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Abstract

This paper proposes a new logical framework for vehicle route-sequence planning of passenger travel requests. Each
request is detch-and-sendervice task associated with two request-locations, namely, a source and a destination. The
proposed framework is developed using propositional linear time temporal logic of Manna and Pnueli. The novelty lies
in the use of the formal language for both the specification and theorem-proving analysis of precedence constraints
among the location visits that are inherent in route sequences. In the framework, legal route sequences—each of which
visits every request location once and only once in the precedence order of fetch-and-send associated with every such
request—is formalized and justified, forming a basis upon which the link between a basic precedence constraint and
the corresponding canonical forbidden-state formula is formally established. Over a given base route plan, a simple
procedure to generate a feasible subplan based on a specification of the forbidden-state canonical form is also given. An
example demonstrates how temporal logic analysis and the proposed procedure can be applied to select a final
(feasiblg subplan based on additional precedence constraints.

Keywords: Constraint Specification; Fetch-and-Send Problem; Temporal Logic; Vehicle Route Plan

1. INTRODUCTION such an approach does not appear flexible enough to admit

travel-service directives that translate into additional prece-
In this paper, we study thpickup-and-deliveryproblem  dence constraints to be satisfied. These directives are usu-
(Savelsbergh & Sol, 1995n the travel-service domain of ally not known a priori because they are dependent on
passenger land transportation. Past research has approaclheagiousonline situations; for instance, due to the peculiar-
the pickup-and-deliveryproblem(better called the passen- ities of a particular request set assigned to a vehicle, the
gerfetch-and-sengroblem in our travel-service terminol- higher service priority of one travel request over another
ogy) and its variants using mainly graph-theoretic andmay be specifically demanded as a directive. In attempting
operations research techniques, including heuristics, optto uncover new insights and provide a more flexible plan-
mization, and branch-and-bound metha@ee Ruland, ning basis, we abstract thetch-and-sengroblem as a
1999, and the references contained theyedne common  problem of route-sequence planning. Route-sequence plan-
formulation of the problem, perhaps the most general ohing is concerned with generating (high-leve) logical
which is proposed by Savelsbergh and 881995, is amath-  route plan for a given travel-request set. Such a plan is a set
ematical program of various constraints to be solved simulof route sequences each showing a proper sequential order
taneously with respect to optimizirige., either maximizing  of request locations to visit. The route plan mustéssible
or minimizing) a certain objective function. The solution is in the sense that it must satisfy not only inherent constraints
a set of routes attending to all the travel requests, with eacbuch as the precedence of fetching the travédjeat the
route servicing a disjoint subset of these travel requestdesignated pickup asourcelocation before sending them
assigned to a vehicle. However, though well-formulatedto the designated delivery alestinationlocation, but also

on additional precedence requirements which are travel-

. . . . service directed.
Reprint requests to: Kiam Tian Seow, Centre for Decision Support, To f I if d | d .
DSO National Laboratories, 20 Science Park Drive, Republic of Singa- 10 formally specity and analyze precedence constraints

pore 118230. E-mail: KiamTian@singnet.com.sg for route-plan generation, this paper proposes a planning
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framework using thdpropositional linear timetemporal  tion 4 provides a temporal characterization of legal route
logic of Manna and Pnue(il983; Ostroff, 1988 Temporal sequences— each of which visits every request location once
logic is a branch of modal logidRescher & Urquhart, 1971  and only once in the precedence order of fetch-and-send
In addition to the usual connectives such as ANDOR [, associated with every such travel request. Based on the char-
and NOT-, modal logic deals with two propositional op- acterization of legal sequences, Section 5 establishes an
eratorsd and ¢, which are interpreted as “always” and important link between a basic precedence constraint and
“eventually,” respectively, in temporal logitManna & the corresponding canonical forbidden-state formula. Over
Pnueli, 1983; Ostroff, 1989 Temporal logic is chosen for a given base route plan—a subset of legal route sequences
our work because it is perhaps the only formal languagevhich can be serviced by a vehicle without (lsaximum
that provides an intuitively appealing and useful set of op-capacity ever being exceeded—a simple procedure to gen-
erators, including Preced®e Until I/, AlwaysO and Even- erate a feasible subplan based on a specification of the
tually ¢, logically unified under a well-established paradigm. forbidden-state canonical form is also given. In Section 6,
These operators enable us to specify the constraints for routsn example demonstrates how temporal logic analysis and
sequences in a natural language fashion. The semantics thfe proposed procedure can be applied to select a final sub-
linear time temporal logic is, in essencealieectedgraph of  plan based on additional precedence specifications. Finally,
sequences over which temporal formulas are reasoned. Byection 7 summarizes and concludes the paper.
formulating and restricting this graph as a model that en-
compgsses_the route sequences, we empower route-sequeE%LANNlNG SCENARIO
planning with an expressive yet preciemporal lan-
guage for describing the various precedence constraini® our planning formulation, a set of travel requests initi-
among the location visits as temporal formulas. Temporahted is to be serviced by an assigned vehicle. In general,
logic also provides a proof system to mechanize the analyeach request is assumed to consist of a pickuponrrce
sis of complex precedence relationships which are invaritocation and a delivery adestinationlocation. The service
ably involved. is done by the vehicle following a certain sequence of visits
In this paper, the focus is on route-sequence planning foto these request locations corresponding to the given set of
the fetch-and-sengroblem via a single vehicle. This is requests; when all locations are visited, the service is said
unlike thegeneral fetch-and-sematoblem addressed in Sav- to have been completed. Implicit in these visits arepilckup
elsbergh and SdlL995), in which a fleet of service vehicles task at the source location and tldelivery task at the
is considered. But importantly, it is envisaged that the plandestination.
ning framework proposed can subsequently be generalized
or strateglcally deployed for route-sequence planning via 3 Request set
fleet of vehicles. In strategic deployment, one could con-
sider a(partially decentralizedroute-planning system, in Given a set of request® associated with location s&tfor
which a fleet manager first applies some heuristics to dea vehicle, we assume that there are two subsets of travel
compose a set of pending travel requests into disjoint subrequestsSD, andD, namely, a request; = (s,d;) € SD
sets, before assigning each subset to a fleet vehicle agetihat needs to be fetched from a location represented by
The vehicle agent then proceeds to generate the individusl € 7 and sent to a location representeddpye 7; and a
route plan as travel-service directed. The kind of heuristicsequesD, = (t,) € D that only needs to be sent to a loca-
the fleet manager requires may be quite complex thoughjon represented by € 7. We can think of a request in
and is in itself an important topic for further research that isD as having its source already visited and the correspond-
beyond the scope of this paper. ing travellers on board the vehicle initially. We also include
The ultimate goal of this research is to develop an intel-a set of auxiliary requestd, = (a5) € A, with locations
ligent route-planning system for passenger travel serviceas, € 7 that need to be visited. Formally, the set relations
Towards the goal, the contribution of this paper is to moti-are as followsR = SD U D U A and7 ={s|(s, —) €
vate and develop an analytical framework using temporalSD} U {d;|(—,d;) € SD} U {t,|(t,) € D} U {a|(as) € A}.
logic for characterizing, specifying, and analyzing vehicleThe symbolss;, d;, t,, and a; are location(visit-) status
route plans. The purpose is to develop a theoretical basis dndicatorsl € 7 formally defined as follows.

which the route-planning system for passenger travel ser- .
. . P g sy . p 9 .. DEFINITION 1 (LOCATION VARIABLE). Itis a Boolean or
vice can be built. The framework is, in our opinion, alsoI

. . . .. logic variablel € 7 that indicates the status of whether the
equally applicable in many other domains concerned with

AR . . r I ion it represents h n visi rn
the distribution of goods and services as surveyed in Psq,gﬁgv?g ocation it represents has bee sited or not as
raftis (1995, in which the problem of pickup and delivery '

is inherent. I { 1 if locationl is visited,

0 otherwise. u

In the rest of the paper, Section 2 presents a planning
scenario that defines our research scope. Section 3 presents
the formal syntax and semantics of temporal logic. To pro-No two elements ifkR correspond to the same request. Each

vide a logical foundation for route-sequence planning, Seclocation visit is assumed to be associated with the comple-
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tion of a different task and therefore, no two location vari-and for all 0< i = n, there is al € 7 such thaty; =
ables from request s® are symbolically identical. Then, p(l,v;_;). [
it should be clear thdZ | = 2|SD| + |D| + | A].

To elaborate on the tasks at these locations, a visit to a
source location of some request is associated with the task TEMPORAL LOGIC BACKGROUND
of fetchingthe travellefs) concerned(i.e., he/they hag
have boarded the vehiglea visit to a destination location
is associated with the task eéndingthe travellefs) con-
cerned(i.e., he/they haghave alighted from the vehicle

Propositional linear time temporal logi®©stroff, 1989 is a
language of propositiondlor Boolean logic augmented
with temporal operators to facilitate reasoning over the space
) - . . : . of sequences of states. The logical “AND,” “OR,” “Nega-
Finally, a visit to an auxiliary location ofd is associated tion,” “Implication,” and “Equivalence” connectives used

with a certain service-support task suchrefuellingat a . i . .
; : in propositional logic(Ross & Wright, 1988 are denoted
kiosk or return to some designated depot for another trave[F brop gicl g 8

. . . ) y the symbold], [0, =, —, and=, respectively. The sum
Zizl/gor:r;egtén atypical route plan, itis possible tHat (2) and product(IT) symbols denote a string of logical

“OR” and “AND” operations, respectively. Temporal oper-
ators include Always1, Eventually®, Until ¢4, and Precede
2.2. Directed (state) graph of vehicle route plan P. Alogic formulaW expressed in propositional temporal
logic is called & propositiona) temporal formula; a tempo-
A vehicle route plan to service the request Retonstitut-  ral formula that does not contain any temporal operator is
ing the location sef is contained in a directed grajbx also called a Boolean formula.

G=(9,2) ey
3.1. Syntax
where: o . _
A temporal formula is inductively define@ver the Bool-

1. Q denotes a set of nodes, ean variables in sef’) via the following syntax rules for
2. Z=(0,T.p(T, Q) is a set of transitions for which Boolean formulae and temporal formulas.

. . e For Boolean formula:
e p: T X Q— Q denotes the partial node transition

function, associating the transition withe 7" as 1. Any Boolean variablé € 7 is a Boolean formula.
the (nexy location to visit. The definition op can ) )
be extended td& *, the set of all possible finite 2. I Fis a Boolean formula, so isF.
strings of elements i U {&}, with ¢ denoting a 3. If F; andF, are Boolean formulas, so afg O F,
null string, as follows: andF;, OF,.
p(ew) = v e For temporal formula:
(VtET)(VWE T *), p(Wtv) = p(t, p(w,v)). 1. Any Boolean formula is a temporal formula.
e forv € Q,v: T +—1{0,1. (v(l) is read as: ‘value of 2. If Wis a temporal formula, so areW, OW, and
variablel in nodev’). OW.

3. If W, and W, are temporal formulas, so ak¥, [

REMARK 1. The null stringe & 7 is a generic symbol to W, W, W, W, AW, andW, P,

denote the vehicle’s current location at nade Q. ]

The following definitions formalize some intuitively clear Logically, for two temporal formulaep; andW,, W, — W,
concepts. is the same asW, OW,; W, = W, is the same aéW, —

] W,) O (W, - W,).
DErINITION 2 (ROUTE STATE). Every route state is a

discrete node € Q that assigns to every location variable

| € T a valuev(l) of true (logic 1) or false(logic 0) to  3.2. Semantics

indicate whether the locatidne 7 represents is visited or i

not, respectively. No two distinct states assign the same s&f the context of route-sequence planning, the truth of a

of values to the variables oF. a temporal formulais interprete@r evaluategiover afinite
route-sequence = vy — v, — v, — ... — v, € G, with node
DEFINITION 3 (ROUTE-SEQUENCE ). o is a finite se-  y_ € Q defined as itderminal node. The structur& can
quence of distinct route states that is a pattGirof the  therefore be regarded as a restricted class of possible se-
following general form: mantics of temporal logi¢Ostroff, 1989.
The suffix of such a sequeneerefers to its subsequence
Vo~ V1~ U2~ ...~ Up that begins from a given node.
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DEFINITION 4 (SUFrFIX). For 0= k = n, thek-truncated  with

suffix of a temporal sequenee= vy —v; —v, — ... — v,
(written: o) is the sequencd, — vy, 1 — Vxio — -.. — Uy {ab,....,ntN{p,aq,....,z} = {} and{a,b,...,nt U {p,q,...,z}
|

={1,2,...n} ]
Now, for all sequences € G, with terminal node, € Q,
n= 0, we say that ) satisfiesw (written: ="’ W) where
the satisfaction relation is defined inductively on formulas
as follows:

It is clear that a route state formul’ characterizes one
and only one particular node€ Q of Definition 2, and is
a simple Boolean formula involving only conjunction’s
of all the location variables& 7 once, and only once.

FoU W, OW, iff Fo W O R W,
eV W OW, iff Eo Wy OE W
Fo S Wiff 2 W

4.1. Route-sequence properties

Let L be an arbitrary location formula.

=" Owiff for all k=i, E7 " wW. THE PERSISTENCE Axiom (RSP +O(L - 0OL). =
= OWiiff there exists & = i such that="""W.

o ) ) ) ® THE LIVENEss AxioM (RSP 3 + OL. u
F7 WLUW, iff there is ak = i such that? W, and for
. o_(m) .
almi=m<k =7 "W,. THE PRECEDENCE Axiom (RSP 3 + s Pd, for an arbi-
E7 W, PW, iff = 7 =W, UW,. traryR, € SD. m

REMARK 2. The following two temporal logic theorems RSP 1-3 are necessity properties of legal route sequences.
(Ostroff, 1989, and a derived ruléSeow et al., 1999 ex- RSP 1 is necessary for efficiency of route-sequence plan-
pressed in terms of arbitrary temporal formuRysP,, and ning since it specifies that every location, once visited, should

P,, are applied in the formal analysis made in this paper. ot at all be unvisited or revisited with respect to servicing
the associated request throughout the rest of the route. RSP

2 specifies that every location should eventually be visited.
RSP 3 specifies the proper order of servicing each travel
request, namely, for each requéste SD, its source loca-
tion s € 7 must be visited before its destination location

FOPy d e7Tis.

FP,UP, = O(P, OP,) These three properties, RSP 1-3, characterize the generic

constraints on route sequences. In temporal logic terminol-

The labels T5, T7, and D40 are as given in the sog@s 09y, these properties aexiomsthat characterize thelo-
troff, 1989; Seow et al., 1999 = main) sequences of interest. With these fundamental
properties, we may formally define a legal route sequence
as follows:

T5: FOP=-0-P  T7:+0(P,0P,) = (OP,) O(0OP,)

D40 +O(P, — OPy)

4. THE LEGAL ROUTE SEQUENCES .
DEFINITION 7 (LEGAL ROUTE-SEQUENCE o). o iS a

Before presenting a characterization of legal route sePathvg — vy — v, = ... — vy, v € Q, that obeys all the
quences, some important terminologies are first defined. following conditions:

DEFINITION 5 (REQUEST-LocAaTION FormuLa L). L is IS o iff i #]j,
an arbitrary Boolean formula that contains at least one lo- 5 |, — 7|

cation variabld € 7 and does not have any” (logical
y* (log 3. forally, € Q,0=i<n,andl €7, p(l,v,) = v, ., i

“NOT”) connective. |

) vi.1(1) =1 andy(l) =0,
Therefore, drequestfocation formulal is a simple logic 4. vy € Q is the initial node where all locations are not
expression, in positive form, df's (conjunctiong and s visited(i.e., all location variables€ 7 are fals¢ and
(d|s!u_n_ct|on§_. only, relating the location variables. Clearly, v, € Q is the final node where all the locations are
Definition 5 is a generalization of Definition 1. visited(i.e., all location variables€ 7 become trug

Following is a route state formula characterizing a route 5 RSP 1-3 -
nodev € V of Definition 2 in terms of variables€ 7. ' '
REMARK 3. Some comments on legal route sequences

r
DEFINITION 6 (ROUTE STATE FormuLa F'). For loca and their implications are as follows:

tion set? = {l,l,,---,1;,---, 1., n=|T],

1. Conditiong(1) to (4) of Definition 7, RSP 1, and RSP
=10l O O=1,0xlg...0=1, 2 together mean that every location must be visited
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once and only once; along a legal sequence, there is THEoREM 1. For arbitrary location formulae L, L, and
one and only one location transitibre 7 that leads legal route-sequence,

nodev;, 0 =i < n, to nodev; 1, v;, 1 = p(l,v;), such

that only the logic value of variable= 7 is changed EC al, UL, = O-[(-Ly) OL,].

in nodev; ;.

. Bool f ld-L,) OL,is the forbidd tate- ty.
2. RSP 2 and RSP 3 together ensure completion of serooreantormu d-Ly) OL,is the forbidden state-property

vicing each request. Proof:

3. In rogte-sequence planning for a giv_en set of request 1. FO(L, - OL,) (By RSP 2
locations, any route sequence that is not legal need
not be considered further because it is either not plan 2. +OL, (ByRSP 2
efficient or it will not result in proper completion of 3. F=Ly,UL, =0(L, O=L,) (by 1, 2 and D4D

servicing all the request tasks. [ | 4.+ =L,UL, = O=[(=L,) OL,] (by 3 and PR).

By Definition 7, a legal route-sequeneesatisfies RSP 1
and 2 forL = L4, hence the result. ]
A formal definition of a forbidden-state specification

5. FEASIBLE ROUTE-SEQUENCE PLANNING

For a nonempty request sktas defined in Section 2.1, this
section presents the route-plan generation based on fgllows.

forbidden-state formula. The notion of a route plan is first DgriNniTION 10 (FORBIDDEN-STATE FORMULA). Let Cr
defined. denote an arbitrary canonical forbidden-state formula of
Definition 9. Then a formulé is a forbidden-state specifi-
cation(over arbitrary legal route sequenaekiff there ex-
ists aCg such that="F = Cg. ]

DEerFINITION 8 (ROUTE PLAN). Aroute plan for a request
setR is a set of only legal route sequences. [ ]

REMARK 4 (BASE ROUTE PLAN). For a vehicle, a base
route plan is a subset of legal route sequences, any of which CoroLLARY 1. A conjunction[],; F; is a forbidden-
the vehicle can logically traverse to service these travestate formula of Definition 10 if each component formula F
requests in seR without ever exceeding ittmaximum  is of the basic form-L, UL, where L, L, are location
capacity. The generation of a base route plan is beyond thi@rmulas.

scope of this paper, but is presented elsewt@eaw etal., Proof: By T7 and PR, the class of canonical forbidden-

1999. ®  state formulas of Definition 9 is closed under conjunctions.
Very often, the final(feasible route plan to be derived BY Theorem 1, eacfconjunctivg component formulé; is

depends not only on the base route plan, but also on certafh forbidden-state formula of Definition 10. Hence the

travel-service directives that translate into additional precegoroliary. .
dence constraints. The nature of these directives is such that The procedure for subplan generation that follows is mo-

their corresponding constraints can be used in decision makyated by the fact that many useful precedence constraints
ing to narrow down the choice to a fedesiredroute se-  gre conjunctions of constraints of the basic form, and thus
quences from among the possible sequences suggested &y forpidden-state formulas, as established by Corollary 1
the base plan; for instance, due to the peculiarities of gpqgye.

given request set, the higher service priority of one travel Using the base route plaB,ace= (Voaso Enase. the final
request over another may be specifically demanded as $ubplanG.y = (Veen £e), based on @nontrivial) canoni-

directive. In the following, we provide a simple procedure cg) forbidden-state specification of Definition 9, is defined

to derive a final subplan that additionally satisfies a class of,

precedence constraints which are, in essence, forbidden-

state formulas. 1. Veer= Voase™ Vor:
The canonical form of a forbidden-state specification is

given in Definition 9. where

Vpt € Vhase IS @ set of nodes forbidden due to
DEFINITION 9 (CANONICAL FORBIDDEN-STATE FORMULA). O-Cani S).
The canonical form of a forbidden-state specification is
given by 0-(Z.1i ), whereS is a Boolean formula. Vot = {vlv S Vbaseandv<2 S) = 1}.

(Zani S is said to assert the forbidden state-properties. all

The following result establishes the link between a basic

precedence constraint of the foral,UL,, whereL,, L, B o , _
“PR” (Ostroff, 1989 stands for Propositional Reasoning and any logic

are _locat'on formulas and the corresponding C"’“mmcarlule or theorem quoted under this generic label PR includes those found in
forbidden-state formula. Ross & Wright(1988.
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2. Esol = Vsan T,65e(T,Vse)) such that the(partia)  the|7| location variable values in a nodes V, ,c.are also

transition function is defined by possibly checked. A node € V), ... that “satisfies” any of
the §’s (i.e.,v € V) is deleted and this can be done si-

sell T X Ve Vse multaneously with deleting all those transitions in gl

, that enter or leave the nodiee., those transitions ifi,; due
according to to nodev € V(). Hence, the worst case complexity of the

procedure i€ (|Vyasd X |7] X M), wheremis the number

I | if § l,v) € A .
basd 1 0) 1 Boasell, v) € Ve, of §’s of the canonical forbidden-state formula.

dselll,v) = { undefined otherwise.

To generatés, compute the following: 6. AN EXAMPLE

1. Vser= Voase™ Vpr- The following example demonstrates how, given a base route

2. &y = v, ,0)|v € Vo and (v,1,0") € Epasd U plan as defined in Remark 4, further precedence con-
{@" 1,v)|v € Vs and(v',1,0) € Eyasd (Epr refersto  straints, as travel-service directed, may be imposed to pro-
the set of forbidden transitions duce a final(feasiblg subplan. The constituents & to be

3. Eeo1= Epase— Epr- serviced by a vehicle are given as follows:

In an algorithmic implementation of the above procedure, SD ={(s1,d1),(s,,0d5)}, D ={(t)}, A={(a)}
every node in the given s&},...is tested, possibly against

every forbidden state proper§/of the canonical forbidden- Thus,7 ={a,s;,s,,d,,d,, t;}. The base route plan fat is
state formula of Definition 9. In testing against e&ghall  represented as grah, ,..in Figure 1.

afsldlsldit] Final Node
1

a s |d|s:|d|t|]a]s|d|s:|doft|]a]s|d]s:]d]|t
oft ol fefafprfrfoft fefafftlatal1foln
[ )
s [di]s.|do| t, als|d|s|&|t a s |di|s:]|d|t, als|d|s:|d|t
Of1folt 1101 tl1114jol1 1 11111 1f{1 111001
S [di]s:|d|t a|sfd]s:]|d]t als|d|s|d]|t a s |d|s:|d|t
01001 |11 oj1f1]0]0]1 11010 |1 1 1f1fojojo]1
sold|s:|d|t S |difs:|d|t als|dfs|d|t
0jofo 1 1 0f1fojojo]1 110JoJojo]1
sifdi]s:| d]|t, a s |di|s:|de]t
010 1 110 o]0
®
Si|d 1 .
oToToTo ToTo Initial Node

Fig. 1. Gpase Graph of base route plan with nodesiip: marked with e.
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a s |d|s.|d]|t

21 Final Node
[HEEERERER R
a|s|d|s.|d|t]|a]s]d]s:]d]t
110 i)l 1 fof1
als|d|s|d|t]]a]s]|d]s]|d]t a s fd]s|d]|t a|s|d|s|dft
of1lolt 1 1ot l1l1]o]4 11010 11 11111004
S| di|s:|d]t, S |d[s:|d]t, als|d|s|d]t a|s S t
ofofol1]1]1 0111 01 1]oJo]1]o]1 1]1]JofoJo]1
a|s, S, t, S [di|s:|d:|t al|s|d ds | ¢
ofofol1]of1 oft1jolofolf1 1]o]o 1
a s |d]|s.|d]|t
0foJolo]of1
a|s S| k|t sas
5 o To Initial Node

Fig. 2. G Graph of final route plan.

Supposéa) € A denotes a request to vigthe location  Anding the two specifications over legal route sequences,
of) a petrol kiosk(for refuelling). Then, suppose we have we have-aut,] O[~(d; Od, Ot;) Ua], which by Corol-
the following travel-service directives: lary 1, is a forbidden-state formula.

1. The travellers of requesét;) € D do not want to stop
by the kiosk; this directive translates into the follow-
ing specification:

o [alt]
The temporal formulais paraphrased as “do not visit
locationa € T until reques(t;) € D has been ser-
viced (i.e., the travellers on board the vehicle ini-
tially have reached the destinatiGand alightegl).”

2. The vehicle must be refuelled after servicing at most
two requests irSD U D; this translates into the fol-
lowing specification:

e [-(d, Od, Ot,)Ua]
The temporal formula is paraphrased as “not all
requests inSD U D will be serviced until request
(a) € A has been serviced.”
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1. Temporal Logic Analysis of Specifications

[~aut;] O[-(dy Od, Oty) Ua]
= 0O-[-t, 0a] 0O-[-alO(d, Od, Oty)]
(By Theorem 1
=0[-{-t, 0a} 0-{-a0d, 0d, Ot;}] (by T7)

2. SpecifyV,;. Following, we tabulate the nodese

Vpt € Vhaseln Table 1; the tabular presentation is such
that the row of logic values characterizes & Vy; if

the entries marked are correctly instantiated with
either 1s or Os so that the whole instantiated row char-
acterizes @ € Vyqe
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Table 1. The node seV,; C Vpase ciate Professor Ming Xie of the School of Mechanical and
Production Engineering, Nanyang Technological Univef$tyU),

a s d, S, d, ty Boolean Formula  Singapore. Research done while author was with the Division of
System and Engineering Management, School of Mechanical and

1 X X X X 0 “t0a Production Engineering, Nanyang Technological University, Nan-

0 X 1 X 1 1 -~ald, Od, Ot, ' '

yang Avenue, Republic of Singapore 639798.
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