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ABSTRACT
In conversion flight, the aeroelastic modelling of tiltrotor aircraft needs to consider the
unsteady effect of the rotor wake bending due to the rotor tilting. In this paper, the unsteady
models of the rotor wake bending and dynamic inflow have been introduced into the
aeroelastic modelling of the tiltrotor aircraft in conversion flight by using Hamilton’s
generalized principle. The method for solving the aeroelastic stability of tiltrotor aircraft in
conversion flight has been established by using the small perturbation theory and the Floquet
theory. The influences of unsteady dynamic inflow on trim control inputs and aeroelastic
stability of a tiltrotor aircraft in conversion flight were calculated and analysed. The
calculation results show that the required collective pitch increases with the pylon tilting
forward and the unsteady inflow is trimmed primarily by the lateral cyclic pitch of the rotor.
The wake bending unsteady dynamic inflow can obviously reduce the stability of the flapping
modes of the rotor, and have no obvious influence on the lag modes of the rotor and the
motion modes of the wing. The instability of tiltrotor occurs in the chordwise bending mode
of the wing when the pylon tilts to a certain angle in high speed forward flight.
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NOMENCLATURE
c chord length of blade
Cd drag coefficient of the aerofoil
Clα lift curve slope of blade
Cpk inflow coupling matrix of wake bending
CT, CH, CY, CQ thrust, backward, sideward forces and torque coefficients of rotor
h pylon length
~L gain matrix relating to the skew angle-of-wake
ms the blade mass per unit length
mw the wing mass per unit length
mp the mass of pylon
M mass matrix in inflow state equations
Mtip Mach number of blade tip
Nb number of blade
q dynamic pressure
qh, ph longitudinal and lateral tilting angular velocity of pylon
r dimensionless radius of blade
xp, yp, zp translational deformation degrees of freedom of wing tip
V forward speed (forward speed V/ΩR)
Vc the component of forward speed along pylon
V mass flow parameter matrix
wbi normal velocity caused by blade motion
αp tilt angle-of-pylon
αx, αy, αz rotational deformation degrees of freedom of wing tip
αkj , β

k
j state variables of induced inflow

β, ξ flapping and lag angle-of-blade
γ Lock number of blade
θ0, θc, θs collective, longitudinal and lateral pitch
κ′ wake bending influence coefficient
λw vertical induced inflow velocity on the rotor disk
ϕ radial expand function
ψ azimuth angle
ωp, _ωp tilting angular velocity and acceleration of pylon

1.0 INTRODUCTION
Tiltrotor aircraft has the flight capabilities of a helicopter and turboprop aircraft. The con-
version flight between helicopter and turboprop aircraft can be achieved through by tilting the
rotor pylon forward. While the pylon is in motion, the tilting rotor is in an unsteady aero-
dynamic environment and the rotor wake is undergoing bending, which makes the aeroelastic
model of tiltrotor aircraft very complicated. Until now, the research on the dynamic stability
of the tiltrotor aircraft has been mainly focused on the aeroelastic stability analysis in forward
flight(1,2). Active and passive control methods(3,4), like wing-flaperon and winglet, aero-
elastically tailored blades(5) and composite wings(6,7) were used to improve the maximum
forward flight speed of tiltrotor aircraft. A more accurate rotor inflow model is needed
to assess the effects of rotor wake bending while the pylon is undergoing conversion.
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The Peters–He generalized dynamic inflow theory(8) takes into account the computational
efficiency and accuracy, and has been applied in modelling of aeroelastic stability analysis for
helicopters(9–11). The author thoroughly studied the dynamic inflow modelling and aeroelastic
responses of a rotor undergoing tilting motion(12), as well as the pylon whirl flutter and the
divergent motion of wing of tiltrotor aircraft in forward flight(13). On this basis, combing the
rotor wake bending unsteady dynamic inflow model(12), the unsteady aerodynamic
model(14,15) and the consideration of structural coupling of rotor/pylon/wing, the nonlinear
aeroelastic model of tiltrotor aircraft in conversion flight has been presented in this paper, and
the rotor/pylon/wing aeroelastic stability of a tiltrotor aircraft in different flight conditions was
calculated and analysed.

2.0 AEROELASTIC MODELLING OF TILTROTOR
AIRCRAFT IN CONVERSION FLIGHT

2.1 Dynamic modelling of tiltrotor aircraft

Figure 1 shows the structural dynamic model of a tiltrotor aircraft in conversion flight used in
this paper. A rigid-body pylon which can tilt forward and backward about the pivot point is
connected to one end of the articulated rotor system, while the other end is mounted at the
elastic wing tip (point P). αp is the tilt angle-of-pylon. The tiltrotor aircraft is in helicopter
flight mode when the tilt angle is 0°, and in turboprop aircraft flight mode when the angle is
90°. ωp is the tilting angular velocity of pylon. The wing tip degrees of freedom contain three
translational degrees of freedom xp, yp, zp and three rotational degrees of freedom αx, αy, αz. h
represents the distance between the hub and the pivot point. The first-order modes of global
flapping β0, β1c, β1s and global lag ξ0, ξ1c, ξ1s are considered in this paper. The wing of the
tiltrotor aircraft is treated as a cantilever beam with concentrated mass installed at end of the
beam. The rotor system, wing and pylon constitute a coupled dynamic structural system by
structural and motion coupling. The rotor aerodynamic forces and moments are shown in
Fig. 1, where T, H, Y and Q are thrust, backward force, sideward force and torque of rotor,
respectively (the dimensionless forms are CT, CH, CY and CQ). Based on Hamilton’s gen-
eralized principle, fully considering the couplings among rotor, pylon and wing of tiltrotor,

Figure 1. Structural dynamic model of tiltrotor aircraft in conversion flight.
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the equation for a non-conservative system is expressed as

δΠ=
ðt2
t1

ðδU�δT�δWÞdt = 0 ⋯(1)

where δU, δT and δW are the variations of the elastic strain energy, the kinetic energy and the
work done by non-conservative forces, respectively. The contributions to these energy
expressions from the blades and wing can be summed as

δU =
XNb

1

δUb

 !
+ δUW ⋯(2)

δT =
XNb

1

δTb

 !
+ δTW ⋯(3)

δW =
XNb

1

δWb

 !
+ δWW ⋯(4)

where the subscript b refers to the blade, W to the wing and Nb to the number of blades. The
followings are the derivations of the energy terms of wing and rotor.

2.2 Dynamic modelling of rotor

According to the positional relationships of each component shown in Fig. 1 and supposing
the blade is rigid, the position vector R in inertial co-ordinate system of an arbitrary point on
the cross-section at radius r of the ith blade can be expressed as

Rx = r cos αp cosψ + h sin αp + rβ sin αp + rξ cos αp sinψ + rαx sin αp sinψ + hαy cos αp
�rαy sin αp cosψ�rαz sinψ�rξαx sin αp cosψ + rβαy cos αp
�rξαy sin αp sinψ + rξαz cosψ + xp

Ry = r sinψ�rξ cosψ�hαx + rαz cos αp cosψ�rβαx + hαz sin αp + rβαz sin αp
+ rξαz cos αp sinψ + yp

Rz = h cos αp�r sin αp cosψ + rβ cos αp�rξ sin αp sinψ + rαx cos αp sinψ
�rαy cos αp cosψ�hαy sin αp + zp�rξαx cos αp cosψ�rβαy sin αp�rξαy cos αp sinψ⋯ð5Þ

where ψ is the azimuth angle, β and ξ are the flapping and the lag angle-of-blade, respec-
tively. The flapping and lag motions of a single blade are transformed into the global flapping
and lag motions of rotor by using the Fourier transformation(16), which are

β= β0 + β1c cos ψ + β1s sin ψ ⋯(6)

ξ= ξ0 + ξ1c cosψ + ξ1s sin ψ ⋯(7)

The velocity of the point is determined by taking the time derivative of the position vector
(5) and is given as

Vb =
∂R
∂t

⋯(8)
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The virtual kinetic energy variation of the ith blade is given by

δTb =
ðR
0
msVb � δVbdr ⋯(9)

where ms is the blade mass per unit length, R is the blade radius.
According to the description of rigid body kinematics, the virtual strain energy of the rotor

is given by

δUb =Kββδβ +Kξξδξ ⋯(10)

where Kβ and Kξ flapping and lag stiffness of blade.

2.2 Dynamic modelling of wing and pylon

The structural dynamic model of an elastic wing is established by using finite element
discretization method(5). As shown in Fig. 2, the three velocity components in an inertial co-
ordinate system of the velocity Vw at a point on the cross section located at x position from
the wing root are given by

Vwx = _uw
Vwy = _vw

Vwz = _ww + y _ϕw ⋯ð11Þ
where uw, vw and ww are spanwise, chordwise and vertical translational deformation of wing,
respectively, and ϕw is the torsion of wing. y is the distance between the torsional axis of the
wing and the centre of gravity of the section. The variation of virtual kinetic energy of wing is
given by

δTw =
ðytw
0
mwVw � δVwdx +mpVw � δVw ⋯(12)

Figure 2. Structural dynamic model of wing.
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where mw is the wing mass per unit length, mp is the rigid pylon mass and ytw is the wing
length. The wing is treated as an elastic cantilever beam and modelled by using a finite
element method. The variation of virtual strain energy δUw of wing can be found in Ref. 5.

3.0 UNSTEADY AERODYNAMIC MODEL
The ONERA unsteady aerodynamic model(14,15) is used to calculate the unsteady aero-
dynamic forces in this paper. The aerodynamic forces components of blade aerofoil are shown
in Fig. 3.

In Fig. 3, V is the airflow speed relative to the blade aerofoil, α is the angle-of-attack of the
blade aerofoil, Ly and Lz are the chordwise and normal unsteady aerodynamic forces,
respectively. According to the description of ONERA model(14,15), the unsteady aerodynamic
forces on the aerofoil include the circulation airloads, non-circulation airloads and drag
forces, where the circulation airloads can be expressed as

Lyc =�qc
wb0�λw0

v2de
sgnðvÞ clα sin α� clαwb1

2v2de

� �

Lzc = qc
vj j

v2de
ðclα sin αÞ

Mxc =
1
4
cLzcsgnðvÞ ⋯ð13Þ

where wbi (i= 0,1,2,3) are normal velocities caused by the blade motions and include the
vertical velocities produced by flapping and pitching of the blade, and the tilting of the pylon.
λw0 is the normal velocity component of the unsteady dynamic induced inflow λw. c is the
length of the blade chord, and q is the dynamic pressure. v2de is the local resultant velocity of
aerofoil. For rotor aerodynamic modelling, the reversed flow region cannot be neglected due
to large forward flight speed in conversion flight. Therefore, it is necessary to consider the
influence of blade chordwise velocity of blade on the magnitude and direction of aerodynamic
forces, and terms sgn(v) and |v| in the aerodynamic forces expressions (13) are modified by
considering the effects of reversed inflow region. While the rotor is tilting, the inflow pro-
duced by forward flight perpendicular to the rotor increases, leading to greater inflow angle of
the blade. Therefore, it is necessary to consider the influence of stall on lift coefficient. For
different aerofoils, the lift coefficients at different angles of attack can be determined by look-
up table method(16). Since the tiltrotor aircraft can fly at a high speed, it is necessary to
consider the stall effect for retreating blade and compressibility for advancing blade.
According to Ref. 17, the aerodynamic model is modified by adjusting and substituting the
proper lift and drag coefficients under different flight conditions in aerodynamic forces
expressions.

Figure 3. Aerodynamic forces components of blade aerofoil.
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The non-circulation aerodynamic forces of the aerofoil come from the airloads produced by
the vibration of the aerofoil at the equilibrium position, which are given as

Lznc =
1
4
ρc2πð _wb0Þ

Mxnc =� 1
64

ρc3πð _wb1Þ ⋯ð14Þ

where _wb1 � 1
2 sgnðvÞc€θT :

The drag forces of the aerofoil can be expressed by

Lxd =
1
2
ρccduv3d

Lyd =
1
2
ρccdvv3d

Lzd =
1
2
ρccdwv3d ⋯ð15Þ

where Cd is the drag coefficients of the aerofoil. v3d is the resultant velocity of the aerofoil,
and is calculated by v3d =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 + v2 +w2

p
.

The aerodynamic forces on a blade segment can be obtained by adding the circulation, non-
circulation and drag aerodynamic airloads in each direction. The non-dimensional aero-
dynamic forces and moments on rotor shown in Fig. 1 are obtained through the following
expressions:

MF

Clαc
=
ð1
0
r

Lz
Clαc

dr

ML

Clαc
=
ð1
0
r
Ly
Clαc

dr

CT

Clασ
=

1
Nb

XNb

i= 1

ð1
0
r

Lz
Clαc

dr

CQ

Clασ
=� 1

Nb

XNb

i= 1

ð1
0
r
Ly
Clαc

dr

CH

Clασ
=

1
Nb

XNb

i= 1

ð1
0

Ly
Clαc

sinψ i +
Lx
Clαc

cosψ i

� �
dr

CY

Clασ
=

1
Nb

XNb

i= 1

ð1
0
� Ly
Clαc

cosψ i +
Lx
Clαc

sinψ idr

Mx

Clαc
=

1
Nb

XNb

i= 1

ð1
0
r
Lz sinψ i

Clαc
dr

My

Clαc
=� 1

Nb

XNb

i= 1

ð1
0
r
Lz cosψ i

Clαc
dr ⋯ð16Þ

where MF and ML are the flapping and the lag aerodynamic moments, respectively. CT, CH

and CY are thrust, backward force and sideward force coefficients on rotor, respectively. CQ,
Mx and My are torque, hub moments in the x- and the y-axis direction due to flapping motion
of blades. The aerodynamic forces and moments transmitted to the wing tip can be obtained
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by the following relationships:

Fp
x

Fp
y

Fp
z

Mp
x

Mp
y

Mp
z

2
6666664

3
7777775
=

cos αp 0 sin αp 0 0 0
0 1 0 0 0 0

� sin αp 0 cos αp 0 0 0
0 �h cos αp 0 cos αp 0 � sin αp
h 0 0 0 1 0
0 �h sin αp 0 sin αp 0 cos αp

2
6666664

3
7777775

CH

CY

CT

Mx

My

CQ

2
6666664

3
7777775

⋯(17)

The virtual work done by external aerodynamic forces of each generalized degrees of freedom
is given by

δWb =Fp
x δxp +F

p
y δyp +F

p
z δzp +M

p
x δαx +M

p
y δαy +M

p
z δαz +MFδβ +MLδξ ⋯(18)

The aerodynamic forces of wing are obtained by strip theory, and the detailed derivation of
virtual work done by aerodynamic forces of wing can be found in Ref. 5.

4.0 WAKE BENDING DYNAMIC INFLOW MODEL OF
TILTROTOR

To accurately establish the induced inflow model of a tiltrotor undergoing conversion, the
wake bending dynamic inflow model(12) is used. The model is based on the Peters–He
generalized dynamic inflow model(8) and the modification of rotor wake bending effects. In
the wake bending unsteady inflow model, the vertical induced inflow velocity on the rotor
disk can be described by a series form of arbitrary order harmonics and radial shape functions

λwðr;ψ ; tÞ=
X1
r = 0

X1
j= k + 1;k + 3;:::

ϕk
j ðrÞ αkj ðtÞ cosðkψÞ + βkj ðtÞ sinðkψÞ

h i
⋯(19)

where λw is the vertical induced inflow velocity on the rotor disk. α and β are the state
variables of the induced inflow in the inflow model. k is the harmonic orders of induced
inflow, and j is the number of shape functions. t represents time. r is the non-dimensional
radius of the blade. ϕ is the radial expand function which is given as

ϕk
j ðrÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2j + 1ÞHk

j

q Xj�1

q= k;k + 2:::

rqð�1Þðq�kÞ = 2ðj + qÞ !!
ðq�kÞ !! ðq + kÞ !! ðj�q�1Þ !! ⋯(20)

where Hk
j =

ðj + k�1Þ !! ðj�k�1Þ !!
ðj + kÞ !! ðj�kÞ !! .

According to the Peters–He theoretical model, the dimensionless state equations of each
cosine and sine state variable are given as,

Mc αkj

n o�
+Vc~L

�1
c αkj

n o
= τc

Ms βkj

n o�
+Vs~L

�1
s βkj

n o
= τs ⋯ð21Þ

where M is the mass matrix, V is the mass flow parameter matrix and ~L is the gain matrix
relating to the skew angle-of-wake. τ is the aerodynamic forces’ coefficients on rotor disk.
The subscripts c and s represent the cosine and sine terms, the analytical form of the mass
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matrix M is

. .
.

2Hm
n

π

. .
.

2
664

3
775=

½Mc� m= 0; 1; 2; :::N
½Ms� m= 1; 2; 3; :::N

�
⋯(22)

The cosine and the sine part of the gain matrix are ½~Lc�= ..
.

� � � ~L
kmc
jn �

� � � ...
" #

and

½~Ls�=
..
.

� � � ½~Lkmsjn � � � �
..
.

2
664

3
775 respectively, where

~L
0m
jn

h iC
=Xm Γ0m

jn

h i
~L
rm
jn

h iC
= ½X m�kj j + ð�1ÞlX m + kj j� Γkm

jn

h i
~L
km
jn

h iS
= ½X m�kj j�ð�1ÞlX m + kj j� Γkm

jn

h i
⋯ð23Þ

where l= minðk;mÞ, X = tan χ = 2j j, and if k +m is even, Γkm
jn =

ð�1Þ
n + j�2k

2 �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n + 1Þð2j + 1Þ

pffiffiffiffiffiffiffiffiffi
Hm

n H
k
j

p
ðn + jÞðn + j + 2Þ½ðn�jÞ2�1�

; if

k +m is odd and j= n± 1, Γkm
jn = π�sgnðk�mÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hm

n H
k
j ð2n + 1Þð2j + 1Þ

p ;if k +m is odd and j≠n± 1, Γrm
jn = 0.

In above expressions, χ= π/2 − αw, where αw is the skew angle-of-wake, defined as

αw = tan�1 λ0 +Vc

V cos αp

� �
⋯(24)

where λ0 is the steady term of the axial inflow. Vc is the dimensionless velocity components
of flight inflow perpendicular to the rotor plane, respectively.

The mass flow parameter matrix V includes Vc =
Vm

V

� �
and Vs = V

� 	
, where Vm is the

parameter associated with the time average inflow, given as Vm =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 + ðλ0 +VcÞ2

q
and V is

the high order mass flow parameter, defined as V = ½μ2 + ðλ0 +VcÞð2λ0 +VcÞ� =Vm.
In conversion flight, the incoming airstream does not generally flow perpendicular (through

the disk). Also, the pylon is simultaneously tilting, which makes the wake bending occur
simultaneously with the tilting of the rotor. According to the vortex tube theory model(18) and
considering the rotor wake bending effects, the state equations for each inflow variable are
written as

Mc αkj

n o�
+Vc

~L0
�1
c αkj

n o
= τc

Ms βkj

n o�
+Vs

~L0
�1
s βkj

n o
= τs ⋯ð25Þ

where the cosine part ~L0c and sine part ~L0s of gain matrix are,

~L0c = ~Lc +Cpkκc
~L0s = ~Ls +Cpkκs ⋯ð26Þ

where Cpk is the inflow coupling parameter matrix of wake bending. κc and κs are the
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longitudinal and lateral bending coefficients of wake, which are

κc =
qh� _β1c
λ0 +Vc

κs =
ph� _β1s
λ0 +Vc

⋯ð27Þ

where qh and ph are the longitudinal and the lateral tilting angular velocity of rotor shaft,
respectively. _β1c and _β1s are the longitudinal and lateral angular velocity of the flapping
motion of the rotor disk respectively.

The above detailed derivation can be found in Ref. 12.

5.0 ASSEMBLING OF ROTOR/PYLON/WING DYNAMIC
MODELS

Substituting the above derived virtual kinetic, strain energy and work expressions into
Equation (1) and combining the terms with identical variables, the following expression in
matrix form can be obtained

M1€q +C1 _q +K1q=F ⋯(28)

where the column vector q contains the rotor, wing and inflow variables, which is

q= fβ; ξ; xp; yp; zp; αx; αy; αz; u1w;w1
w; v

1
w;ϕ

1
w; v

0
w1;w

0
w1; ¼ ; unw;w

n
w; v

n
w;ϕ

n
w; v

0
wn;w

0
wn; α

k
j ; β

k
j gT

As shown in Fig. 2, the rotor is coupled with the pylon/wing system by six degrees of
freedom between the hub and wing tip. Without considering of the wing sweep angle, the
transformation relationship between the wing tip degrees of freedom and elastic beam degrees
of freedom of wing is given by

xp
yp
zp
αx
αy
αz

2
6666664

3
7777775
=

cos αp 0 � sin αp 0 0 0
0 1 0 0 0 0

sin αp 0 cos αp 0 0 0
0 0 0 cos αp 0 � sin αp
0 0 0 0 1 0
0 0 0 sin αp 0 cos αp

2
6666664

3
7777775

0 1 0 h 0 0
1 0 0 0 �h 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1

2
6666664

3
7777775

utip
wtip

vtip
ϕtip

v0tip
w0
tip

2
6666664

3
7777775

⋯(29)

The differential equations of tiltrotor aircraft in conversion flight can be obtained by sub-
stituting and assembling Equation (29), the Fourier transformation expressions (6) and (7)
into Equation (28), and combing with the inflow state equations (25)

M€x +CðψÞ _x +KðψÞx=F ⋯(30)

where M, C and K are the mass, damping and stiffness matrices of the system, respectively,
and the damping and stiffness matrices are varied with the blade azimuth angle. x is the
column vector consisting of the system variables. In this paper, taking articulated rotor with
three blades, discretizing the elastic wing into six finite element nodes, adopting two har-
monics of induced flow (r= 2) and three shape functions for each harmonic (j= 3), the vector
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x is defined as

x= fxr; xw; xλgT = fβ0; β1c; β1s; ξ0; ξ1c; ξ1s; u1w; v1w;ϕ1
w; v

0
w
1;w0

w
1; ¼ ;

u6w; v
6
w;ϕ

6
w; v

0
w6;w

0
w6; α

0
1; α

0
3; α

0
5; α12; α

1
4; α

1
6; α

2
3; α

2
5; α

2
7; β

1
2; β

1
4; β

1
6; β

2
3; β

2
5; β

2
7gT

The size of coefficients matrices in Equation (30) is 51 × 51. The right side F of Equation (30)
includes the external aerodynamic force terms, non-linear terms and constant terms inde-
pendent of variables.

6.0 SOLUTION FOR AEROELASTIC STABILITY
6.1 Trim calculation

The trim calculation of the tiltrotor aircraft in conversion flight was carried out by the wind
tunnel trim method(16). First, the flight condition is determined by the given tilt angle of the
pylon and the forward speed. The trim control inputs are determined by calculating the
response of each pitch input with time at specified lift coefficient of rotor(19). The coefficient
terms related to trim control inputs θ0, θc and θs are moved to the left side in Equation (30),
and the trim control equations are introduced as
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where τ0, τ1, K0 and K1 are parameters controlling the convergence speed of the trim cal-
culation. CT , βc and βs are objective values of trim parameters. The trim control dynamic
equation is obtained by combing Equations (30) and (31)

Mc€xc +Cc _xc +Kcxc =Fc ⋯(32)

where xc= {xr, xw, xλ, xθ}
T and xθ= {θ0, θc, θs}T, in which θ0 is the collective pitch, θc and θs

are the longitudinal and the lateral cyclic pitch, respectively. The trim control inputs are
determined by calculating the responses of Equation (32) at zero initial conditions, and the
responses of each variable are obtained by calculating the response of Equation (30) with the
trimmed inputs.

6.2 Linearization of nonlinear equations

The nonlinear terms at the right side of Equation (30) need to be linearized about a trim point
to facilitate the solution procedure for stability analysis. Unsteady aerodynamic forces pro-
duce oscillations about the equilibrium position of aerofoil in conversion flight. The small
perturbation assumption method is used here, and each variable can be treated as small
perturbation about the trimmed values, which are written as

xR = xR0 +ΔxR
xw = xw0 +Δxw
xλ = xλ0 +Δxλ ⋯ð33Þ
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The dynamic equations for aeroelastic stability analysis of tiltrotor can be obtained by sub-
stituting the expression (33) into Equation (30), and eliminating the higher order perturbation
terms, which are

MΔ€x +C0ðψÞΔ _x +K0ðψÞΔx= 0 ⋯(34)

where C0 and K0 are linearized damping and stiffness matrices.

6.3 Stability solution

In conversion flight, the damping and stiffness matrices in Equation (34) vary periodically
with blade azimuth angle, and the matrices satisfy the relations

C0ðψ0Þ=C0ðψ0 + 2πÞ
K0ðψ0Þ=K0ðψ0 + 2πÞ ⋯ð35Þ

The stability analysis of dynamic equations with periodic coefficients is carried out by using
Floquet theory, and Equation (34) is transformed into a first-order differential equation in the
state space, which is

_Y =AðψÞY ⋯(36)

where Y = fΔxR;Δ _xR;ΔxW ;Δ _xW ;Δxλg, and A(ψ) is the state matrix consisting of periodic
coefficients. According to Floquet theory, the transition matrix [Φ(t, t0)] is obtained by using

Table 1
Main parameters of rotor and wing

Rotor parameters Value

Number of blades, Nb 3
Rotor radius, R/m 3.82
Lock number γ 3.83
Rotor solidity, σ 0.089
Rotational speed Ω/rad/s 48
Flap coupling coefficient, Kp − 0.268
Static lift curve slope of blade, Cla/rad

− 1 5.7
Inertial moment of flapping Ib/kg·m

2 142
Linear negative twist of blade θtw/° − 41
Wing/pylon parameters Value
wing length ytw/m 5.09
Structural stiffness of wing

Kq1/(N/m) 9.2 × 10
6

Kq2/(N/m) 2.5 ×10
7

Kp/(N·m/rad) 1.8 ×10
6

Structural damping of wing
Cq1/(N·s/m) 9,030
Cq 2/(N·s/m) 27,300
Cp/(N·m·s/rad) 955

Pylon length, h/m 1.31
Inertial moment of pylon, mp/kg m2 16,380
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the fourth-order Runge–Kutta method to calculate the total response of Equation (36) over
one time period. The eigenvalues and eigenvectors of [Φ(t, t0)] at the end point of one time
period (t= t0 + 2π) are also obtained. The negative real parts of the eigenvalues are the modal
damping, and the system is unstable if any modal damping is less than 0.

7.0 STABILITY ANALYSIS OF TILTROTOR AIRCRAFT
The test model parameters of a tiltrotor aircraft(17) are used as the baseline study in this paper,
and the main parameters of rotor and wing are listed in Table 1.

7.1 Trim analysis of tiltrotor aircraft

The variation of the tilt angle-of-pylon with time is shown in Fig. 4. In the first 2 s, the rotor is
trimmed in helicopter flight mode, and no wake bending occurs since the pylon does not tilt.
The pylon tilts from the second seconds to the 7th seconds at a constant angular velocity of
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Figure 4. Tilt angle-of-pylon αp changing with time.
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Figure 5. Collective pitch θ0 changing with time (V/ΩR=0.3).
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18° per second. The tilt angle of the pylon becomes 90° at the end of the seventh second, with
the tiltrotor aircraft entering into aircraft flight mode and achieving an axial flow condition.
According to the parameters listed in Table 1, the transient responses of collective θ0 and
cyclic pitch θc, θs for rotor trim with time at different forward speeds are calculated when
the pylon tilts continuously. The calculated results using wake bending unsteady dynamic
inflow are compared with a uniform inflow assumption, as shown in Figs 5–10. In particular,
Figs 5–7 show the variation of trimmed pitch values with time for a forward speed 0.3 and
Figs 8–10 show a forward speed of 0.5. Together, these figures show that while the pylon tilts
forward and the tiltrotor aircraft converts from the helicopter flight mode to aircraft flight
mode, the velocity component of forward velocity along the rotor shaft direction increases,
leading to an increase in the inflow angle of the blade section. Hence, the collective pitch is
increased to manage the thrust. During the forward tilting of the pylon, the bending inflow
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Figure 6. Longitudinal cyclic pitch θs changing with time (V/ΩR=0.3).
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Figure 7. Lateral cyclic pitch θc changing with time (V/ΩR=0.3).
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distribution in conversion flight becomes a symmetric distribution in aircraft flight, and the
cyclic pitch eventually becomes 0 in aircraft flight mode. The difference in trimmed control
inputs between the assumptions of allowing wake bending unsteady dynamic inflow com-
pared with the uniform inflow assumption is mainly seen in the lateral cyclic pitch θc,
indicating that the bending wake unsteady dynamic inflow is mainly trimmed by lateral cyclic
pitch while the pylon is tilting. As the pylon tilts forward and the forward speed increases, the
forward velocity component along the rotor shaft direction increases, becoming much larger
than the unsteady induced inflow in magnitude, and the influence of wake bending unsteady
dynamic inflow on the control inputs gradually reduces.
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Figure 8. Collective pitch θ0 changing with time (V/ΩR=0.5).

0 1 2 3 4 5 6 7 8

−15

−10

−5

0

5

10

15

20

25

Time, sec

L
on

gi
tu

di
na

l c
yc

lic
 p

itc
h,

 d
eg

Present Model
Uniform Inflow

Figure 9. Longitudinal cyclic pitch θs changing with time (V/ΩR=0.5).
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7.2 Stability analysis of tiltrotor aircraft in conversion flight

The non-linear dynamic equations were linearized on the basis of the steady response of
each variable by using trimmed control inputs, and the stability analysis of tiltrotor aircraft
in conversion flight was conducted in this paper. According to Ref. 20, the tiltrotor aircraft
usually enters into the conversion flight at the forward speed between 0.3 and 0.5.
Therefore, the stability analysis is investigated by calculating the variations of modal
damping with the tilt angle-of-pylon at the forward speed of 0.3 and 0.5, respectively,
which are shown in Figs 11–16. The terms p, q1 and q2 represent, respectively, the first
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Figure 10. Lateral cyclic pitch θc changing with time (V/ΩR=0.5).
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Figure 11. Frequencies of rotor and wing modes changing with tilt angle-of-pylon (V/ΩR=0.3).
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order torsional, vertical bending and chordwise bending modes of the wing. It can be seen
from Figs 11–14, when the pylon tilts forward, more collective pitch is needed for trim-
ming, which aggravates the structural coupling between flapping and lag of blade, leading
a decrease in the frequencies of lag modes ξs, ξc and a slight increase in the frequencies of
flapping modes β0, βc, βs, and the changing in frequencies of flapping and lag modes with
tilt angle become more obvious as the forward speed increases. The unsteady wake
bending dynamic inflow produces a slight influence on the frequencies of the blade
flapping modes, but has little influence on the frequencies of lag modes and wing modes.
As shown in Figs 12–15, the damping of flapping modes reduces with the consideration of
the wake bending unsteady dynamic inflow, indicating that the unsteady inflow has sig-
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Figure 12. Damping of flapping modes changing with tilt angle-of-pylon (V/ΩR=0.3).
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Figure 13. Damping of lag and wing modes changing with tilt angle-of-pylon (V/ΩR=0.3).
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nificant influence on rotor lift. It can be seen in Figs 13–16, that while the pylon is in
motion, tilting to horizontal and forward, which makes damping of the wing first vertical
bending mode q1 less and while increasing the damping of the wing first chordwise
bending mode q2 with the forward tilting of pylon. When the frequency of ξc and q2
approaches, abrupt changes of corresponding modal damping occur. When the forward
speed is 0.5, the damping of the wing first chordwise bending mode q2 is negative as the
pylon tilts about 23°, making the wing first chordwise bending mode q2 unstable. Since the
aerodynamic forces of rotor and wing increase with the increase of forward speed, the
coupling between the modes makes the instability more prone to occur at higher forward
speed for the given conditions.
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Figure 14 . Frequencies of rotor and wing modes changing with tilt angle-of-pylon (V/ΩR= 0.5).
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Figure 15. Damping of flapping modes changing with tilt angle-of-pylon (V/ΩR= 0.5).
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According to the above analysis, the system instability is mainly due to the coupling
between the lag modes of the rotor and the bending/torsional modes of the wing. To analyse
the aeroelasticity of tiltrotor aircraft at different tilt angles, the variations of each cyclic lag
and wing modal frequency and damping with forward flight speed at different tilt angle-of-
pylon are calculated and plotted in Figs 17–24, in which the calculations without wake
bending dynamic inflow assumption are also shown for comparison. From Figs 17–22, the
figures show the helicopter flight mode and the conversion flight mode in which the shown
maximum forward speeds are V/ΩR= 0.6. Figures 23 and 24 show the turboprop aircraft
flight mode in which the shown maximum forward speeds are V/ΩR= 1.5. It can be seen
from Fig. 17 that the tilt angle-of-pylon is 0° for helicopter flight, where the pylon does not
tilt and no wake bending effect on rotor occurs. The frequency of βc mode gradually
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Figure 16. Damping of lag modes and wing bending modes changing with tilt angle-of-pylon (V/ΩR=0.5).

Figure 17. Frequencies of rotor and wing modes changing with forward speed (αp=0°).

1624 THE AERONAUTICAL JOURNAL OCTOBER 2018

https://doi.org/10.1017/aer.2018.93 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2018.93


increases at a high forward speed due to the rotor pitch/flap coupling coefficient. The
aerodynamic forces on the rotor plane increase as the forward speed increases, in which the
thrust perpendicular to the rotor plane increases, leading to an increase on the damping of
the wing first vertical bending mode q1, and aerodynamic moments produced by the forces
parallel to the rotor plane increase, leading to a decrease on the damping of the wing first
torsional mode p. According to the above analysis, the wake bending dynamic inflow
reduces the aerodynamic forces on the rotor plane, which causes a decrease in the damping
of the wing first vertical bending mode q1 and an increase in the damping of the wing first
torsional mode p.

Figure 18. Damping of lag and wing modes changing with forward speed (αp= 0°).

Figure 19. Frequencies of rotor and wing modes changing with forward speed (αp=30°).
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The variations of each modal frequency and damping with forward flight speed in
conversion flight are plotted in Figs 19–22. It can be seen that the forward tilting motion of
pylon causes the frequencies of lag modes to decrease as the forward velocity increases.
When the frequency of ξc is close to the frequency of the wing first vertical bending mode
q1 and chordwise bending mode q2, a sudden change in damping for corresponding modes
and obvious couplings between the modes appear. This can be seen in Fig. 20, when the tilt
angle-of-pylon is 30° and the forward speed is 0.41, the damping of the wing first
chordwise bending mode q2 is very close to 0. Since the component of forward velocity
along the rotor shaft direction is much greater than unsteady induced inflow in high-speed
flight, the influence of wake bending dynamic inflow on the system stability becomes
insignificant.

Figure 20. Damping of lag and wing modes changing with forward speed (αp= 30°).

Figure 21. Frequencies of lag and wing modes changing with forward speed (αp=60°).
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When the tilt angle-of-pylon is 90°, the tiltrotor aircraft is in turboprop aircraft flight
mode. In this case, the rotor is in axial flight and no wake bending occurs. The variations of
each modal frequency and damping with forward flight speed are plotted in Figs 23 and 24.
It can be seen from Fig. 24 that the component of forward velocity along the rotor shaft
direction is much greater than wake bending unsteady dynamic inflow, thus the influence of
dynamic inflow is not obvious. The damping of the wing first vertical bending mode q1 is
less than 0 and the system is unstable at the forward speed 1.12. The instability form is the
divergent vertical motion of wing tip, which is consistent with stability analysis in forward
flight(5).

Figure 22. Damping of lag and wing modes changing with forward speed (αp=60°).

Figure 23. Frequencies of rotor and wing modes changing with forward speed (αp= 90°).
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8.0 CONCLUSION
In this paper, an aeroelastic stability analysis model for a tiltrotor aircraft in conversion flight
has been proposed by using a rotor wake bending model, an unsteady dynamic inflow model,
an unsteady aerodynamic model, and the structural coupling of rotor/pylon/wing. The results
indicate that (1) compared with the uniform inflow model, the unsteady wake bending
dynamic inflow is mainly trimmed by lateral cyclic pitch θc; (2) the unsteady wake bending
dynamic inflow has significant influence on rotor flapping modes, decreasing the damping of
each flapping mode, and the influence of unsteady inflow on lag and wing modes is insig-
nificant; (3) in conversion flight, when the pylon tilts at a high forward speed, the instability
occurs in chordwise bending mode of wing; (4) in turboprop aircraft flight mode, the unsteady
wake bending dynamic inflow has little influence on the stability of tiltrotor aircraft in
forward flight.
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