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Abstract. A new approach to actions of countable amenable groups with completely
positive entropy (cpe), allowing one to answer some basic questions in this field, was
recently developed. The question of the existence of cpe actions which are not Bernoulli
was raised. In this paper, we prove that every countable amenable group G, which contains
an element of infinite order, has non-Bernoulli cpe actions. In fact we can produce, for
any & € (0, oc], an uncountable family of cpe actions of entropy &, which are pairwise
automorphically non-isomorphic. These actions are given by a construction which we call
co-induction. This construction is related to, but different from the standard induced action.
We study the entropic properties of co-induction, proving that if ¢ is co-induced from an
action o of a subgroup I', then i («g) = h(ar). We also prove that if ar is a non-Bernoulli
cpe action of I, then « is also non-Bernoulli and cpe. Hence the problem of finding an
uncountable family of pairwise non-isomorphic cpe actions of the same entropy is reduced
to one of finding an uncountable family of non-Bernoulli cpe actions of Z, which pairwise
satisfy a property we call ‘uniform somewhat disjointness’. We construct such a family
using refinements of the classical cutting and stacking methods.

1. Introduction

A classical result of Ornstein [24] is that there exist non-Bernoulli K-automorphisms
of any given entropy. This result was later improved by Ornstein and Shields [26] who
produced an uncountable family of pairwise non-isomorphic K -automorphisms which are
non-Bernoulli, but have the same positive entropy.
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Another approach to constructing non-Bernoulli K-automorphisms was due to
Feldman [7], who introduced the concept of a loosely Bernoulli system. A loosely
Bernoulli action of positive entropy is one that is Kakutani equivalent to a Bernoulli shift.
Feldman demonstrated the existence of K -automorphisms which are not loosely Bernoulli.
This area was further investigated by Ornstein et al [25] who, in particular, produced an
uncountable family of K -automorphisms which pairwise are not Kakutani equivalent. We
mention also contributions of Katok to this program [19, 20]. Perhaps the simplest example
of a K -automorphism S, which is not loosely Bernoulli, was given by Kalikow [16] in his
famous study of 7, T~! actions. Kalikow’s example has the property that S is isomorphic
to S~

Recently, Hoffman [15] developed a new and systematic approach to the problem of
producing non-Bernoulli K -automorphisms, and many further properties of non-Bernoulli
automorphisms have been demonstrated in the literature [15, 35, 36].

As we shall outline below, the theory of entropy and of cpe actions of amenable groups is
now rather well developed. It is thus natural to ask whether an infinite amenable group must
have non-Bernoulli cpe actions. In this article, we shall extend the theorems of Ornstein
and Shields [26] to actions of amenable groups which have an element of infinite order.
The question remains open for infinite amenable groups, all of whose elements are of finite
order.

A constructive approach to the entropy of actions of locally-compact amenable groups
is due to Ornstein and Weiss [27], Weiss [40, 41] and Lindenstrauss and Weiss [21]. They
developed the theory of tiles and quasi-tiles in amenable groups, which allowed them to
generalize some key results of Feldman, Ornstein, Rudolph, Sinai and others [7, 25, 32,
34, 38] for actions of classical groups R and Z, to a broad class of amenable groups. We
shall use their theories, particularly in §2 below, where we use generalized versions of
Ornstein’s and Sinai’s theorems for countable amenable groups to study the entropy of an
action as defined by Ollagnier [23].

The natural extension of K-automorphisms to this setting is the study of actions of
amenable groups with completely positive entropy (cpe). For actions of Z on a Lebesgue
space, this notion was introduced by Rokhlin and Sinai [29], who demonstrated that it
is equivalent to the existence of perfect partitions with Kolmogorov’s property K. They
also proved, using perfect partitions, that cpe actions of Z have strong mixing properties
(K -mixing) and a countable Lebesgue spectrum. Indeed, it was shown by Cornfeld et al [3]
that K-mixing is equivalent to cpe for Z-actions.

Kamirski [17] extended Rokhlin and Sinai’s approach to actions of 74, d < oo, and
Golodets and Sinel’shchikov [12] proved the existence of perfect partitions for actions
of the group of upper triangular matrices over Z and its subgroups. However, it was
demonstrated that the existence of such partitions for actions of the group Z® Z b Z &

- is a more difficult problem which remains unresolved [18]. In fact, the Rokhlin—
Sinai approach cannot be applied to countable discrete amenable groups without past
[23]. It seems that the notion of cpe actions is more appropriate for general amenable
groups.

A new approach to the study of cpe actions, which may be applied to any free action of
a countable amenable group, was introduced by Rudolph and Weiss [37]. In a well-known
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paper, Connes et al [2] proved that every free action of a countable amenable group G on
a Lebesgue space is orbit equivalent to an action of Z. It was shown [37] that the actions
of G and Z have the same conditional mean entropy under certain additional assumptions.
This allowed Rudolph and Weiss to prove that any cpe free action of a countable discrete
amenable group is uniform mixing in the sense of Weiss [40], and indeed, that uniform
mixing is equivalent to cpe [13, 40]. We will discuss the relationship between K-mixing
and cpe in §4 and apply it in §5.

The results of Rudolph and Weiss [37] have caused heightened interest in cpe actions,
and new results in this area have been obtained by Glasner et al [11], Golodets and
Sinel’shchikov [13], Danilenko [4] and Dooley and Golodets [6]. Dooley and Golodets [6]
proved that a cpe action of a countable amenable group has a countable Lebesgue spectrum,
generalizing the result of Rokhlin and Sinai [29] for Z. Avni [1] has recently announced
new results on mixing and spectral properties of cpe actions of locally compact amenable
groups with a good entropy theory, where he extended previously obtained methods and
results [6, 27, 37].

We shall prove our version of the theorem of Ornstein and Weiss by constructing a
non-Bernoulli cpe action of G starting from a non-Bernoulli cpe action of a subgroup
isomorphic to Z. To achieve this we present a construction which we call co-induction,
which allows us to define an action «g of G from a given action ar of a subgroup I' of
G (see Definition 3.1 below). Co-induction is similar to, but differs from, induction in the
sense of Mackey [22] and Zimmer [42].

We make a systematic study of the entropic properties of co-induced actions, in
particular, establishing that h(ag) = h(ar) (Proposition 3.4). Moreover, we show that
if ar is a cpe, non-Bernoulli action of T, then «g is a cpe, non-Bernoulli action of G
(Theorem 5.2). To prove this we need to establish some new estimates for the entropy
of finite partitions (see Lemmas 5.1, 5.4 and 5.5), in order to show that the co-induced
action «¢ is uniform mixing. This guarantees that o has cpe in view of Theorem 4.2.
Now as Z has non-Bernoulli cpe actions, the same is true for any countable amenable
group containing Z as a subgroup (Corollaries 5.6 and 5.7). Conjecturally, this is the
simplest class of non-Bernoulli cpe actions, and other interesting classes will be found. In
Corollary 5.8 we considered the properties of cpe actions of an abelian group, co-induced
from Kalikow’s K -action of Z.

The next problem we attack is to produce an uncountable family of cpe actions with the
same positive entropy, as was done for automorphisms [15, 26].

Theorem 5.2 reduces this problem to the question of the existence of an uncountable
family of K-automorphisms with a given entropy, which when co-induced create non-
isomorphic actions of G. This level of rigidity is implied by a special property, uniform
somewhat disjointness (Definition 6.3) which motivates the construction. Since we work
with positive entropy, standard notions of disjointness, such as minimal self-joinings, are
not available; however, this rather soft notion is, and is sufficient for our task. The main
result of §6 is given in Corollary 6.33. We expect that the family of K-automorphisms
we construct and the notion of uniform somewhat disjointness introduced will be of
independent interest and application. The ideas of Hoffman [15] have been influential here,
but his approach does not completely suffice for our purposes.
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In §7, we use these results to construct, for any countable amenable group G containing
Z as a subgroup, and for any ¢ € (0, oo], an uncountable family A, of cpe actions satisfying:
° ifa € A;, then h(x) =1,

° if oy, ap € Ay, @1 # a2, then o] and «, are not isomorphic; moreover
° a1 and «) are not even automorphically isomorphic{ (Theorem 7.5).

To illustrate our theorem, recall Grigorchuk’s example [14] of a countable amenable
finitely generated group, which is not elementary amenable. Since Grigorchuk’s group
contains elements of infinite order, our result implies that it has infinitely many non-
automorphically isomorphic cpe actions of any given entropy (see Example 7.3.6).

2. Entropy of an action of a countable discrete amenable group
In this section, we introduce some basic notions on entropy of actions of a countable
amenable group. In particular, we describe the relationship between the approach of
Ornstein and Weiss [27] and that of Ollagnier [23], using the approach and methods of
[27].

Let (X, B, u) be a standard Lebesgue space and T € Aut(X, B, ), with o T = .
A partition P is a finite disjoint collection of sets from B(X) whose union is X. If P and Q
are partitions then their join is

PvQ={PNQ|PeP, QeQ}.
Similarly, we denote the multiple joining of {P_,,, ..., P,} by

n

\/P,- =P_,VP_, V- VP,

—-m

The smallest complete o -subalgebra of B(X) containing the sets of all the partitions TiP,
i € Z, will be denoted by o (T, P). If o (T, P) is dense in B(X) with respect to the distance
d(A, B) = u(AAB) then P is called a generator for T, or a generating partition. If P is a
partition, we define the entropy H (P) of P as

H(P)=— )" u(P)log u(P).
PecP

The entropy of the partition P with respect to T is defined by

n—oo n

n—1
h(P, T) = lim lH(\/ TfP), h(P, T) < H(P).
0

(e.g. Glasner [10]). Then A(P, T') is sometimes called the mean entropy of the process
®, 7).
An automorphism 7 is said to have cpe if

h(P, T)>0

for any finite partition P. Such an automorphism is called also a K -automorphism.

+ Le. not isomorphic by a group automorphism (Definition 7.4).

https://doi.org/10.1017/5014338570700034X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570700034X

Non-Bernoulli systems 91

The entropy of the automorphism h(T) is defined by

h(P)y=suph(P, T)
P

where sup is taken over all finite partition P of X.

Ornstein and Weiss [27] and Weiss [40] extended the above notions to the setting of a
free action of a countable amenable group G on a Lebesgue space (X, B, u). Here, one
defines the mean entropy of a finite partition P of X, relative to F', a finite subset of G, by
taking PF' = V¢er &P, and defining

h(P, F)= ! H(PF).
’ |F|

Recall that a subset T of G tiles G if there is a set C C G such that CT is a partition of
G,ie.G=.eccT,c1T Ny T =P for ¢y # ca.

Further, a sequence of finite subsets {F,},cn of G is called a Fplner sequence in G if
lim [gF, AF,|/|F,]| =0, for all g € G. It is well known that a countable amenable group
G has a Fglner sequencet.

Ornstein and Weiss [27] showed that if { F},},,cry is a Fglner sequence in G and each F),
tiles G then for any finite P partition of X, the limit (P, G) = lim |F,,| 1 H (Pf") exists
and is independent of the particular Fglner sequence; it is said to define the mean entropy
of (P, G). Given that entropy decreases as one refines the partition, one has

h(P, G) = 11
o0 [Fyl IF |
Weiss [41] proved that any solvable countable group has a Fglner sequence with some
additional properties. In the general case, one needs to use the machinery of quasi-tiles to
define the mean entropy 4 (P, G) of the process (P, G) [21, 27].
We say that the action of a countable amenable group G has cpe if

h(P, G) > 0

for any finite partition P. The entropy of the G-action is defined by #(G) = supp £(P, G)
where the supremum is taken over all finite partitions P.

If G acts freely and ergodically, we call a generating partition P = (P;) a Bernoulli
partition for the action of G if the partitions gP are independent for g € G, g # e, i.e.

u(g P Pj) = n(P)p(Pj).

We say that the action is Bernoulli if there exists a Bernoulli partition.
It is easy to construct Bernoulli actions of countable amenable groups G. For each

g€G, let X,={0,1,...,n—1}, and define pz(i) = p;, such that Z”_Ol pi=1. We
define
Y=QXe u= ®”g'
geG

+ Indeed, this is often taken as the definition of amenability.
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Then we can define an action of G on (Y, ) by (g - y)n = ygn. It is well known that this
is a Bernoulli action and that

h(G) =~ pilog pi=H(P).

A celebrated result of Ornstein and Weiss [27] is that entropy is a full invariant of the
Bernoulli action of G. More exactly, two Bernoulli actions of G with the same entropy are
metrically isomorphic.

Another result which we will use below is Sinai’s factor theorem (see Glasner [10]).

THEOREM 2.1. If a countable discrete amenable group G acts freely and ergodically on
(X, B, ) with positive entropy h(G), then for any real number 0 < h < h(G) there exists
a G-invariant factor-space Xy, of X such that the restriction of the action of G on Xy, is a
Bernoulli action of G with h(G|x,) = h.

A different approach to the entropy of actions of countable amenable groups is due to
Ollagnier [23]. We explain the relationship between the two approaches.

Definition 2.2. Let G be as above, acting freely and ergodically on (X, B, ). Suppose
that P is a finite partition of X.
The Ollagnier mean entropy h,(P, G) of the process (P, G) is defined as

1
ho(P, G) = inf — H(PF)
F |F|
where the infimum is taken over all finite subsets F' of G, see Ollagnier [23, Definition

4.3.1].
The Ollagnier entropy h,(G) of the action of G on (X, B, 1) is defined by

ho(G) =sup ho(P, G)
P

where the supremum is taken over all finite subsets of G, see Ollagnier [23, Definition
4.3.2].

Ollagnier [23, Theorem 4.3.14] proved that if P is a generating partition for an action of
G then h,(G) = ho (P, G).

The following theorem is surely known to the experts in the field, but we have not been
able to find a suitable reference, so we give a proof.

THEOREM 2.3. Let G be a countable amenable group acting freely and ergodically on
(X, B, u). Then
h(G) = ho(G),

where h(G) is the entropy of the G-action in the sense of Ollagnier [27], and h,(G) is the
Ollagnier entropy of the G-action.

Proof. Tt follows from the definition of #(P, G) above and the definition in Lindenstrauss
and Weiss [21] that
ho(P, G) < h(P, G)

for any finite partition P of X. Hence /,(G) < h(G).
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Assume now that G has a Bernoulli action on (X, B, ) of finite entropy #(G). Then
there is a finite Bernoulli partition P = { P;} and an easy calculation shows that

h(P, G) =h,(P, G) == u(P) log u(P)).

Hence h(G) = h,(G) in this case. A similar argument shows that the equality also holds
for the case of a Bernoulli action of infinite entropy.

Now suppose that G has action which is not necessarily Bernoulli on (X, B, n) with
0 < h(G) < 0o. By Theorem 2.1, this action of G has a Bernoulli factor action on a
G-invariant subspace X, with entropy h(Glx,) =h for 0 <h <h(G). Let Q be a
Bernoulli partition of X, with H(Q) = — )_; u(Q;) log u(Q;) = h. As above, we have
ho(Q, G) =h, and hence h <h,(G) <h(G). Since h € (0, h(G)], it follows from
Definition 2.2 that 4,(G) = h(G) if 0 < h(G) < oo.

The same argument can be applied for #(G) = oo. Finally we consider %,(G) = 0. In
this situation, it follows immediately from Theorem 2.1 that #(G) = 0. O

We will use the following consequences in §3.

COROLLARY 2.4. Let G, (X, B, ) be as in the statement of Theorem 2.3, and P a finite
partition of X. Then
ho(P, G)=h(P, G).

Proof. Consider first the special case where P is a generator for the action of G on
(X, B, ). It follows from the remark after Definition 2.2 that 4,(P, G) = h,(G), and
one can see from the proof of Theorem 2.3 that i,(G) = h(G) and h,(P, G) < h(P, G).
Hence

ho(P, G) <h(P, G) < h(G) =ho(P, G),

and h,(P, G) =h(P, G).
In general, there exists a G-invariant factor space Y of (X, B, ) such that P is a
generating partition for action of G on Y. O

3. Co-induction and its properties

In this section we introduce a construction which will allow us to obtain a non-Bernoulli
cpe action of a countable amenable group G from a non-Bernoulli cpe action of a
subgroup I'.

Definition 3.1. Let G be a countable amenable group and I" a subgroup of G. Let (X, B, u)
be a (left) I'-space.

Fix a section s : I'\G — G of the homogeneous space I'\G with s([e]) = e. Consider
the product space ¥ = ]_[F\G(X , B, u), and equip Y with the associated product measure
v = ®r\gu. We write the elements of Y as (¥g)ger\G-

Define an action of G on Y by

(8y)o = (s(@)gs@8) yeg, y=(w) €Y, yeX, 6eT\G, geC, 3.1

where I' acts in each coordinate of ¥ by its action on X. We shall say that this G action is
co-induced from the action of I'. An easy calculation shows that this action is well defined;
in particular, s(6) gs(@g)_l e I'. It is also clear that the action preserves v.
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As is the case with the standard inducing procedure, the above action may be defined
independently of the particular choice of section. In order to see this, let

Y={f:G>X,Bp:Vyel, geG f(yrg) =y(f(®)}

and define an action of G on Y by

(g0 - fH(g) = f(ggo).

Notice that the values of f € ¥ depend only on its values on a section. We can thus identify
Y with

Yo={h:T\G — (X, B, n)}
where, to a given f € 17, we may associate h € Yy defined by h(I'g) = f(s(I'g)). Now
we can identify Yy with the space Y = ]_[F\G(X , B, n) of Definition 3.1, and an easy
calculation shows that the action on Y is given by (3.1).

Our definition is related to, but different from the well-known Mackey—Zimmer
definition of an induced action (e.g. [42], [43, p. 75]). In particular, let G, I" and X be as in
Definition 3.1. The standard induced action of G may be realized on the space I'\G x X,
equipped with the product Borel o -algebra and the product measure A, by

g Mz (0, x)=(0g,s00g) g (s(0))x).

By contrast, the co-induced action acts on the space of measurable functions /# : '\G
— X.

Danilenko [5] used this construction in an investigation of spectral properties of ergodic
actions of discrete groups. Gaboriau [9] used it in orbit equivalence theory.

It is not difficult to check that the action of G is non-Bernoulli, provided that the
["-action is non-Bernoulli. To see this, we need the following simple proposition.

PROPOSITION 3.2. The restriction of a Bernoulli action of a countable discrete amenable
group G to an infinite subgroup T is also Bernoulli.

Proof. Consider a Bernoulli action of G on (X, B, ). Then there exists a measurable
generating partition ¢ of (X, B, u) such that the family of partitions {g¢, g € G} is
independent and generates B. Let A C G be a set which meets each left I'-coset I'g in
exactly one point. Form the measurable partition n = |_J gea 8C- It is easy to check that n
is a generating partition for the action I', and its shifts by elements of I" are independent.
This proves the statement. o

COROLLARY 3.3. Let G and I" be as in Proposition 3.2. Suppose that the G-action on Y
is co-induced from the T"-action on X. Then the action of G will be Bernoulli on (Y, v) if
and only if the action of T is a Bernoulli on (X, ).

Proof. Consider the restriction of the co-induced action of G to the subgroup I'. This
restriction has the original I"-action as a factor action given by the I'-equivariant projection
Y - X :y > yl. As this factor action of I'" is non-Bernoulli, the I'-action on Y is
non-Bernoulli [27, III, §6, Theorem 4] and the entire G-action is also non-Bernoulli by
Proposition 3.2. |
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We demonstrate now that co-induction behaves well with respect to entropy, and prove
some results which we will apply later.

PROPOSITION 3.4. Let G and I be as above, and suppose we are given an action of T’
on X. Consider the G-action on Y given by equation (3.1). Then hy (G) = hx(I") where
hx (') is the entropy of the I"-action on X.

Proof. Let s : T\G — G be a section of the quotient map 7 : G — I'\G with s([e]) = e,
where e is the identity element of G. Let &’ be a finite partition of X, and & be its lift to
a partition £ of Y by identifying X as a factor space of Y, ¥ — X via the map y — y|.
Clearly £ is generating partition for the G-action on Y if £’ is a generator for the action I'
on X. One has, applying Definition 2.2,

L1 1
ho &, G>=nFlme(\/ gs>=lgfmﬂ( VoV gé)

ger Oen(F) ge FNn—1(6)
1
~i DA V)
Oemn(F) geFNr—1(9)
1
=inf — Y sz—l(e)‘—H< \/ S(G)_1g§>
-1
PRl &y [Fn 7= 6)] geFNT=1(9)
1
Zinf — Y |FNa ' O)|ho(§'. T) = ho(§'. T),
F |F| Oen(F)

where F is a finite subset of G and we have taken into account the choice of &, the fact that
s(0)"'g e I' if (g) = 0 and Definition 2.2.

Thus h,(&, G) > hy(§',T). On the other hand, the properties of & imply
(cf. Definition 2.2)

. 1 . 1
ho(€, G) = inf. WH<\/ gs) < inf, WH<\/ gé)

ger geF

o1 N\ _ /
ZI;ICIfF EH(\/ g%‘)—ho(E,F),

gel

where the infimum is over all finite subsets F. Thus &,(&, G) < h,(¢’,T), and hence
ho(§, G)=ho(E',T). As h(&, G) = hy(&, G) and h(§',T) = h,(¢’, T') by Corollary 2.4
then we have h(&, G) = h(&’, T') for any finite partition &’ of X.

Now let 1 x (") < 0o. Then there exists a finite generating partition &” of X for the action
" on X such that hy (I') = h(&’, T') according to Rosenthal [30]. However, & is a generating
partition for the co-induced action of G on Y, by the construction, hence i (¢, G) = hy (G)
and hx (I') = hy (G) in this case.

If hx(I') =00 then hx(I') = supg/ h(E',T) = supg h(&, G) <hy(G), and hence
hy(G) = oo. O

We now present a simple consequence of Proposition 3.4. Suppose that a countable
amenable group I' acts freely on (X, B, ). Recall that the o-subalgebra IT(I") of B is
called the Pinsker subalgebra of the I'-action on (X, ), [6, 11]. If TI(I") is a maximal
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I'-invariant subalgebra of B such that for any finite partition P of X from I1(I") one has
h(P, G) =0. The algebra I1(I") is called trivial if it contains only X and the empty set. It
is clear if T1(I") is trivial then I" has cpe action on (X, B, ).

COROLLARY 3.5. Let G, T', (X, ) and (Y, v) be as in Proposition 3.4. Let T1(I") be the
Pinsker algebra of T'-action on (X, n), and I1(G) be the Pinsker algebra of G-action
on (Y, v). If TI(T") is non-trivial then T1(G) is also non-trivial. In other words, if the co-
induced action of G on (Y, v) has cpe then the action of " on (X, n) must have cpe too.

Proof. This follows directly from the Proof of Proposition 3.4. O

The above results reduce the problem of co-inducing non-Bernoulli cpe actions of G
from those of I to the problem of showing that the co-induced action has cpe. We will
return to this problem in §5.

We shall also use the following properties of co-induction.

PROPOSITION 3.6. Let G, T', (X, ) and (Y, v) be as in Definition 3.1. If [G : T'] =00
then the co-induced action of G on Y is ergodic. If [G : T'] < oo then the co-induced action
of G on 'Y is ergodic if and only if the action of I" on X is ergodic.

Proof. We will not use this assertion below, and give only some remarks about its proof.
If G is abelian then to prove the ergodicity of the co-induced action of G, one can use the
same standard argument as in the case when G has a Bernoulli action. In the general case,
it is not too hard to extend this approach. O

A free action of a countable amenable group I" on (X, B, ) satisfies the weak Pinsker
property if for every § > O there is I'-invariant Bernoulli factor Z; of X and independent
I"-invariant factor Z; of X with h(I'|z,) < § such that X = Z| ® Z; [8, 39].

A well-known open problem in ergodic theory is the following [10]. Does every positive
entropy ergodic free action of a countable amenable group I' have the weak Pinsker
property?

PROPOSITION 3.7. Let G, T, (X, B, n) and (Y, v) be as in Definition 3.1. If an action of
[ on (X, B, u) has the weak Pinsker property then the co-induced action of G on (Y, v)
also has this property.

Proof. The proposition follows directly from Corollary 3.3 and Proposition 3.4. O

Notice also that examples of K -automorphisms constructed in §6 below have the weak
Pinsker property. Hence, the co-induced actions of countable amenable groups defined in
§7 also have this property.

We believe that the converse of Proposition 3.7 also holds.

4. The Rudolph—Weiss mixing property and cpe

Rudolph and Weiss [37] proved that a cpe action of a countable amenable group is
uniform mixing: see Definition 4.1 below. The converse statement also holds [13, 40]. In
this section we present a simple proof of the converse (Theorem 4.2) which, unlike the
proof by Golodets and Sinel’shchikov [13], avoids the use of technical results on quasi-
tiles [37]. We then apply this theorem to prove that the direct product of cpe actions of a
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countable amenable group G is again a cpe action of G (Theorem 4.4). The most important
applications of Theorem 4.2 are given in the next section.

Let K be a finite subset of G. A finite set S C G is said to be K-spread if for all 51 # 52
from S the element sl_lsz ¢ K. The following definition was introduced by Weiss [40].

Definition 4.1. A free action of amenable countable group G on a Lebesgue space (X, )
is called uniform mixing if, for any finite partition £ of X and any ¢ > 0, there exists a finite
subset K € G such that for any finite subset S of G, which is K-spread, we have

H(E) - EH(\/ gs) <e

ges

Notice that for the group Z, uniform mixing in this sense is equivalent to the notion of
uniform mixing in the terminology of Glasner [10], and to K -mixing in the terminology of
Cornfeld et al [3].

We present a simple proof of the following theorem.

THEOREM 4.2. Let G be a countable amenable group and (X, ) a Lebesgue free
G-space. Suppose that the action of G is uniform mixing. Then this action has cpe.

Proof. Let G, (X, n), &€, K and ¢ be as in Definition 4.1, and suppose that 0 < ¢ <
H (&)/2. Fix a finite subset F C G and consider a finite subset S C F which is K-spread.
If there is no f € F such that f does not belong to S but S U { f} is again K-spread then
we call § a maximal K -spread subset of F. It is clear that any K -spread subset S’ C F is
contained in a maximal K-spread subset S C F. Moreover, it is obvious that a K-spread
subset S is maximal if and only if any f € F is either contained in S or has the form f = ks
where s € S and k € K. This gives the following estimates for |S|:

ISI < IFI,
|FI < [S]- (K| + D).

Hence

H()
IFI (\/fé) S - (|K|+1) <\/f$)_(ll<|+1)( © 8)22(|K|+1)'

feF fes

It follows immediately from Definition 2.2 that

o1 HE)
ho(. G) =1nf |F|H<_>€/Fg§> =K+

where the infimum is taken over all finite subsets F' of G. As h(§, G) =h,(&, G) by
Corollary 2.4, we have

H(®)

The following statement now follows easily. |
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COROLLARY 4.3. A free action of a countable amenable group G on a Lebesgue space
(X, ) has cpe if and only if for any finite partition § and any ¢ > 0 there exists a finite
subset K C G such that for any set S which is K -spread,

1
‘EH(\/ gs) — H(&)

ges

<Eé€.

Theorem 4.2 allows us to strengthen Theorem 4 from Glasner et al [11], where it was
proved for [ finite.

THEOREM 4.4. Let I" be an infinite countable discrete amenable group.
Let I be a finite or countable set and for each i € 1, let (X;, B;, i) be a measure space
on which T has a cpe action ;.
Let (Y, v) =[1;c;(Xi, Bi, i) and let o be the product actions of T on (Y, v), given by
a(y)y = (ai(y)xi)ier, veT,
where y = (x;) € Y, x; € Xj,i € I. Then « is a cpe action of T on (Y, v).

Proof. The fact that the theorem holds for [ finite [11], means that any partition measurable
with respect to only finitely-many terms in the product space satisfies the mixing property
in Theorem 4.2. Such partitions form a dense class in the full product algebra and hence
the countable product action is also cpe. O

COROLLARY 4.5. Let G, T', (X, n) and (Y, v) be as in Definition 3.1. Suppose that G is
abelian and T is infinite. If T has a cpe action on (X, ) then I acts ergodically on (Y, v).

Proof. Note that if G is abelian then s(6) =s(fy) for any y € G and s(8)ys(@y) =y.
Hence
(Yo =vyo-

Corollary 4.5 is now immediate from Theorem 4.4. O

5. The existence of non-Bernoulli cpe actions

In this section, we will show that a co-induced action of a non-Bernoulli cpe action is also
cpe and non-Bernoulli. We can then use results of Ornstein and Shields [26], Feldman [7]
and others to see that if G contains a subgroup isomorphic to Z (i.e. an element of
infinite order), then G has a non-Bernoulli cpe action. As noted in §3, Proposition 3.4
and Corollary 3.3 reduce the problem to showing that the co-induced action has cpe.

LEMMA 5.1. Let & and n be finite partition of X, n < &, and S C G a finite subset. Then
1 1
H(n) — —H(\/ gn) <HE) - —H(\/ gs).
ISI \,&s ST \, &5

Proof. Suppose S ={g1,82,...,8}. A multiple application of the relation
H(QV P|Z)=H(Q|Z)+ H(P|Q Vv Z) yields
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S| H(E) — H(\/S gé) =1S|-HE V) — le H (s v \_/1l g,-‘lgjs)
e = h
=<|S|~H(n)—2n:H< \_/l ))+(|SI'H(SIH)—i;H<S
; o
l\/l g,n>)+(|SI-H($In)—iH<S

i—1
nv\/ g,-_lgjéf))
j=1

i—1
nV\/g,-_lgj%‘))A
j=1

Since |S|- H(&|n) — Y1, ( \/\/] 1g1 ) &) > 0, we deduce that

n i—1
ISI-H(é)—H<\/ gé) > |S|-Hm—) H (77 _lgjn)
i=1 =

ges
=|S|-H(m) — H <\/ gn) :
which is clearly equivalent to our statement. o

i=1
i=1

> (|S|~H(n)—2nj (

i=1

ges

We now come to the main theorem of this section. We use the same notation as in
Definition 3.1.

THEOREM 5.2. Let G be a countable amenable group and U an infinite subgroup of G.
Suppose that I has a free action on the Lebesgue space (X, (). Then the co-induced action
of G on (Y, v) has cpe if and only if the action of I on (X, ) has cpe. This action of G on
(Y, v) is Bernoulli if and only if the action of I on (X, w) is Bernoulli.

The proof of this theorem will be preceded by a definition and two lemmas.

Definition 5.3. Let P C I'\G. Then X? = [1p(X, B, 1) may be considered as a quotient
space of ¥ = ]_[F\G (X, B, j1) with quotient map 7 : ¥ — X© given by

T(x), =x, forxeY, yeP.

We shall say that a partition n of Y is subjugated to P if n reduces to a partition of the
quotient space X ” in the sense that there exists a partition 5’ of X such that n = t~1(»/).

Suppose we are given a finite partition & of Y. Choose a section s and a finite subset
K C G sothat K~ ¢ s(I'\G) (and hence K ~! meets each right coset at most once).

Further, let d be the Rokhlin metric for partitions with a finite entropy [28, §6].
(It is denoted by d,,,; by Glasner [10].) Then we may choose, for any ¢ > 0, a finite subset
K as above and a finite partition 7 of ¥ such that 7 is subjugated to s ' (K ') and also
dE, ) <eg/6.

Next, let 1o be a finite partition of ¥ subjugated to {s~!(e)} and chosen so that for some
partition n < 7 = \/,cx kno one has d (7], n) < €/6. Hence

d(E, 1) <e/3. (5.1)

Since the I"-action on X has cpe, we can find a finite subset J C I" such that e € J and
for any finite J-spread subset S C I'.

H (1) — EH<V gno) K (5.2)

gesS
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This follows immediately from Corollary 4.3; see also Rudolph and Weiss [37,
Theorem 2.3].
We will need the following simple result.

LEMMA 5.4. Let Q be a finite KJK ~'-spread subset of G. Then |QK|=|Q| - |K| and
OK is J-spread.

Proof. 1t is obvious that QK is J-spread. Let g; € Q and k; € K, i =1, 2, then g1k =
g2k if and only if g1 = g2 and k| = k; because e € J. But this implies |QK| = |Q] - |K]|.
O

LEMMA 5.5. Let J be as above. Then for any finite K JK ~'-spread subset Q C G one

has
HOp) — —H \/ an <— (5.3)
101 \ Yo

Proof. By Lemma 5.1, it suffices to verify equation (5.3) with n replaced by 7.

Let 7 : G — G/ T be the natural projection. It follows from our choice of K that it
meets each left coset at most once, so we can choose a section s’ : G/T — G for 7 in
such a way that s'(kT") = k for all k € K. Now, with Q C G finite and K J K ~!-spread
we can use equation (5.2) and independence of the components corresponding to different
elements of G/ I" to obtain

101 - H(p) — H(\/ gﬁ) = Q|- |K|- H(no) — H (\/ \/ gkna)

geQ g€ kekK

=[1QK|-Hmo)-H| \/ \/ skno
0eG/T (g.k)eQxK
7 (gk)=0

=|QK|-Hmo)— Y H| \/ s©)'gkno

0eG/T’ (g,k)eQxK
w(gk)=6
<10K|-Hip) — Y 10K N7~ @) H(no) — —
. 31K|
eG/T
0] -¢
K|l—— K] —— =
=10 |3|K| 0] - K| 3K] 3
Hence, we have
_ e
H() — @H(\/ gn) <3 (54)
geQ
and hence equation (5.3) follows from Lemma 5.1. O

Proof of Theorem 5.2. It follows from Proposition 3.2 and Corollary 3.3 that the
co-induced action of G is Bernoulli if and only if the action of I' is Bernoulli.
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Suppose that the co-induced action of G has cpe on (Y, v); then the action of I' on
(X, w) also has cpe by Corollary 3.5.

Suppose now that the action of I' has cpe on (X, n). We will prove that the action of G
on (Y, v) has cpe. By Theorem 4.2 it is enough to show that the co-induced action of G on
Y is uniform mixing (see Definition 4.1).

Recall that for any finite partition £ of ¥ and any ¢ > O there is a finite partition 7
of Y with d(&, n) < ¢/3. Hence, the standard properties of the Rokhlin metric yield the
following estimates:

\H(E) — H)| <d(E, 1) < ;

1 ( 1
'—H \ gE) - —H(\/ gn)
o1 \Y, o1\ Y,
Here Q is a finite K J K ~!-spread subset of G as in the statement of Lemma 5.5. It follows
from equation (5.3) and from these two estimates that

1
‘H@) - @H(\/ gé)
gcQ
Thus we have proved that for any finite partition £ of ¥ and any ¢ > 0 there exists a finite

subset K J K ! of G such that for any finite K J K ~!-spread subset Q the inequality (5.5)
holds. This means that the co-induced action of G on Y is uniform mixing. a

<d(E ) < g

<e. (5.5)

COROLLARY 5.6. Suppose that a countable amenable group G contains an element of
infinite order. Then G has a non-Bernoulli action with cpe.

Proof. This follows from Theorem 5.2 and the fact [7, 15, 16, 24-26] that Z has a non-
Bernoulli action with cpe. g

COROLLARY 5.7. Suppose that G is as in the statement of Corollary 5.6. Given
t € (0, o], there is a non-Bernoulli cpe action o; of G such that h(a;) =t.

Proof. Indeed, for each ¢, there is a non-Bernoulli K-automorphism S; of Z such that
h(S;) =t. This follows from Corollary 3 of Feldman [7]. Let «; be the action of G
co-induced from S;. Then «; is a cpe action of G by Theorem 5.2 and h(o;) = h(S;) =1t
(see Proposition 3.4).

Another way to see this assertion is to use the weak Pinsker property (see the remarks
before Proposition 3.7 above). If T is a K-automorphism with the weak Pinsker property
then one can easily construct a family {S;};¢(0,00] 0f K-automorphisms with this property
and such that 4 (S;) = ¢. Examples of these automorphisms will be demonstrated in §7. O

Kalikow proved [17] that there exist non-Bernoulli K -automorphisms S such that S and
S~ are isomorphic. We can use co-induction and its properties to generalize this result to
any abelian group containing Z as a subgroup.

COROLLARY 5.8. Let G be a countable abelian group containing Z as a subgroup. Then
there is a non-Bernoulli cpe action U of G such that the actions h+— Uy and h +— Uy
are isomorphic.
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Proof. Suppose that S acts on a Lebesgue space (X, u). It is not difficult to verify that
there exists V € Aut(X, 1) such that VSV ~! = §~!. We shall give a sketch of the proof
of this proposition for the case G = Z>. The general case can be treated similarly. By
Definition 3.1, the Lebesgue space (Y, v) has the form (Y, v) =[[;(X, w), andif y € Y
then y = (y;),i € Z, y; € X. We have

(T1y)i = yi+1
(T2y)i = Syi, i€l

Setting (Wy); = Vy;, i € Z, we have WhHLW-! = T2_1 and WIi W= = 7. Now itis easy
to see that there is a transformation J of (Y, v) such that JT;J = Tl_l, JP=1,JW=WJ
and JT, =T»J. O

Thus we have shown that any countable amenable group G, containing Z as a subgroup,
has non-Bernoulli cpe actions (see Corollary 5.6).

In the case of integer actions, Ornstein and Shields [26] showed that there exists
an uncountable family of cpe actions of G with the same entropy which are pairwise
non-isomorphic. We will generalize their result below. However, we need to overcome
some complications.

The obvious first approach is to apply Corollary 5.6 to the uncountable family of
non-Bernoulli pairwise non-isomorphic K -automorphisms with the same entropy defined
by Ornstein and Shields [26]. We obtain a family of cpe co-induced actions of G with the
same entropy and if G is abelian we can relatively easily show, using Corollary 4.5 and
methods of Ornstein and Shields [26], that the corresponding co-induced actions of G are
pairwise non-isomorphic.

However, in Example 7.3.4 below, we show that there is a countable solvable group
with a subgroup I' isomorphic to Z, for which one cannot apply the methods of Ornstein
and Shields [26] to distinguish the co-induced actions of G. Thus we need a more subtle
approach.

Probably the most general approach to the Ornstein—Shields problem for integer actions
is that of Hoffman [15]. Unfortunately, direct application of the methods of Hoffman [15]
do not allow us to construct non-isomorphic co-induced actions.

Nevertheless, the restriction of the co-induced action of G on a subgroup I' =~ Z yields
an action of Z which is of the general form studied by Rudolph [33] and Hoffman [15].
We develop this observation in the next section, in combination with methods of Ornstein
and Shields [26], to prove the existence of a uncountable family of K-automorphisms of
7 with some extra properties. This will allow us to solve the problem for any countable
amenable group G containing Z as a subgroup.

6. An uncountable family of K -systems

6.1. Uniform somewhat disjointness. ~We construct here a family of K-automorphisms
T, where « is any infinite string of 0’s and 1’s, « € {0, 1}N . Such families have been
constructed elsewhere but none have quite the properties we seek. This collection mirrors
much of the examples of Ornstein and Shields [26] and Hoffman’s K -counterexample
machine [15]. In particular, T, > Ty if and only if o and B are asymptotically equal. More
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precisely, our construction is of the same form and in many ways simpler than that of
Hoffman.

Definition 6.1. Suppose that (X, F, ) is a standard probability space. We say a finite

&
partition P is e-contained in a sub-o-algebra H (written P C H) if there is a P’ C H and

p({x: P(x)# P'(x)}) <e.

The maps 7, are constructed as transformations on a common sequence space
{0, e, f, s}Z and hence possess a canonical generating partition P, given by the time-
zero value of these sequences. We will now state the central result we expect this family
to possess and deduce some of its properties. Then we will describe the construction. We
will always assume the maps 7" and S discussed below are of finite entropy. The following
somewhat complex definition is the central idea of our work.

Definition 6.2. Suppose that (T, X, F, n) and (S, Y, G, v) are two measure-preserving
and ergodic dynamical systems and P is a partition of X. We say (7, P) is somewhat
disjoint from S if there is a value a > 0 for any joining & of T and S and for any partition
P’ € G we have

A(PAP)) >a.

&
That is to say, if P C G then ¢ > a. We say T is somewhat disjoint from § if for some
partition P, (T, P) is somewhat disjoint from S.

As usual, by PAP’ we mean {z: P(z) # P'(z)}. Notice that if for some P we know
that (T, P) is somewhat disjoint from S then the same will be true for any partition Q
which generates P under the action of 7. In particular, this will be true for any generating
partition.

Definition 6.3. We say that T is uniformly somewhat disjoint (which we abbreviate u.s.d.)
from S if for some partition P of X there is a value a > 0 so that for any m € N and values
jos j1s - -+ jm € Z\O and any ergodic joining i of 770 and §/1 x §72 x ... x §/m_ (that
istosay,a 7/ x (§/1 x ... x §/m) invariant measure with marginals ;. and v"*) which for

. Ei in—
all 0 < j < jo satisfies 77 (P) C (G)™, then (1/jo) Z]’O ! gj>a.

As before, it is not difficult to see that if a partition is u.s.d. from one partition P it is also
u.s.d. from any other partition Q that generates P under the action of 7. It is also clear that
to be uniformly somewhat disjoint implies that no power of T is a factor of some product
of powers of S. The converse is probably not true as we require the value a to be uniform
over all joinings. Our goal is to construct an uncountable family of K-systems of the same
entropy, any pair of which is u.s.d. Notice that somewhat disjointness is not a symmetric
property. We begin with an easy consequence of somewhat disjointness.

COROLLARY 6.4. If (T, X, F, u) and (S, Y, G, v) are u.s.d. K-systems, then for any
jo#0, TV cannot arise as a factor of any action of the form B x (Sepalt Sk where all
Jrx # 0 and B is a Bernoulli shift of finite or infinite entropy.

Proof. Without loss of generality we can assume B is of infinite entropy. As § is of
positive entropy, by Sinai’s theorem B arises as a factor of &), S. Hence, without loss
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of generality, we need only show that 770 cannot arise as a factor of Ry S Jk. We argue
by contradiction. If it is a factor, then for any partition P € F and & > 0 there is a value of
K and an ergodic joining of T/° and ®,§: 1 SJk with
ljol=1 e
\/ 17 cgk.
j=0

This contradicts the hypothesis of u.s.d. ]

Deﬁnmon 6.5. Fora K- -system (S, Y, G, v), by a permuted power of S we mean any map
S of the following form. S acts on a finite or countably infinite product of copies of Y
written ®cxcY and has the form

Staidker = (8% (r-100) ek ©.1)
where 7 : K — K is a bijection and if L C K is any finite cycle of 77, then ) ,; jk # 0.

Special cases of permuted powers have been considered [15, 28]. The last condition on
sums over finite cycles guarantees that a permuted power is always ergodic. Also note
that if you construct two permuted powers by using a common 7, using perhaps different
choices for the ji; but with the sums over finite cycles agreeing, then the two permuted
powers will be isomorphic. We now prove the result which gives us what we need.

PROPOSITION 6.6. Suppose (T, X, F, n) and (S, Y, G, u) are two K-systems. If T is
uniformly somewhat disjoint from S, then T cannot arise as a factor of a permuted power
of S.

Proof. We argue by contradiction. Therefore, suppose that 7' does arise as a factor of some
permuted power of S. Break /C into cycles of 7 and let P be a generator for 7. For all
& > 0 we can select a subset K’ C K consisting of finitely many cycles of 7 so that relative
to the joining /i given by the factor map,

Pc®0

keK’

Since this algebra is invariant under the permuted power, we see that for all # € Z we have

TP C R G

ke’

Let ' be the restriction of S to this invariant sub-o -algebra. The cycles of 7 in K’ are either
finite or infinite and we write ' = K’} U KU, where K| is a finite set consisting of the finite
cycles of 7 and K}, is a collection of infinite cycles. If K} is not empty, then S’ acting on
these coordinates is an infinite entropy Bernoulli shift. For some sufficiently high power
fo of &, it follows that $" is of the form ®k€,q S x B where B is a possibly trivial
Bernoulli shift. Hence /i is a joining of this action and 7. As in the previous corollary, we
can replace the Bernoulli action B with a product of powers of S. Hence for all £ > 0 we
have an ergodic joining of some 7% and some ), . S* with T?(P) being e-contained
in® ek G. This contradicts somewhat disjointness. d
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6.2. Building windows, wiggles and block names. We have now explained the
implications of u.s.d. which we will use, and we begin our construction. We borrow
many ideas from the history of such counterexamples. In particular, we use what Hoffman
refers to as pseudorandom sequences, chosen generically from independent identically
distributed (i.i.d.) processes. As is usual, we will be constructing a series of collections
of names inductively,

By {0, e, f.s}"™.

Here h(n) is the common length of all the names. This set will actually depend only on
the first n terms of ¢, with the next term determining how the construction continues to the
next value n 4+ 1. Names will be built by concatenation, which we will write as a product.
In this context, ]_[lK: 1 ax will represent the name aja; . . . ai, i.e. the ‘product’ is from left
to right. We set

By = oN O

and so h(0) = N(0).
It will then be convenient to have B, =0 and 2(—1) = 1. We will use the parameter
N (0) to push down the entropy of the maps T¢.
The construction is governed by a set of inductively defined parameters.
(1) N(n) is the number of (n — 1)-block names that occur across an n-block name.
(2) c(n) is the smallest value > n such that 2(n — 1) 4 c(n) is divisible by n!. This is
the independent ‘wiggle’, which we will allow each (n — 1)-block in the n-block.

3 A'm) =), ..., a?v(n)(n)} and A (n) = {a{(n), ..., ay, (n)} are two ‘pseu-
dorandom’ sequences of values in {1, ..., 2"}.

(4) Each (n — 1)-block sits inside a window in the n-block of length w(n) where
w(0) =1.

(5) d(n) is the least multiple of n! larger than the value 2w(n — 1) 4 n!.
To begin the inductive description, we describe a general ‘window’ framing a word
b e BY_,. The window depends on parameters 1 <a <2" and 0 < j < c¢(n) and is given
by
W, (b, a, j) = ead(n)sjbsc(n)—jf(2"+1—a)d(n).

The e, s and f strings form the ‘frame’ of the window. Notice that the number of s’s is
smaller than the value d(n). The e and f sections will be deterministic in that they will be
set by the pseudorandom sequences. The s sections will be random, in that all values j will
be allowed. All of this follows the general theme of such constructions.

To define the words allowed in B let by, ..., by) be any sequence of values from
BY_, and ji, ..., jN@) be any sequence of values from {1, ..., ¢(n)}. The names in 5,
will all be possible names of the form

N (n)
[T Watbr, @, o).
k=1

That is to say, we concatenate N (n) windows with the e and f sections determined by
A%n) or Al(n) depending on whether o, =0 or 1. The B}, names in the windows are
arbitrary as are the ‘wiggles’ produced by the s’s.
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We calculate that #(Bg‘) = 1, and letting n(n) be the number of n-block names, we have
inductively
#(BY) =n(n — 1) =#B5_) - V™.

Notice this value does not depend on «. We set w(n) to be the length of a window in the
n-block name and observe that

wn)=hn—1)+ 2"+ Dd®n) + c(n).
Notice this length is divisible by n!. Furthermore, we have
h(n) =Nm)w(n).

Notice that the frame of a window has two components, a ‘deterministic’ part consisting
of the ¢ and f sections whose lengths are multiples of d(n) > 2w(n — 1) +n!, and a
‘random’ part consisting of the s’s. As n! > c(n) > n and h(n) will grow extremely fast,
the random wiggle will be very small in relation to the deterministic part of the frame. This
is of course the standard trick for making non-Bernoulli K-systems, referring to Ornstein
and Shields [26].

Having set the value c(n), the value w(n) is determined. What remains so far unspecified
is the size of N(n) and the pseudorandom sequences A%(n) and Al (n).

One calculates that the fraction of each name in BY occupied by frames around (n — 1)-
block names is

Fn) = "+ Dd(w) + c(n) < 2" n! forn > 1.
h(n — 1)+ 2"+ Dd(n) +c(n) — N(n—1)

We will define the conditions on N (n) inductively. Our conditions will set lower limits
for how large N (n) must be, given the construction through stage n — 1. As a first condition
we ask that

N(m)>10-2"-(2"2 4+ 1)-2-n(n + D

This guarantees that F(n) < 1/(10n2"), a bound we will use later. It follows that
Z:O:k F(n)<1(10- 2%=1) and the fraction of names occupied by frames around windows
at level k or beyond decays exponentially in k. Hence the block names Bj, can be used
to construct measure-preserving actions on probability spaces (X%, F%, u%). For our
purposes, the best way to think of this is to take for X all words in {0, e, f, s}Z for which
every finite substring appears as a string in some By . This is a closed and shift-invariant
set. As the e and f strings in any frame are non-empty, any word in X can be parsed
uniquely into copies of words in B}, and frames of stage n and higher. These topological
systems are not uniquely ergodic. In fact, we want a measure of maximal entropy and the
natural way to define it is to build an i.i.d. process on n(n) symbols, each equally likely.
Now build a tower over this system of height /(n) and paint over each symbol one of the
n(n) names occurring in BY. This produces a shift-invariant measure u, on {0, e, f, s}Z.
One moves across the n-block names and, at the end of each one, decides independently
which name to move to next. It is not difficult to check that if you take ;! and induce
on the occurrences of n-block names, i.e. erase the frames from the (n + 1)-blocks,
one obtains the measure 2. Since the density of the frames in the (n + 1)-block names
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is constant and decaying in n exponentially, these measures (), must converge to a shift-
invariant measure [y. More precisely, one can obtain p, by successively ramifying the
o -algebra and exducing to move from u, to ugH. This later description is tantamount to
cutting and stacking. For further details, see Ornstein and Shields [26].

Each of these actions has a canonical time-zero partition P* whose sets we label 0, e, f,
and s. As stated earlier, a name in X% parses uniquely into copies of names in B and
frames around them. This means that there are well-defined sets By of points whose names
from index O through index i (n) — 1 are in BY. Thus, for any x € X¢ there are values
di, dy, ... >0 such that Ta_d” (x) € By and d, is the minimal such value. If d, < h(n)
then we refer to d,, as the index of x in its n-block. Otherwise, we say that x lies in a frame
of level n or higher. This is consistent with saying x belongs to some set of names if one
of these names is a subname of x containing the origin.

PROPOSITION 6.7. For any particular choice of parameters as described above, the
collection of maps (Ty, Xo, Fu, o) are all K-systems of equal entropy and all have the
weak Pinsker property.

Proof. Consider the factor algebra obtained by replacing all symbols in an occurrence of a
block b € BY by the single symbol 1. Call this list of factor algebras F};. As n grows, these
algebras decrease to the trivial algebra and in particular their entropies go to zero. The
names from B¢ that occur in the intervals (now labelled with 1°s) become independent and
all equally likely. This implies three facts. First, one sees that all cylinder sets have constant
densities of occurrence (1, almost surely on the orbits of points x € X, and hence this is an
ergodic measure. Second, the conditional entropy of 7, relative to the factor algebra F! is
independent of «; hence all T, have the same entropy. Third, the factor F splits off with
a Bernoulli complementary algebra, and hence all 7, have the weak Pinsker property. The
length of the block of s’s that precede the (n — 1)-block in each window are independent,
independent of all choices of (n — 1)-blocks in any window and have range growing in n.
This is sufficient, by standard arguments, to show that 7, is a K-system [15]. a

6.3.  Proper arrays and pseudorandom sequences. We now begin the most technical
part of our work, setting up the properties we require of N(n) and the pseudorandom
sequences A%n) and A!(n). We need to consider the structure of overlaps of windows in
n-blocks amongst a finite collection of points xi, as each is moved by a perhaps distinct

power ji of Ty. Fix a list of m + 1 values jo, ji, ..., jm With —n < jp <n and m <n.
Let
- w(n) w(n) =
Jj =lcm - = - and so j < w(n).
| J| ged (| jkl)
where, as usual, gcd denotes the greatest common divisor and lcm the least common
multiple. Fix choices 1 < t(l)‘ <N(n), k=0, ..., mand consider the array of values
ko, Lk .
=t —— wherei €Z.
1 0 + w(n) l
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Hence we construct a series of m arithmetic progressions which begin at the values t(])‘
and have transitions (7 Ji)/w(n). We truncate this list to values ip <i < rg so that all tik
satisfy 1 < tF < N(n).

Definition 6.8. For a choice of m < n, values of jy, ..., j, and t&, e, t6” as above we
refer to the n x (rg — ip) array of values {tl.k} as an n-array. Its dimensions are ro — ig X m.

What is the significance of n-arrays? Suppose xp € X, and (x1, ..., x,,) are m points
in some Xg with x; lying in the t(])‘th window in its n-block and in this window, at index
0 < wp(x) < w(n) counting from the left end. Act on this m + 1-tuple of points by powers

of the map
m
&~ Jk
T=T) x Q) 15".
k=1
The points Tii (x0, X1, ..., xy) forig <i < rg all still lie in these same n-block names, but

in different windows. The kth term of the list of points lies in the tik th window and is again
at precisely index wj, (xx) in that window. That is to say, the points recur at these times to
exactly the same indices in their windows where they began. Our coding argument to show
the examples are u.s.d. relies fundamentally on this recurrence of the local geometry of the
overlap of n-block windows.

Definition 6.9. An n-array as defined above is proper if it satisfies two properties.

(1) The length of the n-array satisfies ro — ig > N(n)/(10 - 2" - w(n)").

(2) If for some k; # ko both > 1 we have ji, = ji, then t(])c' #+ tgz. That is to say, no two
rows k > 1 of a proper array are allowed to be identical. We need not be concerned

about row 0.
Definition 6.10. Fixing values —n < jo, ji, ..., jm <n we define the associated n-array
of the list of points {xo, x1, ..., xm} € X* x @), X# to be the perhaps empty n-array of
indices _
Kk, Lik
=1,
l 0 + w(n)

where for some choice i1, ig <i; <rg, all x; are in the tikl th window of an n-block. This
n-array will be empty if and only if some xj is not in an n-block name.

PROPOSITION 6.11. For each m < n and choice of values —n < jo, ji1, ..., jm <n and
[ a joining of pe and ,U,Z’, the [ measure of those points {xo, x1, . . . , Xm } whose n-array
is proper is at least 1 — 1/(2 - 2").

Proof. Let 0 <t(x) < N(n) be the index of the window containing x in its n-block. The
value ¢ (x) is undefined if x is not in an n-block. If for all x; we have

N(n) <t(x) < N(n)(l — 10?2n>

10-2" —
then the n-array of {xo, ..., x,,} will be proper. The & measure of this set is at least
e 1 4
11— Fk+ ——)>1—-(—).
<Z ()+10~2”>_ (10-2")
k=n-+1
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The Mg—measure of those points {xy, ..., x;}, such that at least two elements have the

same value 7(x), is at most
2 1
n
<
N@m) 10-27

and hence the (i measure of those strings with proper n-arrays is at least 1 — 1/(2 - 2"*). O

Simple counting gives the following lemma.

LEMMA 6.12. The number of distinct proper n-arrays as m <n and the values of
Jos - - - » jm are allowed to vary is bounded by

n[2n + HN @)

Definition 6.13. We say a pair of pseudorandom sequences (A%, Al)C

(1, ..., 2N0)2 has Property 1 if for all proper n-arrays {tik} and all lists
{ao, at, ..., a™te{l,2,...,2"} we have
#{i|agO =a0, atlik =ak, fork > 1} 1 1
- < .
(ro — ip) (2n)m+l 10 - 2n(2n)n+1

In other words, along any proper n-array, all strings {a, ..., a'} occur approximately
equally often. Notice the error here from uniformity is small compared to the density of
occurrence.

PROPOSITION 6.14. For all ¢ >0, if N(n) is sufficiently large, the fraction in
(1, ..., 2"Y¥NON2 of pairs of sequences (A°, A') which have Property 1 will be at least
1—e

Proof. 1t is convenient to argue this probabilistically. Take ({1, ..., 2"}%)Z with uniform
Bernoulli measure as a sequence of random variables. Suppose {tl.k},-EI is some subarray
of a proper n-array with the property that no two values tl.k, ieZandk=1,...,m agree.
Then {(a?_o, a i,, e, atli,,,)}iez will be an i.i.d. sequence of random variables. The central

limit theorem tells us that for some {ao, o, aM }, the probability of

. .0 _ 0 1 _ k
#{lel'.atio—a Ay =a L k> 1} 1 1 1

L — >
#T (2n)m+1 — 20 2n(2n)n+1

decays exponentially in #Z. That is, for some values C, h > 0 (depending on n but not
N (n)) this probability is at most C exp(—h#Z1).

In any proper array, two rows k # k' > 1 can have tik = t,.k/ for at most one value of i.
Hence, we can delete at most n(n — 1) values i and we know that on the remaining indices
I < {ig,...,ro— 1}, for each i € 7 the indices til, ..., t" are distinct. Any particular
index ¢ can occur at most m times in the array on rows k > 1. Hence each row til, e, tl.’”
can have a value in common with at most n? other rows tl.l,, cee, tl.’f. We claim that this
means 7 can be partitioned into sets 7y, ..., 7,2, where for each Z,, all indices tik,

ieZ,andk =1, ..., mare distinct and moreover

#T
WL, > ——— .
"= 2m2 +1)3
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To see this, first note that one can recursively create a partition of Z into at most m?> + 1
sets where each contains distinct elements. A new column {til, R ti’"} can share terms
with at most m2 others and hence can be added to one of the partition elements, while still
maintaining distinctness.

Now suppose that some Z;’s have cardinality less than #Z/2(n? + 1)3. These are
referred to as the small terms. The union of all such small terms has cardinality less than
#7/2(n? + 1)2. Hence some other (large) Z; has

1 1 #7
#1; z#I(l - —1(n2 n 1)2>W > 2
The small terms can share elements with at most (n?#7)/(2(n* + 1)3) < #Z/2(n* + 1)?)
of the columns of Z;. Hence, some column in Z; can be moved to a small term without
making Z; small. This can be continued until no small terms remain and we have the
partition we seek.

Thus, for each Z, for some a?, . .., a™, the probability that
#{ieIM|ag):aO,atllk:ak,kzl} Loy
#7, @mym+11 = 20\ 2n
is at most N
C —h#7,)<C —#T——
i3 <C o 2 )
and hence for some a°, . . ., a™ the probability that
#{ieZ|ag)=a0,atlik=ak,kzl} ! 11 n+2
#T @mym+l| = 20\ 2n
is at most N
n*c exp| # ———= ).
2(n? +1)3
Recalling that 7 omits at most n(n — 1) of the values iy, . . ., r, and a proper array has
length at least N (n)(10 - 2" - w(n)") ! if we choose N (n) large enough, we conclude that
for each proper array for all a*, . . ., a™, the probability that
#{i()fi<”0|atoo_aovatlk=aksk21} 1 1
V = i i — <
ro — io (2n)m+l 10(2n)n+2
is at most
—(ro —ig)h —N(@m)h
n*C exp M <n’C exp (n) .
4(n% 4+ 1)3 402" - w(m)" - (n? + 1)3
Hence, the probability that Property 1 is not satisfied is at most
—N(n)h
2n 4+ DN @)% C ex .
G DN @] Plao 2 w2+ 1)
This tends to zero as the choice for N (n) increases to infinity. O
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6.4. Separating namesind. Property 1 is the only fact we need about the pseudorandom
sequences. Henceforth, we shall require that both (A?, A') and (A!, A®) satisfy Property 1.
For convenience we also ask that N(n) =k - 10 - 2" - w(n)" where k > 10. We shall also
make one further requirement on the size of N (n); we establish some basic facts first. A
word, as is standard, will be a map from a finite or infinite subinterval ip < <rotoa
symbol set. As we will work with various powers of T, if we are considering 7 then we
will consider words in the symbols {0, e, f, s}j . This is equivalent to taking a word in the
symbols {0, e, f, s} and walking across with steps of length j. Hence, we actually need
only consider words in the symbols {0, e, f, s}, but will need to specify the step size with
which we walk across the word. If B is a finite word of length r = jk we will write B(j)
for the word of length k in symbols {0, e, f, s}/ obtained by walking across B in steps of
length j. This will only make sense when the size of the domain of a word B is divisible
by j. The domain of B(j) is not made explicit from the domain of B. In our usage these
names will always be parts of a doubly infinite sequence. The arithmetic progression we
walk on will start at O and then this will fix the domain of B(j).

We will consider two words as equivalent if they differ only by a translation of their
domains. When we say a word B sits at index i we are perhaps translating the domain
of the word B to begin at index i and extend to i + (the length of B) — 1. By the overlap
of two words we mean the interval that is the intersection of their domains. Here, the
stepsize with which we are walking across the two words is significant. Also, following
standard practice we will use B to represent the set of points x € {0, e, f, s}Z for which
x; = B(i), ip <i < ro. Moreover, we will let xir(?_l be the word obtained by restricting x
to this domain of indices. The words in Bj, have not been given specific domains and in
this context, we regard them as sets of equivalence classes of names. When we speak of a
word b € B; we mean any word with a fixed domain in some equivalence class in Bj,.

Definition 6.15. The mean Hamming or d-bar distance between two words B and B’ with
the same domain iy <i < rg is given by
- #{i|B(i B'(i
G, gy o HIBO £ B0}
ro — 10
If x, x’ €{0, e, f, s} it is standard to write
dy(x, x) = E(ngl, x’gil).
Definition 6.16. Two words b, b’ € BY are said to have good overlap if their overlap has
length at least 2(n)/[10 - 2" - w(n)"] and at most £(n) — w(n). That is to say, the overlap
is neither too long nor too short. For j < n we say b(j) and b'(j) have good overlap if b
and b’ do.

We want to show that if an overlap of two n-block names is good, then they are some fixed
distance in d apart. This fact is a standard piece of all such constructions and comes from
Property 1. One need not work terribly carefully to get this fact and our estimates are very

sloppy.

LEMMA 6.17. Ifb, b’ € B%, n > 1 have good overlap then a fraction of at least 1 — 3/2"
of the overlap is occupied by good overlaps of pairs of names from By _,.
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Proof. A good overlap of words b, b’ € BY must contain at least N(n)/(10 - 2" - w(n)")
windows: note this value is at least 10. It follows that a fraction of less than 3F(n) of
the overlap is occupied by frames in the windows, hence a fraction of at most 1 — 3F (n)
is occupied by overlaps of pairs of words from B ;. Among these overlaps, a fraction
of at most w(n — 1)/h(n — 1) =1/N(mn — 1) < 1/(10-2") can be too short to be good
overlaps. We now want to estimate the fraction of overlaps that might be too long. Suppose
the (n — 1)-block names in windows at indices #; in b and 1, in b’ overlap in too long
a segment to be good. This means these two windows themselves overlap in at least
hin—1)—wrm —1) >wm)[1 — 1/(5-2")] places. It follows that the same holds true
for pairs of windows at indices #| + k and 7, + k, provided that these values stay between
1 and N (n). In order for some other pair of windows #; + k and t» + k not to yield a good
overlap of (n — 1)-blocks, we must have

oy oy oy Op

Ay — A =4k T Qg

Otherwise, the e sections in the windows will force the overlap at these new indices to
change by at least 2w(n — 2) from those at indices #; and 7, and hence become good.
Property 1 tells us that the pairs aZ”_Fk, ag’jr ¢ are essentially uniformly distributed over all
possible pairs. This means their difference can be a constant on a set of density at most
1/2" 4+ 1/(10 - 22*) and hence that at most this fraction of the overlaps can possibly fail
to be good because they are too long. Not all these overlaps of (n — 1)-block names have
the same length but their lengths differ certainly by less than a factor of two. Hence, if any
overlap fails to be good because it is too long, then amongst all overlaps, the density of
those which fail to be good for this reason is at most 22/10 - 2". Overall, the density of the
overlap of b and b’ which must be occupied by good overlaps of names from B is at least

1 22 26
>1- .
10-2"  10-2" — 10-2n

1 —3F(n) — O

LEMMA 6.18. For two names b, b’ € By with good overlap and overlapping on indices
ig <1 <ro,
A, b0 > L.
0710 4w (4)

Proof. This is a very sloppy estimate, although it is good enough for our purposes. Suppose
that the name blrg is broken into windows of length w(4). Each such window provides one
index where b; # b!, unless the window overlaps a window in 5" whose e and s sequences
are identical to those in b. But this can only happen if one name is translated by precisely
a multiple of w(4) with respect to the other and then only in windows where the values
from A*4(4) agree. As the pair have a good overlap, this occurs for less than a fraction
1/2% 4+ 1/(10 - 28) < 1/4 of the windows. 0

COROLLARY 6.19. For all n > 4 and all pairs of words b, b’ € BY with a good overlap,
if the overlap is iy <i < r( then

_ 3 =2 3 3 00 3 def
dpO, p")y > —— 1—— — l——)=d>0.
( ) 10) = 4w(4) k:5< 2k> = 4w(4) Hk:S( 2k) =
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Proof. One verifies the first inequality inductively using the previous two lemmas. The rest
follows easily. O

COROLLARY 6.20. Forall n > 4 and all pairs of words b, b’ € B with a good overlap, if
the overlap is ig <i <rgandiy <iy < j1 <rgwithry — i1 > h(n)/[10 - 2" - w(n)"] then

d(b’l b/”) >d>0.

Proof. The interval [i, j;) is large enough to contain enough (n — 1)-blocks. We apply
Lemma 6.17 to claim that at least 1 — 3/2" of it is occupied by good overlaps of names
from BY_,. We can now apply the same inductive procedure of the previous corollary. O

6.5. The nitty gritty. We are now almost prepared to show that any 7, and Tg with a;, #
B, infinitely often are somewhat disjoint with value a = d/5. Towards that end, our work
from now on will be premised on the existence of two such maps 7, and Tg. Moreover,

we will assume that non-zero values j, 11, ..., jm have been fixed as well as an ergodlc
joining i of Ty° and R, T]’ We set X = Xy x @, Xpgand T =T7° x Q- T]’
Given these constructions, we will consider values n > max{|jol, ..., |jml, m} Where

oy # Bn. We will refer to this collection of choices as a set of basic material. Given this
basic material, by the n-block containing a point x; we will mean the name b(j;) where
X;, under that action of 7, sits in the n-block name b. That is to say, we will walk across
the name in steps of size j;. By the n-block window containing x; we mean that window in
this n-block which contains the origin. Once more we walk across in step size j;. By the
index in the n-block or n-block window at which x; sits we mean the position in the block,
counting from the left end in units, not steps of size j;. Thus, if T (x;) still lies in the same
n-block window as x; did, then its index in this window will be j; larger than that of x;.
Let Q% be the partition of X* labelled by {1, e, f, s} and obtained by putting any point
that lies inside an n-block name b € BY into the single set 1 and leaving all the remaining
points, those in frames around n-blocks or higher, in the sets as originally labelled. Given
a set of basic material, set

m
0n = 0%(jo) x ) 08 (ji.

i=1
Note that the 7', Q,-name of a point determines whether or not it is in a good n-overlap
in the sense of Definition 6.27 below as it provides enough information to specify the
positions of the n-block windows in an n-block. This name also determines the size of the
deterministic e and f parts of the spacers in these windows, since these are defined by the
position of the n-block window in the n-block. The remaining part of the P (jp) name and
the P# (ji)-names are completely arbitrary. More precisely, having used the Q% name to fill
in the position of the n-block windows and then the e and f sections of the frame in each
window, we are left with an infinite sequence of gaps in name of width A(n — 1) + c(n).
The number of possible names that can be placed in each such window is c(n)n(n — 1)
(remember that 7(n) is the number of n-block names). The conditional expectation of the
sequence of names we can see in these windows given the Q% name is i.i.d. and uniformly
distributed over this set of names.

https://doi.org/10.1017/5014338570700034X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570700034X

114 A. H. Dooley et al

LEMMA 6.21. For any choice of € > 0, if we fix the construction through that of (n — 1)-
blocks and then if N (n) is chosen sufficiently large, then for all o,

h(Ty, QF) <e.

Proof. Simply note that the measure of the set labelled 1 increases to 1 as the size of N (n)
grows. (

Our goal now is a ‘conditional d’ calculation and, to achieve that, we will need a
definition. d is defined in many different contexts. We will need most of them, and so
include here are the definitions for completeness.

Definition 6.22. The definition of d for finite names in symbols from a finite set ¥ has
already been given. If 1y and wy are two measures on the space X" of names in ¥ of
length n then we set

1, 1) = ir;f( [t dﬁ)
u
where the infimum is over all couplings /i of the two measures. For s, s? € £% we set

d(s', s?) =limsup d((s")Yy, HY ).
N—o00

If 21 and p, are two shift-invariant measures on ©Z we set
d(p1, ) = ir;f( / ds', 7y djp = (', 5% 155 # sé}))
,u

where the infimum is over all ergodic joinings 4 of ) and . If (71, P) and (T», P>)
are two ergodic processes with P and P’ using the same label space X, then the map to
T, P-names and T’, P’-names give two ergodic measures (1 and uy on »Z and one sets

d(Ty, Pi; To, Py) =d(ju1, 12).

As a last refinement, suppose (X1, Fi, 41, 11) and (X2, F2, p2, To) are ergodic systems
which possess a common invariant factor action H. In the space of joinings of these two
actions let Jy; be those joinings of w; and uy supported on the graph of the identity on
H x H [31, 6.2]. We now define

dy(Ty, P1; T, Py) = ﬁinjf A{(x1, x2)| P1(x1) # Pa(x2)}).
€Jn

Suppose we have a set of basic material. We now describe a modification of jt which we
call @ = 7x,,. This construction is an essential ingredient of our argument.

To do this, let OF = \/?i_oo Ta_i(QZ) and P% = \/?i_oo TO’Z'(P"‘). To start, we define
the measure & on the sub-o-algebra Q% v \/7__; PP. Notice that \/}_, 0% is a sub-o-
algebra of both \/"_, P# and Q% v \/™_, OF. Define 7z on Q% v \/™_, P# to be the
relatively independent joining of these two systems over this common factor [31, 6.2].
What this means is that in Q% Vv \/;C":1 Q,’? , we fill in the names across the windows
of 1’s with spacers and n-block names not only independent of the Qﬁ-names but also
independent of the Qf name as well. Hence 7 is a shift-invariant measure on doubly
infinite QY (jo) X ®f:1 PB( Jx) names. It is not difficult to see that as i is ergodic, so

is .
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PROPOSITION 6.23. Fixing the construction through stage n — 1, for any ¢ > 0 if N(n)
is chosen large enough, for any choice of a set of basic material, set H = Q% v \/{_, QS
and then as measures on doubly infinite Q% (jo) X ®?:1 P’S(jk) names we will have

dy (i, o) <e.

Proof. Fixing the construction up to stage n fixes the number of possible names to be
filled in across an n-block window at c(n) ~#Bffl. We show the d-closeness for each
of the PP(ji) names separately. Fix the value k, and let A be the subset of points
which, in the kth copy of X? is the leftmost point in an n-block window. Partition the
set A into subsets according to the {0, e, f, s}-name across this window and call Isk
this partition of A. Now induce on A, i.e. consider the action f"A. The process (f"A, P,)
is an i.i.d. process on c(n) '#Bf_l symbols, independent of the choice of N(n). This
process is extremal [27, III §4]. To see this, use the weak Pinsker property of T. Set
Hi=0%V VN PPV sk QF That is to say, we inductively add on the P# algebras
to H. Extremality tells us there is a § so that if we knew

h(Ta, PelMi) > h(Ta, Bo) — 8 =logle(n) - #B)_1— 5
relative to both & and 1, then we could conclude
EHk((fA, 13k),z, (Ta, POp) <€

and the proposition would follow by setting &’ = ¢/m and working through the m terms
inductively.

With respect to 7z, (T4, Py is independent of Hj so the entropy bound above follows
immediately. With respect to /i, (T4, By) is independent of \/,,_, P# v \/,; OF as the
m XP coordinates are independent and the windows are filled in independentl_y. So, by the
Pinsker formula [10], the problem reduces to showing that once N (n) is large enough, we
have

h(Ta, Q%) <.

But by Kac’s formula [3, Kac’s Lemma] this is

h(T*, Q03)
nP(A)
As N(n) / oo, /L'B(A) — w(n)/jx = wn)/n >0 and by Lemma 6.21 we can choose
N (n) large enough to give the entropy bound and apply extremality. O

This last proposition gives our final requirement on the size of N (n). We ask that it be

sufficiently large that for any set of basic material from stage n we will have
el 0 < 75
) < ——.
HM, 10. 27

The conditions on our choices of parameters are now completely specified.

For a basic set of material, we now extend the construction of 7z to all of P* v \/j_, Ph
as follows. Take an ergodic joining ft in Jy; which achieves the d; distance between
£ and 7z. This is a measure on the direct product of two copies of Q% v \/{, PP,
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The H factors of these two systems are identified relative to (i and these contain Q7. Now
[ extends to include the factor P¥. In this way, one can extend fi to include P%, taking
the relatively independent extension of j over this common H factor with respect to the
second copy (the /i copy) of \/j—, PP . We then restrict fi to span P* and the second copy
of \/J_, PP. This extends 7 to all of P* v \/}__, PP. From its definition as the restriction
of an H-relative joining, we still have

1
1027

A set of basic material gives a lower bound for the value of n but does not specify the value.
The construction of 7t depends on the set of basic material and on the value n. Hence
we will now write it as 7t,,. Notice that the joining (i, which we now call fi,, possesses
one copy of the (T, P¥(jy)) process but two copies of the (R, T” Vie, PPGin)
process which, as n grows, agree with higher and higher probability.

dn(fl, ) < ——

LEMMA 6.24. Given a set of basic material, the measure i, converges in d to fi.
Moreover, the measures [i,, which join [, and [i, converge to the diagonal two-fold self-
joining of [i. In particular, for any sets A € P* and B € \/}—, PP, we have 11, (A N B)
converges inn to (1(A N B).

Proof. We only need to check this property for a dense class of sets A and B.
Hence we can assume they are finitely coded from the processes (T, P*(jo)) and
(®i=1 T4, Vi PP(jji)). One calculates

[, (AN B) — (AN B)| < fin(B1AB),

where By and B; are the two copies of B in the joining [i,. The latter tends to zero as fi,
achieves the d distance between [z, and fi. O

COROLLARY 6.25. Given a set of basic material, suppose that for 0 < j < jo we
. Ej
have, relative to the joining i, T, (P%) g’ Vie: PP It follows that there are partitions
PO ..., Pl C\/}L, PP sothat
im 1. (T (P% J 4
nlggo (T (PY)APT) <.

This corollary tells us that if 7, and T} fail to be u.s.d. the failure is already evident on
the joinings . We now formulate a result which will be our principal tool in proving that
Ty and Tg are somewhat disjoint.

PROPOSITION 6.26. Suppose there is a value a > 0 so that for all choices of jo, . . ., jm
and partitions P°, ..., P9~ that are finitely coded from AV PB(ji) and all ergodic
joinings (i of TOZO and ®Tjk there are arbitrarily large values of n so that if we construct
o, we find

1 Jo—1 . .

— D W(T(POHAP) = a.

i

Then Ty and Tg are u.s.d.
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Proof. Under the hypotheses of the proposition, we may conclude that for all sets of basic

material and for all finitely coded sets PO ... PJowe have
Jo—1 ) )
— D AT(PHAP) = a.
Jo =

This is a closed property on the choice of partitions P’ and hence holds on all partitions.
This gives the result. a

We now verify Proposition 6.26 fora =d/5.

Definition 6.27. Starting from a set of basic material as described above, we say the list of

points {xg, X1, ..., Xn} € Xo X ®,’~":1 X has a good n-overlap if
(1) the associated n-array of this list of points is proper in the sense of Definition 6.9;
and

(2) the overlap of the n-block windows containing the list has length at least F(n) +
w(n)/(10n2").
The set of such points in X is measurable and we call it G,,.

Notice that having good n-overlap is determined completely by the relative overlaps of the
n-blocks and hence G, is H, = Q% v \/21=1 Qf measurable.

COROLLARY 6.28. For any set of basic material, we have

(G =1 — TR

Proof. By Proposition 6.11, condition (1) excludes at most 1/(10-2") of the measure
space and condition (2) excludes at most n F'(n) + 1/(10 - 2™). O

COROLLARY 6.29. Given a set of basic material, if xg, . . ., X, have good n-overlap then
so do all points T/ (xo, ..., xy) for all j small enough to keep these points in the same

n-block windows as {xq, . . ., X }. Moreover, if{tlp, tl.l, e, tl.m} is the n-array of this list,
0 1 m ~

then {Toii (x0), Tl;i xD, ..., Téi (xm)} all lie on this T orbit and not only still sit inside

this n-block overlap, but sit at the same indices in their n-block windows as do xy, . . ., Xp.

Hence they also have a good n-overlap.

Partition the set G, according to the relative translates of the n-block windows which
contain the points, the relative positions of the n-block windows forming the proper n-
array and the indices modulo ji of the points in their n-blocks. This is a finite partition of
G, which we call H,. Now take a set & € H, and partition it according to the indices in
which the points lie in their n-blocks. This is a finite partition of /. If we order these sets
of indices according to the order in which T hits them, by moving in ji-increments on the
kth there will be a least set in this partition, referred to as &g, and a set of powers of T we
call Z(h), so that

h=J 7o)
i€Z(h)
and such that this is a disjoint union. That is, h¢ forms the base of what is often called a
funny tower, as the levels do not come in arithmetic progression. Our final computations
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will be made on these funny towers. To help set the scene, notice that Z (k) looks like
a block of consecutive integers, enough to get one across the first overlap of n-block
windows. Then we jump to the second term in the proper array to begin a similar walk
across this overlap of n-block windows etc. until the n-block overlap is exhausted. Notice
that Z(h) breaks up into a sequence of translates of a common n-block window overlap.
Once again, this partition of the elements 4 is H,, measurable as it only depends on the
geometry of the n-block overlaps of the points.

Given a proper n-array {t{‘};"z;o], we now construct an involution of the values ig <i
< ro. We want this involution to depend only on the geometry of the overlap.

Since the sequences A%, AP» have Property 1, we know that for each particular choice
of values {a", . .., @™}, this vector appears as the deterministic part of the frame for almost
precisely the same number of values i. For an initial array, let us choose an involution
I = I{tik} acting on ig <1i < rg so that

i rﬂ(i) 1
>1— ,
ro — ip 10 .27

where 7 : [ig, ro] — [io, ro] is a bijection.

#{ilaf‘k” *+ a:f(” and aﬁ,” = aﬂk” }
i ) i

To do this, we first construct an involution ¢ of the names a°, . .., @™ with the property

that it preserves the values of a', ..., a™ but changes that of a°. Now we attempt to
define I so that it takes indices where the string a®, ..., a™ occurs, to indices where
1(@®, ..., a™) occurs. Property 1 tells us that we can carry this out for all but a fraction
1/(10 - 2™) of the indices i. We use the identity on the remaining indices. We can consider /
to be determined by a list of points xg, . . ., x,, with good n-overlap rather than the proper
n-array they determine.

Notice that the choice of I is H,, measurable as this subalgebra determines the geometry
of the n-overlap and hence the choice of /. We now use [ to define an involution f on each
of the sets h € H,. Begin by defining it only on the sub-o-algebra Q% v \/}_, PP. To
do this, partition / into fibers 1 according to this partition, i.e. specify the P#(j;) names
across the windows. We first define f on hg. For each n-block window overlap in the index
set Z(h), take that window overlap and the names across its overlapping n-block windows,
and permute them according to the involution / associated with the n-array of the point.
Fix the names across all the other n-block windows. Since we are working relative to 7t,,,
such a permutation of the P#(jj;) names is measure preserving. This defines f on /g but
not on the full o-algebra. To extend to the full algebra, note that any measure-preserving
map defined on a subalgebra with non-atomic fibers can always be extended as a measure-
preserving map on the full algebra. Our sub-o -algebra has non-atomic fibers, so we can fill
in the action on the P%(jp)-names in some measure-preserving way to define f. Now, to
extend f to all of 4. Fori € Z(h), set f on Ti (ho) to be f“iff_i, extending the definition
of f to all of i (see Corollary 6.29). Notice that on the funny tower over kg this amounts
to painting the P*(jo) V \/21: 1 PB( Jx) names constructed on the base /¢ onto the tower.
To go along with this involution f, we define a second involution g which acts on the
funny tower by permuting the levels by powers of T. We move those levels at indices from
a single n-block window overlap, by the translate taking them to the levels in I of this
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overlap. As the maps f and g are defined on disjoint sets of 4, we can combine them into
a single map, taking it to be the identity not yet defined.
We now prepare the final steps towards showing that 7,, and Tg are u.s.d.

COROLLARY 6.30. For all h € H, and xy, ..., Xy € h, the two points f(xg, ..., Xn)
and g(xo, . . ., xp) have identical \/}_, PP (jx) names across the overlaps of their n-block
windows. On the other hand, setting Pl = TO’;(P"‘)fori =0,..., jo— 1, we have

1 : : d 1
— Y m(f(PY)Ag(PYD)) > ﬁn(h)(— — )
jo = 2 2.2

Proof. The first part follows from the definitions of f and g. The second is a consequence
of Corollary 6.20 as follows. For each (xq, X1, . . . , X,) € ho, if we calculate the d distance
between the partitions f(P%’) and g(P%") over the indices in Z(h) then average over
the values i, integrate over hg and multiply by #Z(h), we obtain the given integral.
Observe that if (xg, ..., x,) € hg, then the P“(jp)-names of the points f(xo) and g(xp)
have good overlap in the index set I (k) in the sense of Definition 6.16. Furthermore,
#I(h) > h(n — 1)/(10n2"). Hence, in the calculation of the first d distance, we can apply
Corollary 6.20 to conclude that for those n-window overlaps actually moved by the
involution, there is a d error of d /2 and these are all but a fraction 12 - 2" of the indices. O

LEMMA 6.31. Given a set of basic material, suppose that P°, P, ..., Po~1 are finitely
coded from \/]_, PB(ji). Then for § > 0, if n is large enough we have

1 . _
j—oun(f(P’)Ag(P’)) <3$.

Proof. Consider the measure of f(P/)Ag(P/) on each set h separately. The names
across the n-block window overlaps of f(xo, ..., x;;) and g(xo, . .., x;;) have identical
Vie, PP (ji) names across them and their length grows uniformly in . Hence the finite
codes agree over an increasing fraction of the funny tower as n grows. a

THEOREM 6.32. For T, as constructed, if o, # B, infinitely often, then T, and Tg are
u.s.d.

Proof. Given a basic set of material and using Proposition 6.26 we assume P?, ..., Pjo~!
are finitely coded. We can calculate that

|t o1 Qo] . . . 4
— Y m(TNPHAP) = —— Y ALF(P)AL(PH] + lg(P*)Ag(Ph)]
J0 20 2jo i%
11 Jod . . . .
> 5= D ALFPTHAF(PHU(P*)Ag(P)]
i
11 Q! . ) . 4
=35 > B (P AG(PYH] — TLf (P Ag(P.
i=0

Choosing n large enough, the previous two lemmas now give the conclusion with a = d /5.
O
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COROLLARY 6.33. All elements in the collection Ty satisfy the weak Pinsker property,
have the same entropy, and can be constructed with any entropy 0 < h < 0o so that they
still possess the u.s.d property between any pair T, and Tg for which a and B differ
infinitely often.

Proof. That all the T, as constructed have the same entropy follows from the fact that the
number of n-block names is independent of . To see how to obtain all entropies, first note
that to verify u.s.d. one needs only to check it on one partition. We can increase the entropy,
even to infinity, by taking the direct product with a Bernoulli action. The arguments in the
first section show why this still yields u.s.d. for pairs. Hence we only need to see how to
obtain small entropy. Notice we did not formally set the value of N (0), the length of a
0-block. The larger it is chosen, the smaller the entropy of the 7, will be. O

7.  An uncountable family of non-Bernoulli cpe actions

Let G be a countable discrete amenable group containing an element of infinite order
(i.e. containing Z as a subgroup), and let 0 < & < oo. In Theorems 7.2 and 7.5 below,
we construct an uncountable family of cpe actions of G all having entropy h.

Definition 7.1. For i =1, 2, let U’ be an action of a countable discrete group G on a
Lebesgue space (Y;, v;). The actions U}! and Uﬁ, h € G, of the group G are isomorphic
if there is an isomorphism S : (Y7, vi) — (Y2, v2) such that U}%Sy = SUhly, where h € G,
yeY.

Now assume that G is countable amenable, that y is an element of infinite order in
G, and that I' is the subgroup of G generated by y. Let T, be a K-automorphism of the
Lebesgue space (Xq, (o), Where o = (o) € {0, 1}N and h(Ty) = h, as described in §6
above. Then we may consider (X, (ty) as a I'-space and define the co-induced action
Uy of G on the space (Yy, vy) (cf. Definition 3.1). As we saw in §3, the action Uy,
has the same entropy as that of T, that is #(Uy) = h, for all «. Moreover, the U, are
non-Bernoulli and have the cpe property, by Theorem 5.2. Thus we must show that «’s
which are not asymptotically equal give non-isomorphic Uy, ’s.

THEOREM 7.2. Let G be a countable discrete amenable group and I" a subgroup of G
generated by an element y of infinite order. Let Uy = Uy, and Uy = Uy, be cpe actions of
G co-induced from actions T, and Ty, respectively. If o1 and oy are not asymptotically
equal, then Uy, and Uy, are not isomorphic.

Proof. 1t suffices to show that the transformations U;(y) and U,(y) are not isomorphic.
Recall that by equation (3.1), U; (y) has the form

Ui()y)e =T )y, (7.1)

where y = (yg) € Y and 5(8)ys(0y)~! = ") for some n(0, y) € Z.

This equation is related to Definition 6.5 of permuted powers. To see the relationship, set
K =T'\G, and note that 7 : 6 — 0y is a bijection of IC. We further let jz =n(6, y), where
0 corresponds to k. With this notation, equation (7.1) coincides with equation (6.1), which
defines the permuted powers S (T, )- Furthermore, a cycle of w on K is a I" orbit in '\ G.
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We need to check the condition on sums over finite cycles L € K in Definition 6.5, namely
> ker Jk # 0. Suppose that g € G has the property that the cosets I'g, I'gy, .. ., rgy'~!
are distinct, and gy’ = I'g, so we have a cycle of order ¢ € N. It follows that there exists
p € Z such that gy’ = y”g. Now p must be non-zero since y has infinite order. Suppose
that & = I'g with 5(0) = g. Then by definition, we have

t — —
y"Or) = gyls(Ceyh T =gy's!

and thus n(6, y') = p. Since n is a cocycle, it follows that

t—1
Y n@y,y)=n@,y)=p#0.
i=0
As Ty, is uniformly somewhat disjoint from 7, (see Definition 6.3) it follows from
Proposition 6.6 that T, cannot arise as a factor of U (y). This immediately implies that
the transformations U1 (y) and U;(y) cannot be isomorphic, and hence that Uy and U, are
non-isomorphic cpe actions of G. g

We give some examples of the use of the above theorem.

Examples 7.3.
(1)  Suppose that y belongs to the centre of G this holds for all y if G is abelian. In this
situation, (7.1) has the form

Ui()y)e = Ty, yo.

(2) Let G be the semidirect product of a direct sum of countably many copies Z, with
Z, the action on the direct sum being permutation of the summands. In this example,
the I' action on I'\ G has a single one-point orbit (namely the coset [e]), and all the
other orbits are infinite.

(3) Consider the matrix group

G:{(% ;):qe(@j‘r, re@},

and let y = <?) ?) for g € Q4. Then the I'-orbits on I'\G are either single points

or are infinite.

1 1
(4) Let G be as above, but take y = ( 0 1). The I'-orbits on I'\G are all finite. This

is clear if g = <(1) 61]>, g € Q, then for I'gy’ = I'g for all i € Z. On the other hand,
1/t 0
letg=<(/) 1>,teN,then

1 /t

gvig =y

and in particular gy’ = yg. It follows that {I'gy’} , 0<i <t —1, is a cycle,
and n(g,y) =n(gy,y)=---=n(gy' "%, y)=0. But n([gy'~'], y) =1, where
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we write ngi = [gyi], and hence n([g], y!) = Zf;é n([gyi], y) = 1. In general,

if g, = (8 (1)> where a =s/t,s,t €N, (s, 1) = 1, then {l"gayi} 0<i<t—1is

acycle, and n([g,], y') =s.

(5) Lety, be an automorphism of Z,,, for each prime number p. It is known that y; 1o
id. Let H be the direct sum over all primes p of Z, and y be an automorphism of
H such that the restriction of y onto the summand Z,, is just y,. Define G as the
semidirect product of H by I', where I' = {y", n € Z}. It is not hard to check that all
the I"-orbits on '\ G are finite.

(6) Let G be the Grigorchuk finitely-generated non-elementary countable amenable
group [14]. Let Gy be the subgroup of G containing all the elements of finite
order. Then G ¢ is normal in G and G/G y ~Z. Let y be an element of infinite
order in G, and consider the action of ad(y) on Gy. This action has a finite
number of infinite orbits, together with the one-point orbit corresponding to the
identity.

We now pass to the main result of this section. First, we need a definition.

Definition 7.4. Two actions U; and U, of a discrete countable group G on Lebesgue
spaces (X1, n1) and (X, up), respectively, are called automorphically isomorphic if there
is an isomorphism V : (X1, u1) — (X2, u2) and an (outer) automorphism S of G such
that

U2(B(@)Vx=VUi(g)x, xeXi, g€C. (71.2)

THEOREM 7.5. Let G be a countable discrete abelian group containing an element of
infinite order y, which generates I'. Let Uy and U, be as in the statement of Theorem 7.2.
Then the cpe action Uy and U, are automorphically non-isomorphic if a1 and o are not
asymptotically equal.

Proof. Suppose that U; and U, are automorphically isomorphic. It follows from
equation (7.2) that U>(B8(y)) is not Bernoulli. By Definition 3.1, 8(y) must have the form

B(y) =hgh™!

where h € G and g"!' = y"2 for some m| € N and my € Z \ 0. It follows, again from
equation (7.2), that
Vit (y") Vi = i),

where V| = V_le(h). But this is impossible, because Ty, is u.s.d. from 7,. Hence, U
and U; are not automorphically isomorphic. O
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