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Abstract

In this article we aim to investigate the Hausdorff dimension of the set of points x € [0, 1) such that for
any r € N,

11 (D2(X) -y () 2 OO

holds for infinitely many n € N, where & and 7 are positive continuous functions, 7 is the Gauss map and
a,(x) denotes the nth partial quotient of x in its continued fraction expansion. By appropriate choices of
r, 7(x) and A(x) we obtain various classical results including the famous Jarnik—Besicovitch theorem.
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1. Introduction

From Dirichlet’s theorem (1842) it is well known that for any irrational x € [0, 1) there
exist infinitely many pairs (p, g) € Z X N such that

-2l L (1-1)

ql q

Statement (1-1) is important as it provides the rate of approximation that works for all
x € [0,1). Thus, the area of interest is to investigate the sets of irrational numbers
satisfying (1-1) but with functions decreasing faster than 1 over the denominator
squared. The primary metric result in this connection is due to Khintchine [10], who
investigated that for a decreasing function ¢, the inequality

< ¢(q) 1-2)
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2 A. Bakhtawar 2]

has infinitely many solutions for almost all (respectively almost no) x € [0, 1) if and
only if }7”, g¢(q) diverges (respectively converges). He used the tool of continued
fractions to show this.

The metrical aspect of the theory of continued fractions has been very well studied
due to its close connections with Diophantine approximation. This theory can be
viewed as arising from the Gauss map 7 : [0, 1) — [0, 1), which is defined as

1 1
T0)=0 and T(x)= ——H for 0 <x <1,
x Lx
where |-| denotes the integral part of any real number. Thus, 7(x) represents the
fractional part of 1/x.
Also, note that for any x € [0, 1), its unique continued fraction expansion is given as

. ! , (1-3)

ai(x) +

ax(x) + PV o+

where, for each n > 1, a,(x) are known as the partial quotients of x such that a;(x) =
L1/x] and a,(x) = |1/T""'(x)] for n > 2. Therefore, (1-3) can also be represented as

x = [a1(x), ax(x), az(x), ..., a,(x) + T"(x)] =: [a1(x), ax(x), a3(x), .. .].

Note that Khintchine’s result is a Lebesgue measure criterion for the set of points
satisfying Equation (1-2) and thus it gives no further information about the sizes of
null sets. For this reason the Hausdorff dimension and measure are appropriate tools
as they help to distinguish between null sets. The starting point to answer this problem
is the Jarnik—Besicovitch theorem [4, 9], which gives the Hausdorff dimension of the
set

I ={re.1);

1
-2l < = forim. (p,q) €Z X% N}. (1-4)
q qr

Here and throughout ‘i.m.” stands for ‘infinitely many’.
Recall that for any irrational x € [0, 1), the irrationality exponent of x is defined as

H(x) :=sup{r : x € J(1)}.

From Equation (1-1), it is known that ©¥(x) > 2 for any irrational x € [0, 1). Moreover,
for any 7 > 2, the Jarnik—Besicovitch theorem [4, 9] states that

2
dimg{x € [0,1) : 3(x) > 7} = dimg{x € [0, 1) : I(x) = 1} = —.
T
Observe that the exponent 7 in the above sets is constant. Barral and Seuret

[3] generalized the Jarnik—Besicovitch theorem by considering the set of points for
which the irrationality exponent is not fixed in advance but it may vary with x in a
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continuous way. More precisely, Barral and Seuret [3] showed that for a continuous
function 7(x),

dimy{x € [0,1) : 9(x) = 7(x)} = dimy{x € [0, 1) : F(x) = T(x)}
2
- min{r(x) : x €[0, 1]}’

They called such a set the localized Jarnik—Besicovitch set. The result of Barral and
Seuret was further generalized to the setting of continued fractions by Wang et al. in
[21]. To refer to their result, we first restate the Jarnik—Besicovitch set (1-4) in terms
of growth rate of partial quotients,

J@) = {x €[0,1) : ay(x) > T2DNW0ITDD for § m 5 e N). (1-5)

Note that in terms of entries of continued fractions the Jarnik—Besicovitch set, as given
in Equation (1-5), contains the approximating function that involves the ergodic sum

Su(log T’ () = log [T ()] + - - - + log |T" (1"~ (x))|

and this sum is growing fast as n — oo. Therefore, having the approximating function
in terms of the ergodic sum and the fact that partial quotients of any real number
x € [0, 1) completely determine its Diophantine properties, the Jarnik—Besicovitch set
(and its related variations, which we see in this article) in terms of the growth rate
of partial quotients gives us better approximation results. In fact, Wang et al. [21]
introduced the generalized version of the set (1-5) as

J(t,h) = {x €[0,1) : ay(x) > ™" forim. n € N},

where h(x), 7(x) are positive continuous functions defined on [0, 1] and S,h(x)
represents the ergodic sum ‘h(x) + ---+ h(T""'(x)).” They called such points the
localized (7, h) approximable points. Further, they proved the Hausdorff dimension
of J(t, h) to be

s\ = inf{s > 0 : P(T, —sTminh — slog|T"|) < O},

where T, = min{r(x) : x € [0, 1]} and P denotes the pressure function defined below
in Section 3.

In this article we introduce the set of points x € [0, 1) for which the product of an
arbitrary block of consecutive partial quotients, in their continued fraction expansion,
is growing. In fact, we determine the size of such a set in terms of Hausdorff
dimension. Motivation for considering the growth of the product of consecutive partial
quotients arose from the work of Kleinbock and Wadleigh [12], where they considered
improvements to Dirichlet’s theorem. We refer the reader to [1, 2, 8, 11-13] for
comprehensive metric theory associated with the set of points improving Dirichlet’s
theorem.
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We prove the following main result of this article. Note that the tempered distortion
property is defined in Section 3.

THEOREM 1.1. Let h: [0,1] — (0, 00) and 7 : [0, 1] — [0, 00) be positive continuous
functions with h satisfying the tempered distortion property. For r € N, define the set

RA(T) = {x €[0,1) 2 dps1(X) -+ - Apyr(x) > ™5 for im. n € NJ.
Then
dimy R, (1) = s = inf{s > 0 : P(T, —g,(s)Tmin/t — s log |T"]) < 0},

where Ty, = min{r(x) : x € [0,1]} and g.(s) is given by the following recursive
formula

2i(s) = s, gr<s)=% forr=2.

Theorem 1.1 is more general as for different 7(x) and A(x) it implies various classical
results, as we now see.

e When r =1, 7(x) = constant and Ah(x) = log|T’|, then we obtain the classical
Jarnik—Besicovitch theorem [4, 9].

COROLLARY 1.2. Foranyt > 2,

dimyg J(7) = %
T
e When r = 1, we obtain the result by Wang et al. [21].
COROLLARY 1.3.
dimg{x € [0,1) : dps1(x) = 5" for im. n e N} = sg).
e Whenr = 1,7(x) = 1 and Ah(x) = log B, we obtain the result by Wang and Wu [20].
COROLLARY 1.4. Forany B > 1,
dimg{x € [0, 1) : du1(x) = B" for im. n € N} = 5,
where
s4) = inf{s > 0 : P(T, —slog B — slog|T"|) < 0}.
e  When 7(x) = 1 and h(x) = log B, we obtain the result by Huang et al. [7].
COROLLARY 1.5. Forany B > 1,
dimg(x € [0, 1) : dus1(x) -+ - Gy (x) = B" for im. n € N} = 517,

where

s¢) = inf{s > 0: P(T, —g,(s)log B — slog T"'|) < 0}.

https://doi.org/10.1017/51446788720000464 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788720000464

[5] Hausdorff dimension for a set of points 5

e When r =2, 7(x) = constant and h(x) = log|T’|, we obtain the result by Hussain
et al. [8].

COROLLARY 1.6.

dimg{x € [0, 1) : dys1 (N)@n2(x) = g7 (x) for iim. n € N} =

2471

2. Preliminaries

In this section, we gather some fundamental properties of continued fractions of
real numbers and recommend [ 10, 14] to the reader for further details.
For any vector (ay,...,a,) € N" with n € N, define the basic cylinder of order n as

I, =1/(ay,...,a,) :={xel0,1):a1(x) =ai,...,a,(x) = a,}.

PROPOSITION 2.1. Let n>1 and (ay,...,a,) € N". Then we have the following
results.
(1)
Pn Pn+ Dn-1 .
) ? if nis even,
In(a] , a2y ity an) = g’rll +qln7n_1 npn . .
————.—| ifnisodd,
An + qn-1 4n

where the numerator p, = p,(x) and the denominator q, = q,(x) of the nth
convergent of x are obtained from the following recursive relation:

pP-1 =1, po =0, put1 = Aus1Pn + Pn-1,

(2-6)
q-1 = 0, qo = 1, dn+1 = Qn+1qn + qn-1-
Also, pp-1qn — Pngn-1 = (=1)" foralln > 1.
(1)  The length of I,(ay,ay, ... ,ay) is given by
1 1
= < |(a,...,a)| = ——— < —. 2-7)
242 " " 4n(qn + qn-1) ~ 43
(i) gp, =27V and, forany 1 <k <n,
qn+k(ala s an’ an+1’ LECN ) an+k) Z qn(a17 cee an) : qk(an+17 e an+k)» (2—8)
Gnak(A1s s Any Qs s Anak) < 2qp(an, .o, an) - Gr(@nstts - -5 Anak)-
(iv)
1 1

- ‘ _ P
(an+1 + 2)‘];% 4n

= 1 < 2
Qn(Qn+1 + T (X)Qn) an+19;

and the derivative of T" is given by
(-

)= ———
( ) (X) (an_l - pn—1)2
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Further,
n—1
g < [ [ Il < 4430, (2-9)
k=0
From (2-6), note that for any n > 1, p, and g, are determined by ay,...,a,. Thus,
we can write p, as p,(ai,...,a,) and g, as g,(ay, . ..,a,). Just to avoid confusion, we

can also use the notation a, and g, in place of a,(x) and g,(x), respectively.
The next theorem, known as Legendre’s theorem, connects one-dimensional Dio-
phantine approximation with continued fractions.

LEGENDRE THEOREM . Let (p,q) € Z X N. If

p
x__

q

1 .
<2— then £=p(x)

7’ q g

for some n > 1.

According to Legendre’s theorem, if an irrational x is well approximated by a
rational p/q, then this rational must be a convergent of x. Thus, in order to find good
rational approximates to an irrational number, we only need to focus on its convergents.
Note that, from (iv) of Proposition 2.1, a real number x is well approximated by its
convergent p,/q, if its (n + 1)th partial quotient is sufficiently large.

3. The pressure function and sg)

In this section, we recall the definition of pressure function and collect some of
its basic properties which are useful for proving the main result of this article. For
thorough results on pressure functions in infinite conformal iterated function systems,
we refer the reader to [16—-19]. However, for our purposes, we use the Mauldin and
Urbanski [17] form of pressure function applicable to the geometry of continued
fractions.

Consider a finite or infinite subset B of the set of natural numbers and define

Zg ={x€[0,1):a,(x) e Bforalln > 1}.

Then (Zg, T) is a subsystem of ([0, 1), T), where T represents the Gauss map. Let
Y : [0,1) = R be a function. Then the pressure function Pg(T, ) with respect to the
potential ¢ and restricted to the system (Zg, T) is given by

1
Pa(T,y) = lim ~log ) sup S, (3-10)
n—oo n

where S,i/(x) denotes the ergodic sum y(x) + - - - + (7" ! (x)). For 8 = N, we denote

The nth variation of a function ¢, denoted by Var, (i), is defined as

Var,(¥) :=  sup  |W(x) — ¥(2)l,

x,2: L, (0)=1,(2)
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where I,(x) represents the basic cylinder of order n that contains x in the continued
fraction expansion, that is, 1,,(x) = I,(a;(x), ..., a,(x)) (for the definition of cylinder,
see Section 2).

A function ¥ is said to satisfy the tempered distortion property if

Var;(¢) < oo and lim Var,(y) = 0. (3-11)

Throughout the article, we consider ¢ : [0, 1) — R to be a function satisfying the
tempered distortion property. The existence of the limit in the definition of the pressure
function is guaranteed by the following proposition.

PROPOSITION 3.1 [15, Proposition 2.4]. The limit defining Pg(T, ) exists. Further-
more, if Y : [0, 1) = R is a function satisfying the tempered distortion property, then
the value of Pg(T, ) remains unchanged even without taking the supremum over
x € Zg in (3-10). The independence of Pg(T, &) on the supremum over x € Zg follows
from the fact that

ISalar, ..,y + 1] = Slar, ..., @y + 32D < ) Var() = o(n)
j=1
for any x\,x, € Zg.

Thus, if we want to take any point z from the basic cylinder
L(ay,...,a,), we can always take it as z = p,/q, = [ai,...,a,).

The next result by Hanus et al. [6] shows that when the Gauss system ([0, 1), 7T)
is approximated by (Zg, T), then in the system of continued fractions the pressure
function has a continuity property.

PROPOSITION 3.2 [6]. Let ¢ : [0,1) — R be a function satisfying (3-11). Then
P(T,y) = sup{Pg(T,y) : B is a finite subset of N}.

For everyn > 1 and s > 0, let

1
hss) = Y —— (3-12)

e8r (5)TminSnh(z) q%s ’

where z € [,(ay, ..., a,) and g,(s) is defined by the formula
21(s) = sand g,(s) = — 81 Ay (3-13)
-5+ gr—l(s)

It can be easily checked that for any s € (1/2, 1), we have g,,(s) < g,(s) for all r > 1.
From now onwards we consider a particular potential

Ys(x) 1= —g+()Tminh — slog |T"(x)|.
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From the definition of the pressure function (3-10) and from (2-9), (3-12) and (3-13),

1
egr(s)‘rminsn h(Z)q%Y :

Pg(T,y,) = 11m - log Z

.....

Define
sy =inf(s > 0: f,8(s) < 1}
and let

sy = inf{s > 0 : Pg(T, —g,(8)Tminh — s log |T'(x)]) < 0O},

s = inf{s > 0 : P(T, —g,(s)Tminh — s log [T’ (x)]) < O}.

When B is a finite subset of N, then s") and s are the unique solutions to f;, g(s) = 1

n8 B
and Pg(T, —g,($)Tminh — slog |T’(x)|) = 0, respectively (for details, see [20]). If B =
{1,...,M} for any M € N, write s( 2 for s(r)B and s(r) for sg)

From Proposition 3.2 and since the potential lﬁs satisfies the tempered distortion
property, we have the following result.

COROLLARY 3.3. For any integer r > 1,

s(r) = sup{ : B is a finite subset of N}.

(r)

Furthermore, the dimensional term Sy is continuous with respect to g, that is,

lim0 inf{s > 0: Pg(T,¥; + €) <0} =inf{s > 0 : Pg(T,y,) <0} (3-14)
From the definition of the pressure function and by Corollary 3.3, we have the
following result.
COROLLARY 3.4. ForanyM e Nand 0 < € < 1,

lim 553\4 = s;;), lim s@N = sg), lim s ") sg) and s,

n—oo n—oo M—oo

0 _ O <e.

4. Proof of Theorem 1.1
The proof of Theorem 1.1 is divided into two main parts:

(i) the upper estimate for dimy R,(7); and
(i) the lower estimate for dimyg R, (7).

4.1. Proof of Theorem 1.1: the upper estimate. Upper estimates for the Hausdorff
dimension of any set are usually easy to obtain as they involve a natural covering
argument. Thus, for the upper bound, we find a natural covering for the set R,(7). To
do this, recall that & is assumed to be a positive continuous function satisfying the
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9] Hausdorff dimension for a set of points 9
tempered distortion property. Consequently,

n
(1/m) ) Varj(h) -0 asn — .
=1
Thus, for any fixed 4 > 0, there exists N(1) € N such that for any n > N(1) we have
j"zl Var;(h) < nA. Therefore, for any x, z € [0, 1) with 1,,(x) = 1,(2),

—_

n—

1,h(6) = Sph(D)] = | > h(T7x) ~ Zh(sz)

.
Il
(=)

: "
L

Ih(T’x) - W(T7)|

~.
Il
(=)

BN
|

Var,_;j(h) < na.
]=0

Then
R(1) C C.(1),
where
CH(T) = (x €[0,1) : @y 1(X) -+ tpy(x) = ™05V im p e N}

and z € I,(ay, . ..,a,). Thus, for the upper estimate of dimy R,(7), it is sufficient to
calculate the upper estimate for dimy C,(7); that is, first, we show that

dimy C,(7) < inf{s > 0 : P(T, —g,(s)Tmin(h — 2) — slog|T"|) < 0} (4-15)

by induction on r.

For r = 1, the result was proved by Wang et al. in [21].

Suppose that (4-15) is true for r = k. We need to show that (4-15) holds forr = k + 1.
Note that

Cis1(™) S €[0,1) : Appi(x) - Apyg(x) > ™5V im e N}

1< a1 (0) -+ @i (x) < eminSn=0G),

Uixel0,1): eTminSi(h=D@) .
-1 Anrier1(X) = im. neN
A1 (X) * + + Ak (X)

Further, forany 1 <y <e,

Crr1(1) C{x € [0, 1) 1 @y (%) -+ Apaie(x) > Y™ @YD im pn e N}
1 < an+1(x) . a"+kgx()h S/l)f(y‘)rminsn(h_/l)(z),
Uixe[0,1): gTmin2n{=ANZ .
0.1 Apipr1 (X) > imneN

Ap+l ()C) e an+k(x)
=: A(t) U B(1).
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Thus,

dimy C41(7) < 1inf max{dimy A(7), dimyg B(7)}.
<y<e

By using the induction hypothesis and since y 5 (=V@ < pTmin$i (1=
dimy A1) < t§ :=inf{s > 0 : P(T, —gi(s)Tmin(h — D) logy — slog |T’]) < 0}.

For the upper bound of dimy B(7), we proceed by finding a natural covering for this
set. In terms of the lim sup nature of the set, 8(7) can be rewritten as

1 < an+l(x) N an+k(x) < nmiinSn(h_/l)(Z)’

B(r) = ﬂ U x€[0,1): TninSu(h=(2)
N=1 n=N A1 (X) >
A1 (X) - Apyi(X)
= ﬂ U B (7).
N=1n=N

Thus, for each n > N, the cover for 8*(7) will serve as a natural cover for B(7). Clearly,

B (1) C U U Jusk(@t, . o5 k),

@150,n €N 10,y <yTminSn=DE)
where

Jusk(@r, ..o Qpi) = U Lnks1(an, . .. Quakst).
)

ks 2 Apt1 " +k

By using Equation (2-7),

[Lnkr1(at, ..., Guars1)l

TminSn (h—D(2)
e'min”7n
Apik1 2=

Vasr(@t, ..., Qner)l

1"tk

1

e™minSn(h=D@) o

000 2 (@)

1
eTninSah=D@ (g, - - an+k)q%(al sees an)'

Fixing ¢ > 0 and taking the (s + d)-volume of the cover of B*(7),

1 s+0
Z Z (ermmsnm—ﬂxz)(anH “e e Ani)q2(2) )

A1sens@n €N 1<qy |-y g <y TminSn (=D
1 N
< } ‘ Z ( e~ OTminSu(h=2)(2)
- TminSn(h—=2)(2) 2
Aol €N 1<a, 1 0y <y minSn =D ermnn (ant1 a”+k)qﬂ(z)

https://doi.org/10.1017/51446788720000464 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788720000464

[11] Hausdorff dimension for a set of points 11

(log —miin Sn(h=)(z) )k_ 1

(k=1

_ 1  OinS (-2
@ Tmin Sn(h—)(z) q% (Z)

(1=8)TminSn(h—)(2)

X
=M

minSn h=(z) k-1
< (log emmnn =Dy | S -
ay,...,dn €N (k B 1)‘
1 N
_ ( ) o~ OTninSi(h=2)2)
e‘l’minsn (h—/l)(z) q% (Z)

IA

3 yu—s)rmms,,(h—ﬁxz)( 1 )S.
TS D@ g2 ()

Therefore, the (s + 6)-dimensional Hausdorff measure of (1) is

H(B(1))

. = 1 s+0
<
<liminf ), 2 (erminsn<h—1><z> (@t - a2 Q) )

=N A1, @y €N 1 <qy 1 -+t <y minSn=D@

00 1 P
imi (1=8)TminSn(h—=A)(2)

<

- h]{’lrilolgf Z Z Y ( @Tmin Sp(h—=2)(z) q% (Z) ) :

n=N ay,...,a,eN

Since ¢ > 0 is arbitrary,
dimy B(1) < u’;”,

where u’;” is defined as

inf{s >0 : P(T,(1 = $)Tmin(h — D) logy — sTmin(h — 2) — slog |T’]) < 0}.
Hence,

dimy Ci41(7) < inf max{tﬁ, uﬁ“ ).
I<y<e

As the pressure function P(T,y;) is increasing with respect to the potential v, we

know that # is increasing and u5*! is decreasing with respect to y. Therefore, the

infimum is obtained at the value vy, where
—8k($)Tmin(h — A)logy — slog|T’|
is equal to

(1 = $)Tmin(h — D) logy — sTmin(h — ) — slog|T’|.
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This implies that
y(l—S)Tman(h—/l) e~ STmin(1=1) _ y_gk(S)Tmin(h_/l)

N
= ——— =—1lo
(1—5) + g(s) &7

= —gi+1(s) = —gi(s) logy.
Hence,
dimy Ci41(7) < inf{s > 0 : P(T, =gk41(5)Tmin(h — A) — slog |T"]) < O}
Consequently, for any r > 1,
dimyg R,(7) < inf{s > 0 : P(T, —g,(s)Tmin(h — 2) — slog |T’]) < 0}.
By Equation (3-14) of Corollary 3.3 and letting 4 — 0, we obtain the desired result.

4.2. Proof of Theorem 1.1: the lower estimate. For the lower estimate of the
Hausdorff dimension of R,(7), we adapt similar method as [7]. We first construct the
Cantor subset &, which sits inside the set R,(7) and then we distribute the measure
1 >0 on &, and obtain the Holder exponent. Lastly, we apply the mass distribution
principle [5].

PROPOSITION 4.1 (Mass distribution principle). Let U be a Borel subset of R and p
be a Borel measure with u(U) > 0. Suppose that, for some s > 0, there exists a constant
¢ > 0 such that, for any x € [0, 1),

H(B(x,d)) < cd’,
where B(x, d) denotes an open ball centred at x and of radius d. Then
dimH U > s.

Cantor subset:
Fix % < s < s and choose 1 < Yo <1 £ -+ £¥,2 < einaway such that

N
AONED)

SH—I

logy; forall0<i<r-2. (4-16)

Moreover, we have the following lemma, which we prove by induction on r.
LEMMA 4.2. Foranyr > 1,

_ S@2s—1)
&)= Ty

satisfies the recursive relation defined in (3-13).

(4-17)

PROOF. When r = 1, it is clear from (3-13) that
s2s — 1)

gi(s) =s= m
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[13] Hausdorff dimension for a set of points 13

Suppose that (4-17) is true for r = k; then, for r = k + 1,

58k (s)
= ———by(3-13
8k+1(5) s+ 205) y (3-13)
s5(2s-1)
sk—(1—-s)k . . .
= ———————— (by induction hypothesis)
1—s+ sK(2s—1)
sk—(1—-s)k
B s @25 - 1)
T sk — (1= )k — sk 4 5(1 — )k + (25 — 1)sk
_ 125 - 1) o s@s-1)
Togk+l (1 = s)%(1 =) okl (s = Dk+1 :
Therefore, (4-17) is true for r = k + 1. O
Thus, by using (4-16) and (4-17), it is easy to check that the following equality
holds:
logyy® = log(yy(yoyn)™) = -+ = log((yo -+ ¥-3)' " (yo -+ ¥-2)™)

- (4-18)
=log(yo - yr2) ~* =5 =—g(s).

Further, let € > 0 and M € N. Fix an irrational zy and an integer ¢, such that for any
z € I,(z0) with n > 1y,

T(Z) < rnin{‘rmin(1 + E)’ Tmin + 6}-

Next define two integer sequences {fj}j>1 and {m;};»; recursively, where {m;};> is
defined to be a largely sparse integer sequence tending to infinity. For eachj > 1, define
ti=tfo+jandsetn; = (nji. +(r— 1)+t +m; + 1.

Now we construct the Cantor subset &, level by level. We start by defining the zero
level.
Level 0. Let ng + (r — 1) > t,. Define

VO = (a1(z0), a2(20), - - - » nger-1)(20))-

Then the zero level & of the Cantor set &, is defined as

Eo := Fo = ngs(ry (VD))

Level 1. Note that n; = (ng + (r — 1)) + t; + m; + 1. Let us define the collection of
basic cylinders of order n; — 1:

F1 = Ly OO0 VO B0 e 1 < b, < M.

> Ymy
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14 A. Bakhtawar [14]

For each 1, _j(wV = (V(O’r_l),V(O’r_l)h],b(]l), ...,b))) € F1, define the collection of
subcylinders of order n;:

Erowh) := (L, V) = 1, W, ay,) :

T(21)Sn | ~(ng+(r—1))-11(21) T(21)Sn, ~(ng+(—1))~11(21)
p o < ay, <2y, 1o 1, (4-19)

where 21 € Ly, _us—1-1 VDl B, b)),

Let I, = I, V* =D, vOr=D1, b0 b a,,) € E19(wD). The choice of z; indi-
cates that for any x € I,,,, the continued fraction representations of z; and x share
prefixes up to #th partial quotients. Hence, 7(z;) is close to 7(x) by the continuity
of 7. Further, it can be easily checked that Sy, —(n+(—1))-17(z1) ~ Su,-1h(x) (here ‘~’
denotes the asymptotic equality of two functions). Consequently,

T(ZD)Sn,~(no+(r—1)-11(z1) ~ T(X)SH, -17(x)

= T(2)Sn,—(no+(r—1)-11z21) l0g yo ~ T(x)S,, —1h(x) log yo

Sn—n+r— -1h S"*h
N log’y(T)(ZI) 1= +-1)-1h(z1) log)/g(x) | -1h(x)

T(X)Sy

— loga, ~logy, " from (4-19).

Sy, —1h
Thus, @, (x) ~ yo ",

Next, for each I,, V19) € & o(w), define

E (M) = {1, ) = 1, 019, a0

T(21)Sn; —mg+(r-1y)-11(21) T(@)Sny ~g+r-1)-1h(21)
Y, S Gp <2y, " ).

Continuing in this way for each I, 13 (V") € &;,_3(/ 1), collect a family of
subcylinders of order n.4(—2):

1 ) Lr—
Erra (M) = ey D) = Ly ooy M7, s -2)

T(21)Sn, ~(ny+r-1)-11(21) T(21)Sn ) ~(ng+(r—1))-11(21)
Y, Sapre-2) <2y, }.

Further, for each I, (2 (V'""™?) € &1 ,0(/"), collect a family of subcylinders
of order ny4(—1):

) 11 1r—2
Eppo () 1= {In1+(r—1)(v( Ty = Loy YT, e
( e )T(Zl ISy ~(ng+(r—1)-1h(21)
Yo

Yr-2
e )T(ZI ISy ~ng+(r=1)-1 h(Z])}

Yo Yr-2

< Ay +(r-1)

<2
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[15] Hausdorff dimension for a set of points 15

Then the first level of the Cantor set &, is defined as

Eipo1 = {1n1+(r1)(v(1’r_1)) €&, ()
In1+i(v(1’i)) € SI,i(v(l’i_l)) forl <i<r-2;

L, ) € &10(wV); I, () € "r’l}.

Level j. Suppose that the (j — 1)th level &;_; ,—; has been constructed. The set &;_1,—1
consists of cylinders all of which are of order nj_; + (r — 1). Recall that n; = (n_; +
(r — 1)) + t; + m; + 1. For each basic cylinder Inf_1+(,_1)(v(f‘1”‘1)) € &j_1,-1, define the
collections of subcylinders of order n; — 1:

Ty -y VD)) = (L 077D WD 0 )y

1<bY,...b%) < M)

and let

Fi= | Fleno ).

Inj_1+(r—1)€8j-|,r-|

Following the same process as for Level 1, for each Inj_l(w(/)) € ¥; define the
collection of subcylinders:
Eiow") 1= (1,0 = LW, ay) -

T(2))Sn;~(nj_y +(r-1)-11(2}) T(2))Sn;(nj_y +r-1)-11(2})
0 < ay; < 2y, ),

where z; € Iy, +(-1)-1 0277V, B, .. b,
Next, for each 1, (/V9) € &;o(w?), define

E1 () = (L1 O9D) = L 090, 11) -

T(Z)Sn;-(n;_y +(r=1))-1h(Z)) T(Z)Sn;~n;_y +r—1))-1h(Z})
Y, = Sanj+1 <2')/1 =0 1.

Similarly, for each I, +;—i (WD) € &;,; (2) with 2 < i < r — 2, we collect a family
of subcylinders of order nj,;:
&0 i= {1 i 09) = L0, ay0)

T(Z)Sn—n;_ +r-1)-1h(z)) T(Z)Sn—n;_y +-1)-1h(z))
y, 1= < Gy < 27/1‘ b=

}.
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16 A. Bakhtawar [16]
Continuing in this way for each I, 1,,(V/"~?) € &;,_,("%"~), we define

&1 (W) 1= {Inj+(r—1)(V(/’r_1)) = Inj+(r—1)(V(j’r_2),Clnj+(r—1))) :

e )T(Zj)snj ~(nj_g =11 h(z;)

(7’071 Y2
e )T(Z‘f)Sl1j—<;{f,l +(rl))lh(zj)}

Yoyl Vr-2
Then the jth level of the Cantor set &, is defined as

< Anj+(r-1) < 2(

Eirat = Ly WD) € 8, 77D
L+ i) € &, Dy for 1 <i<r-2;
L, (V9?) € &) L1 (w?) € F).

Then the Cantor set is defined as

Eo = ﬂ U 1n,+(r—1)(V(i’r_l))-

(e8]
JEL Ly O D)EE g

By the same arguments as discussed earlier in defining Level 1, that is, by the
continuity of 7 and since z; and x share common prefixes up to #th partial quotients,

Sy 1 +(—1)-11(2))
lim7(z;)) = 7(x) and lim —/— =1 4-20
) =t jooo Sny-1h(x) (420

Therefore, & is contained in R,(7), as for showing this it is sufficient to show that
(4-20) holds.

In order to better understand the structure of &, we utilize the idea of symbolic
space. If the continued fraction expansion of a point x € &, is represented by
[vi,v2,..., Vs, ...], then the sequence (vi,Vv2,...,V,,...) is known as an admissible
sequence and v = (v1,vs,...,v,) is called an admissible block for any n > 1. If v is
an admissible block, then I,(v) N Ex # 0 and such basic cylinders 7,(v) are known as
admissible cylinders.

For any n > 1, denote by D,, the set of strings defined as

D, ={v1,v2,...,vp) eN" 1 v = (v, vo,...,V,) is an admissible block]}.

We define D, for different cases, according to the limitations on the partial quotients
defined in the construction of E.
Letly=n—(ng+(r—-1)—-1=1t +my.

(la) Whenl <n<(ng+(r-1)),

D, = (V™D = (a1(20), @2(20); - - - » Ang(-1)(20))}-
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[17] Hausdorff dimension for a set of points 17
(1b) When (ng+ (r—1)) <n<(ny+ (r—1)) +1,

D, = {(V(O,r—l)’ V(O’r_l)ln—(no-#(r—l)))}'
(Ic) When(ng+(r—1)+t; <n<ny,

0,r—1 0,r—1 .
D, = v =PV Vo va) S 1S v S M,

(no+(r—1)+1t <u<nl.
(I1d) Whenn = ny,

Or—1) (01
D, =1y = VO ettty - s Vi1 Vi) |
(@S hz1) 7(21)S1, h(z1)
0 0
and 1 <v,<Mfor(ng+(r—1)+H <u<m},

<V, <2y,

where z; € Ill(V«)’r_l)lz]

sV(ng+(r—=1)+1 +15+-5Vny -1

(le) Whenn=n;+i,wherel <i<r-2,

0,,—1) . (0,r—1 .
D, ={v= (V( " ),V( " )Itlav(n0+(r—1))+t1+l), .- -,Vn1+i) .

Si, h S1, h .
'}’:(ZI) 1, h(z1) < Vi < 27;(21) I (Zl)’ where 1 <i<r—2,
7(21)S1, h(z1) 7(z1)S1, (z1)
o ! <V, < 270 !

and 1 <v,<Mfor(ng+(r—-1))+H <u<mn}

(If)y Whenn=n;+((r-1),

-1 -1
D, = {V = (VO Oy 1) 4100 - -+ > Vi)

e )T(m )81 h(z1)

(— < Vn+(r—1)
YoY1 Y2

e 7(21)S, h(z1)
< 2(—) ,
YoYr::Yr-2

7(21)81 h(z1)
Yi

7(21)81, h(z1)
i

T(21)S1, h(z1)
Yo

< Vp4i <2y , where 1 <i<r-2,

S,
y(T)(Zl) 1 f(z1) <y <2
and 1 <v,<Mfor(ng+(r—-1)+1 <u<n1}.

Next we define O, inductively. For this we suppose that D, -1y has been given
and, foreachj > 1, write [; = n; — (nj.; + (r = 1)) = 1 = t; + m;.

(2a) When(ni_ +(r— 1)) <n< (o +(r—1) +1¢,

D, ={v= (V(H’r_l),VU_l’r_l)|n—(n,,,+(r—1)))}.
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18 A. Bakhtawar [18]
(2b) When (nj_; + (r— 1)) +1; <n <n;,

i—1r=1) _ (-Lr-1 )
-Z)n = {V = (V(/ " )s V(/ " )ltj’ V(nj_1+(r—1))+tj+ls cees Vn) .
i—1,r—1
y(l d ) € Z)nj_1+(r—l)s
1<v, M, oy +(r—=1)+t <u<nh
(2c) Whenn =n;,
i—Lr-1) _ (-Lr-1 .
D, ={v= UD it )|zj,V(nj_1+(r—1))+zl+1),---,Vn,)-
7()Si;h(z) 7(2)Sy;h(z;)
0 S <2y,

and 1 <v, <M for (nj_y + (r— 1))+t <u <n},

where z; € 1, Dl Vo -1yt - - - Va—1)-
(2d) Whenn=n;+i,wherel <i<r-2,

i—1r-1) (~Lr—1 )
D, = {v= VD0 )|zj,V(nj_1+(r—1))+zj+1), e Vi)

7(z))S1.h(z)) 7(zj)S1.h(z)) .

yij]’ j_vnj+i 2)/1.]]’ ", wherel <i<r-2,
7(27)S1.h(z)) 7(z))S1.h(z))

7’0!]] ISan<2’)’0]]j]

and 1 <v, <Mfor(ni_ +(r—1) +t <u<n}.

(2e) Whenn =n; +(r—1),

i—1r-1) _(~1.r—1 )
D, = {V = (Wb U oo Vo 1)s - - > Vi) -

e 7(z)S1;h(z) e 7(z)S;h(z)
(—) < Vpr(r-1) < 2(—) ’
YoYi Vo YoYittYr-2
7(z)S1,h(z)) T(2)S;; 1(z)) .
Yi T < Vi+i < 2, 7T Where 1 < i< r—2,
T(z)Sy;h(z) 7(&)Si;h()
0 < Vn/- < 270

and1 <v, <M, for(nj_1+(r—1))+tj<u<nj}.

Fundamental cylinders. For each v = (vy,...,v,) € D,, we define a refinement J,, of
I, as the union of its subcylinders with nonempty intersection with E.

(3a) For (nj_1 +(r—1)) +t; <n < n; + 1, define

L= O v v, (4-21)

1<V <M
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(3b) Forn = n; — 1, define

Jn,-—l(y) = U In,-(Vls- . ',an—lsvnj)a
(zj)S h(zj) (z))Sy h(zj)
Yoo T Sv<2yy
i—1,r—1
where z; € 1, Dl Vo -1yt - - Va—1)-
(3c) Forn=n;j+i—-1with1 <i <r-2,define

Jnj+i—1(v) U Inj+i(V1a R Vl’lj+,’)'
7(z7)Sy. h(zj) 7(z7)S;. h(zj)
y, 51 SvnjH-SZyi 51
(3d) Forn =n; + (r — 2), define
Jn+r-2)(v) = U Ly -1y (W),
7(zj)Sy. h(zj) 7(zj)Sy. h(zj)
(m_._”,z) T <vpen=2( m_._(y,,z) e

where w = (V] yeeny Vn,-+(rfl))'
(Be) Ifnm+(r—1)<n<(n+ (- 1)) +1t, then, by construction of &,

T = Lysr-tyeg,, 097D 7D ),
Clearly,

Ew = ﬁ U Ja().

n=1 veD,

(4-22)

(4-23)

(4-24)

(4-25)

4.2.1. Lengths of fundamental cylinders. In this subsubsection, we estimate the

lengths of the fundamental cylinders defined above.
Let the continued fraction representation for any x € &, be

j—1,r—1 j—1,r—1 j j
[V(I ” )’V(] o )ltjvb(]/)y""bynj-?anj""9anj+(}”—1)""]'

@D Ifn = (nj + (r — 1)) + 4, then, by using (2-8),

j—1,r—1 j—1,r—1 j j jr—1
Q(nj+(r—l))+tj+1(v(} ’ )’V(] ” )ltj,b(ll)s---abf']nj-yanj’--~7anj+(r—1)’v(]’r )|tj+1)

< 202G sty VT VD g, 0 BY)
)81 h(z; jr—1
: eT(Z/) b @ q1/+1(V(1’r )|lj+1)-

Next, from (iii) of Proposition 2.1 and by the choice of m;,

DS hE)N 1
Gonyrr— 14151 (X) < Qa4 1y0,(0) - (o, (z7)e™ @M1+

J
< 1_[ (q/k (Zk)eT(Zk)Slk h(Zk))l +e,
k=1

where z; € L, V&0, b0, B0 forall 1 < k <.
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20 A. Bakhtawar [20]

(D) If (nj+(r— 1)) < n < (nj+ (r = 1)) + £, then

j
4n(X) < Goustr-1 s, () < l_[(%(zk) CCANES
k=1

(II) When (nj_1 +(r—1))+t;, <n<n;—1, represent n — (nj_1 +(r— 1)) —¢; by [;
then
gn(x) < 2Q(n/—1+(r—1))+tj(x) ) ql(b(lj)’ teco by))
-1
(1 e W< gD, b)),
1

.

k=

Now we calculate the lengths of fundamental cylinders for different cases
(4-21)—(4-25) defined above.

(D) If(niy +(r—1) <n< (g +(r— 1) +1, then, from (2-7), (4-25) and (4-26),

Wa @] = Wy 1415, 2

~ 2
2 (”j 1+(r=1)+t; (x)
J 1 T
P (QI (Zk) eT(Z]")S’kh(Zk))*Z(lJre)
2 .
k=1

I If my+@—-1)+5<n<n—1 and I=n— (i +(r—1))—t—1, then,
from (2-7) and (4-21),

1 14 B o ,
U0l > s = | (o - @200 G20 b,
n k=1

(III)  If n = n; — 1, then, following the similar steps as for I and using (4-22),
1

|Jn<—1()C)| > 5 >
7(2))S1, h(z))
j 6an(X)qnj_1(x) 67 z)Syh(z) 2 ()
1 J-!
. . ,T(@)S Az —2(1+€)
= T()S;h(z) 5 l_I(CIlk(Zk) T e ME) )
24’)’0 qu(x) k=1

(IV) Ifn=n;+i-1wherel <i<r—2,then from (4-23) and following the similar
steps as for I,

1
|Jn-+ifl(x)| 2 2
! 6an+i(x)qi,+i—1(x) 6)/T(ZJ)S[ h(Z,) 54—1 l(x)
1
2 7(z)S1. h(z) 2 S) I
64y, (o i) T g (o)
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[21] Hausdorff dimension for a set of points 21

>
Z s,
6-4y;, " (o v TN g

j-1

’ | |(ql (Zk)eT(zk)S’kh(Zk))—2(1+5)
k .
k=1

(V) Ifn=n;+(r-2), then, from (4-24),
1
6Vn,-+(r—l)(-x)q3[j vy
1
6-41(eyq - ')’r_z)T(z’)S’ h(z;) rzlil(x)
S 1
T 6-4r(eyp - yro) DHME g2 7

|Jn]-+(r—2) (X)| 2

\%

j-1

’ | |(611 ()€™ @Sih@)y=21+e)
k .
k=1

4.2.2. Supporting measure. We define a probability measure supported on the set E,.

Define s; := sEtrj),mj), y o be the solution of

1
8r (S)T(Zj)sljh(Zj)qujs (Zj) -

i—1,r— e
a1=v(1’ Lr 1)’. = U Lr=1)

1<b?,.. b(’) <M

where z; € Ilf(v(f‘l”‘l)lt/,b(li), s b,(,’g.) and the sequences {f;};>; and {m;};> are defined
previously.
Consequently, from (4-18),

1 s
- - (W) =1 (4-27)
R i (N S
lsb(]’) ,,,,, bf,’l)/_gM

where z; € [, WD), b(’) .. b,(flj)

Equality (4 27) 1nduces a measure u on a basic cylinder of order #; + m; if we
consider

. 1 Sj
O] )]
U@, ... ay, by .o b)) = (W)

Yo 9,(z)
for each a; = v(l’ br=b e, = vg_l’r_l),l < b(l/), .. bf,’g <M.

’ 'j
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22 A. Bakhtawar [22]

We start by assuming that the measure of /,,_ +(—1)(x) € Ex has been defined as

I 1 s
uly +-1(x) = 1—[(( ) ) eT(Zk)Slkh(Zk))’
k=1 70 qlk(Zk)

where z; € [, V&0, b0, b)) forall 1 <k <j— 1.

Case I. nj1+(@r—-1)<n<ni_;+(r—-1)+1t. As the basic cylinder of order
nj_1 + (r — 1) contains only one subcylinder of order n with a nonempty intersection
with &,

(X)) = p(Ly_ +(—1)(X))-
Case2.n=n;— 1. Let

1 5
H(Ln—1(x)) = plLy;,+(r-1) (X)) - (W) .
Yo 4,(z)

Next we uniformly distribute the measure of .1 (x) on its subcylinders.

Case3.n=nj+i—1,wherel <i<r-1

1
MLy 4i=1(X)) = plly+i-2(X)) - S
J
i1
1

- )T(Zj)sljh(zj‘) '

= p(lp-1(x)) -
(o ...vi-

Case4.n=n;+ (r—1).

Y0 .- Vro2 ()81 h(z))
A e

Y0 - - Yr_o \F@S1E) 1
B ( e ) Yo ... ')’rfz)T(Zj)Slfh(Zj)

ll(lnj+(r—2) ()C))

UL+ (r-2) (X))

1
= Wﬂ(lnj—l(x))-

The measure of other basic cylinders of order less than n; — 1 is followed by the
consistency property that a measure should satisfy.
Foranynj_| +(r— 1)+ <n<n;—1,let

P, O) = Y ().

I,,].-](X)CI,, (x)

4.2.3. The Holder exponent of the measure p. In this subsubsection, we compare the
measure of fundamental cylinders with their lengths.
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[23] Hausdorff dimension for a set of points 23

Case l.n=n; - 1.

j-1 .
1 Sk 1 1 Sj
H(Tp-1(x)) 1:1[ ’yT(zk)S[kh(zk) 5 () JRIEATNIEN y;(zj)s,jh(zj)qlzj(zj)

j-1 1 1 N _3¢
<1 ) )
- skT(21) Sy, h(z) 251 7(2)S1,h(z))

=1 7 k eT@S R ql:‘ (z) Y el qlgj (Zj)

= 1 1 5y —3€
SI_I( 257(@)S) h(zi) ;28 )( (S ) )
Sk T(Zk Z k i)SI. 7
k=1 € KTk )0 M2k qlk (Zk) 70 j )91 L) qlzj(Zj)

-1 1 1+e\(s0'-3€)/(1+€) 1 V-36)/(1+)
Nemmzg) ) =)
- 27(z1)8y, h(ze) 2 ()81 h(z))
e K qlk(Zk) Y 4790 quZj(Zj)

"_3
< 240 ()| O 2,

From Corollary 3.4, we have |s; — s(r)l < 3¢, which further implies that s -3e<s;.
In (4-28), we have used the fact that since 1 <7yp...y,—» <e and e/yo...)’r—z >
(e/yo...yr—2)" forany 0 <s < 1, we have eyy > e%. Therefore, it is also true for s.

Case2.n=nj+i—1,wherel1 <i<r-2.

1
H(Tnyic1 () = -1 (x)) - Vo yiy) @D
J-1 1 l+ey 5V -3€)/(1+€)
<(Mzammzg) )
( ~ £27@)Sy h(z) Z(Zk)
( 1 ) -3€)/(1+€) 1
: Sh—) ) NSLh(z;
(T)(z]) 1 (zj)qlzj (Zj) (7’0 .. _yl;])r(zj) 1;h(z))
(1_1[ ( )1+e)(s(')—35)/(1+e)
(4-28)
i 2T(Zk)S/kh(ZA)q (Z )
( (\;&)—35)/(1+e) 1
4-29)
Sih ) NSIhz; (
;(Z’)’ (Z/) %) Yo(y1 -+ im1)2yy) S
(/ L ( 1 )1+e)(s;;)—3e)/(1+e)
S -
il eZT(Zk)Slkh(Zk)qlzk(Zk)
1 ) -3e)/(1+6)
21(z)S). h(z;i 7(z))S1; h(z)) )
oyt -+ yimy) TSy T 2 (2

<6. 4l+1|Jn i l(x)l(s —36)/(1+6)
< 6473, iy ()10,
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Equation (4-29) is obtained by using the fact that 1/yoy; - - - yio1 <(1/v0(y1 - - - ¥ic1)*yi)®
forany 0 < s < 1.

Case 3. n=n;+r—2.

1
U par-2(0)) = p(Jn-1 (X)) - o
' : Vo - - Yy2) D
(j—l ( 1 )1+e)(s;;)—3e)/(1+e) ( 1 )(s‘A?—3e)/<1+e)
< S B
= 27(z)S; h(zk) 2 7(z))S1.h(z))
k=1 € g 1. (2K) Yo /CIZ(ZJ‘)
Sj
((e,yl "~ )T(Z])Sl h(zj) )
-1 1+e\ (s -3e)/(1+€)
(k—] ZT(Zk)SIkh(Zk)q (Zk)) )
( 1 $-3e)/(1+e)
’ Sih )
(€Yo Yr )T(Z/) 1.h(z)) Z(Zj)

< 6.4’|Jnj+r_2(x)|(sM —30)/(1+€).

Cased.nj+(r—1)<n<n+ty.

-1

1 Sk 1
u(J,(x)) = 1((yf(a)s,kh(zk) ) (. )) e‘r(zk)Slkh(zk))

~.

=
Il

(<o )Sf ;
"\ @S Az T(Z)S;h(z)
70/’ ’qg(zf) e

( '
(@S h(Zk) ) T(2)S) h(Zk))
Yo k 2 ( ) e k

&

IA

:~ : T

Sk
( 2T(Zk)Slkh(7k) 2( ))
( )(v;;)—3e)

2 S1, h
! eT(Zk) 1z 2( )

e

>~
l

(r)
< 2|Jn(x)|(sM —36)/(1+6).

IA

)1+e)(sj\;>—3e)/(1+e)

27(zx)S1, h(zx)
e Sy Mz 2( )

4.2.4. Gap estimation. Let x € E,. In this subsubsection, we estimate the gap
between J,,(x) and its adjacent fundamental cylinder J,,(x") of the same order n. Assume
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that a;(x) = a;(x") for all 1 < i < n. These gaps are helpful for estimating the measure
on general balls. Also, as J,(x) and J,(x") are adjacent, we have |a,(x) — a,(x")] = 1.
Let the left and the right gaps between J,,(x) and its adjacent fundamental cylinder
at each side be represented by gk(x) and gR(x), respectively.
Denote by gﬁ’R(x) the minimum distance between J,,(x) and its adjacent cylinder of
the same order n, that is,

go®(x) = min{gh(x), gR(x)).

Without loss of generality, we assume that n is even and estimate gX(x) only, since if n
is odd then for gk(x) we can carry out the estimation in almost the same way.

Gap 1. When (nj_; + (r = 1)) +tj <n <n;— 1forallj > 1,

R
gn(x) = Z ne1(ar, az, ..., an-1,0n + 1, ans1)l

any1>M
_ M+ D(pn+ Pp-) + Pnt Pn ¥ Pni

- (M + 1)(qn + Qn—l) + gn-1 9n t qn-1
1

T (M A+ DG+ Gut) + Qo) (Gn + Grr)
1
> —|I,)\.

Gap Il. Whenn =n;+i—1, where 0 <i <r -2,

T(Z/)Sljh(z,')
Rey > PntDPun1 Y Pn + Pn-1
gn(x) = Gn + Q1 - T(Zj)S]jI’l(Zj)
yi qn * qn-1
.T(z,-)S(/.h(z,-) _1 Y»T @SyhG) 1
— i i
7(2))S1;h(z)) - 7(2))S1h(z))
O @ )+ an) Ay, TG

T(Zj)Sljh(Zj)
> > LW
SyT(Zj)Sljh(Zj) 2 8

i n

Gap Ill. Whenn =n; +r -2,

8n (x) > . T(Zj)S]/.h(zj)
((70'“%—2) Gn * qn—l)(‘]n + Qn—l)
1 1
> — > |1 .
s 2 gt
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Gap IV. If (nj + (r — 1)) < n < (nj + (r — 1)) + 11, then note that J,(x) is a small part
Of Ly r—1)(X) @S L (r— 1)1, (X) € Liny+(r-1))+2(x). Therefore, the right gap is larger than
the distance between the right end point of J,(x) and that of 1,4 (-—1)(x).

Ry > > = 1
8n () = ar-1)2(0)| 2 202, 1y R @)
> 1 > ! i, +(r— 1)1, (0
32a%a§q(2nj =145, 32a%a3 j
= ;l.](n-+(r—]))+t-(x)|’
32ata; !

where a; represents ag,;+(r-1)+1(x) and a, represents gy, +(—1))+2(x)-

4.2.5. The measure u on the general ball B(x,d). We now estimate the measure
p on any ball B(x,d) with radius d and centred at x. Fix x € E,. There exists
a unique sequence (V{,V3,...,Vy,...) such that for each n > 1, x € J,(vq,...,Vvy),
where (vi,...,v,) € D, and gf+1(x) <d< gf(x). Clearly, B(x,d) can intersect only
one fundamental cylinder of order n, that is, J, (v, ..., v,).

Casel (nji-y +(r—1))+t;<n<n;j—1forallj > 1orn = n;+ ;. Since in this case
1 < a,(x) <M and |J,(x)| < 1/q;,

U(B(x, d)) < p((x)) < e, ()| 301+

1 s -3¢)/(1+€)
(3
4

1 \Gi-30/(+e)
< C4M2(2—)
qn+l

< M|, (0] 39/
< C48M3(gR ](x))(s;;)—3e)/(1+e)
- n+

< ccgd(s;?—Be)/(l+e).

Casell. n=n;j+i-1, where 0 <i < r—2. Since

1 R
2r(z)S;h(z) 5 < II”/'”(X)l < Sg"j+i(x) <8
87, D=1 (€Y
implies that
27(z))S;h(z))
1<64dy, @41 (),
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the number of fundamental cylinders of order n; + i contained in J,,1;-1 (x) that the ball
B(x, d) intersects is at most

27(zj)S1. h(zj) 2T(Z )S1.h(zj)

———+2<16dy, @+ 2dy,

i)
27(z; )S, h(z) o

= Qo y ’ ’ qn+, l(x)

Therefore,

H(B(x,d))
2T(Zj)51 (z;) 2

< min{u(Jy;+i-1(x)), cody, Ty it COU (X))}

27(z)S1;1(z}) 2
< iypi-sn min {1, cody, "R 00—
Y;

1

()81 h(zj)
<6471, @I VI min{Leody, R i ()

r_
1 (OF 36)/(1+6)(C P (z)S;;h(z)) 2 (x ))(s(’ _36)/(1+€)
- T(Z])S1 h(z;) 2 04Y; Vl+l 1

c
yz nj+i— 1( )

< cco =346

Here we have used the fact that min{a, b} < a'~*b* for any a,h > 0and 0 < s < 1.

Caselll. n =nj +r—2.As

27(z))Si;h(z))

(o yr2) ™ 2

8e 27(z)Sy; /’l(Zj)q2 2 = IInj+r_l(x>| = Sg”f+r_l(x) < Sd’
nj+r—

the number of fundamental cylinders of order n; + r — 1 contained in cylinder J,,+,-2(x)
that the ball B(x, d) intersects is at most

2T(Z,)S, h(z;)

2d
—— + 2 < ¢od
|In,-+rfl(x)| o (70 Yo )27(71)51 h(z) q"/+r 1( X).
Therefore,
“(B(x,d))
eZT(Zf)Sljh(Zf)
< min {,U(Jn,+r—2(x)),cod S qiﬁr_z(x)y(Jnﬁ,_l(x))}
(Yo~ yr2)” 7Y
< #(Jnj+r—2(x))
2T(z,)51 h(z)) ( . ,yriz)T(Zj)Sljh(Zj)
'mm{l’c"d(w..% S 2O e }
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D-36)/(1+e) "D >
AT s, —3€)/(1+e :
<6-4 |‘]”i+r—2(x)| . min {1’ COd(yO ey 2)‘r(z,')S,jh(z,-) qnj+r—2(x)}
o
(yo-- .yr_z)T(Zj)Sljh(zj) G -3e)/(1+€) er(z,-)sljh(z,) ) ) -3e)/(1+€)
< .
- ( eT(Zj)Sljh(Zj)qZ ) (Cod ('YO ey Z)T(Zf)sljh(zy') qn/-+r—2(x))
nj+r—2 L
< cco d(sﬁl,',)—3e)/(1+e)'

By combining all the above cases and using the mass distribution principle, we
conclude that

) . sﬁ? -3¢
dimy R, (1) > dimy Ew > 59 = T
€

Since € > 0 is arbitrary, as € = 0 we have sy — s;?. Further, letting M — oo,
dimy R.(7) > sg).

This completes the proof for the lower bound of Theorem 1.1.
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