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Abstract. For every ergodlc hyperbolic measure @ of a C'*® diffeomorphism, there
is an w-full-measure set A (the union of A; = supp(w| A;), the support sets of @ on
each Pesin block A;, [ =1, 2, ...) such that every non-empty, compact and connected
subset V C Closure(/\/linv([\)) coincides with V¢ (x), where Minv([\) denotes the space
of invariant measures supported on A and Vy(x) denotes the accumulation set of time
averages of Dirac measures supported at one orbit of some point x. For each fixed set
V, the points with the above property are dense in the support supp(w). In particular,
points satisfying V¢ (x) = Closure(./\/linv(]\)) are dense in supp(w). Moreover, if supp(w)
is isolated, the points satisfying Vy(x) 2 Closure(./\/linv([\)) form a residual subset of
supp(w). These extend results of K. Sigmund [On dynamical systems with the specification
property. Trans. Amer. Math. Soc. 190 (1974), 285-299] (see also M. Denker, C.
Grillenberger and K. Sigmund [Ergodic Theory on Compact Spaces (Lecture Notes in
Mathematics, 527). Springer, Berlin, Ch. 21]) from the uniformly hyperbolic case to the
non-uniformly hyperbolic case. As a corollary, irregular* points form a residual set of

supp(w).

1. Introduction

Sigmund [11, 12] (see also [4, Ch. 21]) established in the 1970s two approximation
properties for C! uniformly hyperbolic diffeomorphisms: one is that invariant measures
can be approximated by periodic measures; the other is that every non-empty, compact and
connected subset of the space of invariant measures coincides with the accumulation set of
time averages of Dirac measures supported at one orbit, and such orbits are dense. Similar
discussions for uniformly hyperbolic flows can be found in [3].
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The first approximation property was realized for some C'*% non-uniformly hyperbolic
diffeomorphisms in 2003, when Hirayama [S] proved that periodic measures are dense in
the set of invariant measures supported on a full-measure set which in some sense is very
close to being supp(w), with respect to a hyperbolic mixing measure. In 2009, Liang et al
[7] replaced the assumption of hyperbolic mixing measure with a more natural and weaker
assumption of hyperbolic ergodic measure and generalized Hirayama’s result. The proofs
in [5, 7] are both based on Katok’s closing and shadowing lemmas of the C'*% Pesin
theory. Moreover, the first approximation property is also valid in the C! setting with limit
domination by using Liao’s shadowing lemma for quasi-hyperbolic orbit segments [13],
and furthermore is valid for the isolated transitive sets of C! generic diffeomorphisms [1]
by using Mafié’s closing lemma and a newly introduced notion called the barycenter

property.

The specification property for Axiom A systems ensures the two approximation
properties in [11, 12] (see also [4, Ch. 21]). To achieve the second approximation property,
Sigmund ([12] or [4, Proposition 21.14]) uses the specification property infinitely many
times to find the required orbit: he uses a periodic orbit shadowing finitely many orbit
segments and new orbit segments to constitute a new periodic pseudo-orbit and obtain
a new shadowing periodic orbit, and repeats this process to get a sequence of periodic
orbits by induction, whose accumulation approximates all the given infinitely many orbit
segments.

However, for the non-uniformly hyperbolic case, this process is not applicable: one
can only get some version of specification on A and, for a given pseudo-orbit consisting
of finitely many orbit segments in A, one cannot guarantee that its shadowing periodic
orbit also stays in A. Thus one cannot connect the shadowing periodic orbit with the new
orbit segments to create a new periodic pseudo-orbit (the assumption of ergodicity only
implies that positive measure sets can be connected by orbit segments) and then Sigmund’s
process stops. In other words, the specification property for finitely many orbit segments
(for uniformly hyperbolic systems, see [11, 12] and [4, Ch. 21]; and for non-uniformly
hyperbolic systems, see [5, 7, 13]), cannot be used infinitely many times (even twice).

Therefore, to deal with the non-uniformly hyperbolic case, we introduce a new
specification property for infinitely many orbit segments (perhaps belonging to different
Pesin blocks) and use it only once to find the required orbit and hence avoid induction.
Remark that the specification introduced in [5, 7, 13] only holds for all orbit segments
whose beginning and ending point are in the same fixed Pesin block, but the specification
in the present paper allows different orbit segment corresponding to different Pesin blocks.
We now begin introducing our results.

Let M be a smooth compact Riemannian manifold. Throughout this paper, we consider
an f e Diff! T (M) and an ergodic hyperbolic measure w for f. Let A = U2, As be
the Pesin set associated with w. We denote by w|a, the conditional measure of @ on
Aj. Set 1~\1 = supp(w|,,) and A= Ufil 1~\1. Clearly fﬂ]\; C ]\H—h and the sub-bundles
E’(x), E*(x) depend continuously on x € f\;. Moreover, A is f-invariant with w-full
measure.
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Let M (M) be the set of all probability measures supported on M and M., (f) be the
subset consisting of all invariant measures. Let ./\/lim,([\) denote the space of invariant
measures supported on A. In other words, Min (A) = {v € Min(f) | v(A) = 1.

Remark 1.1. Note that ./\/linv([\) is convex but may not be compact. For a better
understanding of the following theorem and corollary, here we construct a compact
connected subset of ./\/linv([\). Let € = (e, €2, . ..) be a non-increasing sequence of
positive real numbers which approach zero. Let

Mz={veMin(f):v(AD>1—g,1=1,2,...}.

Since each A; is compact, the map v — v(A;) is upper-semicontinuous. Hence, M; is a
closed convex subset of M,y (f). This implies that M; is a compact connected subset of
Miny(f). Since every v € M; satisfies v(A) = 1, M; is a subset of Minv(A). Thus, M;
must be a compact connected subset of Minv(D).

For any measure v € M(M), we denote by V¢ (v) the set of accumulation measures of
time averages

Nzl
N J
v = — E fiv.

Nj=0

Then V;(v) is a non-empty, closed and connected subset of My (f). And we denote by
V¢ (x) the set of accumulation measures of time averages

N lN_l ;
S =3 8(f1x),
j=0

where §(x) denotes the Dirac measure at x. We now state our main theorems as follows.

THEOREM 1.2. For every non-empty connected compact set V C Closure(Miny(A)),
there exists a point x € M such that

V=V (L.1)

Moreover, the set of such x is dense in supp(w), that is, the closure of this set contains
supp(w).

Remark 1.3. Pfister and Sullivan [9] introduced in 2007 a weak specification condition
and a weak version of asymptotic h-expansivity, called the g-almost product property and
uniform separation property, respectively. This is one of the recent innovations in the study
of topological dynamics. They proved that if (X, f) has these two weaker properties, and
if V. C Miny(X) is compact and connected, then

hop{x € X | Vy(x) =V} = inf h,(f),
nev
where hyop is the topological entropy in the sense of Bowen (for non-compact sets). And
if only the g-almost product property is satisfied, then hwp{x € X | V¢ (x) = u} = h,(f).

Under certain assumptions, these are stronger results than the existence of x with V¢ (x) =
V. We are not sure whether those assumptions apply in the present setting, or whether the
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present proof can be adapted to obtain their stronger results. The main observation is the
difference between their definition in the non-uniform case and our case. Their version
of specification can deal with non-uniform cases and allow the transition time from one
orbit segment to the next to become arbitrarily large as the orbit segments become large,
provided that growth is sub-exponential. However, this is clearly a different notion of
specification than the one in the present paper.

A point x € M is called a generic point for an f-invariant measure v if, for any
¢ € CO(M, R), the limit lim,_ o (1/n) Z?:_ol ¢ (fx) exists and is equal to [ ¢ dv. By
Theorem 1.2, the following result holds.

COROLLARY 1.4. Every f-invariant measure supported on A has generic points and, for
every such measure, the set of generic points is dense in supp(w).

Remark 1.5. 1t is known that every ergodic measure has generic points. The heart of the
matter considered in the above corollary is what happens for non-ergodic measures, which
in general need not have generic points.

In a Baire space, a set is residual if it contains a countable intersection of dense open
sets. A point x € M is said to have maximal oscillation if

V7 (x) 2 Closure(Miny (A)).

We can deduce from Theorem 1.2 that the points having maximal oscillation are dense in
supp(w). As an extension to Theorem 1.2, we go on to prove that they form a residual
subset of supp(w).

In the next two theorems, we show two generic results provided that supp(w) is isolated.
A is called isolated if there is some neighborhood U of A in M such that

A= ﬁ ).
keZ

The isolated property condition is necessary even for uniformly hyperbolic systems. Note
that for the non-uniformly hyperbolic systems studied here, the shadowing points need not
stay in the support of w. But they will remain in the support if the isolation property
is satisfied. Hence the residual set must be contained in supp(w) (in [4, 11, 12] the
specification is considered for a hyperbolic basic set which is naturally isolated or for a
compact invariant set in which the shadowing point still remains). This is important to
avoid the residual set becoming empty. For example, if M = S” and supp(w) = S"~ !, it is
easy to see that B, = {x e M : 0 < d(x, supp(w)) < 1/n} are open subsets of M and are
dense in supp(w), but (,,..; B, is empty.

THEOREM 1.6. Suppose that the support set supp(w) is isolated (or supp(w) = M ). Then
the set of points in supp(w) having maximal oscillation is residual in supp(w).

Remark 1.7. Note that in the definition of maximal oscillation, we only require that Vy (x)
contains the whole closure of Mim,([\) rather than the equality. On the other hand, there
exists at most one subset V C Closure(Mny (]X)) such that points satisfying equality (1.1)
form a residual set. In other words, for any two distinct non-empty connected subsets V;
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and V,, at least one of the corresponding sets of points satisfying equality (1.1) cannot
be a residual set. Otherwise, notice that the intersection of these two residual sets is also
residual so that it is still non-empty. Hence, there exists some point such that the collection
of weak™ limits of Dirac measures along its orbit is equal to two different sets V; and V,.
This is a contradiction. Thus, the set in Theorem 1.6 is residual, while this is not true for
the sets in Theorem 1.2. However, if Closure(Miny (A)) = Miny (supp(w)), then points
satisfying the equality V¢ (x) = Mjpy(supp(w)) form a residual set in supp(w).

A point is said to be an irregular™ point if there is a continuous function ¢ € CO(M, R)
such that the limit

n—oo n 4

] n—1 .
lim — > o(fx)
i=0
does not exist. As an application of Theorems 1.2 and 1.6, we have the following result.

THEOREM 1.8. If Closure(./\/linv(j\)) is non-trivial (i.e., contains at least one measure
different from ), then the set of all irregular™ points is dense in supp(w). Furthermore, if
supp(w) is isolated (or supp(w) = M), then irregular™ points are residual in supp(w).

We remark that results similar to Theorems 1.6 and 1.8 can be derived for C! generic
diffeomorphisms on isolated transitive sets by using the barycenter property introduced
in [1] and the density of periodic measures among invariant measures proved in [14].

For any hyperbolic set, note that Katok’s shadowing lemma (see Lemma 2.2 below)
holds for all points in this set (here, all Pesin blocks are equal to this hyperbolic
set). And transitivity can replace ergodicity to get the corresponding specification (see
Definition 3.1). Thus, for a uniformly hyperbolic system, if it is supported on one basic
set, all our results in this paper are valid, since the hyperbolic basic set is always isolated
(and transitive), which implies that the shadowing point can still be in the basic set. In other
words, our proofs in the present paper can be another different method to prove the related
results in [4, 11]. Moreover, we remark that Theorem 1.2 and Corollary 1.4 are still true for
any transitive (not necessarily isolated) uniformly hyperbolic sets by our proofs. However,
conversely, the proofs in [4, 11] fail to derive these without the isolation assumption, since
they require the shadowing point always to stay in the given hyperbolic set.

This paper is organized as follows. In §2, we recall the definition of the Pesin set and
Katok’s shadowing lemma. In §3, we develop a new specification property and verify that
(f, ) admits this property. In §4, we prove three propositions describing the feature of
an invariant measure by the time average along some orbit segments. In §5 we use the
results in §§3 and 4 to prove Theorem 1.2, and then in §6 we use Theorem 1.2 to prove
Theorems 1.6 and 1.8.

2. Preliminaries
In this section we recall the definition of the Pesin set and some preliminary lemmas.

2.1.  Pesin set [6,10]. Given A, u > ¢ > 0, and for all k € ZT, we define Ay = Ax (X,
w; €) to be all points x € M for which there is a splitting To )M = E(S)rb(x) ® E’(‘)rb(x) on
the orbit Orb(x) with the invariant property D, f™ (E}) = E}mx and D, f™(E¥) = E;‘cm
satisfying:

X
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@ IDf"gs,, |l < etke=G=emptlml forallm € Z, n > 1;
®) DS "pn,, I < etke~m=emepelm| forallm e Z, n > 1;

(© tan(L(E%n,, E?""x)) > e ke=eMl forall m € Z.
Weset A=A, u; &)= ,j;xl’ Ay and call A a Pesin set (see [10, p. 64] or [6, p. 146]).
The hyperbolicity requirement of (a), (b) and (c) implies that for every point in a Pesin
set, its corresponding invariant splitting is unique, exactly similar to the Axiom A case. It
is obvious that if €] < &7 then A(A, u; €1) € AL, u; &2).
According to the Oseledec theorem [8], @ has s (s <d = dim M) non-zero Lyapunov
exponents

M<- - <Xh <0<ty <- - <Ag
with associated Oseledec splitting
TM=E.® - ®E, xecO),

where we recall that O(w) denotes an Oseledec basin of w. If we denote by A the

absolute value of the largest negative Lyapunov exponent A, and by p the smallest positive

Lyapunov exponent A, and set E = E; @ --PEL, El= E;‘H @--- @ Ej, then we

get a Pesin set A = A(A, u; ¢) for a small e. We call it the Pesin set associated with w.

It follows (see, for example, [10, Proposition 4.2]) that w(A\ O (w)) + @ (O (w)\A) =0.

We remark that, by the Oseledec theorem, at each point x € O(w) there is a splitting

TiM = E; @ E* with the invariant property D, f"(E) = E}mx and D, f"(E¥)=E
The following statements are elementary:

(PI) A1CACA3C -5

(P2) f(AK) S Mgty £ (AK) S Akt

(P3) Ag is compact for all k > 1;

(P4) forall k > 1 the splitting x — E¥ @ E? depends continuously on x € Ag.

u
fmx .

2.2. Shadowing lemma. Let {Sk},jjl’ be a sequence of positive real numbers. Let

{xn},‘g‘i - b€ a sequence of points in A = A(A, u; ¢) for which there exists a sequence

{sn },Ti‘ioo of positive integers satisfying:
(@) x, €A, forallneZ;

() sy —sp—1]l <1, foralln € Z;

(©)  d(fxn, xug1) <8, foralln € Z;

then we call {xn}j,ﬁ.ioo

shadowing point for the {(Sk}]j:l’ pseudo-orbit if d(f"x, x,) < ne,,, for all n € Z, where

&k = e~k and ¢ is the number from Pesin set A = A(A, u; €).

a {81(}2:(1’ pseudo-orbit. Given n >0, a point x € M is an n-

Remark 2.1. Here ¢y is slightly different from the number in [6, 10], where &; = goe ¢k,

where g is a constant only dependent on the system of f. But it is easy to see that we can
eliminate gy by small modification. This allows our paper to be more transparent as well
as easing the exposition.

LEMMA 2.2. (Shadowing lemma [10, Theorem 5.1]) Let f:M — M be a C'*¢
diffeomorphism, with a non-empty Pesin set A = A(X\, u; €) and fixed parameters, A, 1 >
& > 0. For any n > 0 there exists a sequence {Sk},:ri? such that for any {Sk}zixl’ pseudo-orbit
there exists a unique n-shadowing point.
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3. Specification property for non-uniformly hyperbolic systems

In this section, we formulate and prove a new version of the specification property that
applies to non-uniformly hyperbolic systems as below. The classical specification property
allows arbitrary orbit segments to be glued together in uniformly bounded time. In the new
version, the connecting time is allowed to depend on which Pesin block Ay each segment
begins and ends in.

Definition 3.1. Let X be a compact metric space and f : X — X be a continuous map. We
say that f has specification relative to a sequence of increasing sets { Ay }xen and a number
e > 01if, for every n > 0, there exist integers { My ; = My (1) }k,1en such that the following
is true.

Given any collection of finite or infinite orbit segments I' := {{ f! (xs)}?;()}xe[a,b]ﬁZ’
where a <b e Z U {too} and ns € N, if {ks}sc[a,p)nz are such that xg, f(x;) € Ay,
for every s € [a, b] N Z, then there exist a shadowing point z € M and natural numbers
{¢s}sela—1,p1nz such that:

(D) 0=<csy1 —cs —nsp1 < My i, foreverys €la—1,b—1]1NZ;
Q) d(fs11i(z), fI(xs)) < ne s forall 0 < j < ng and s € [a, b] N Z; and
(3) zis periodic with period ¢, — c,—1 whenever a and b are finite.

Remark 3.2. In our use of this new version of specification, we will take the sets {Ay}reN
to be the Pesin blocks {Ax}xen introduced in §1 and take ¢ to be the parameter in the
Pesin set A(A, u; €). The notion of the Pesin set is the core of the formulation of this new
version since it requires some kind of hyperbolicity to realize specification, for example,
the shadowing or mixing property. A Pesin set allows certain non-uniform hyperbolicity
but it depends on the point in a way that does not admit uniform errors of the pseudo-orbit in
the shadowing lemma. However, this is enough to possess the above specification property
which considers both the desired closeness of the shadowing orbit to the pseudo-orbit
segments and the Pesin set in which the pseudo-orbit lies. In other words, this specification
property allows us to glue trajectories together, in such a way that the gluing time depends
only on which Ay the trajectories start and end in.

Remark 3.3. For any homeomorphism f : X — X on a compact metric space preserving
an ergodic measure w, if (f, ) has the specification property defined as above, analogous
arguments and results as in Theorem 1.2 and Corollary 1.4 are adaptable. However, the
residual results may not be true.

In the following, we prove that the above new specification property applies to
C'** non-uniformly hyperbolic systems, which will play a crucial role in the proof of
Theorem 1.2.

THEOREM 3.4. Let f be a C'*% diffeomorphism of a smooth compact manifold M with
an ergodic hyperbolic measure w and let {Ax (A, |; €)}k>1 be the associated Pesin blocks.
Let

[\k = supp(w|Ak(A,u;8))'

Then (f, w) has specification relative to the sets {[\k}kzl and the number €.
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Remark 3.5. The consequence of Theorem 3.4 in [7] or Hirayama’s definition in [5] for
the specification property is a particular case of the above theorem. More precisely, they
considered finitely many orbit segments and required all the beginning and ending points
of these segments to be in the same fixed block A.

Proof of Theorem 3.4. For any n > 0, by Lemma 2.2 there exists a sequence {Sk}:g such
that for any {(Sk},i':“l3 pseudo-orbit there exists a unique n-shadowing point.
Let k. be big enough such that a)([\k) > 0 for all k > k,. For every k > k., take and

fix for Ay a finite cover oy = {Vk, ko k} by non-empty open balls Vik in M such
that dlam(Uk) < 841 and a)(Uk) > O Where Uk Vk NAgi=1,2,...,r Since wis
f-ergodic, by the Birkhoff ergodic theorem we have
: 1 = —hrql k 1 k
ngrfw;l;)w(f WhHnU% =0 U)ok >0, (3.1
forall k,l > ky, forall 1 <i <r;, 1 <j <rg. Then take
xf‘j’—mm{heN|h>1+|k—1| o(f"WUhHnuh >o). (3.2)
By (3.1), 1+ [k — | < X"} < +o00. Let
My, = max thl
I<izr l<j<n Y/

Remark 3.6. If y € Ay, f"(y) € A; for some n > 1+ |k — |, then for s;(y) := min{k +
Jol+n—j} (j=0,....n) we have f/(y)€ Ay and [s;j(y) —s;—1(D|<1 (j =
1, ..., n). More precisely, the fact that fil (Ag) C Agg1and y € Ag, f"(y) € A; implies
that

FTO) = 770 € Ak j O Aten—j = Amintirji4n—j), 0= j <n.
In particular, we remark that so(y) =k, s,(y) = 1.

We now consider a collection of orbit segments I' := {{f i(xs)}?;o}se[a,b]ﬁZa where
a <beZU{xoo} and ns € N, such that xy, f"(x5) € Ay, for every a <s < b. For each
s € Z, we take and fix two integers a(s) and b(s) so that

s € Ua(v)’ fnUCs b(g)

Take y,; € Ub( ) by (3.2) such that f a<f+1> b Ys € Uk
pseudo-orbit in the Pesin set A:

als +1) for s € Z. Thus we get a {8k}

Kk PR
N U OO T U G U Gl U
More precisely, note that

ks kg1

Xs, [ (x5) € Ak, © Ak, Vs € Ag, © Ay, and fRastnbo s € Ag . C Ag

s+1 s+1°
By Remark 3.6, every pair of adjacent points in the pseudo-orbit W constructed above
are in the same Pesin blocks or adjacent ones (see conditions (a) and (b) in §2.2) since

1+1k—1 < X{‘]l < +00. From the choice of y,

ks kg 41
d(f™ (), ¥s) < k41, d(fXa000 (1), xg41) < 8¢, 1 forall s € Z.
So W is indeed a {(Sk} pseudo -orbit in Pesin set A.
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Hence by Lemma 2.2 there exists an n-shadowing point z € M such that

d(fS @), f1(x)) <ne, =ne”™ forall j=0,1,...,n,—1,5€Z,
where
0 fors =0,
s—1 ik
joKj+1
. D olnj+ X)) fors >0,
s =1 ,j=0
—1
kjikjt1
- Z[nj + X (i siy] fors <0,
J=s
This concludes the proof. O

4. Characterizing invariant measures by (finite) orbit segments

It is well known that for ergodic systems the time average is the same for almost all initial
points and coincides with the space average due to the Birkhoff ergodic theorem. However,
it is not true for general measure-preserving systems (for example, the measure supported
on two periodic orbits). Inspired by the ergodic decomposition theorem, we prove in the
following that the space average can be approximated by the time average along finitely
many orbit segments (not a true orbit).

Given a finite subset F' C CO(M , R), we denote

[ Fll = max{[|§]| : § € F}.

PROPOSITION 4.1. Suppose that f: X — X is a homeomorphism on a compact metric
space and v is an f-invariant measure. Then for any number y > 0, any finite subset F C
Co%(M, R) and any set A C X with v(A) > (1 + ()//16||F||))71, there is a measurable
partition {R j}}]’.: 1 of A (b € Z), such that, for any x; € R, there exists a positive integer
T such that, for any integers T; > T (1 < j <b)and any§ € F,

b 1 Tj—l
‘/sm dv =305 Y ()
= 1 =0

Sor any 0; > 0 satisfying

<V,

v(R;) y . “
— , 1<j<band 0;=1.
TN I T ; !
Proof. Let
1 n—1 )
o(f)= {xeM the limit lim - Zé(f’x) exists, V& € CO(M, R)}.
n—4+oo n =0

For any & € Co%M,R) and x € 0(f), we denote the limit lim,_, ; ~(1/n) Z:'l:_ol E(fix)
by £*(x). From the Birkhoff ergodic theorem

/g(x) da):fg*(x) do and o(Q(f) =1 forallwe M (f), £ € CO(M, R).
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Let
A=A(F) =sup{[E* ()| | x € Q(f), § € F}.
Denote by [a] the largest integer not exceeding a. For j=1, ..., [B2A|F|)/ (v I§])]+1
EeF,set
;)= {x € 0(f) ‘ —A+ 16”F)”y IEI <&%(x) < —A+ 16||F|| IIEII}
Let

B=\/101@). .... Quaa1r/erieni1 )},

EeF

Wherea\/ﬁ_{A NBj | A; € a, B; € B}, for partitions o« = {A;}, B = {B;}. Then B =
{R; } _; 18 a partition of owf). Hence the positive-measure sets in {R; N A} | form a

partition of A. For simplicity, we still denote this partition by B = {R; L =1 Then by the
definition of B and Q (&) above, for every £ € F,

b
V E () dv — Y 0;E%(x))

b
R.
Edv— > VR e
j=

L V(R)) b *
+'; TN (x,-)—Zjeje (x))

1 v(A)
* : * : VR))
@) dv =D v(RNE* (x| + [ D v(RNET (x,)—Z AL
j=1 j=1 =1

b /(R ) i
(v(AG _9’)5 05)
Jj=1
b

b
EZV(Rj)yHé%[lgf E* () — &5 el + | Y v(RNE*(x))| -

j=1 J j=1

(ww)

b
4 *
_l’_ .
25| F| j§:1 1§%(x )]

1 b b VA

Sgcimr Vsl ) _v(R)+A- ) v(Rj)- + S

SIIF] ; ! ; D TGl * 217
1 yA yA 11y
<o VIEl+ e e S
8IFIl 16| F| ~ 2|F|| — 16

For the last inequality, note that A < || F||.
On the other hand, we shall take T large enough such that, forall 7; > T and § € F,

-1

* ,_i h . L P
E*(x}) T hzz(:)g(f ()| < ¢ forallj=1,2,....b.
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Thus, for every & € F, we can deduce that

—1
’/ £ (x)dv—ze = Zé(f (x,))‘
< Aé*(x)dv—Zejs*m)
thé (x)) = Z@ — Z E(f (x,))‘

]h

1y b Tj—1
<<t (s (x)—— e (x,»)‘
=1 J h=0
]_
1y &, v 3y
< — 9'—:—.
- 16 +; 16~ 4
Note that .
14 y
A 1 1— .
. )>< +16||F||> “ T T6E
Hence,

b 1 TJ'71
‘f Eydv =) 0;— Z ECFM(x)))
M j=1 J h=0
- ‘/ E*(x)dv—ZH - Z s(fh<xj>>‘
M T =
V E*(x) dv — Ze Zé(f <x,>)‘

/ £* (x)dv—/ E*(x) dv| +

3y
<IE"N- A —v(A) + T

4 3y
< A - . Od
=A%1F T2 <Y

The following lemma is a generalization of [7, Lemma 3.7].

LEMMA 4.2. Let f : X — X be a homeomorphism of a compact metric space preserving
an invariant measure w. Let T'; C X be finitely many measurable sets with o (I';) > 0 and,
forx el'j, let

S, Tj):={reN| ffxel}},

j=1,...,k.Take 0 <y <1,0< B <1 and T > 1. Then there exist sets fj CI'j with

w(I'j) =w(j) such that, foranyx; € I'j (j =1, ..., k), there existny, na, . .., ni with

nj € 8xj, ') suchthatn; > T and

0< O1lny —njl+---+0j1lnj_1 —nj| +041lnj41 —nj| +- -+ Olng — njl -
Yo Oini
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holds for any j =1, ..., k and for all 0; > 0 satisfying
k
min; <; <¢{6;}
— > f, 0; = 1.
max <<k {6;} ; l

Proof. The statement of [7, Lemma 3.7] is just the particular case of 8 =1 (i.e., 0; = 1/k).
Though [7, Lemma 3.7] assumes that w is ergodic, from its proof in [7] one does not need
any ergodicity since the main technique is [2, Lemma 3.12] whose statement just assumes
that w is invariant. Here we use this particular case and the following estimate to conclude
the proof.

By the particular case of [7, Lemma 3.7] we can take T (required above) such that

Ty —Tjl 4+ +1Tj—1 = Tj| + | Tj1 = Tjl + - - -+ |Tp — Tj
YT

<By.

Then for all §; > 0 satisfying

m1n1<,<k{9 } ﬁ Z 9 _ 1

maX1<z<k{9 |

0T = T)) + -+ 0, 1 (Tjmt = T) + 01 Ty = T)) + -+ + 05 (Tp —
Z?:l 0: T;
cmaxigipll) [T Tl A T = Tl A T = Tl A -+ 1T —
T minj<;<p{6;} i T
<B 'By=v. -

The Poincaré recurrence theorem states that for a set with positive measure, almost all
points in this set will return to it, after a sufficiently long time. Such points are called
recurrence points and the Poincaré recurrence time is the length of time elapsed until the
recurrence. The set I’ j in Lemma 4.2 is in fact the subset of recurrent points in I';

PROPOSITION 4.3. Suppose that f: X — X is a homeomorphism on a compact metric
space and v is an f-invariant measure. Then for any number y > 0, any finite subset F C
COo%(M, R) and any set A C X with v(A) > (14 (y/32||F|))~", there is a measurable
partition {R j}l]’.:1 of A (b € Z) such that, for any positive integer T and any recurrence
points xj € Rj, there exist recurrence times Tj > T (1 < j < b) satisfying, for every & € F,

Tj—

1 b
EQ)dv — ———— Y 6, Y E(f"(x)))
‘f Yo 65T ; ! hX:(:) !

for any 0; > 0 satisfying

<YV

1v(R; b
min{ 14 ,_v( /)}, 1§j§band29j=1.
4b||F|l 2 v(A) =

R S i
T v
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-1 -1
Y _ (y/2)
V&)= <1 * 32||F||> = (1 * 16||F||> ’

we can take a partition {R; }1;: | as in Proposition 4.1, just replacing y with y /2. Take
_ minj<i<p{(1/2)(v(R;)/v(A)} -
max<i<p{(3/2)(v(R;)/v(A))}

By Poincaré’s recurrence lemma, v-almost every point in R; is a recurrence point. We

Proof. Since

consider recurrence points x; € R; (j =1, ..., b). By the finiteness of F and Lemma 4.2,
for any T > 0 we can choose integers T; > T such that Vi (x;))eR;j(j=1,...,b)and
O —Tj)+---+0; 1(Tj-1 —T))+ 011 (Tjp1 —Tj) +-- -+ 0p(T) —
Z?:l 6: T
v
<
320 F|

for all 6; > O satisfying

1v(R; b
min{ L4 ’_v( J)}, lfjfbandzejzl.
4b||F|| 2 v(A) =

TN
In the process we use the inequality
miny<i<p{6;} _ mini<i<p{(1/2)V(R))/v(A))}
max|<;<p{0;i} ~ maxi<;<p{(3/2)(V(R;)/v(A))}
Thus, for every & € F,

b Tj—1
Z Z E(f"(xj) — Ze Z 5(1”(x,-)>‘

Jh =

b
Z(el+ TaT 2 U - ZWZE(J‘ (/)

= szg. O =T+ 40, 1T =T +0;1 T =T+ -+ 0T — T))
- J

17/1 0, Tj—1 ‘

Y 0T
Tj—1
— Z §(f (x/))‘
ije O =T+ 01T =T+ 01 (Tjn =T +- - 0T — T) &l
J
= Zibzl 0:T;
< Xb: O =T+ 0;1(Tj-1—T)+0;11(Tj+1 —Tj)+ - Op(Tp — Tj) NH
=2, Tii 6T
b
522: 53 V6= 55 @

Note that

-1
14 14
v(A) > (1 + > >1— .
32|F| 320F|
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Combining with Proposition 4.1 and inequality (4.3), one deduces that, for every & € F,

Ti—1
V £(r) dv — Ze, 5 E(fh(x,-))‘
h=0

zllljl

Ti—1
1 J
(x)dv — Zej; > s<f’1(xj>)‘
j=1 J h=0

b Tj—1 T;
1
D0 D ES ) - Ze Zs(fhm-))‘
j=1 7 h=0 Zzllljl
Yy |V
< — _
-2 * 32
<y,
and the proof is complete. O

Remark 4.4. Through the proof of the previous proposition, one can obtain that the
conclusion is suitable for any finer partition of {R j}’;zl, which will be used in the proof of
the next proposition.

The previous two propositions are stated in a general setting and considering
homeomorphisms on a compact space with an f-invariant measure. In the following
result we go back to focus on an f-invariant measure v supported on A with respect to
an f e Diff! ¥ (M) and an ergodic hyperbolic measure w for f.

PROPOSITION 4.5. Let v be an f-invariant measure supported on A. Then for
any number ¢ >0 and any finite subset F C CO%(M, R), there is a number k, € 7+
such that, for any numbers § >0 and T >0, there exist positive numbers {n;}‘

j=1
with nj > T and orbit segments {zj, fzj, ..., fV~ zj};:1 with zj, fliz; € AkU and
d(f"zj, 2(+1) mod ) <6, j=1,...,¢ satisﬁ/ing,for all¢ e F,
c nj—
'/su) - ey Z £ )| <<
nj j=1 h=0

Proof. Take k, large such that

. ¢ -1
v(Ag,) > (1 + 32||F||> .

Applying Proposition 4.3 with A = [\kv and y = ¢ and Remark 4.4, we can obtain a
finite partition {R j}?:1 of Ay, with diamR; < & and recurrence points x; € R; with large
recurrence times T; > T, j =1, ..., b, satisfying, for allé eF,

‘/smdv— 3, Z £/ ()

1111/1

<, 4.4)

for any 6; > 0 satisfying

k
> 6;=1 and

V(R)) <min{ ¢ 1V(Rj)}

= , = <j<b.
v(Ag,) 4b||IF|l" 2 v(A)

0; —

https://doi.org/10.1017/50143385711000940 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000940

574 C. Liang et al

Recall that w is ergodic and thus, for any 1 < j < b, there is an integer X; > T such that
FYRiNR1#£0, 1<j<b,

and
thRb N Ry #0.

Take y; € R; so that foyj €Rjy1,1<j<b, and fXvy, € Ry.
For ¢, F and b, there exists S € N such that, for any integer s > S, we have

1 v(R;
0<1/s <min 3 V(R)) .
4b|| F|’ 2 v(A)
Then there exist integers 51, 52, . . . , 5p satisfying
V(R;) sj + 1

§ _V(Ak) s

It follows from taking s; = 5; or 5; + 1 that

b
s = Zsj and
i=1

Taking 7 large enough such that Zl]’-zl X; < Zl]’-zl s;iTj,

1 b /
'Z?—1(SjT~ +X;) ;(S] Z s (x) + Z §(f (y,)))

h=|

Zs, Zé(f (x}))

21151111 =

v(R) s

v(Ar,) s '

=5 4b|[F| 2 v(A)

<¢.

Let 6; =s;/s. Observe that the definition of 6; yields Z’;zl 6; = 1. The above inequality
and inequality (4.4) imply that

i—1 -1
1 b
§(x)dv — <S] ECfM ) + §(f (yj))> <3¢.
[ B B e %
4.5)
Let

le"':ZSlz-xlv Zs1+1=y19

ZS1+2 == ZS1+S2+1 = X2, ZS1+S2+2 = y2,
Iy kit T T A e T D

Syl = Y

S eth T T A b1 T

ot sutp = Vb
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[yz’f)(2 2

FIGURE 1. Schematic for choice of periodic pseudo-orbit (here [x, f T x)* indicates that the number of loops on
xis s).

b
_1 Shtb . . . .
These {zj}jzz"l—l Y are the points we want in the proposition by the previous
evaluation (4.5) with

b
C=Zsh+b
h=1

and

T, X1,

n — = n —
Yo st Yot snH

for1 <l <b,l <t <s — 1 (seeFigure 1 for more explanation). O

5. Proof of Theorem 1.2
In this section, we prove Theorem 1.2 by using the specification property developed in §3
and Proposition 4.5 in §4.

Proof of Theorem 1.2. If {(/’j}?il is a dense subset of CO(M, R), then

o m=3" [ ¢jdv—[¢jdm

= gl

is a metric on M (M) giving the weak™ topology (see, for example, [15]). It is well known
that Miny (f) is a compact metric subspace of M (M). For any non-empty connected
compact set V C Closure(/\/linv([\)), there exists a sequence of open balls B, in Mipy (f)
with radius , in the metric 4 such that the following hold:

@ By N By NV #0;

) Ny=i UnsnBn =V

(©)  limy— 400 & =0. . .
Since B, is open, by (a) we can take Y, € B, N Min, (A). Note that Yy, is in Miny(A) and
thus satisfies Y, (A) = 1.

https://doi.org/10.1017/50143385711000940 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000940

576 C. Liang et al

Remark 5.1. In [12] or [4, Proposition 21.14], Sigmund assumes that Y, is an atomic
measure and thus its information can be characterized by its support (periodic orbit). Hence
it remains to deal with these periodic orbits by means of the specification property for
Axiom A systems. But for our case we cannot directly take Y, as an atomic measure.
The main observation is that the support of these periodic measures may not be contained
in A, and therefore the specification property as in Theorem 3.4 becomes invalid. So
we just emphasize that ¥, must be in V and thus satisfies Y, (A) = 1. This allows us to
choose pseudo-orbits in A whose information can characterize that of ¥, and for which the
specification property is valid.

Take a finite set F,, = {(pj};?zl C {goj};‘;l. Let x, € A be given. Fix §, > 0 and let Uy
be the open ball of radius 8, around x, and let ko be large enough such that x, € Ag,. We
have to show that there exists an x € Up such that V = V¢ (x). We divide the following
proof into four steps.

Step 1. An estimation of Y,, (n > 1) via a single pseudo-orbit.

Fix 0 <n <é,. Fix neN. For ¢,, F,, by Proposition 4.5 we choose k, = k(Y;)
such that, for any T > 0, there exist orbit segments {z;f, f z’}, oo, fPni] "} ", with
pnj>Tand 2}, fPrizl e Ay, , satisfying

1

cp Pnj—
‘ / EX) dYy — = > Y &)

=nJJ]7

<¢, forall€ e F,. (5.6)

Moreover, we can take k,, < k,, 41 for all n. Let M,, = My, _, x,(n) and L,, = My, x,(n) be
numbers defined as in Theorem 3.4, and, for every n, take the above number 7 to be 2" L,,

Remark 5.2. Note that if we use Katok’s shadowing lemma (Lemma 2.2) and its corollary
(Theorem 3.4) simultaneously, then we can choose {(Sk}+°° such that the shadowing
property holds. This can furthermore guarantee that d(f7» Jz 4 i) <Ok (U=
1,..., ¢y — 1) when we use Proposition 4.5 for § = d,,,. In other words for any fixed
n, these orbit segments {z;?, f ;’;, o f Pn-iflz;?};": | form a ‘periodic’ pseudo-orbit. This
implies that we do not need the numbers L, and the corresponding parts in the following
steps (see Figure 2 for a rough idea: the thick line denotes and contains the pseudo-orbit
of {z;f, f z;f, e, [P _lz’}} and the thin line denotes and contains the shadowing orbit
of x). But here we want to give a proof just using the newly introduced specification of
Theorem 3.4 (which verifies our Remark 3.3) allowing some time lag for the shadowing
between fPn /z and Z/+1 (see Figure 3).
Step 2. Finding a point x € Uy tracing this pseudo-orbit.
Denote p, = Zj"zl Pn,j + cnLy. Define
ao=by=0
ar=bo+ M, bi=a1+2a + M+ p2)pi,
@y =by+ My, by=a+2%a + Ms+ p3)ps,

ap = En—l + M, l;n =a, + 2n((/_ln + Mn+1 + pn+1)pn,
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n+l

[z,

[Zln+l L f Poety Z,"H ]

ERVERY

[z, " 2]]
A ‘periodic’
pseudo-orbit

WL Paera 0t
with period p,, [z37, f 23]
1 P+l n+l
repeatit ez

m, times 1n

the construction A ‘periodic’ pseudo-orbit with period p,,,

of the final repeat it m, | times in the construction of the final
pseudo-orbit pseudo-orbit

FIGURE 2. Schematic for choice of X to shadow pseudo-orbit by shadowing.

Y,

n+l P n+l [ZJA">fp” ‘4Z:+‘]
25, [z ]
A pseudo-orbit consisting
of no more than p,, | points \

repeat it m,,, | times in the \
construction of the final pseudo

A pseudo-orbit
consisting of no more
than p,, points
repeat it

m, times in

the construction
of the final
pseudo-orbit

-orbit

FIGURE 3. Schematic for choice of % to shadow pseudo-orbit by specification.
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Using the specification of Theorem 3.4, we can find a point x € A, 8,-close to x,, which
n-shadows each orbit segment {z;?, e, f”'hi_l(z;?)}, j=12,..., ¢y, my =2"(a, +
My +1 + pn+1) times for all n and runs from a neighborhood of f7n.J z’} to that of z;? i
with a time lag of no more than L, (here for convenience we assume that the time lag
from a neighborhood of f#n.J z? to that of z;? 41 is exactly L, since in this way we have
enlarged the error made by the time lag to its maximum) and from a neighborhood of
JPmenzg to that of z'1'+1 with a time lag of no more than M, 1. Note that if the time lag
from a neighborhood of f p”»fz’j’. to that of z’} 41 is much smaller, the estimation will be
much easier as can be seen in the calculation below. So for convenience and to avoid using
too many new symbols, here we assume the worst case where all these time lags are the
same and are equal to the maximum. Then there exist two increasing sequences of integers
{an}, {bn} with

ap =by =0,
by=a, +mup, and a, —b,_1 < M,,

such that O
N _ /- L (i— _
d(fhx, f(h an) mod py—3 i) pni—(J I)LnZ’;) <7ne Ekn’ (5.7)

for all a, < h < b, satisfying

Jj—1 J
Y it G =DLy<(i—ay) mod py <Y pui+ (= DLa,
i=1 i=1

1<j<cy,neN.
Remark 5.3. Note that a, < a,, b, < b, and
bn_anzl;n_&nzmnpna an — by fén_l;nfl:Mn-

So as n — +o00, b, and a,4; become much larger than a,, M,+1, p, and p,4+ since
my, — +00o. And by the definition of m,,, one can obtain that

Cn Ccn
a, < my Z Pn,j and M4 <my Z Pn,j-
j=1 j=1

The original technique for Axiom A systems in [12] and [4, Proposition 21.14] is not
suitable for non-uniformly hyperbolic ones. Sigmund [4, 12] uses the specification
property to build inductively a sequence of periodic orbits such that the nth orbit shadows
both the (n — 1)th orbit and the support of the nth center. In this process the support of
the centers and these shadowing periodic orbits are always in the hyperbolic set such that
the specification property can be used iteratively. Finally, these periodic orbits converge to
one orbit of some point x. However, for the non-uniform hyperbolic case, Sigmund’s idea
encounters a difficulty. That is, the specification property cannot be used more than once,
since we cannot predetermine the Pesin block in which the shadowing periodic orbits stay.
Therefore, to deal with non-uniformly hyperbolic cases, we introduce a new specification
property, inspired by Katok’s shadowing lemma. More precisely, we construct a pseudo-
orbit consisting of infinitely many orbit segments and use Katok’s shadowing lemma once
and for all to find the required x as shown in (5.7) and hence avoid induction.
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Step 3. Verifying V C V¢ (%).
Let v € V be given. By (b) and (c) there exists an increasing sequence n; 1 oo such that

Yy, = v. (5.8)

Let& e {g;}2 == Unzl F, be given. Then there is an integer ng > 0 such that § € F},, for
any n > ng. Denote by weg () the oscillation

max{[|§(y) — @) [d(y, 2) <y}
and by v, the measure 8, (%)”. Thus

bp—1

/ £dv, = Z E(f/3%). (5.9)
}’l
Remark that if A is a finite subset of N,
max A
; 2(max A 4+ 1 — #A)
Jyy — I < 5.10
;w x) A+1 ;w(fx)_ A el (5.10)

for any x € M and ¢ € C°(M, R), where #A denotes the cardinality of the set A.
Inequality (5.10), with

Mp  Cp

n—UUl:an+(r_1)pn+zpnz+(]_1)Lnsan+(r_1)pn

r=1 j=1
+ an,i +(G - 1>Ln},
i=1

implies that

b,—1
f(f]x)—— E(f/3)
‘ml’lz nJ jEZA Z
2by — m, T .
< ( mcz’ 1 Pr.) Il forall n > ne. (5.11)
mnzn

On the other hand, combining inequalities (5.6) and (5.7), one can obtain that

1
VédY Y ESTH

<y +wg(e ) foralln>ng. (5.12)
j 1 Pn.j JEA,

Note that

2(by — my, Zjnzl pn,j) _ 2(a, + cymyuLy)
My Zjnzl Pn,j ny Zjnzl Pn,j
2ay, 2¢, Ly

= + —0 asn— o0 (5.13)
mpy Zjnzl Pn,j Zjnzl Pn,j
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due to Remark 5.3 and the choice of the segments {z’}, e, f”"vf_l(z’j’.)} and ¢, — 0 and
We (ne_ak”) — 0 since k, — 400, as n — o0. It can be deduced by (5.9), (5.11) and (5.12)

that
‘/Edvn_fEdYn

2(by — my Z;ﬂ:l Pn.j)
my Zylzl Pn,j

< Ly + we (ne™kn)

€] = 0 asn — oo.

Hence, together with (5.8), it implies that v,, — v and thus v € V¢ (x). Therefore, V C
Vi (X).
Step 4. Verifying V() C V.

Let v € V(%) be given. There exists a sequence ny 1 oo such that v,, — v. Let y >0
and £ € {‘pj}.C/?O:l = Unzl F,, be given. For fixed ny, leti = i (ny) be the largest integer such
that b;_1 < ny. Let ny (and hence i) be so large that
g—itl 2-i+2y < Y

4

we ( ) < we(

Let o =1 if b;_1 <ny <a;. Otherwise a; < ny < b;. Write A = A;_1 U (A; N[a;, ny))
and define

a=#HA_)#HA) L

We divide the proof into two cases.
Case 1. np=a; +ryp;i + Z;{‘:—ll Dij+ W —2)Li +1x with 0<[ <L;, 0<rp <m;
and 0 <1 <.

Recall that

n—1
/gdvn=125(ff)e) for all n € N.
n =

Note that, in this case, max A + 1 = ny — [;. Using inequality (5.10) again, with A as
above, we obtain

‘/denk_zk—§< YooEeH+ Y E(fj)?))‘

jeA;_1 jeAiNla;,ny)
<2(m — I — #A)HA) & ||
<2 e
Mi1 ;) Pi-lj  Mi1);2y Pi-lj  Mi—1) ;| Pi-1,j
reeili | U DL )usu
Ik Zj’;l pi.j Z;Cll pij
<vlél (5.14)

provided the n are large enough, due to Remark 5.3.
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Note that
‘/denk _/denk—lk
1 ] ie np—lp—1
= ‘ﬁ ;0 E(fI%) - %)
1 ng—lg—1 ne—1
_ i ~ .
= —lk) Ix) Z E(fIX) + (ng lk)J nXk:lkg(f %)
l
< e g ey
ng ng
2L;
= Elléll
<vI&l (5.15)

provided the ny are large enough.
Case 2. np=a; +r; mod p; —|—Z 1 pij + @ — DL + 1 with 0 <l < pi s, < pis
O0<rr<m;and 0 <1 <.

In this case max A + 1 = ny — I — L;. Using inequality (5.10) again, with A as above,
we obtain two inequalities analogous to (5.14) and (5.15):

‘ / & dva -1, — (Z D+ Y s<ff£)>

JEAi_1 jeAiN[a;,ng)

/éd‘)nk _/gdvnkflk

provided the ny are large enough, due to Remark 5.3.
Then combining (5.14) with inequality (5.15) or (5.14") with (5.15"),

‘/sdvnk———< P{0ZE B é‘(fj)?)>

JEA; 1 JeAiNla;,ng)

=vI&l (5.14)

and
—L;| < vIEl (5.15")

=2yl

This implies that

et~z

=2y|&l.

Remark 5.4. In [4, Proposition 21.14], Sigmund defined

- 1 .
Zé(f-’x)Jr(l—a)m > sww”

U jeaiy Je€AiNla;,ng)

ap=>by=0

and
ai=bi_1+M;, bj=a;+2"(a+ My 1)p;, ieN.

It is obvious that these b;_1 and a; were chosen independent of p;. Here, in our definition
(before (5.7)), bj—1 and a; are chosen much larger not only than a;_1, M;, p;_; but also
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than p;. This is one of the important differences with respect to Sigmund’s proof. In fact,
step 4 in Sigmund’s proof only holds for some special cases since he assumes that

N —a; =mp;.

The remainder [ is not greater than p;. However, in his proof, the period p; may not be

small compared to the lag b;_1 — a;_1, and hence /; may not be small enough with respect
to b;j_1 — a;—1, which is necessary to the proof as shown in the above inequality (5.15).
Set

o =aYi—1 + (1 —a)Y;.

/sdvnk —fsdpnk

for k large enough such that ny >> ng (defined below (5.8)). Thus p,, has the same limit as
Uy, , that is, v.
On the other hand, the limit of p,, has to be in V, since

d(ony, V) <d(pp, Yi) <d(Yi1, Yi) <261 +2¢;

and ¢; | 0. Hence, v e V.

The arbitrariness of x, € A and 8, implies the density of £ in A. Note that A C supp(w)
and a)([\) = 1, and w is an ergodic measure. All these conditions ensure that Closure([\) =
supp(w). Hence, such X are dense in supp(w). This concludes the proof. O

Using inequality (5.12),

<3yl

6. Proof of Theorem 1.6 and 1.8
In this section, we use Theorem 1.2 (or Corollary 1.4) to prove Theorem 1.6 and then use
Theorem 1.6 to prove Theorem 1.8.

Proof of Theorem 1.6. Note that if supp(w) is isolated, then the orbit of the chosen point
% in Theorem 1.2 is in supp(w) provided that 8, is small enough, since A C supp(w) and
the orbit of £ is 8, close to a {3 }-pseudo-orbit contained completely in A (containing the
inverse orbit of x,) by using Katok’s shadowing lemma and the argument in the proof of
Theorem 3.4. So for any v € Closure(/\/linv([\)), its generic points of Corollary 1.4 can
be chosen in supp(w) and dense in supp(w). However, we remark that if we only use the
specification of Definition 3.1, we cannot guarantee that the orbit of the chosen point x
can be totally in a small neighborhood of supp(w) since we cannot control the iterates of &
running from a neighborhood of f7men z! to that of z’f“ with a time lag of no more than
M, 11 (see Step 2).
‘We now show that the set of points in supp(w) with maximal oscillation contains a dense
G s-set. The proof is not difficult and is analogous to [4, Proof of Proposition 21.18].
Since supp(w) is always compact, M (supp(w)) is compact and convex. Thus we can
find open balls B,,, C,, in M(supp(w)) such that:
(a) By C Closure(B,) C Cy;
(b) diam C, — 0;
(¢) B, N Closure(Min (A)) # &;
(d) each point of Closure(Miny (A)) lies in infinitely many B,,.
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Put
P(Cy) ={x esupp(w) | Vr(x)NC, #¥} forallne VAR

It can be verified that the set of points with maximal oscillation is just ﬂnzl P(C,). Note

that
P(Cy) 2 {x € supp(w) | YNy € Z*, AN > Ny with §(x)" € B,}
o0
> () | tx esupp@) | (0N € By).
No=1 N>N

Since x — 8(x)" is continuous (for fixed N), the sets UN>N0{x € supp(w) | ()N € B,}
are open. Since B, N Closure(./\/linv(f\)) # (), these sets are also dense, as shown in the
first paragraph above. Hence, ﬂnzl P(C,) contains a dense Gs-set. O

Proof of Theorem 1.8. Let x be a point having maximal oscillation. By assumption there
exist at least two invariant measures w1 # 2 € Vy(x). So there is a continuous function ¢

such that
[oan# [ odua. (6.16)
Due to the definition of Vy(x), there are two sequences of integers ng, my — +00 such
that
8" (x) = py, 8" (x) = .
These imply that
1 ng—1 ) 1 mg—1 )
li — Tx) = d d li — Tx) = duy.
Jim ; (%) /¢ wioand - lim oo ; (%) /¢ 2

Combining these equalities with (6.16), we can deduce that

my—1

1 ] . 1 ;
1' e J = d d == 1 — J
e X #) [oam# [ odua= tim X U
does not exist. o
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