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Direct numerical simulation is conducted to uncover the response of a supersonic
turbulent boundary layer to streamwise concave curvature and the related physical
mechanisms at a Mach number of 2.95. Streamwise variations of mean flow properties,
turbulence statistics and turbulent structures are analysed. A method to define the
boundary layer thickness based on the principal strain rate is proposed, which
is applicable for boundary layers subjected to wall-normal pressure and velocity
gradients. While the wall friction grows with the wall turning, the friction velocity
decreases. A logarithmic region with constant slope exists in the concave boundary
layer. However, with smaller slope, it is located lower than that of the flat boundary
layer. Streamwise varying trends of the velocity and the principal strain rate within
different wall-normal regions are different. The turbulence level is promoted by the
concave curvature. Due to the increased turbulence generation in the outer layer,
secondary bumps are noted in the profiles of streamwise and spanwise turbulence
intensity. Peak positions in profiles of wall-normal turbulence intensity and Reynolds
shear stress are pushed outward because of the same reason. Attributed to the Gortler
instability, the streamwise extended vortices within the hairpin packets are intensified
and more vortices are generated. Through accumulations of these vortices with
a similar sense of rotation, large-scale streamwise roll cells are formed. Originated
from the very large-scale motions and by promoting the ejection, sweep and spanwise
events, the formation of large-scale streamwise roll cells is the physical cause of the
alterations of the mean properties and turbulence statistics. The roll cells further give
rise to the vortex generation. The large number of hairpin vortices formed in the
near-wall region lead to the improved wall-normal correlation of turbulence in the
concave boundary layer.
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1. Introduction

Turbulence is frequently subjected to wall curvature, which influences the boundary
layer development and turbulent structures. There are many situations of practical
importance where a boundary layer is actually curved, such as on aerofoils and turbine
blades, in aircraft inlets, combustion chambers and nozzles. Many studies have been
carried out to investigate effects of the surface curvature for both incompressible
and compressible flow in the past few decades (see e.g. Bradshaw 1974; Hoffmann,
Muck & Bradshaw 1985; Donovan, Spina & Smits 1994; Patel & Sotiropoulos 1997;
Humble, Peltier & Bowersox 2012; Tichenor, Humble & Bowersox 2013; Tong et al.
2017). It is now well known that concave and convex surface curvatures have opposite
impacts on the boundary layer. The concave curvature destabilizes the boundary layer,
while the convex stabilizes it.

One typical impact of the concave curvature on the boundary layer is to induce
into the flow counter-rotating Gortler vortices, which promotes the boundary-layer
transition and strengthens turbulence levels (see e.g. Gortler 1954; Floryan 1991; Saric
1994; Roghelia et al. 2017). The generation of Gortler vortices on a concave wall is
the result of centrifugal instability (or Gortler instability) which is brought about by
the imbalance between the centrifugal force and the wall-normal pressure gradient.
Previous studies on the Gortler instability revealed that the formation and evolution
of Gortler vortices highly depend on initial conditions and external disturbances (see
e.g. Hall 1983; Wu, Zhao & Luo 2011; Dempsey, Hall & Deguchi 2017) and usually
undergo linear and nonlinear development (see e.g. Tandiono, Winoto & Shah 2008;
Schrader, Brandt & Zaki 2011). The secondary instability and the related breakup of
Gortler vortices lead to the final transition of the boundary layer (see e.g. Swearingen
& Blackwelder 1987; Ren & Fu 2015; Wang et al. 2018).

Different from laminar flow, it is very difficult to identify Gortler vortices in a
turbulent boundary layer. However, the impact of Gortler instability remains. Early
experiments conducted for impressible flow indicate that the Gortler instability
could introduce large-scale longitudinal roll cells in a turbulent boundary layer,
which are larger and more energetic than large eddies in a flat-plate boundary layer
(Hoffmann et al. 1985; Barlow & Johnston 1988a,b). Mixing across the boundary
layer was enhanced by the roll cells bringing high-momentum fluid close to the
wall and amplifying large-scale motions in the wall-normal direction. Barlow &
Johnston (1988a,b) pointed out that these structures did not have well-defined cores
of concentrated vorticity and they should not be defined as vortices under any
reasonable definition of the term. Through flow visualization, Barlow & Johnston
(1988b) found that the large-scale roll cells did not have preferred spanwise locations
and did not last long if the incoming boundary layer was relatively free of spanwise
non-uniformities. By using small vortex generators to introduce weak vortices into
the boundary layer, Barlow & Johnston (1988a) found that the original disturbances
within the boundary layer could be significantly amplified into stationary roll cells
by the concave curvature. The inward flows suppress the bursting process, while the
outward flow enhance it, through which the turbulence production is greatly promoted.
Mokhtarzadeh-Dehghan & Yuan (2002) reported similar findings. They also showed
that the turbulence enhancement on concave walls is most pronounced in the outer
80 % of the boundary layer. In addition to the enhancement of turbulence levels in
a concave turbulent boundary layer, the wall friction and heat transfer coefficients
are also increased relative to their canonical flat-plate values (see e.g. Smits & Wood
1985; Ozalp & Umur 2003).
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In contrast to a flat-plate boundary layer which is subjected to simple shear
oU/dy, a curved compressible boundary layer is subjected to the additional combined
effects of streamline curvature 90V /dx, pressure gradients, dp/dx, dp/dy, and bulk
compression V - U (Bradshaw 1973, 1974). Although it has been known for some
time that the concave curvature greatly affects the turbulence structures, further
experimental and numerical investigations into this reorganization in the supersonic
flow regime are still required to reveal detailed turbulent flow. So far, most of the
studies regarding the supersonic concave boundary layer are focused on the mean
and statistical properties (see e.g. Sturek & Danberg 1972a,b; Laderman 1980; Smith
& Smits 1995).

Jayaram, Taylor & Smits (1987) measured the characteristics of the supersonic
turbulent boundary layer formed on a concave wall and a compression ramp with
Mach number 2.87. They found that both configurations increase the turbulence levels.
Similar to the finding of Hoffmann et al. (1985) for incompressible flow, Jayaram
et al. (1987) also found a dip below the logarithmic law in the velocity profile.
However, different from the incompressible regime, they found no evidence for the
presence of longitudinal roll cells. At Mach number 2.86, Donovan et al. (1994) found
that the wall shear stress was significantly amplified by approximately 125 % over the
concave wall when compared with the flat-plate case. The dip below the logarithmic
region was not noticed in the concave region, while instead, it was noticed in the
recovery region downstream of the concave wall. Similar phenomenon was also found
by Smith & Smits (1995). By measuring the boundary layer formed on a flat plate
with a similar pressure distribution to that of the concave wall, they suggested that the
appearance of the dip might be linked directly to the presence of streamline curvature.
Wang, Wang & Zhao (2016a) found that the principal strain rate had different
streamwise varying trends at different wall-normal locations. Flaherty & Austin (2013)
examined the surface heat transfer of a hypersonic concave boundary layer with Mach
number up to 7.45. They found significant augmentation in the surface heat transfer
over the baseline flat plate. The heat transfer data are found to collapse when plotted
versus local turning angle rather than downstream distance. Regarding the adverse
pressure gradient (APG) brought about by the streamwise concave curvature, previous
studies showed that the streamwise APG had a similar impact on the boundary layer
to that of the concave curvature, which destabilizes boundary layers and promotes
turbulence (Franko & Lele 2014; Wang, Wang & Zhao 2016b). A frequently used
parameter proposed by Clauser (1954) to evaluate the streamwise pressure gradient
is B =46%/1, - Op/dx (where §* is the displacement thickness, 7, is the wall shear
stress and dp/dx is the streamwise pressure gradient). Franko & Lele (2014) showed
that for all transition mechanisms, the APG can increase the linear growth rates and
accelerate the transition to turbulence. Experimental investigation conducted by Lewis,
Gran & Kubota (1972) on an axisymmetric model without streamwise curvature
revealed a good general agreement of the mean-velocity profile with the Spalding law
(Spalding 1961). Wang et al. (2016b) reported similar findings in a supersonic APG
flat-plate boundary layer.

In spite of the previous studies regarding the supersonic turbulent concave boundary
layer, it is still unclear how the turbulent structures are affected by the concave
curvature. The alteration of turbulent structures is the physical cause of the previously
noticed changes in the mean and statistical properties. With high-resolution flow
visualization, Wang & Wang (2016) clearly captured the streamwise change of
turbulent structures from the flat-plate to the concave region, and it is found that the
large-scale structures tend to break up into smaller ones in the concave region, as


https://doi.org/10.1017/jfm.2018.1004

https://doi.org/10.1017/jfm.2018.1004 Published online by Cambridge University Press

Amplification of large-scale motion in a supersonic concave boundary layer 457

FIGURE 1. Instantaneous streamwise flow structures of a supersonic concave boundary
layer (Wang & Wang 2016).

shown in figure 1. This partly explains the promotion of turbulence intensity. But
with only two-dimensional visualizations of turbulent structures in a streamwise slice
being presented, it is still difficult to find the relevant physical mechanisms. More
recently, Tong et al. (2017) employed direct numerical simulation (DNS) to study the
supersonic concave turbulent boundary layer. By using dynamic mode decomposition,
they found spatial structures that looks similar to the longitudinal roll cells. But with
a shock wave being introduced, the flow was complicated and physical mechanisms
related to the streamline curvature were not recovered.

In the present investigation, aimed at a detailed understanding of the response of a
supersonic turbulent boundary layer to a streamwise concave curvature and recovering
the related physical mechanisms, a DNS is conducted. Both the mean properties and
the turbulent structures will be analysed, and the related physical mechanisms will be
revealed. The rest of the paper is organized as follows. In §2 the numerical method
and the computational set-up are introduced. In §3, responses of mean properties,
turbulence statistics and turbulent structures to the curvature are presented. Discussions
on the physical causes of the changes of mean properties in the concave boundary
layer and their relations with instantaneous turbulent structures are given in §4.

2. Simulation details
2.1. Numerical methods and inflow conditions

The code used in the present study has been applied to many studies of instability,
transition and turbulence in supersonic flows (Sandham et al. 2014; Wang et al
2015b; Sandham 2016; Sun, Hu & Sandham 2017). The details of the DNS
methodology have been documented by Touber & Sandham (2009), Touber (2010).
Therefore, only a brief description is given here.

The three-dimensional compressible Navier—Stokes equations are solved directly
without modelling. The working fluid is assumed to be a perfect gas with a heat
capacity ratio y = 1.4. The coefficient of viscosity u is computed according to
Sutherland’s law. The coefficient of thermal conductivity « is computed from the
relation « = nC,/Pr, where Pr=0.71 is the molecular Prandtl number and C, is the
heat capacity at constant pressure.

The non-dimensionalized equations are solved by using an explicit fourth-order
central spatial differencing scheme for the spatial derivatives. The third-order
explicit Runge—Kutta scheme is used for the time integration. The entropy splitting
approach (Yee, Vinokur & Djomehri 2000; Sandham, Li & Yee 2002) is used for
the Euler terms and the Laplacian formulation is employed for the viscous terms.
A digital-filter-based method (Xie & Castro 2008) is used for the generation of
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Mach number Free streamwise  Stagnation  Stagnation BL thickness

velocity temperature  pressure At the inlet
M(loo Uoo Too P 00 81'
2.95 606 m s~! 288 K 100 kPa 5.0 mm
TABLE 1. Inflow conditions for the Mach 2.95 DNS of the concave turbulent boundary
layer (BL).

turbulent inflow. The mean inflow profile is generated from the similarity solution
of the compressible boundary-layer equation, as was used by Touber & Sandham
(2009). The inlet root-mean-square (r.m.s.) values are generated by transforming the
incompressible DNS data of Schlatter & Orlu (2010) with a similar Reynolds number
into the compressible data.

Table 1 outlines the free-stream inflow conditions for the present simulation. The
inflow parameters including the free-stream Mach number M, density p. and
temperature 7., are prescribed in accordance with the Mach 2.95 experiments of
Wang & Wang (2016) conducted at the National University of Defense Technology.
Throughout this paper, subscripts ‘co’ and ‘w’ are used to denote quantities at the
boundary-layer edge and at the wall, respectively.

2.2. Computational domain and simulation set-up

Figure 2 shows the computational domain for DNS of the concave turbulent boundary
layer. Throughout the paper, upper case X and Y are used to denote the Cartesian
coordinates, and lower case x, y and z are used to denote the streamwise direction
along the wall, the wall-normal direction and the spanwise direction, respectively.
In the following discussion, all of the Cartesian axial coordinates X, streamwise
coordinates x and wall-turning angles « may be used to denote the axial position on
different occasions. To facilitate the comparison, streamwise evolutions of x and «
with X are calculated, as shown in figure 3. Because of the relatively small overall
wall turning, the streamwise coordinate x is close to the Cartesian axial coordinate X
and the wall-turning angle grows almost linearly with X in the concave region.

The use of a digital filter to generate the inflow boundary layer condition reduces
the length for the boundary layer to be fully developed. According to the assessment
given by Wang et al. (2015b), a distance of 12 times the inflow boundary-layer
thickness is enough to obtain realistic mean and r.m.s. profiles from the digital-filter
inflow generator. In present DNS study, a distance of 206; to the inlet is set to have
a fully developed turbulent boundary layer before wall turning. The radius of the
concave wall is R =350 mm and the overall turning angle is o = 12°. The domain
size and the grid resolution are summarized in table 2. Grid resolutions at both the
inlet and outlet of the computational domain are presented. In the streamwise and
spanwise directions, the grids are uniformly distributed. In the wall-normal direction,
a stretched grid is used to have a fine grid in the near-wall region. A stretching
function in a hyperbolic tangent form (Vinokur 1980) is used. The distribution of
grid size in the wall-normal direction is given in figure 4. The superscript ‘+’ denotes
the normalization by the viscous length scale y, =v,,/u;; v, is the kinematic viscosity
at the wall and u, = \/7,,/p, 1s the friction velocity, where t,, is the wall shear stress
and p,, is the flow density at the wall. Although the dimensional size of the grid is
kept unchanged in the streamwise direction, due to the streamwise decrease of u,
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FIGURE 2. Computational domain for the DNS of concave turbulent boundary layer. The
reference length §; is the boundary layer thickness based on 99 % of the free-stream
velocity at the inlet plane; x, y and z denote the streamwise, wall-normal and spanwise
coordinates, respectively.
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FIGURE 3. Streamwise evolutions of (a) streamwise coordinate x and (b) wall-turning
angle with Cartesian axial coordinate X.

(we will find this in §3.1.2), the grid size with inner scaling varies. Despite of the
obvious larger inner-scaled grid size at the outlet of the computational domain than
that at the inlet (see table 2), it is still fine enough to resolve the wall-bounded
turbulence in the concave region.

A no-slip boundary condition is used for the bottom wall. The wall temperature
is fixed to the free-stream stagnation temperature. For the outflow and for the top
boundary, characteristic boundary conditions are used. For the two side boundaries,
a periodic boundary condition is utilized.

2.3. Validation of DNS data

The mean boundary-layer parameters, and Reynolds numbers based on the momentum
and displacement thicknesses at the streamwise position of x = 18.36; in the
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FIGURE 4. The wall-normal distribution of grid spacing.

N, x N, x N, 930x240x210
(Ly/8) x (L,/8) x (L./8) 20.0 x 5.0 x 2.6
L) X (L) 1540 x 800.8
(LE) X (L, 2800 x 1456
(Axt x Ayt x Az, 6.2 x0.6 x3.8
(AxT X Ayl X Az o 11.8x 1.1 x 7.0
Aylt;,nl(lx 6'0

AY S ma 9.6

TABLE 2. Domain size and grid resolution for the DNS. Here L,, L, and L, are the
streamwise, wall-normal and spanwise sizes of the computational domain, respectively.
Axt and Az are spacings of the uniformly distributed grid in the streamwise and
spanwise directions, respectively. Ay, and Ay’ =~ are the minimum and maximum
wall-normal spacings within the height of 0 < y/§; < 1.2. The subscripts ‘in’ and ‘out’
are used to denote the inlet and outlet of the computational domain, respectively. At the
inlet, the grid spacings are normalized with the viscous length scale y, evaluated at the
streamwise position of x/8; = 18.3.

flat-plate region are listed in table 3, where 6 is the momentum thickness, 6* is
the displacement thickness and &ypg99 is the boundary-layer thickness based on the
99 % criterion. Representative Reynolds numbers are calculated with the relations
Rey = pooUsB/ koo and Re, = p,u.:8099/ . Reynolds numbers based on the van
Driest transformed momentum and displacement thicknesses are also shown in the
table, where Rey 4 = p,, U0 /1, and Res: ,q = p, UX8* /.

For validation, the mean-velocity and turbulence statistics given by Schlatter & Orlu
(2010) for an incompressible boundary layer, with Reynolds numbers Re, = 359.4,
Rey = 1006.5 and Res- = 1459.4 which are similar to the van Driest transformed
Reynolds numbers in the present investigation, are used for comparison, as shown
in figure 5(a,b). The results acquired by Guarini et al. (2000) with Rey = 1577 at
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FIGURE 5. Profiles of mean velocity and r.m.s. values at the streamwise position of x =
18.38; and comparisons with those of Schlatter & Orlu (2010) and Guarini et al. (2000):
(a) van Driest transformed mean-velocity profile as well as its comparison with Coles law
(White 2006); (b) profiles of turbulence statistics with compressible and inner scalings;
(c) profiles of scaled r.m.s. plotted against y/§;; (d) profiles of (uv)' plotted against y/§;.

rms

Rey Re; 0 (mm) &% (mm) Jogo (mm) u;/Us Rey yq Res: va
3410.7 3614 0.42 2.28 5.92 0.05 1120.7  1722.2

TABLE 3. Mean boundary-layer parameters at the streamwise position of x = 18.34;.

Mach 2.5 and by Maeder, Adams & Kleiser (2001) with Rey =3028 at Mach 3.0 are
also included in the figure.

The van Driest transformed mean-velocity profile at the streamwise position of
x=18.38; is presented in figure 5(a). In the figure, U" is defined as

U
U+:1/ur/ (T,,/T)'*dU. (2.1)
0

The van Driest transformed mean velocity agrees well with the law of the wall,
as well as with those given by Schlatter & Orlu (2010), Guarini et al. (2000) and
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FIGURE 6. (a) Spanwise profiles of two-point spatial correlation at the streamwise position
x=18.36;. (b) Wall-normal variation of mean spanwise streak spacing with inner scaling
and its comparison with the results of Smith & Metzler (1983) and Kim er al. (1987).

Maeder et al. (2001). Profiles of the root mean square (r.m.s.) streamwise and
wall-normal velocity components scaled by +/p/p,/u, are given in figures 5(b)

and 5(c), respectively, where (uu)t = /p/py - V ﬁ/ur is the scaled r.m.s. of the

rms

streamwise velocity component, (vv)t = /p/p, - VVv?/u, is the scaled rm.s. of

rms

the wall-normal velocity component and (ww)! = \/p/p, - M/u, is the scaled
r.m.s. of the spanwise velocity component. u’, v and w' are the fluctuations about
the Reynolds averaged value. The profile of u/v' scaled by (p/p,)/u? is given in
figure 5(d), where (wv)™ = p/p, - w'v'/u?. In figure 5(b), the r.m.s. profiles are
presented with inner scaling, and they compare well with the incompressible results
of Schlatter & Orlu (2010). In figure 5(c,d), the same data are presented with outer
scaling and they are also in good agreement with those of Guarini er al. (2000).

Spanwise profiles of two-point spatial correlation for the streamwise velocity
component at six wall-normal positions, y* = 5, 10, 20, 50, 100 and 160, in the
flat-plate region are given in figure 6(a). As can be evidently seen from the figure,
the near-wall correlations (e.g. y© =35, 10 and 20) are close to zero for large separation.
This indicates that the two-point correlation functions are sufficiently decorrelated over
the distance of L_./2. For profiles away from the wall (e.g. y*© = 160), the spanwise
correlation brought by the large-scale coherence can still be clearly seen, and are
similar to those given by Guarini et al. (2000). According to the locations of the
minimum values in the two-point correlation profiles, the variation of spacing of
the low-speed streak with the wall-normal distance can be estimated, as shown in
figure 6(b). The results of Smith & Metzler (1983) and Kim, Moin & Moser (1987)
are included in the figure for comparison. Clearly, the results of the present DNS
agree with those of Smith & Metzler (1983) and Kim et al. (1987), thus ensuring
that the computational domain in the spanwise direction is wide enough not to inhibit
the turbulence dynamics.

The comparison of the skin friction acquired at x = 18.35; with those obtained by
Guarini et al. (2000), Maeder et al. (2001) and Pirozzoli, Grasso & Gatski (2004) is
given in figure 7. For the present DNS, the friction coefficient C; = 1,,/(0.50,U2) is
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FIGURE 7. Distribution of friction coefficient as a function of Reynolds number based on
momentum thickness, where ‘KS’ and ‘BL’ denote friction laws of Kaman—Schoenherr
and Blasius, respectively.

calculated to be 0.00185. Following custom and to facilitate the comparison of data
acquired at different Mach numbers, the friction coefficient and the Reynolds number
are reduced to ‘incompressible’ values by employing the van Driest II transformation

Cp. =F.C;, Res, ==2Re,, (2.2a,b)

w

where, the subscript ‘inc’ denotes the incompressible value and for an adiabatic wall

Tw/Too —1 Tw/Too -1
F c— - . 2 o= — — .
arcsin“o \/TW/TOO(TW/TOo —1)
The transformed incompressible friction coefficient Cr,. and Reynolds number Rey,
for the present DNS are 0.0038 and 1696, respectively. The incompressible skin

friction laws of Kdmdn—Schoenherr and Blasius (Hopkins & Inouye 1971) are also
included in the figure for comparison.

(2.3a,b)

1
c - , 2.4
fnc s 17.08(log, Reg,)* + 25.11log,, Rey,, + 6.012 4
0.026
fim‘.BL = ?;!{:1. (2'5)

Obviously, the skin friction data obtained from the present DNS replicate the correct
skin friction trend with Re,, . This further confirms the accuracy of the present data
and also the reliability of the van Driest II transformation in collapsing skin friction
data at different Mach numbers.

Figure 8 gives an instantaneous distribution of density in the supersonic flat-plate
boundary layer acquired from DNS. Fine structures within the turbulent boundary
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X/8;

FIGURE 8. Instantaneous distribution of density in the supersonic flat-plate boundary layer
acquired from DNS.
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FIGURE 9. Comparisons of mean streamwise velocity profiles at two streamwise positions
(¢ =5.0° and o =10.0°) in the concave region with those of Wang er al. (2016a). The
streamwise velocity is normalized with the free-stream velocity U, and the wall-normal
height is normalized with the local boundary-layer thickness 8,..-

layer are clearly resolved, indicating that the DNS code and the simulation set-up
used in the present investigation are capable of revealing both the instantaneous and
statistical information of a supersonic turbulent boundary layer.

To further validate the DNS data in the concave region, the streamwise velocity
profiles at two streamwise positions are compared with our previous experimental
results (Wang et al. 2016a) acquired from particle image velocimetry (PIV), as
shown in figure 9. The wall-normal position is normalized by the local boundary-layer
thickness §,,..,. Regarding the definition and streamwise variation of §,,., they will be
discussed in §3.1.1. It can be found in the figure that the computational results agree
well with the experimental results. The streamwise velocity is apparently reduced in
the main stream.
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FIGURE 10. (Colour online) Contour map of the averaged static pressure. The pressure
is normalized with the free-stream parameter p.,U?%.

3. Results
3.1. Mean properties

3.1.1. Boundary-layer thickness

The contour map of the averaged static pressure of the supersonic concave boundary
layer is given in figure 10. Obviously, the static pressure varies in both of the
streamwise and wall-normal directions due to the downstream leaning compression
waves. The wall-normal variation of static pressure leads to the wall-normal variation
of the free-stream velocity, making it impossible to define the boundary-layer thickness
using the conventional 99 % criterion, as shown in figure 11 where the outer edge
defined by 99 %U,, is highlighted with an orange line. By assuming a constant static
pressure within the boundary layer, Fernholzh & Finley (1980) introduced a fictitious
boundary-layer edge state, through which the boundary-layer thickness could be
deduced. However, as we can find in figure 10, the static pressure varies within the
boundary layer. Thus, the method introduced by Fernholzh & Finley (1980) cannot
be used here to define the boundary-layer thickness. It is necessary to have a new
and more physically based method to define the boundary-layer thickness.

The method to define the boundary-layer thickness described in the present
investigation is deduced from the distribution of principal strain rate. The contour
map of the normalized mean principal strain rate S, = d(U,/Ux)/0(y/3;) is given in
figure 11. Clearly, the strain rate within the boundary layer is much larger than that
in the main flow. Within the main flow, S, is of the order of 10—+, while within the
boundary layer, S, is much larger. Thus, it is possible to define the boundary-layer
thickness physically by choosing an appropriate threshold for the principal strain rate.

In figure 12(a), the streamwise variations of boundary-layer thickness under five
appropriate S, thresholds, which are S,., = 0.06, 0.07, 0.08, 0.09 and 0.10, are
given. Obviously, with different thresholds, the absolute values of the boundary-layer
thickness vary, but the streamwise varying trends are similar. The variation of the
boundary-layer thickness around the streamwise position of x=24; is due to relaxation
of the turbulent inflow generated by the digital-filter-based method. Here, we choose
the threshold of S, =0.08 to define the boundary-layer thickness. The outer edges
of the boundary layer defined by S,., =0.08 and S,,;,, =0.08 are plotted in figure 11.
As can be found in the figure, the edges defined by 99 %U,, and S, = 0.08 are
close in the flat-plate region and in the near field downstream of the turning point.
Further downstream of X ~ 23§;, while S, =0.08 still defines a physical edge, the
edge defined by 99 %U,., moves fast into the main stream. The streamwise variation
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FIGURE 11. (Colour online) Contour map of the normalized principal strain rate S, =

d(U:/Uss)/0(y/8).
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FIGURE 12. (a) Streamwise variations of boundary-layer thickness with different
thresholds of normalized principal strain rate; (b) streamwise variation of streamwise
velocity component at the outer edge of the boundary layer, which is defined by the
threshold of S, =0.08. The velocity is the normalized value by U.

of the streamwise velocity component at the outer edge is given in figure 12(b). In
the flat-plate region, the edge velocity keeps a nearly constant value of 0.99U. in
the streamwise direction and this agrees well with the conventional 99 % criterion. In
the concave region, the edge velocity decreases due to the compression.

3.1.2. Wall friction

Streamwise variations of the skin friction coefficient C; = 7,,/(0.50 U2) and
the normalized friction velocity U, = u,/U, are given in figures 13(a) and 13(b),
respectively. The streamwise increase of wall friction before x =7§; is due to the flow
relaxation of the digital-filter-generated inflow. In the flat-plate region, a slow decrease
of the wall friction is found. In the concave region, it rises with the wall turning,
which is consistent with the finding given by Donovan et al. (1994). However, if we
carefully examine the curve, we find that the wall friction actually undergoes a slight
drop in the vicinity of the turning point before it rises. This is mainly caused by the
additional drag imposed by the suddenly emerged concave wall at the turning point,
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FIGURE 13. Streamwise variations of (a) friction coefficient Cr =1,/ (0.5p,U%) and
(b) friction velocity normalized by U,,.

which leads to the decrease of near-wall velocity and the related wall friction. We
will find in the subsequent discussion that the streamwise increase of skin friction in
the concave region is mainly due to the promoted turbulence, which transports the
high-momentum flow in the outer layer to the near-wall region and thus increases the
near-wall velocity gradient in the wall-normal direction. However, at the turning point,
the turbulence has not been effectively promoted to increase the near-wall velocity,
which cannot compensate the velocity loss brought about by the additional drag. As
a result, the streamwise velocity at x = 206; is finally reduced, as well as the skin
friction. In the concave region, despite the streamwise increase of wall shear, the
friction velocity decreases with the wall turning. Considering that the friction velocity
is calculated with the relation u, = 4/7,/p,, the decrease of the U, is due to the
increase of flow density.

3.1.3. Velocity profiles

Velocity profiles with inner and out scaling are shown in figures 14 and 15,
respectively. Results are presented at five streamwise positions, x = 18.3§;, o =
3.0°,6.0°,9.0° and 11.0°, where the streamwise position x = 18.3§; is in the flat-plate
region (the concave turning point is at x = 20§;) and o« = 3.0°, 6.0°, 9.0° and 11.0°
denote the local wall-turning angle in the concave region. Local friction velocities
are used for the inner scaling, while local boundary-layer thicknesses are used for
the outer scaling.

In figure 14, we find that at all streamwise positions the viscous sub-layer is well
resolved and the profiles collapse for y* < 8. Compared with the incompressible results
of Barlow & Johnston (1988b), where the profiles collapse well up to y™ ~ 50, the
impact of the concave curvature is found to be able to get down to the region much
closer to the wall under the supersonic condition. From the buffer layer and above,
the influence of the concave wall on the velocity profile is visible. Although it is still
possible to find the logarithmic region with constant slope on the concave boundary
layer, the slope decreases as the flow develops on the concave surface.

In figure 15(a), a general view of the velocity profiles throughout the boundary layer
is presented. A zoom-in plot of profiles in the near-wall region is given in figure 15(b).
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FIGURE 14. Profiles with inner scaling at different streamwise positions. Streamwise
positions in the concave region are denoted by the local turning angle of wall.
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FIGURE 15. Profiles with outer scaling at different streamwise positions. The wall-normal
positions are normalized by the local boundary-layer thickness. (a) Velocity profiles within
the height of y/8,,cs < 1.0; (b) velocity profiles in the near-wall region within the height
of y/Slawl < 0.05.

Due to the compression, the streamwise velocity decreases for y/8jca 2 0.03 as flow
develops on the concave surface. However, in the near-wall region (y/8j,car S 0.03), the
streamwise velocity increases with the wall turning, as shown in figure 15(b). This
explains the streamwise increase of wall friction in the concave boundary layer. To
facilitate subsequent analysis, we denote the region /8.4 S 0.03 as Layer A, and the
region y/8,,ca 2 0.03 as Layer B. Discussion of the physical cause of the alteration of
the velocity profile in the concave region is given in § 4.
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3.1.4. Strain rate

To have a clear understanding of the mean shear stress throughout the concave
boundary layer, profiles of the normalized principal strain rate S, at five streamwise
locations are presented in figure 16. In figure 16(a), the wall-normal position is scaled
with inner variables, while in figure 16(b,c), the wall-normal position is scaled with
the local boundary-layer thickness.

The principal strain rate S, increases with the wall turning in the near-wall
region (see figure 16a,b). The shear stress within the viscous sub-layer is much
higher than that in the logarithmic and wake regions. Outside the viscous sub-layer,
Syrin drops quickly. Different from the sub-layer, where the velocity gradient is
maintained by the viscosity, the rapid growth of turbulence intensity outside the
viscous sub-layer gradually makes the turbulent viscosity become the dominant factor
in turbulent transportation and dissipation. The observed drop of S, with the increase
of wall-normal position in the buffer layer is the result of the raised Reynolds shear
stress which quickly smooths the velocity gradient.

Considering that S,;, has a much higher value in the near-wall region, profiles
of S,., are given within different ranges of height to have a clear presentation of
the principal strain data. In figure 16(b), the data are given in the near-wall region
of y/8ipear < 0.1, while in figure 16(c), the data are given within 0.1 < /8,0 < 1.5.
Combining figure 16(b,c), it is clear that, at different wall-normal positions, the
streamwise varying trends of S,., are different as well. Three layers with different
streamwise varying trends of S, can be identified. This is consistent with the
experimental finding given by Wang et al. (2016a). However, due to limit of spatial
resolution of PIV, the high-shear region within the boundary layer is not revealed in
their experiments and the layers cannot be clearly defined in their work. This can
be clarified from the current numerical results, and the three layers are divided as
follows.

(i) Layer I, located in the region of y/8,ca < 0.012 and S, grows with the wall
turning.
(ii) Layer II, located in the region of 0.015 S y/8ipew S 0.2 and S, decreases with
the wall turning.
(iii) Layer III, located in the region of 0.4 <y/8cu S 0.8 and S, increase with the
wall turning.

By combining figures 15 and 16, a complete scenario of the streamwise varying
trend of velocity as well as its variation with height can be constructed. The
streamwise increase of S, in Layer I is closely related to the near-wall streamwise
growth of velocity in Layer A. However, the thickness of Layer I is smaller than that
of Layer A. This indicates that the streamwise growth rate of velocity varies with the
wall-normal position in Layer A. In Layer I, the higher the wall-normal position is, the
faster the velocity grows in the streamwise direction, offering a streamwise increasing
trend of S,,,. While in the region higher than Layer I, the velocity growth gradually
slows down with the increase of wall-normal height and its streamwise varying trend
is entirely reversed when it gets into the region higher than y/§,,., = 0.03 (the lower
edge of Layer B). As a consequence, a streamwise decreasing trend of S, in Layer
IT is observed. Further, at positions higher than y/,.4 ~ 0.2 ~ 0.4, although the
streamwise decreasing trend of velocity is maintained, it slows down gradually. Thus
a higher wall-normal position can give a lower reduction rate of velocity, leading to
the noted streamwise increasing trend of S, in Layer III.

An averaged contour map of the normalized bulk dilatation (V -U) - 4§;/U,, is given
in figure 17. The trace of the first compression wave induced by the concave wall is
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FIGURE 16. Profiles of the normalized principal strain rate at different streamwise
positions. The wall-normal coordinates are normalized in different ways. (a) The
wall-normal positions are denoted by y*; (b) data are given in the near-wall region within
the height of y/6,,cas <0.1; (c) data are given within the height of 0.1 <y/§,c < 1.5.

clearly extracted in the contour map. It seems that the bulk dilatation is very sensitive
in extracting simple waves. The compression wave is curved within the boundary layer
and in the main flow it extends in a straight manner towards the downstream. The
negative value noted in the region downstream of the first compressive wave indicates
that the flow is compressed and the flow farther away from the wall is subjected to
more severe compression.

3.2. Turbulence statistics
Profiles of r.m.s. of the streamwise velocity component scaled by 1/U, are plotted

against y/dj,. at five streamwise positions in figure 18(a), where (uu),,; = \/17’2/ Us.
In figure 18(b), profiles of the scaled r.m.s. (uu), = are plotted versus y*. The profiles
of r.m.s. of the wall-normal and the spanwise velocity components are shown similarly
in figures 19 and 20, respectively. Similarly, the profile of w'v’ scaled by 1/U?% is

plotted in figure 21.
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FIGURE 17. (Colour online) Contour map of the normalized bulk dilatation (V - U) -
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FIGURE 18. Profiles of r.m.s. of the streamwise velocity component at five streamwise
positions. Profiles are presented with different means of normalization: (a) the r.m.s. is

scaled by 1/U., and given as (uu),; =V ﬁ/ U, and the wall-normal coordinate is given
as ¥/81ca; (b) the r.m.s. is given as (uu)! and the wall-normal coordinate is given as y*.

rms

The absolute value of r.m.s. of the streamwise velocity component is found to
increase with the wall turning in the regions y/&;cq < 0.02 and 0.2 < y/8j,cq; < 1.0,
as shown in figure 18(a). An emerging secondary bump of (uu),,s can be observed
in the outer layer. The near-wall peak value, which is located in the region of
0.02 < y/6car < 0.1, changes in a more complicated way. While from the flat-plate
region to the streamwise position of @ =3.0° the peak value is increased, it is reduced
further downstream in the concave region. With inner scaling, the concave curvature
promotes (uu)? = throughout the boundary layer, as shown in figure 18(b). In the
concave region, profiles at different streamwise positions collapse for y™ < 10, within
which the mean-velocity profiles are also noted to collapse. A secondary peak of
(uu)t ~is found to gradually emerge around the wall-normal position of y* ~ 200
(corresponding to y/8,cq = 0.3).

Profiles of r.m.s. of the wall-normal velocity are given in figure 19. Clearly, (vv),;s
is promoted by the concave curvature throughout the boundary layer, as shown in
figure 19(a). The peak position moves slightly outward with the wall turning, which is

also the case under inner scaling, as given in figure 19(b). Similar to (uu)’ , (vv)}

rms? rms
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FIGURE 19. Profiles of r.m.s. of the wall-normal velocity component at five streamwise
positions. Profiles are presented with different means of normalization: (a) streamwise

variation of (V) = \/ﬁ/ Uy, with y/8;,cq; (D) streamwise variation of (vv)? = with y*.
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FIGURE 20. Profiles of r.m.s. of the spanwise velocity component at five streamwise
positions. Profiles are presented with different means of normalization: (a) streamwise

variation of (Ww),ms = V W?2/Us With y/8c; (b) streamwise variation of (ww)?t with y*.

at different streamwise positions in the concave region is also found to collapse within
yt < 30.

Profiles of spanwise turbulence intensity are given in figure 20. With different
means of normalization, the spanwise turbulence intensity is found to increase in
the streamwise direction throughout the boundary layer. Profiles of (ww)! = do not
collapse in the near-wall region. Similar to that of the streamwise turbulence intensity,
a secondary bump of spanwise turbulence intensity is also found to gradually emerge
around y* ~ 200.

Profiles of scaled u/v’ are given in figure 21. With outer scaling, the streamwise
variation of (uv) (see figure 21a) looks similar to that of (uv)™ (see figure 21b).
Lower than the height of y/§,.s & 0.02 and higher than the height of y/§,,cs = 0.2,
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