is the Laplace operator on R?, V is a measurable function and F is a
constant. Landis (see [6]) asked if the boundedness of V is sufficient to exclude
superexponentially decaying solutions. More precisely, suppose V is bounded and
u solves (1.1) in the exterior region Qg = {x € R? : |2| > R}, R > 0, while eIy is
bounded on Qg for all A > 0; does it follow that « =0 on Qg?

Viewing E as a spectral parameter (1.1) becomes the spectral equation for the
Schrédinger operator with potential V. In this context, Simon [12] posed a related
question about superexponentially decaying solutions; in particular, if V' is such
that —A + V defines a self-adjoint operator with a non-compact resolvent does any
non-trivial solution of (1.1) satisfy e*l*lu ¢ L? for some A > 0? Note that, V must
be real-valued for —A + V to be self-adjoint, while —A + V' has a non-compact
resolvent for any bounded V.

If one considers complex-valued V' the answer to Landis’ question is negative.
In particular, given ¢ € [0,1/2) there exists a continuous complex-valued V on R?
and non-trivial u € C?(R?) with V(z) = O(|z|~¢) as |z| — oo, Au= Vu on R
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and eMN=I" 77y € L for some A > 0; see [9] for the case ¢ =0 and [2] for the

generalization to € > 0.

On the other hand, Landis’ question is known to have a positive answer when
d =1 (essentially a classical result for ordinary differential equations), when d = 2,
E=0and V >0 [5], and for any £ € R and V with V(z) = O(|z|~'/2) as |z| — oo
[3,8]. For E € R and bounded real-valued V', superexponentially decaying solutions
of (1.1) can also be excluded under some conditions which stabilize V' (z) for large z;
in particular, this holds when (the distributional derivative) (z.V)V is also bounded
[1,3]. A complete answer to Landis’ question for real-valued potentials, or to the
more general question of Simon, remains unknown.

In the present work, we consider functions V' which are periodic transverse to a
given direction. This naturally favours working on a half-space; since {2r includes
a translated copy of any half-space, our results will also apply to exterior regions.
Let Ry = (0, 4+00) and ]Ri =R xR,.Forz € Ri, we will use the notation z =
(T,t) where T = (21,...,24_1) € R T and t = x4 > 0. Also set (T) = (1 + |7]?)'/2.
We obtain the following.

THEOREM 1.1. Suppose V € L™ (Ri) is periodic with respect to a lattice T C RI~!
and E € R. Let u € L} be a (distributional) solution of (1.1) on RL which satisfies

/ (T)2Re2M |u(x)|2dF dt < 400 (1.2)
Rd
+
for all A > 0 and some k. Suppose, we also have (at least) one of the following:

(i) d=2and k > 0.

(ii) d = 3, T is rational and k > 1.

(iii) d > 2, T is rational, k > (d —1)/2 and ||V (-, 1)| oo (ga-1) — 0 as t — +o00.
Then uw =0 on Ri.

By periodicity of V' with respect to I', we mean V(z +1,t) = V(Z,t) for any
(z,t) eR% and l €T

REMARK. Note that V is allowed to be complex-valued. In the cases (i) and (ii),
we can absorb E into V; it follows that we can allow complex E in these cases. Also
note that the conditions on V' are satisfied by any potential which is periodic with
respect to a lattice on R?, provided this lattice has a rational rank d — 1 sublattice.

REMARK. Exponential decay (namely (1.2) for some A > 0) is not sufficient. For

example,
el(z1+izz)

defines a harmonic function on R2 (so (—A 4+ V)u = 0 with V = 0) while e**2u €
L2(R3_) for any A < 1; however, u Z 0.
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Theorem 1.1 and related results on the non-existence of solutions with certain
types of decay can be viewed as unique continuation theorems at infinity for (1.1).
The implied lower bounds on the decay rate (possibly in a more quantitative
form) have applications to spectral questions for Schrédinger operators (such as
the exclusion of embedded eigenvalues; see [4] for example). For periodic potentials
an important link was established in [7, theorem 4.1.5]; in particular, if V' € L>(R?)
is periodic (with respect to a lattice on R?) then the self-adjoint operator —A + V
has an eigenvalue iff (1.1) has a superexponentially decaying solution. As a corollary
of theorem 1.1, we thus obtain a new proof for the following particular case of a
well-known result of Thomas [13].

THEOREM 1.2. Let d = 2 or 3 and suppose V € L™ (R?) is real-valued and periodic
with respect to a lattice on R® which contains a rational rank d — 1 sublattice. Then
the spectrum of the self-adjoint operator —A + V' contains no eigenvalues.

Existing proofs of this result and its many generalizations make use of Bloch (or
Floquet) analysis and the analytic extension of the resulting operators into complex
values of the quasi-momentum.

Theorem 1.1 is obtained as a special case of a more general result which we now
describe. Let A be a lower semi-bounded self-adjoint operator on a Hilbert space
X. For j=0,1,2 set X; = Dom(|A]"/?) C X, so X5 = Dom(A), X; is the form
domain of A and X¢ = X. For j = 1,2, we can make X; into a Hilbert space using
the isomorphism |A}|7/2 4T : X; — X.

Let V; denote differentiation with respect to t. We want to consider the operator
V? — A which maps X2, — X where

loc loc
Xl?)c = LIQOC(RJF’ X2) N Hlloc(R-f-le) N HIQOC(R+7X) and ‘Xigc = L?OC(R-HX)'

We are interested in the possible decay rate of functions ¢ € X2 which satisfy
(V2 — A)¢ = B¢ where t — B is a uniformly bounded family of operators on X.
At this general level, we obtain the following.

THEOREM 1.3. Let ¢ € X2 and suppose ||(Vi — A)o(t)||x < Bllot)||x for some
B >0 and all t > 0. If ¢ satisfies

/ MY 51 |2 dE < +oo (1.3)
0

for all X > 0, then we must have ¢ = 0.

This result extends [9, theorem 1]; indeed, we can recover the latter by taking
A to be minus the Laplacian on R?~!. Furthermore, the example constructed in
[9, §2] shows the decay rate limits given by theorem 1.3 cannot be improved in
general. To exclude any non-trivial solutions with superexponential decay as t —
400, we impose further conditions on the gaps in the spectrum of A, possibly in
conjunction with some form of decay for B;.

THEOREM 1.4. Let ¢ € X2 and suppose ||(V? — A)p(t)||x < b(t)|o(t)||x for some
b e L>*(Ry). Further, suppose one of the following is satisfied:
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(i) spec(A) contains arbitrarily large positive gaps.

(ii) there exists 6 > 0 such that Ry \ spec(A) contains infinitely many disjoint
intervals of length §, and b(t) — 0 as t — +oo.

If ¢ satisfies
/ M| (t)]|3dt < +o0 (1.4)
0
for all A > 0, then we must have ¢ = 0.

The conditions on A are satisfied by a number of standard operators. For example,
condition () holds if A is minus the Laplace-Beltrami operator on the n-sphere
S™ for n > 1, or any positive elliptic pseudo-differential operator of order m on a
closed n- dlmensmnal manifold provided m > n; in the latter case, the spectral part
of condition (ii) is met when m = n. In order to deduce theorem 1.1, we need to
consider the Laplacian on (d — 1)-dimensional tori; the rationality assumption is
then used to establish the existence of arbitrarily large positive gaps when d = 3,
or infinitely many gaps of a uniform size for arbitrary d (see proposition 2.2 below).
It is not known if arbitrarily large positive gaps exist for all 2-dimensional tori.

We can consider V7 — A as an ‘elliptic evolution operator’. The corresponding
parabolic and hyperbolic evolution operators, V; + A and VZ + A respectively, were
considered in [9] where results in the spirit of theorems 1.3 and 1.4 were obtained.

Theorems 1.3 and 1.4 are obtained from Carleman type estimates (see propo-
sitions 3.1 and 3.2 respectively) using standard arguments; these are presented in
§3, with the proofs of the Carleman estimates being given in §4. In §2 we deduce
theorem 1.1 from theorem 1.4 and consideration of gaps in the spectra of Laplace
type operators on tori.

2. Periodic result

Let I' € R?! be a lattice with T'T € R?~! denoting the dual lattice. Also let O
and O denote unit cells of I and T'f, respectively. Set T = R¢1/T, the (d — 1)-
dimensional torus corresponding to I'. For each ¢ € R the function & — V(Z,t)
is I-periodic so can be viewed as a function V; € L>°(T); the mapping t — V; is
uniformly bounded in ¢. We will apply a Bloch-Floquet decomposition to —A — F
(see [11]); this leads to a family of lower semi-bounded self-adjoint elliptic operators
on T defined by

Hy = (—iVz + 0)* —
for 8 € OF. The operator Vtz — Hy maps X?

loc

Xic= ﬂ e ), H*7/(T)) and &P, = Li.((1,00), L*(T)).
=0,1,2

— X where

The Bloch—Floquet decomposition is implemented by the Gelfand transform; for
v € L2(RI71) set

Uv)p(@) = e Hy@E+1), 9O, TeR"
ler
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This expression is clearly I-periodic in T so can be viewed as a function on T; in
fact, U is a unitary mapping L?(R9~1) — L2(O%, L*(T)).

Let u € L?(R%). For each § € O and ¢ > 0 set ¢g(-,t) = (Uu(-,t))g, considered
as an element of L?(T).

LEMMA 2.1. Suppose, u is a distributional solution of (1.1) on RY and satisfies
(1.2) for some k=0 and X > 0. Then ¢g € X2 with (Vi — Hy)py = Vidg and

loc

/1 €M g (-, )2z lE < +00 (2.1)

for almost all § € OF. If k > (d — 1)/2, then the same conclusion holds for all 6 €
OF, while ¢g depends continuously on 6.

Proof. Choose a basis {ey,...,eqs—1} for I' corresponding to the unit cell O. Set
P = {r1e1 + o+ Trg—1€9—1 :T1,...,Tqg—1 € (—1/2,3/2)}

0 Ujer(P +1) is a 2?7 '-fold covering of R4~!. For any € I and s > 1 let O}, =
(O+1)x(s,s+1)and P s = (P +1) x (s — 1,5+ 2). Note that O; s CC P .

From (1.2), we get ue€ L*(R%) (recall that >0 and A >0), while Au=
(V — E)u as distributions and V' is uniformly bounded. It follows that v € HZ (R%)
and

lullzz0,.) < Cillullz,,.) (2.2)

for some constant C7 which is independent of [ € " and s > 1. This uniformity leads
to u € H2(R?™! x (1,00)). Applying the Gelfand transform, we get

(t,0) — Uu(-t))o = ¢o(t,-) € (| H'((1,00) x OF, H*7I(T))

Jj=0,1,2

while, using the definition of Hy and the I'-periodicity of V,

(Vi — Ho)po(@,t) = Y e (V] — (—iV5 + 60 — 0)* + E)u( +1,t)
el
= e (A + Byu(@ +1,t)
lel’
= V(&)Y e @+ 1,1) = Vi(@) o (T, 1)
el

as elements of L?((1,00) x Of, L*(T)). Fubini’s theorem then implies

¢oc () H((1,00),H*/(T)) C &2,
j=0,1,2

with (V7 — Hp)pg = Vig as elements of XI%C, for almost all § € OF.
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Since U is unitary and s > 0 (1.2) gives

// /ew\m(z,t)ﬁdzdtde:/ M u(F, 1) [2dF dt < +o0.
orJo Jr R

This leads to (2.1) for almost all § € OF.
Now suppose (1.2) holds for some > (d —1)/2. Then C = >, (1) 72" < 400.
With w = sup{|Z| : & € O}, we also have

FeP+l = [I| <|F]+ 2w = ()* < Cy(@>

where C3 = (max{1 + 9w?/2,2})". Let § € OT. For any s > 1 (2.2) then gives

@0l r2(rs (s,54+1)) < Z le™ 204 vl a2(0,..)
ler

< 01042 llullzz(p, ) < C1Cy(CaN,)'2,

el
where Cy = SUPg/c ot ||eii0l'i||02(Rd—1) and

s+2
No= Y0 ulagp,,, < G5 / [ @ uorasa

leT leT P+l

s+2
= 2¢- 103/ / (Z)%F |u(Z, t)|?dZ dt.
s Rd—1

Now Ny < +00 by (1.2), so ¢g € X2 .. A simpler version of this argument also gives

| [ i@ opazar< o e e S0 ul o,

seN ler

o0
< CyCye / / (3)25 My (3, 1) dt < +o0.
1 Rd 1

Forl €T and 6,0’ € Of set §,(0,0') = [|e”1@+) — e=10"-(@+D)|| 1y ). Arguing as
above,

166 — G [17r2 (x s041)) < CTC2 Y 01(6,6) ()" |[ullZa(p, ).

ler

For fixed I €T, §;(0,6") < 2Cy and §;(0,6') — 0 as |§# — 0’| — 0. Since N; < +00
dominated convergence then gives ||¢g — ¢gr || 2(Tx (s,54+1)) — 0 as [0 —0'| — 0. O

It is straightforward to check that
spec(Hg) = {|k+ 0> —E: ke I'T}.
The next result establishes a key part of the hypothesis in theorem 1.4.

PROPOSITION 2.2. Let§ € OF. Ifd > 3 suppose that T is a rational lattice (in R ")
while 6 has rational coordinates (with respect to a basis of T'T).
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(i) If d =2 or 3 then spec(Hy) contains arbitrarily large positive gaps.

(ii) If d = 4 then there exists 6 > 0 such that spec(Hy) contains infinitely many
positive gaps of length at least o.

When d = 3, we need non-trivial information about the gaps in the values realized
by a binary quadratic form. This is taken from [10] and was previously observed in
[9] for the special case I' = (27Z)2.

Proof. 1f d = 2, we have I'l = fZ and 6 € [0, f) for some f € R . Then spec(Hy) =

{(mf +0)?> — E: m € Z}; the existence of arbitrarily large gaps follows easily.
Now suppose d > 3. Choose a basis {fi,...,f;_1} for the lattice I'f C RI~!

corresponding to the unit cell OT. If k € 'l and 6 € O, we can write

k=mif1 +---+myg_1fy—1 and 0= /Llfl 44 g1ty (23)

for some m; € Z and p; € [0,1),7=1,...,d — 1. Since I" and hence I'l are rational,
we can find ¢ > 0 and a positive definite integral quadratic form q so that

|k + 01> = oa(my + pa, -, ma1 + pra1)

when k € I'T and 6 € OT are as given in (2.3). Let Q@ = {q(m) :m € Z?"1} C Z
denote the values of q realized by integer arguments.

Now suppose 0 = u1fy + -+ + pg—1£f4-1 € O7 has rational coefficients. Thus, we
can write p; = r;/l for some [ € Nand r; € {0,...,l—1},i=1,...,d — 1. Then

g o
|k + 6> = quam1 + 7, dmgy +ram1) € ﬁQ'

Hence spec(Hy) + E C 0Q/1? C 0Z/1?; part (ii) follows.
If d = 3, then q is a positive definite binary quadratic form. By [10, theorem 2]
there exists C'5 > 0 such that

CsN
Vlog N

The existence of arbitrarily large positive gaps in @, and thus spec(Hyp), follows. O

#{ne@:n< N}~ as N — +oo.

Theorem 1.1 is now a straightforward corollary of theorem 1.4.

Proof of theorem 1.1. Suppose d > 3 and (1.2) holds for some x > (d — 1)/2 and all
A>0.If € OF lemma 2.1 shows ¢y € X2 satisfies (V7 — Hg)pg = Vi and

/1 €M g (-, )20yt <+

for all A > 0. If T't is rational and 6 € O has rational coordinates with respect to
I'f, proposition 2.2 and (a translated version of) theorem 1.4 then give ¢g(-,t) =0
for all ¢ > 1. However, the set of § € O with rational coordinates is dense, while
@9 depends continuously on 6 by lemma 2.1. It follows that ¢y =0 on T x (1, 00)
for all # € OF.
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Now let Z € R?! and choose ' € @ and I’ € T with T = Z’ + I’. Then, for t > 1,

1 05, I~
0= 07 o, % py (7', 1)d6
1 —
= W/ S U@ 1 1,4)d0 =D Spu(@ +1t) = u(@,t).  (24)
ot

el ler

Thus =0 on RY!x (1,00) CR%. Unique continuation (see [11, theorem
XIIL.63], for example) then shows w is trivial on Ri.

The case d = 2 can be handled similarly; in this case, we get g9 =0on T x (1, 00)
for almost all @ € OF; this is sufficient to allow the reconstruction of u asin (2.4). O

3. General result

The Carleman type estimates we use for theorems 1.3 and 1.4 are stated in propo-
sitions 3.1 and 3.2 respectively; their proofs are deferred to §4. For convenience
choose « > 0 with A + ol > 0; in particular, spec(A) C [—a, +00).

PROPOSITION 3.1. Let ¢ € C3(R4, Xa) and choose € > 0 so that ¢(t) = 0 fort < e.
If A > e~4/3 then

> 4/3 > 4/3
It / M 5() R dt < / A2 - Ap()kdt. (31

PROPOSITION 3.2. Suppose (u?,v?) Nspec(A) =0 for some 0 < p < v with 3u* >
a. Set A\ = (n+v)/2 and vy =v — p. For any ¢ € C3(R,, X3), we have

2.2 oo 0o
[ gars [Tt - apoia. 32

To apply these Carleman estimates, we need to use the bounds on ||¢(t)||x given
by (1.3) or (1.4) to obtain similar bounds for ||V.¢(¢)| x; this can be done using
the ‘elliptic regularity’ of the operator V7 — A.

LEMMA 3.3. Let ¢ € X2, and suppose ||(V? — A)p(t)||x < Bl|¢(t)] x for some 3> 0
and allt > 0. Let o > 1. If

/ M| p(1) [t < +oc
0

for all X > 0 then
/ M|V, (1) |2 dt < +oo

for all e, A > 0.
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Proof. Set N = (A +aI)'/2. For any h € C°(R, ), we have

A WWWM%HWMQ:fA Re[h(6, (V3 — N?)6) . + 206, V:d)x]
</ w@«ﬂ4W—mw&H2/wwwva
0 0

o0 oo 1 o0
<@+m) [ mlelr2 [ 0PItk g [ wIvelk

since 4|hh' (¢, Vi) x| < 4(R)?||6||% + h?[|Vi¢|/%. If € > 0, we can then choose h to
be an appropriate translate of a function with support in (—¢,1+ ¢) and value 1
on (0,1) to find Cs > 0 such that

s+1 s+1+e
/ wm&<%/ l6l%
S S

—€

forall s > e. If M’ > XA > 0, we can find C7 > 0 with A(n+1+¢)7 — X'n° < C; for
all n > 0. Then

n+1+e

/ GQAtU\|Vt¢||§(<ZGZ/\(WFHE)U/ ||Vt¢”.2x

£ n=0 n—+e
o L e n+1+42¢
<Gty [ ol
n=0 n

n+1+42¢

oo
<cw Y [T ek
n=0""

<zu+a%&@/ 2.
0

The result follows. g

Proof of theorem 1.3. Set 1 = (Vi — A)p € XY _. Let ¢ € (0,1) and suppose A >
(26%)1/3, (¢/2)~*/3. For each R >1 choose a cut-off function hp € Cg°(R,)
with supp(hgr) C (¢/2,2R), hg(t) =1 for t € [¢, R], hr(t) independent of R for
t<e,

8
sup hR(t) < and  sup hh(t) < =5

2
— . 3.3
t€[R,2R] R te[R,2R] R? (3:3)

By using a mollifier (for example) we can find an approximating sequence for hr¢
in C2(R*, X3); we may further assume elements of this sequence are supported in
[/2,00). Apply proposition 3.1 to elements of this sequence; taking the limit and
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noting that (V7 — A)(hrp) = hhp + 20y Vi + hrip, we get the estimate

e 4/3 . 4/3 2
X3 / 12 6]1% < / || Wh + 2, Ve + ||
0 0

o0 4/3 ° 4/3
<%?A S ﬁ%ﬂ§+4 A A(RE)? 0N % + 16(hR)? Vol %] -

Rearranging and using (3.3), we get

R
4/3 24/3
08 —28%) [ ol < e )
where
g
Ca = [ T2t + 1602 V115 )
which is independent of R and A, and
28 2R . 26 2R 43
pB) = [ Nl 4 g [ NIVl
R* Jr R* Jr
However, our hypothesis and lemma 3.3(i) give
% o3 o T o/ 2
e oll%, e[ Vigllx < oo
0 e/2

Thus p(R) — 0 as R — occo. It follows that

4/3

(=2 [T ol < s
I

For any €1 > ¢, we then get
(A* —26) / 613 < Cse2AE =<, (3.4)
€1

However, this inequality will be contradicted for sufficiently large X if faolo llol% > 0.
Hence ¢(t) = 0 for ¢ > . Since € € (0, 1) was arbitrary the result follows. O

Proof of theorem 1.4. Define a non-increasing function by 5(t) = supy ., b(t’) for
t > 0. Suppose, (u?,v?) Nspec(A) =0 for some 0 < u < v with 3u2 > a. Set A =
(n+v)/2 and v = v — pu. Suppose, u?y? > 832(tg) for some to > 0. We can now
emulate the proof of theorem 1.3; following the argument as far as (3.4), we get

2.2 50
(M = 25%t0)) [ ol < Coe ) s
ta

for any to > t1 > to, where Cy is a constant which is independent of p,v,~ and A.

Our hypothesis gives a sequence of disjoint intervals (u2,v2), n=1,2,..., in

R, \ spec(A) with either (i) v2 — 2 — 0o as n — oo, or (ii) v2 — p2 > § for all n

https://doi.org/10.1017/prm.2018.87 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.87

Decay rates at infinity for solutions to periodic Schrédinger equations 1123

and ((t) — 0 as t — co. We may further assume p,, is increasing and v,, < 3, for
all n. Then A, = (v, + jin)/2 — 00 as n — oo, while

Z/T2L - ﬂi = (Vﬂ + /u‘n)(l/n - :un) < 4Mn(l/n - /ffn) = 4/1%’)/”

for all n. We complete the argument for the two cases separately.

(i) In this case, pny, — 00 as n — oo. Taking ¢y = 0, we will contradict (3.5) for
sufficiently large n unless ftonqSH%( =0 for all t5 > 0. Hence ¢ =0 on R,.

(ii) Choose tg so %(tg) < 2776%. Then p2~2 /4 > 27652 > 232(ty) for all n. Since
An, — 00 (3.5) will be contradicted for sufficiently large n unless ftzo ol% =0
for all to > tg. Thus ¢(t) = 0 for t > to. However, (1.4) then implies (1.3), so
¢ =0 on R4 by theorem 1.3. (]

4. Carleman estimates
Proof of proposition 3.1. Define Q,w : Ry — R by Q(t) = At*/? and w = Q'. Then
V2 A)e ) =VE-A, - L
where A, = A —w? and L = 2wV, + . If ¢ € C3(R,, X3), then
ILYI% = 4| Ver % + (W) Vel oll% + ()2 1¢l%
2Re(Ly), Viv)x = 2V Veplk + ' (ViIvI% = 21Vell%)

and

2Re(L1p, A,t) x = 2wV (¥, Ah) x + 2w (1), Ap) x — 2w V|95 — 220 [|[0]|%
=2V, (w(yh, AY) x) — 2V (W [0[|%) + 3(w®)[[¥]%-

Integration then leads to

/0 e2(VE - A)(e )|} > /O (IZel% — 2Re(Le, Vi) x + 2Re(Ly), Av)x)

o0 < (4
[ [ (G @ 2 ) el
0 0

However, w’ > 0, (w?) = (4)\/3)% > 3X\3/4 and
—((W")? 4 2ww” + ") (t) = %)\t"‘/?’(&\ —5t74/3),

which is positive when X > t=%/3. Taking ¢ = ¢ now completes the result. O

Proof of proposition 3.2. Let P_ and P, denote the orthogonal spectral projections
of A on X corresponding to the intervals [—a, 2] and [v2, +00), respectively. Note
that P_ + P, = 1. Set ¢ = (V? — A)¢. Denote the corresponding projections by
¢+ = Py and 1y = Py1); in particular, 1oy = (V7 — A)¢. Introduce the operator
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N = (AP;)/?; this commutes with A, Py and V;, and defines bounded maps
X2 —>X1 and X1 — X.

To move from a second-order equation to a system of first order ones, we introduce
spaces X; = X; @ C? for j = 0,1,2, and put X = Xj. Setting

Qo = (1?)_ ;)_)7 Q= (1:())+ 8) and Q= (8 PO+>

gives orthogonal projections on X with Qg + Q1 + Q2 = 1. Let

_ at (Vig+ (uP-+N)o o (Y
q)et<vt¢—(uP+N)¢> and \I!et(w).

For 7 = 0,1, 2 denote the corresponding projections by ®; = Q;® and ¥; = Q; V.

Then
e () e ()

and

%= (17, ".)

Now (Vi £ )¢ € CH(Ry, X3) and (Vy = N)o, € CE(R4, X1) so ®g € CF (R4, X2)
and @1, P, € CH(Ry,X;), while ®g, ¥, ¥y € CJ(R4,X). We also have

Vi(Vitp)p- = (A puVy)d_ +¢-  and
Vi(Vi £ N)éy = £N(V, £ N)gs + s
It follows that V,®; = M;®; + ¥; for j =0, 1,2, where

I (A+p? —A+p?
My=— A
0= 5 (A—/ﬂ A2 Qo + AQo,

N 0 0 0
M1 = (0 0) + )\Q1 and M2 = (0 —N) + /\Qg
Therefore,

Vill®j1% = (Vi®), ®5)x + (5, Vi®))x

Now —3uP_ < —ap 'P_ < p~'AP_ < uP_ and N > vPy so

. (A4 p 420 P 0
My + Mo = ( 0 (—p A p+20)P
P 0
>200-0 (T p ) =2
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while

. 2N +2)\P. 0 P. 0

For j = 0,1 (4.1) then leads to

o 2
Vil @il = 1951% — 21%;]x[®]1x > §|I‘I>j\|§< - ;II%II?«

Since ||®;]|% € CJ(R4), we can now integrate this inequality to get

S 2 = 2
ek < [k (4:2)
4 0 0

for j = 0,1. A simpler version of the above argument gives

. (0 0 0 0Y)_
M2+M2_<o —2N+2>\P+><2()‘_V) (o P+)_ Q2

0
ol 2
Vil ®2llx < =7l®allx + 2/ a[x[[B2]lx < —5 @2k + ;H‘I’zﬂgo
and hence (4.2) for j = 2. However,

@0l + 121 ]% + |@2l%
= (| (Ve + o[y + (70 = o[y
T+ Mg |5 + (Ve = Mo |3)
= 22 (V- [ + 12 ll0- 1 + Ve % + NG %)
> 22 (|Vao- % + #2l10- % + Ve % + 2164 1)
> 22 (| Vaol% + 12 161%).

while

1%oll% + 121llk + P2 = 2 (-5 + v+ 1%) = 2N [[9]%-
These can be combined with (4.2) for j = 0,1,2 to complete the result. O
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