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Maz’ja and Sinnamon proved a characterization of the boundedness of the Hardy
operator from LP(v) into L9(w) in the case 0 < ¢ < p, 1 < p < co. We present here a
new simple proof of the sufficiency part of that result.

Maz’ja [2] and Sinnamon [3] characterized the weights such that

(/Ooo (/0 f)qw(x) da:)l/q < C(/OOO fP(@)v(x) d:c)l/p (1)

for all measurable f > 0 with a constant independent of f, where 0 < ¢ < p and
1 < p < oo. The characterization reduces to the condition that the function

oo () ([

belongs to L"(w), where 1/r = 1/q — 1/p. The proof of the necessity in [2] is not
direct. However a direct and easy proof can be found in [4]. The proof of the suffi-
ciency in [2] uses the Holder inequality for three exponents and the characterization
of Hardy’s inequality for the case p = ¢. The proof of the sufficiency in [4] is simpler
but uses Hardy’s inequality in the case p = q.

The aim of this paper is to present a new proof of the implication ¥ € L"(w) =
(1) that we believe is simple, elementary and standard because it is more similar
to the proofs of the characterization in the easy case p < ¢ and it does not use the
characterization in the case p = ¢. The key point is to show that ¥ € L"(w) implies
that the function

oo \l/p a , 1/p’
&(x) = sup ¥(a)= sup (/ w) (/ vlp>
0<a<w 0<a<z \Ja 0

belongs also to L"(w). Once we obtain this result, (1) follows by partitioning (0, co)
as is usual and by using the Holder inequality in a natural way. In this way, we
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obtain a new characterization of (1), namely ¢ € L"(w). We also believe that the
ideas in the proof could be of some help in overcoming some difficulties appearing
in the study of the Hardy’s inequalities with ¢ < p. In fact, the ideas of this paper
are used in [1] to study the generalized Hardy—Steklov operator in weighted spaces.

Next we establish the theorem (due to Maz’ja and Sinnamon) and we give a
complete simple proof of the theorem. We remark that the proof of the necessity,
(a) = (b), is taken from [4], while the proofs of (b) = (c) = (a) are our con-
tribution. We include the proof of (a) = (b) to present a complete proof of the
theorem.

THEOREM 1. Let w and v be nonnegative measurable functions. Let q, p, p’ and r
be such that 0 < g <p < oo, 1 <p<oo,p+p =pp and 1/r =1/q—1/p. The
following statements are equivalent.

(a) There exists a positive constant C such that

(/Ooo </o / )q“’(“") dx)l/q s C(/OOO P (@)o(z) dx>1/p

for all measurable f > 0.

(b) The function

belongs to L"(w).
(¢) The function

oo \l/p a , 1/p
&(x) = sup (/ w) (/ v1p>
0<a<zx a 0

Proof. (b) = (c). We may assume that w and v'~?" are integrable functions
(the general case follows by approximating these weights by integrable functions).

Observe that if
z \l/p a , 1/p’
d1(x) = sup </ w> </ vl_p> )
O<a<x a 0

&(x) < U () + P1(x).

belongs to L™ (w).

then

Therefore, it will suffice to prove that ¢; € L"(w). This follows from the inequality
w{x: P1(z) > A}) < 2w{{x:¥(z) > A}),
which we will now prove. Since
w{z: P1(x) > A}) Kw{z: P(z) > A\}) +w({z: ¥(x) <A< P(2)}),
we have only to show that, if E = {x: ¥(z) < A < $1(x)}, then
w(E) < w{z: ¥(z) > A}).
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To prove this last inequality we have only to establish that

/ T w<uw{y: vy > A) (2)

for all x € E. Let us fix a point € E. There then exists a, 0 < a < z, such that

0o \l/p x AP z \l/p a AP
L) () e (o) (L)
x 0 a 0

These inequalities imply that
oo T
/ w < / w.
x a

If (a,z) C {y : ¥(y) > A}, then (2) follows immediately. Assume that the set
F ={y € (a,z) : ¥(y) < A} is non-empty and let y € F. Then

co \l/p y , 1/p’ z \l/p a , 1/p’
L) () s (o) (L)
Y 0 a 0

Since a < y, it follows that

e3¢} T y T
/ wé/w:/w—i—/ w.
Yy a a y
00 y
/ wg/w.
xr a

for all y € F. If 8 is the infimum of F', the last inequality implies that

oo B
/ wg/w.
xr a

This inequality implies that (2) holds, since (a, 5) C {y : ¥(y) > A}.

Thus,

(¢) = (a). It will suffice to prove this for integrable functions f. Let us choose a
decreasing sequence xj, such that zo = +oo and [ f =27% [* f. By the Hélder
inequality with exponents p and p’, we see that

[ ([ o [ ([
o [ v [

Th41 q/p Tk Tp41 , q/p’
< 41 Z(/ fpv> / w(z)dz </ vt ) .
k Tr+2 Tr+1 Tr+2
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Applying the Holder inequality with exponents p/q and r/q and the definition of @,
we find that the last term is dominated by

;Ck+1 q/p T T r/p Th+1 , T/p/ q/r
o) (e ) (L))
Tk+2 k Tk4+1 Tr41 Tk4+2
S qa/p T a/r
ol [ (2
0 k Th41
[e] a/p 00 q/r
< 4 </ fpv> (/ @Tw) .
0 0

(a) = (b). Let wo and vy be nonnegative integrable functions such that wy < w
and vo < v 7P and let

£ = (/too wo)?‘/(pq) (/Ot 1}0>7“/(P’(1)—1vo(t).

oo r/(pq) r/(p'q)—1
o ([ [ ([
x 0
Vg r/(pq) r/(p’q)
B L) ()
r T 0

[ ) (f ) e

S/oo(/oxf)qw(x)dx
()"
o) ([ ) )
(L) () o)
(P (L () )

where in the last equality we have used integration by parts. Since wy and vy are
integrable functions, we find that

[ () e ()

Then

<!

Cq
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Approximating w and o7 by increasing sequences of integrable functions we
obtain (b). O
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