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In this paper, we study the nonlinear diffusion equation associated with a particle system where the
common drift depends on the rate of absorption of particles at a boundary. We provide an interpre-
tation of this equation, which is also related to the supercooled Stefan problem, as a structural credit
risk model with default contagion in a large interconnected banking system. Using the method of
heat potentials, we derive a coupled system of Volterra integral equations for the transition density
and for the loss through absorption. An approximation by expansion is given for a small interaction
parameter. We also present a numerical solution algorithm and conduct computational tests.

Key words: McKean—Vlasov equations, supercooled Stefan problem, Volterra equations, structural
credit contagion model, semi-analytic solution

2010 Mathematics Subject Classification: Primary: 35K58; 65R20. Secondary: 35C20; 60G99.

1 Introduction

In this paper, we derive semi-analytical solutions for the density of interacting particles where
the interaction results from shocks to the system when particles hit a boundary. Models of this
type have arisen recently as models for the ‘integrate and fire’ behaviour of neuronal networks
and for systemic default risk in networks of interconnected banks. The equation is also closely
related to the (supercooled) Stefan problem for heat transfer in the presence of a phase transition.

Structural default models, where a bank’s default is triggered by its assets falling below its
liabilities, have been studied for decades since the seminal work of Merton [50]. There are several
limitations to the basic version of these models: most do not take into account that banks are
interconnected, as a result, ignoring the possibility of contagious defaults (but see, e.g., [25, 26]).
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1036 A. Lipton et al.

To address this, Lipton [45] combined the structural and Eisenberg and Noe [15] framework to
consider not only external liabilities but also mutual liabilities.

A further problem is the curse of dimensionality. Numerical and analytical partial differential
equation (PDE) techniques are typically applied up to dimension three [32, 33, 35, 36]; for any
larger dimension, only Monte Carlo methods are usually considered viable, which are slow to
converge and noisy by nature.

When the banking system is large and homogenous, and only macroscopic quantities are
of interest, one can consider a large pool approximation of the banks’ asset value processes
(technically, by taking the limit of their empirical measure for an infinite number of banks). This
approach was first studied by Bush et al. [7]. Following on, Nadtochiy and Shkolnikov [51] and
Hambly et al. [23] took into account interaction effects by considering a particle system with
positive feedback from the firms’ defaults. This leads to McKean—Vlasov type equations, which
model a typical representative of the banking system whose dynamics depends on the losses in
the wider system. An alternative viewpoint is provided by the Lipton [45] model when taking
the number of banks there to infinity. This route leads to the same equation, as shown by our
derivation.

Hambly et al. [23] assumed zero correlation between banks with linear dependence of the
interaction on the loss function, while Hambly and Sojmark [24] and Ledger and Sojmark [42]
introduced positive correlation between banks, and Nadtochiy and Shkolnikov [51, 52] consid-
ered a nonlinear dependence through the loss function. Very recently, Ichiba et al. [31] derived
a McKean—Vlasov stochastic differential equation (SDE) in the nonlinear jump-diffusion form
for the average bank reserves in an interacting banking system with local and mean-field default
intensities.

Earlier, a model similar to the one studied here was found in neuroscience, where a large
network of electrically coupled neurons can be described by McKean—Vlasov type equations
[8,9, 11, 12]. If a neuron’s potential reaches some fixed threshold, it jumps to a higher potential
level and sends a signal to other neurons.

Moreover, a change of coordinates in the PDE for the density leads to the classical supercooled
Stefan problem, which describes the freezing of a supercooled (below freezing point) liquid,
where our loss function is related to the free boundary separating the phases. The local properties
of the PDE solution to the Stefan problem, including finite time blow-up, are analysed in [17, 18,
28, 29]. Dewynne et al. [14] study the large time asymptotics of the free boundary. For a survey
of early results see also [54].

The detailed behaviour of the solution before and after the blow-up, and the extension past this
point, is studied in [20, 27, 38], respectively. A probabilistic representation of a global solution
and systematic regularity treatment was only recently established in [13].

McKean—Vlasov type equations were originally suggested by Kac [34] as a stochastic toy
model for the Vlasov kinetic equation of plasma, with a detailed study by McKean [49]. In recent
years, mean-field problems, and McKean—Vlasov type equations in particular, have become
a very popular topic in applied mathematics from both theoretical and practical perspective.
Different versions of such problems, apart from the specific form in the papers above, have been
applied to mathematical finance, e.g., in portfolio optimisation (Borkar and Suresh Kumar [3]
consider optimal allocation into sectors for a large number of stocks) and in game theory (e.g.,
Huang et al. [30] discuss an agent’s optimal behaviour with respect to a mass effect).

There are established simulation methods for typical McKean—Vlasov equations (see [2, 4]),
and more recently, several authors have analysed multilevel and multi-index schemes (see [22,
57, 59]) and importance sampling [56].
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However, none of these methods cover the models described above due to the singular, path-
dependent nature of the feedback. Here, we consider the Hambly e? al. [23] version for simplicity.
For this model, Kaushansky and Reisinger [37] proposed an Euler-type particle method and
proved convergence with order 1/2 in the timestep for a sufficiently small time interval in the
regular regime, which can be improved to 1 using Brownian bridges. In this paper, we show how
to solve these equations by reformulation first as a nonlinear free boundary problem similar to
the classical Stefan problem and then as a system of two coupled Volterra equations.

First, for given drift term from the mean-field interaction, the problem is formulated as diffu-
sion problem on a semi-infinite domain with curvilinear boundary and its solution represented
semi-analytically by the method of heat potentials. A detailed introduction to heat potentials can
be found in Refs. [61] and [60] (pp. 530-535). The first use of the method of heat potentials in
mathematical finance is found in Ref. [44] for pricing path-dependent options with curvilinear
barrier (Section 12.2.3, pp. 462-467).

Second, expressing the interaction term by the solution from the first step results in two
coupled Volterra equations. For early applications of heat potentials to versions of the Stefan
problem see already, e.g., [58, Part II, Chapter 1]. These singular Volterra equations are
then solved by either an expansion method for small interaction parameter or numerically by
discretisation and Newton—Raphson iteration.

A direct PDE expansion to the Stefan problem for both small and large nonlinearity parameter
was derived in [1]. More recently, an expansion for a certain McKean—Vlasov equation with
mean-field interaction through the drift was studied in [19], who perform an iterative two-step
procedure which decouples the nonlinearity arising from the dependence of the drift on the law
of the process from the standard dependence on the state variables. The present paper differs
not only in the solution approach taken but also fundamentally in the considered mean-field
interaction (through hitting times rather than the expectation of the drift) and the parameter of
the expansion (for small drift interaction rather than small volatility).

To assess the accuracy of the (first-order) perturbation solution and to illustrate the behaviour
for strong interactions, where the expansion breaks down, we describe a simple numerical algo-
rithm, but refer the reader to the large and well-established body of literature on more advanced
numerical methods for Volterra equations (see Section 5.2).

The rest of the paper is organised as follows: in Section 2, we provide an alternative derivation
of the model described in [23] by taking the limiting case for infinitely many firms in the model
of Lipton [45], precisely, for the approximation that a small fraction of banks has defaulted, we
show that the mean-field limit of the system gives the same McKean—Vlasov equation; in Section
4, we derive a solution for the first passage density of Brownian motion over a curve in terms
of a Volterra equation, using the method of heat potentials, and thus obtain the interaction term
in the original McKean—Vlasov equation; in Section 5, we consider a perturbation method and
a numerical method for the corresponding system of Volterra equations; in Section 6, we show
numerical illustrations and compare the methods; in Section 7, we conclude.

2 Mean-field limit for large banking system

Following Lipton [45], we consider a system of N banks with external as well as mutual assets
and liabilities. We denote it by L; the external liabilities for bank i and by L;; the liability from
bank i to bank ;.
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Assume that the dynamics of bank #’s total external assets is governed by

% =wpdt+o;dW,,
where p is the growth rate, W' is independent standard Brownian motions for 1 <i < n and the
liabilities, both external L; and mutual L;, are constant.

Bank i is assumed to default when its assets fall below a certain threshold determined by its
liabilities, namely at time 7, =inf{r: 4’ < A’}, where A’ is a default boundary which we now
work out. At time # = 0, following Section 6 of [45],

Ay=Ri [Li+Y Ly | = L
J#i J#
where R; € (0, 1) is the recovery rate of bank i, i.e., bank 7 defaults if the recovery value of its
liabilities, external and to other banks, exceeds the sum of its assets, external and from other
banks.

Since liabilities and recovery rates are assumed constant in time, the default boundary remains
constant until some bank defaults. If bank & defaults at time ¢, bank i has to pay all its mutual
liabilities Lz, while k returns only a portion of liabilities R;L;;. This can be viewed as a jump in
external liabilities from L; — L; + Lz — RyL;;. Hence, the default boundary of bank i becomes

Al =Ri | [Li+ L — ReLl + Y Ly | =Y Ly
J#ik ik

As a result,
AN = (1 — RiRy)Ly,.

In the following, we assume that the banks have the same parameters, i.e., 0; =0 and R; =R,
for some w, o, R, and L;=L and L; = %, both constant, respectively, for some L, y > 0. In
particular, this implies that the asset value processes are exchangeable, and we have A, = A for
some A, which will allow us to take a large pool limit.

These assumptions might seem very strong, since the banking system is highly heterogenous.
However, the model is a meaningful approximation to large pools of small banks, and the aim
is to demonstrate how even the default of small banks can lead to systemic events. A possible
extension in the presence of larger, systemically important banks might be to consider several
clusters, where banks are similar within a cluster.

Under the assumptions above, we can write A’ as

i ai Y 2
A=A+ v ;(1 — R?)1ig,<n)-

It is more convenient to introduce the distance to default Y/ = log(4//A’)/o, then

i i, | i1 Y :
Yi=Yi+ ;(,u — o2+ W — - log | 1+ N ;(1 _RZ)A_OIL{T/(SI}
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FIGURE 1. Comparison of L, computed for ¥, = Yo + W, — L, and Yy + W, — log(1 + «L,), with z=0.5:
(a)a=0.1, (b))« =0.7.

Using the approximation log(1 + x) & x for small x (i.e., assuming only a small proportion of the
banks have yet defaulted), we get for f < t;

1—R?
7( )Lﬁv,

. 1 .
Vi=Y'+ (u—0c?/t+ W —
t t+o_(l’L o7 /2)t+ t o Ao

1
Lﬁv = N Z Lirp<n-
k

For simplicity, we take the special case i — o2/2 = 0 (in any case, this term will be small for
realistic parameter values and not have any qualitative impact on the results).

Then, using propagation of chaos as in [12], one can obtain that in the limit for N — oo, all ¥/
have the same distribution as Y given by'

Yt= YO + VVt _aLta
L =P <0, @.1)
r =inflte[0,T]: Y, <0},

where « = %.

To analyse the effect of the approximation log(1 + x) &~ x above, we compute L, using particle
system simulations (as in [37]) for both oL, and — log(1 + «L,). We deduce from Figure 1 that
for small «, the results are almost indistinguishable, while for larger «, the losses accumulate
slightly faster for the linearised version, as is to be expected from the expressions. Note also
that the effect would be largely compensated for if we used this model to calibrate « to credit
market data. As the linear loss term coincides with the model in [23], we will use that model

subsequently.

"Note the slight ambiguity between the liabilities above and the loss function below, which are both
denoted by L. It should be clear from the context and indices applied which one is being referred to, hence
for consistency with the literature we keep the notation.
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The derivation above from first principles allows us to estimate economically meaningful val-
ues of «; see also [6] for the estimation of the initial values Y] from credit spreads. According
to David and Lehar [10], on average, the fraction of interbank liabilities in comparison to total
liabilities is 12% for the EU, 8% for Canada and, as per Economic Research website of the
Federal Reserve Bank of St. Louis, 4.5% for the USA. Consider, for example, the EU area.
In our notation, Zj £i Lij~y~ U127~ 0.14L, where L; = L is the external liabilities for each

1-0.12
bank, assumed identical. We can write « as

1 =Ry 1 (1-R)0.14
YT SRL—(1-Ry oR—(1-R0.14"

The typical volatility of assets varies from 1% to 8%, which can be confirmed, for example, by
calibration of the one-dimensional Lipton and Sepp [46] model. Even for a conservative case,
when the recovery rate is close to 1, we get a significant value of «. To be precise, for R = 0.9 and
o =0.08, we get o ~ 0.3. On the other hand, for typical recovery rates of R =~ 0.4 and volatility
at the lower end, one can easily get o > 5.

We will illustrate the impact of & on the loss process in the next section.

3 Transition density and known regularity results

Hambly et al. [23] and Kaushansky and Reisinger [37] considered Y; as a random variable from
a given distribution with known density. For simplicity, we assume in some of our derivations
Yy =z a.s. for some z > 0, by taking 4} and A, the same for all , but the results can be extended
by making 4 random and drawn from the same distribution, as outlined in Section 4.4.

Writing the increasing process L as oL, = — fot u(tydr for some negative w, p(t,x), the
Radon—Nikodym density of the distribution with respect to Lebesgue measure of the stopped
process Y. satisfies the Kolmogorov forward equation

1
%%m@=—MM&@n@+7mmmn

p(0,52) =8 (x —2), 3.1)
p(t,0;2) =0,
where the subscripts # and x denote partial derivatives. Given the continuous differentiability

assumption of L, we can consider classical solutions of (3.1).
Using the relation L; =1 — f0°° p(t, x; z) dx, we can express i in terms of p by

dL, o0 ° 1 [ 1
gtz)yi=—=— prdx = pu(t) prdx — = D dx = =pi(1,0; 2), (3.2)
dr 0 0 2 Jo 2

where we have used the PDE (3.1) as well as p(£,0;z)=0 and lim,_  p(¢,x;z) =
lim,_, o, px(t, x; z) = 0. Hence, (3.1) can be written in the self-consistent form

o 1
p@£@=5m@&@m@m@+?MMm@,

p(0,x;2) =8 (x —2), (3.3)

p(1,0;2)=0.
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FIGURE 2. (a) L, for different values of « and z = 0.5. (b) The density p(¢, x) for @ = 0.95.

From the second equation in (2.1), g is also the density of the first passage time of Y. Noting
a result from [55] for the first-passage problem of Brownian motion, applied to ¥; — L;, Hambly
et al. [23] give the following Volterra equation for L:

() [ o)

where ®(x) is the cumulative density function (CDF) of the standard normal distribution.

In contrast to this equation, we will derive a coupled system of Volterra equations which give
both p and g (i.e., not the cumulative distribution). These are in a more standard form without
the nonlinearity ® on the left-hand side and integration over L on the right-hand side, and hence
numerically more amenable.

In Figure 2(a), we plot the loss function # — L,, computed by the methods described in the
remainder of this paper, for different values of «, where o measures the interconnectivity of
the banking system. The losses increase dramatically because of interbank liabilities, which
may even lead to systemic events, here for « larger than around 0.9. Hereby, the rate of losses
increases to infinity, as seen in Figure 2(b) from the large gradient p,(¢, 0) for ¢ immediately
before the blow-up, and then triggers a jump in L,. [51] first gives a rigorous mathematical char-
acterisation of this type of behaviour in their model, and Theorem 1.1 in [23] shows the necessity
of such “blow-ups” for large enough «, depending on the initial distribution (see also [18] for
this property phrased in terms of the Stefan problem), while Theorem 1.1 in [13] gives a detailed
characterisation of the regularity of the solution and conditions for jumps. We note from there
that the derivative of L; may explode without necessarily triggering a jump, and instead the PDE
solution immediately returns to the smooth case.

In this paper, we consider the solution in an initial interval where the loss function is
differentiable. It is well known that if inf{x > 0:m(0, xx) <x} =0, m the initial measure, a
unique classical solution (with continuously differentiable L,) exists for small times under mild
regularity assumptions on the initial density (see [16]).

In the rest of the paper, we will often take the initial distribution as a delta function centred
at some point z and assume that continuous differentiability of L still holds (possibly without
a control on the derivative) in this case. Then, w is continuous and the solutions to (3.1) are
classical, so that the derivations of the integral equations will be justified.
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Lastly, a comparison of the data for the loss function with « =0.1 and o« =0.7 in Figure
2(a), computed by numerical solution (see Section 5.2) of the integral equations derived by the
techniques in Section 5, with the data in Figure 1 (blue curves) for the same values of « and
computed by the particle method in [37] applied directly to the McKean—Vlasov SDE, shows that
they differ only by numerical errors. This provides an empirical verification of the correctness of
the derivations.

4 The method of heat potentials

In this section, we compute the transition density and the first passage density of Brownian
motion with a known time-dependent drift u(#) on the positive semi-axis. The transition
probability density p(, x, z) satisfies the Kolmogorov forward equation (3.1).

We first derive an expression for p(#, x; z) using the method of heat potentials with an unknown
weight function which can be found as a solution of a Volterra equation of the second kind. Next,
we differentiate the expression for p(¢, x; z) with respect to x and take its limit to 0 in order to find
the first passage density of ¥ in (2.1), or, equivalently, g in (3.2). This limit is less well known,
so we calculate it for completeness.

Below we omit z when possible.

4.1 Semi-closed formula for the transition density

Consider the case of a continuous and bounded drift w(¢) on [0, T*].
Let M () = fot 7 (t’) dr', which is a differentiable function on [0, 7*]. The change of variables
p(t,y) =p (t,y — M (¢)) yields the following Cauchy—Dirichlet problem:

- 1.
Pt (tsy)zzpyy (t’y)a y>_M(t)’ t>0>

5(0,)=8(—2), @.1)
p(t,—M () =0.

With the boundary condition p,(f, —M(¢)) = —2/a (dM /dt)(¢), this is the supercooled Stefan
problem (see, e.g., [13, 18]).
In the following, we omit tilde for brevity. We split p from the last equation into

pE&y)=qt,y)+tu,y),

where u is a solution of

1
= —Uy,, eR, >0,
=gt YEREE (4.2)
u(0,y) = 8(x — 2).
The solution of this equation is clearly the heat kernel

)2
€xp (_ o zf) )

u(t,y) = 5
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The corresponding problem for ¢ has the form

1
q: t,y)= 5D ),
q(0,) =0,
q (t, =M (8)) = —u(t, M(2)).

We use the method of heat potentials (see [44, pp. 462—468]). Thereby, we represent g in
the form

(v+M (7)) exp (— Gy

t’ =
0 /0 V2 (t—1t)

) v (¢)dr,

where v is a suitable weight which will be determined to match the boundary condition
Assuming that v (¢) is known, we can revert to the original variables and get

N2
(=W (1)) exp (‘%) exp (— —(X_Mz(?_z)z)
t,x) = t)dtf + , 43
peo= | N v () NerT 43

where W(t, 1) = M(t) — M(?).

By construction, p in (4.3) satisfies the first two equations in (4.1). We also need to satisfy the
boundary condition in (4.1). It is easy to show (see Appendix A) that

= () e (5

2(1=1")
L, :=1lim

x—=0 Jo /27 (t— t/)3

® T (1,f) B (1, 1)
=V —_ —_—
0 21 (t—1)°

> v () dr

v (f)dr.

The requirement lim,_, ¢ p(¢, x) = 0 thus leads to the following Volterra integral equation of the
second kind for v,

M()+2)°
"W (1,1) B (1,1) cxp (‘ 21 )
v()— | —2L =2y (Yal + ———— L, 4.4)
0 V27 (t—1)’ ) 2mt (

where

- /\ \Il([,t/)z /
u(t,t)—exp(—m>, l‘#l,

2,1 =1.
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4.2 Computation of loss rate over boundary

In this section, we compute g(¢) from (3.2), suppressing z, by first differentiating (4.3),

1 ex (_ (= (1))

i [ (- o)

0 (t=1) V2m (t—t)?

2
exp (_ (=M= )

V2

) v (1) df

—(x=M(@® -2

In Appendix A, we show that

L, := lim Ot (1_( _‘I’(f’f’)f)

x—0 (t=1)

exp <_ _(x;Zg,;f)))

V2 (t—=1)}

[ ((1-5) = v ) -vo)
0

V2 (t—1t)

) v (7) dr

[l

=2 (M/ ) — ;> v () + dt.

V2t

Accordingly,

g = (M/ (- \/%t) v (1)

> (4.5)
+ ! /’ ((1 - \I}(gtﬂ)) ) E(t)v(f)—v (t)> e (M (t) +z) exp (_W>
: e t/)3 242783 .

4.3 Direct computation of loss rate

Alternatively, we can represent g (¢) using (3.2) by

) = a4 [~ t,x) d
g()——a,t/0 p (&, x) dx,

so that

N\ 2
d [ o (x=W (7)) exp (_%)
T d

2
d [* exp( (X_Mz(?_Z) )
dx

dt Jo 2t
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i oo . _&
-4/ top (s ) a | vieyar -5 [ o (%) 2>d§

dt W) V1) @t s " Jom

22
A N IO dt’—<M/ (t)—(M(’)+Z)) o (4
dt Jo V2w (1=1) 2t 2t '

As an aside, we can verify easily by direct computation that the two expressions for g agree.
We apply the following lemma, which will also be useful in Section 5.1.

Lemma 4.1 Consider a differentiable function &(t,t') such that E(t,t) = 1. Then,

d (TE)v () PERIC) + viy—(E(nt)=2(—=7¢)E (t,7)) v () dt/
VI =0 Jam Var =)

[ #EE0 20z ke,
0 V2 (t—1) '

Proof See Appendix C. O

We use (4.4) and rewrite the second term in the form

o exp <_ (M(t)+z)2) PP ) E (t 7) v (¢) d.
. v
V2t / \/m

Using the first equality in the lemma, we arrive at the following expression

1
=(M @) - —
g(0= < ® «/ﬁ) ®

. / v(i—(B(L)—2(M @)V (1,7) E(,¢) + (1 —7) Et(t,t’)))v(t’)d
2 Jo V2 (t—1t)}

(M()+2)?
(M () +z) exp (—g—t)
22783 '

+

We notice that

(t—1) 2(t—1)?

M (HW(t,1 7 t,t’z
Et (l, ZJ) — (_ () ( ) + ( ) ) o (l, t/),
so that

E (1) 2 (M O (10) E (1.F) + (1 — 1) & (1.1)) = <1_M> £ (1.1),

from which (4.5) follows.
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4.4 General initial data

We now consider the problem with general initial condition p(0, x) = f(x) in (3.1),

1
P (tx) = %px (1,0) Py (1.3) + 5P (0,2,
p0.x) =1 (),
p@x)=0.

Recalling from the earlier definitions

t t
M@= —a/ g(t)dt, v(,)=M@)-M({), Q1) =/ g (") dr", (4.6)
0 v

we can represent an expression for p (z, x), and equations for v (¢) and g (f) = %px (¢,0), by solv-

ing (4.2) with initial datum f" instead of § by way of convolution. Instead of (4.3)—(4.5), we thus
obtain

—aQ(t,l 2
(=W (1,7)) exp <—%
£,x) =
P& /o V2r (t—t)°
_ (x+asz(t,0)—z’)2>

00 exp( 2
+

0 2t

) v () df

f(Z)dz,

t + t/ dﬂ—i—/ , d/=0’
o+ N O L — )

1 W@Qmm_zpm<4£%ﬁz> |
m)”(’”/o NorT /() d

N2 N2

1 /t (U “- (1 - azg(—t’t))> P <_a22g(2f(t}t’)) > b (t/)> d

) Y =0.
2Jo 2 (t— 1)

Due to the nonlinearity, the solution for different /' cannot simply be found by convolution,
but a different system of equations for v and g must be solved for each f.
As the convolution terms involving f* are non-singular, they would not add substantial numer-

ical difficulties for this Volterra equation. For simplicity, we focus on f(x) =8(x — z) in the
sequel.

g+ (Oég 0+

5 Solution of the McKean—Vlasov equation

Now, for the McKean—Vlasov equation (3.3), we obtain from (4.3) to (4.5) the following.
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Proposition 5.1 If the loss function L is continuously differentiable on [0, t], then

2
exp (_ a=M)=9? )

df + ,
N2t

= v ) exp (-5
tx) = i
Pt /0 NFEITE v (7)

where v and g satisfy the system of integral equations

exp( 5
N2t S

_ (@Q(t0)—2)? )
dr + 0

L a2 (1,7) exp <—a2;(2t(_t’:,/)) 2)
)+ 4
v+ [ —— s ()

22
(@S2 (1,0) — 2) exp (— “20P=27)

(5.1)
242783

g(r)+(ag(r)+\/%m>v<t>+

Ol2 ,/ 2 (12 ’/ 2 ,
| <v () — (1 - (S?g/f)) )exp (__22(;;)) ) v (t))
/ d
0

+ = t =0,
V2r (t—1)}

2

where M, W and €2 are given in (4.6). Moreover, L, = —M(¢)/«.

In Appendix B, we give the explicit solution for special cases, in particular when there is no
feedback, @ = 0, M(¢) = 0. In general, only approximations to the solution can be found. We give
an asymptotic and a numerical approach in the remainder of this section.

5.1 Perturbation solution

We expand the solution of (5.1) formally in powers of a:

W (1,2 (1) = (o (1,80 (1) +a (V1 (1), 81 () +a* (V2 (1), &2 (D) +-- -, (5.2)

which we will truncate after the first two terms. This will give us an analytical expression which
can be expected to be a good approximation for small values of «.

By plugging the formal expansion for (v, g) into (5.1) and collecting the terms of the same
order in «, we get the following systems for (vq (¢), go (t)) and (v; (¢), g1 (¢)):

22
eXp (_Z>

vo (1) + —F—=—=0,

N2t

2

! — / zexp (—%
g()(t)‘}‘#vo(t)-}-l/ Mdf_ﬁzo
't 2 Jo

Vo Var—ry 2o
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290 (£, 0) exp (—z—i)
=0,

roQ(n,t) ,
H+ | ————L—=vy (¥)dr + =
vy (7) | v (7) s

1048

2 (t—1)
1 1 (vi@—=vi ()
0+ Do)+ —=v1 () + 5 | e di
& ()8 o () «/zmvl() 2/0 27 (1 —1)°

2

(1 Zz> Qo (¢,0) exp (—%)

+ - =Y
t 242783

where Q (¢,7) = ftf o (") d’. The equations for gy and g can be written as

), rew(CF)

N+ =0,
s 0 27 (t— t’)3 232783

Qo (¢, 0) exp (—Zz—zt)

o < )
1—— =0.
g1 () +go () vo (1) +/ —2 =7 dr' + ; W 0
Thus, using the results in Appendix B for @ =0,
72 72
eXp (_Z> ZeXp (_Z>
Vo (f)———, g )= ———,
V2rt N2
atn=2o(5)-+(3)
Jt At
72
0 Zexpl— % 0 ,
8_tQO (t,7) 2S”3 ) =go(1), ;Qo (,7) =—go().
Next,
2
rQ / zQ (t,0) exp (—%
V1 (t):— —0 (t’t) Vo (f/) dt/— ( ZI),
2 (t—1)° 2
Z Z 22 Z 22
IO e B eI A R BTG
0 V2 (t—1t) 2t 2783 ’

Q (1, 0) exp (—;—Zt)

“) ., _>
g1 () =—go (D vy (f)—/ mdt (1_ t 232783 ’

where
Qo (£,0) =2 (1 —® (%)) .

2
o 29 (1,0 exp (—27)
vy (t)=— —271 =7 ———L—g0 (/) vo () df — s ,

We can write v; (¢) in the form
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where

o) 2(e(F) - (H) verres (5)
@ b0)= = Z(t—1)

wo (1,0 =1,

, t#EL,

and obtain an expression for vy:

22

- d ' wo(t,1) . d Zgo(t’o)exp<—z)
() =—— | ——====g0(t)vo (') df — —
dt Jo 27 (t—=71) dt 23

To compute the first term of (5.5), we use the second equality in Lemma 4.1 with v(¢) = vo(¢)go(?)
and E(¢,7) = wy(t, 1), to get

(5.5)

omm [ (@2 )0 D,
YT NZaAET0)
d 2z (2,0) exp (—Zz—zt)
ot V2

3Q (6 ; , , 2
_ /<t (( (tf’_(t/)) - Z%Qo (t,t)) Vo (t )>ﬂ e i 2z (1, 0) exp (_Z) 5.6)
0 2 (t—1) dt N ’

3go( Qo , Qolt,! X ,
(38R vy~ (3 250 0) o (1)
o V2 (t—71)

2

Substituting this in the second equation (5.4) yields an expression for g; (¢), which can be
evaluated by numerical integration.

In summary, in the formal expansions (5.2), vy and gy are given by (5.3) and v| and g; are
given by (5.4), where v can be evaluated (without differentiation) by (5.6).

Finally, we evaluate the complexity of the computation of g (¢), the most expensive expression
to compute. Consider numerical quadrature with N points. First, we precompute v () using (5.6);
it can be done in O(N?) operations. Then, we can compute g (¢) using the second equation in (5.4)
with precomputed V() again in O(N?). Thus, the total complexity of the perturbation method
is O(N?).

dr

5.2 Numerical solution

In this section, we present (without convergence analysis) a simple method for the numerical
approximation of the solution to the coupled Volterra equations (5.1). We note that Volterra
equations and their numerical solution are a well-established research field. For a relevant dis-
cussion of the stability and convergence of some methods for equations with a weak singularity
see [43]. Noble [53] discusses possible instabilities of multi-step methods in the presence of weak
singularities.
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A number of papers propose higher-order methods and collocation techniques to improve
the convergence and treat instabilities. For example, Brunner [5] proved the convergence for
a polynomial spline collocation method with quadratures; Kolk et al. [41], Kolk and Pedas
[39] and Kolk and Pedas [40] used a piecewise polynomial collocation method to solve a
Volterra equation with weak singularity and derived optimal global convergence estimates and
a local superconvergence result. An alternative is to consider a special functional basis, such as
Chebyshev polynomials and Bernstein polynomials (see [47, 48], respectively). In both cases,
the approximation leads to a system of linear or nonlinear algebraic equations. Hairer ef al. [21]
developed a method based on fast Fourier transform to reduce the number of kernel evaluations
on an N-point grid from O(N?) to O(N(log N)?).

In this paper, for simplicity, we consider trapezoidal quadrature, with a special treatment of
the interval containing the singularity, to obtain the numerical solution recursively. We divide
the interval [0, 7] into equally spaced subintervals of length A and discretize (5.1) appropriately.
To this end, we assume that v and g are piecewise linear with v(/A) = v; and g(/A) = g;, so that
on the interval [({ — 1) A, [A] we have

b= (A —t)+21 (t—U-1A) vy (v —AVH) (A1),
(A =D+ —(I-DA — g
g(t):gll( ) iz(l =1 ):gl_(gl Agl 1)(1A—t).
Accordingly,

nA 4 J A
Q= g (") dr :3(gl+2gl+1+"'+2gn71+gn):
A

in = Q(n 13} + = (gn + gn— 1)

Inserting in (5.1), the discretised system of equations has the form

ZI exp (— —(aﬂz"fA_z)2> 0

votay T4 —— L =0,
" = ! V2nnA

(5.7)

(@20 — 2) exp ( —(“Q”"A_Z) )

1
+ | ag, + +- ) J'+
8n ( 8n ,—ZJTI/!A) Vn Z / 2 ITIB A

=0.

For a given n, all the relevant integrals 7;, ;, 1| <I < n can be approximated by the trapezoidal
rule (or via more accurate composite formulas, if necessary). Accordingly,

2Q(nat)? ,
IA Q (}’IA, l/) eXp (—%) vV (t)
1z :/ dt
(-na V271 (nA —t)?

22, Q)
1 Quexp ( =5k | v Qua-n exp | — 35k ) Vi

+
87 A (n—10>3"? (n—1+1)>*?

/

(5.8)

%
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o2Q(nAt 2 a2Q(nAt 2 ,
7 IA (Un_ (1—%) exp <—%) v(t)) ]
L /(ll)A V2m (nA — t/)3

azﬂzl azﬂzl
1 v =\ 1= G5 ) xP\ —35x | Vi

V8T A (n—10>?

«2Q? o202
_ (V] — eV
(vn (1 n—+na ) P\ T3emDA | V-l

(n—1+1)>?

and

t/

(5.9)

However, the last two integrals, 7, J), require special care because they have weak
singularities. Consider the integral Z,, which has the form

zx2Q(nA,t/)2
nA Q (nA, l/) exXp (—m

70— /
" Ju-na V27 (nA = 1)}

In view of our piecewise linearity assumption, we have

) v () dr.

Q(nA, 1) =g,T — ‘%rz, (5.10)

where T =nA — ¢. Accordingly,

oz2<g (o) t)zr
) —o n 2A Vp—Vy,_
(gn __&n ZéAn lT) exp | — 5 (vn _ ( n An 1)_[)

A
AL =/ dr.
0 2nt

A standard change of variables 7 = u? yields

_ (gn—gn—l)u2>2 2

2
I" = - /‘2 fﬁ - (8~ gn__l) u? ) ex —a <gn 24
n 7 0 &n 2A p 2

X (vn - Muz) du. (5.11)

A

The latter integral is now non-singular and can be approximated by the trapezoidal rule:

o212

. 1 ( . ( a2F2> ) [A T exp (— M")
;‘% Aguv, + T ex - - Vp— =4\/7—&Vnt+t ———F—Vu1,
2 A g P 2A : 278 2T A 1( )
5.12
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where

A
Fn = 3 (gn +gn71) .

Similarly,

/

t

o2Q(na)? ,
WA <vn—exp<—%>v(t)>
/ d
(

n—1)A V21 (nA —t)?

o?Q(nat)? ,
QA7) exp <_%) v (1) d
t/

T =

+ot2/
(n—1)A (nA — 1) /21 (nA —t')?
— jn,l +a2j”’2

forl=1,...,n—1.
Computing the integrals in 7! and 72, we have (detailed derivations are in Appendix D)

AP v, xp  — Vn = V1), :
SV V7 N G NPT !
and
" 1 oczFﬁ
NS NN (Azgﬁvn +TZexp <— A ) vn_l) . (5.14)
Thus,

o212
oo () a8
gon (e CR) | e atg )

2w A 2w A3

(5.15)

202 22
(1 +exp (— azg,, )) T2 exp (—azg")

Vyel.
2w A V2 A3 l

By using (5.10), we can represent expressions (5.8), (5.9) in a recurrent form, neglecting now
quadrature errors:

o292, 0‘295(171)
1 €2, exp <—m) Vi Qua-1) €Xp <—m Vi1

+
87 A (n— 1" (n—1+1)32

:]]:;l (gl’l| Ul_l! Ul’gl_l) A 9g}’l—1)9
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. 1 1
Ji= («/SnA (n— 1> N (n—1+ 1)3/2> o

o’y ol @’y Q0 )
(1 - (n—l)A) eXp <_ =hA ) Vi | = =a ) &P | —35=7DA

V8T A (n—1)>*? V8T A (n—1+1)>*?

=T (gl vict, v, gi-1s - -, €u—1) = U, + Vi (gul vie, vi, -1, -

By the same token, Z, J" given by (5.12), (5.15) can be written in the form

=T (Vi &l Vi1, 8n1)

= A} (gl gn—1) Vu + B, (&nl Va1, 8n-1),
Ty =d (Vs 8nl V-1, 8n—1)

=U, (gnl gn-1) va + V, (gl V-1, 8n-1) -

In view of the above, system (5.7) can be written as follows:

nel _ (@Qy-2?°

S () 4ol (o) + 25 )
v, + o 7 (@) +al (v, g) + ————= =0,

1 V2mnA

1 1 1
n + |« n + — Vn + = Jn (Vm n) + _J,r,l, (Vna n)
. ( & «/27[nA> 2 ; (Vs En) T g

2
N (a2p0 — z) €Xp (——(m{fA ) ) o
24/2mn3 A3 ’

1053

. agn—l) .

(5.16)

where we suppress explicit dependencies on gy, . .., 2,1, V1, . . . , V,—1 for brevity provided that
21, --,8n—1,V1,---,Vy—1 are given. This system can be solved by using the Newton—Raphson
method, say. As a result, the new pair (v,, g,) can be found and the recurrence advanced by one

more step as required.

If so desired, system (5.16) can be simplified further. We notice that the dependence on v, is

linear, eliminate v, in favour of g, from the first equation,

n—1 eXp(— (agf:;f)
@ (Z Iy (g) + B (g») =

=1

Vy = —

(1 + aAn (g,,))
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(a) (b) 4 10

-0.05 } ——— Method of heat potentials

Analytical solution

-1}
-0.15}
-02|
£-025}

diff

—03}
-0.35}
—04}

-0.45}

-0.5

0 01 02 03 04 05 06 07 08 09 1 0O 01 02 03 04 05 06 07 08 09 1
t t

FIGURE 3. v(?): (a) Numerical and analytical solution for « =0, N = 1000 (visually indistinguishable).
(b) The difference with the exact solution for o« = 0.

and substitute this expression in the second equation, obtaining a scalar recursive nonlinear
equation of the form

n—1
1 n—1 (Olgn + «/271mA + % (Z U;l + UZ (gn)>>
=1
- ( ) -
2

V! (g) + V" (g,
1:21 " (2) + V" (2,) (TTah1 @)

2
& exp (55 (5.17)
o <Z I7 (gn) + B, (gn)> + %

=1

(@S2 — 2) exp (4022 )

=0.
24/27n3 A3

+

6 Numerical tests and results

In this section, we first analyse the convergence (order) of the numerical method, then test the
accuracy of the first-order expansion against the numerical solution, and finally perform param-
eter studies (in «) to investigate the influence of the mean-field interaction on the behaviour of
the solution.

6.1 Numerical method

To demonstrate the performance of the discretisation scheme, we compare in Figures 3 to 5 the
solution with (B.1), the analytical solution, in the case o = 0.

For o > 0, no closed-form solution is available and we therefore use the Euler timestepping
particle method from [37] with sufficiently many particles and timesteps as benchmark.

We illustrate the difference between our method and [37] in Figure 6.
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(a) , ""' (b) 15 X10°

18} Method of heat potentials| |

Analytical solution

g(d

0O 01 02 03 04 05 06 07 08 09 1 0O 01 02 03 04 05 06 07 08 09 1
t t

FIGURE 4. g(#): (a) Numerical and analytical solution for « =0, N = 1000 (visually indistinguishable).
(b) The difference with the exact solution for @ = 0.

(@) (b)

0.7 . . . . . . . . . 7

0.6

0.5

0.4

y

0.3

diff

0.2

0.1

—— Method of heat potentials

Analytical solution

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

t t

FIGURE 5. L,: (a) Numerical and analytical solution for « =0, N = 1000 (visually indistinguishable).
(b) The difference with the exact solution for o« = 0.

We now analyse the convergence order of the discretisation scheme for the Volterra equation
empirically. With N timesteps, the error of the approximation (5.17) is expected to be O(N ')
because the trapezoidal integration in (5.11), (5.13) and (5.14) is on intervals (0, v/A), and the
result is divided by /A after that. We empirically confirm this in Figure 7.

The complexity of our method is O(N?). Hence, in order to achieve precision &, we need
O(e~?) operations. In comparison, the particle method with Brownian bridge in [37] requires
O(e %) operations. The latter could be improved to O(¢ %) by multilevel simulation, but equally
a higher-order method for the Volterra equation would bring the complexity down. Another
advantage of the method above is that we automatically get directly the derivative g of the loss
function, which is harder to obtain in [37] because of Monte Carlo noise.
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(a) 05 (b)  x10

0.7

0.6

0.5

0.4

L

diff

0.3

0.2

0.1

— Particle method
Heat potentials

0

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t

FIGURE 6. Comparison of the numerical solution of L, by Volterra equations (N = 1000) with that of the
particle method in [37] for o = 0.5.

(a) (b)
%  Error Heat potentials %  Error Heat potentials
CN ¥ CN
1072} ] 10°F
*

5 5
wm m

107°f 1 107f

*
102 10° 10°
N N

FIGURE 7. Error in the maximum norm for numerical method in Section 5.2: (a) for g compared to the
exact solution for & = 0; (b) for L compared to the simulation solution for « =0.5.

6.2 Comparison of perturbation and numerical methods

Here, we compare the numerical and perturbation solutions described above. We fix T =1,
z=0.5 and choose N = 1000, the number of grid points, sufficiently large so that the numerical
error is negligible. In Figure 8, we plot g, the hitting time density, computed with numerical and
perturbation methods as well as gy(?), the solution for & = 0, to measure the impact of the nonlin-
ear term, for different values of «. For @ = 0.1, the two solutions are visually indistinguishable;
for @« = 0.3, there is small but visible difference between the solutions, which increases further
for o = 0.5 and arises from the higher-order terms.> For o = 1, where the numerical solution

In our implementation of the perturbation solution, we also perform a scaling to ensure the correct
cumulative density at 7' (which in practice is unknown) to improve the results slightly.
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(b)

25

Pertubative: g(t)

Pertubative: g(t)

Numerical: g(t)

Numerical: g(t)

Analytical: go(t)

Analytical: go(t)

g(t)

0O 01 02 03 04 05 06 07 08 09 1 0O 01 02 03 04 05 06 07 08 09 1
t t

s 90 S reriabative

——— Pertubative: g(t) Portubative: (1)
Numerical: g(t) 80
Analytical: go(t)

Numerical: g(t) |4

Analytical: go(t)

70t
60 |
50
40t
30+
20+
T
0 =

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t

FIGURE 8. Comparison of the numerical and perturbative methods for different values of «.: (a) « =0.1;
(b) «=0.3; (c) «a=0.5; (d) «=1. For visibility, we take N =100 in the numerical method in the
last plot.

shows a jump in the loss function at around #= 0.1, the first-order expansion approximation
breaks down.

6.3 Parameter studies

We now assess the impact of the mean-field interaction by varying the parameter «.

We fix T'=1,z=0.5 and choose N = 1000, the number of the grid points. Figure 9 demon-
strates the behaviour of v(¢) and g(¢) for different values of «, starting with o« =0; for L,,
including a case with discontinuity, see already Figure 2.

To illustrate the impact of the interaction further, we consider the expectation and variance
of the default time depending on «. Since the expectation is infinite, we restrict it to the inter-
val (0, T), i.e., consider E[t|t < T and V[t|t < T]. These expectations must be finite for any

fixed T and go to infinity when 7' — oo. The conditional density is then pr|; <r(¢) = % for
o pr(s)ds
t € [0, T]. Using this, one can easily evaluate the moments numerically. We present the results

in Figure 10. As expected, we observe that the expected default time and its variance become
smaller with increasing of «, and grow with increasing 7.
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(@) (b)
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0O 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t

FIGURE 9. (a) v(?) for different values of «. (b) g(#) for different values of a. Both computed by solving
(5.1) via numerical method.

(a)

E[r] 7<T]

0.5

0 01 02 03 04 05 06 07 08

0O 01 02 03 04 05 06 07 08
a

FIGURE 10. (a) and (b): E[t|t < TT; (c) and (d) V[z|t < T] for different values of « and 7.
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7 Conclusion

We have developed a semi-analytical approach to finding the density of interacting particles
where their common downwards drift increases in magnitude when particles hit a lower bound-
ary, thus creating a positive feedback effect. This leads to a nonlinear and nonlocal parabolic
equation. Using the method of heat potentials, we derived an equivalent coupled system of
Volterra integral equations and solved it numerically, or by expansion for a small interaction
parameter «. We confirmed empirically the convergence of order 1 of the numerical method and
demonstrated its better complexity in comparison to the particle method in [37]. There are strik-
ing financial implications as the computations uncover, in a very simplified setting, how mutual
liabilities accelerate defaults of individual banks.

This paper raises several open questions. The numerical method for the system of Volterra
equations can be improved using the methods we described at the beginning of Section 5.2; one
can potentially analyse the convergence of the method for the blow-up case. Another interesting
direction is to study a model with common noise as in [24, 42] using the method of heat poten-
tials. Lastly, it would be interesting to investigate an extension of the current paper for more
complicated diffusion equations such as those in [9, 51].

Acknowledgements

We thank Ben Hambly, Andreas Sojmark and Sam Howison for discussions on the theoretical
properties of their model and its link to the Stefan problem. We also thank two anonymous
referees for very helpful comments which have led to improvements of the manuscript.

Conflicts of interest

None.

References

[1] ADDISON,J., HOWISON, S. D. & KING, J. (2006) Ray methods for free boundary problems. Q. App!.
Math. 64(1), 41-59.

[2] ANTONELLI, F., KOHATSU-HIGA, A. (2002) Rate of convergence of a particle method to the
solution of the McKean—Vlasov equation. Ann. Appl. Probab. 12(2), 423-476.

[3] BORKAR, V. & SURESH KUMAR, K. (2010) McKean—Vlasov limit in portfolio optimization.
Stochastic Anal. Appl. 28(5), 884-906.

[4] Bossy, M. & TALAY, D. (1997) A stochastic particle method for the McKean-Vlasov and the
Burgers equation. Math. Comput. 66(217), 157-192.

[5] BRUNNER, H. (1985) The numerical solution of weakly singular Volterra integral equations by
collocation on graded meshes. Math. Comput. 45(172), 417-437.

[6] BuJok, K. & REISINGER, C. (2012) Numerical valuation of basket credit derivatives in structural
jump-diffusion models. J. Comput. Finance 15(4), 115.

[7] BusH, N., HAMBLY, B. M., HAWORTH, H., JIN, L. & REISINGER, C. (2011) Stochastic evolution
equations in portfolio credit modelling. SIAM J. Financial Math. 2(1), 627-664.

[8] CACERES, M. J,, CARRILLO, J. A. & PERTHAME, B. (2011) Analysis of nonlinear noisy integrate
& fire neuron models: blow-up and steady states. J. Math. Neurosci. 1(1), 7.

[91 CARRILLO, J. A., GONZALEZ, M. D. M., GUALDANI, M. P. & SCHONBEK, M. E. (2013) Classical
solutions for a nonlinear Fokker—Planck equation arising in computational neuroscience. Commun.
Partial Differ. Equ. 38(3), 385-409.

https://doi.org/10.1017/50956792519000342 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792519000342

1060 A. Lipton et al.

[10] DAVID, A. & LEHAR, A. (2014) Why are banks highly interconnected? Available at SSRN
1108870.

[11] DELARUE, F., INGLIS, J., RUBENTHALER, S. & TANRE, E. (2015a) Global solvability of a
networked integrate-and-fire model of McKean—Vlasov type. Ann. Appl. Probab. 25(4), 2096-2133.

[12] DELARUE, F., INGLIS, J., RUBENTHALER, S. & TANRE, E. (2015b) Particle systems with a singu-
lar mean-field self-excitation. Application to neuronal networks. Stochastic Processes Appl. 125(6),
2451-2492.

[13] DELARUE, F., NADTOCHIY, S. & SHKOLNIKOV, M. (2019) Global solutions to the supercooled
Stefan problem with blow-ups: regularity and uniqueness. arXiv preprint arXiv:1902.05174.

[14] DEWYNNE, J. N., HOWISON, S. D., OCKENDON, J. R. & XIE, W. (1989) Asymptotic behavior of
solutions to the Stefan problem with a kinetic condition at the free boundary. ANZIAM J. 31(1),
81-96.

[15] EISENBERG, L. & NOE, T. H. (2001) Systemic risk in financial systems. Manage. Sci. 47(2),
236-249.

[16] FASANO, A., PRIMICERIO, M. & HADELER, K. P. (1983) A critical case for the solvability of
Stefan-like problems. Math. Methods Appl. Sci. 5(1), 84-96.

[17] FASANO, A., PRIMICERIO, M., HOWISON, S. D. & OCKENDON, J. R. (1989) On the singularities
of one-dimensional Stefan problems with supercooling. In: Mathematical Models for Phase Change
Problems, International Series of Numerical Mathematics Vol. 88, Birkhduser, Basel, pp. 215-226.

[18] FASANO, A., PRIMICERIO, M., HOWISON, S. D. & OCKENDON, J. R. (1990) Some remarks on the
regularization of supercooled one-phase Stefan problems in one dimension. Q. Appl. Math. 48(1),
153-168.

[19] GOBET, E. & PAGLIARANI, S. (2018) Analytical approximations of non-linear SDEs of McKean—
Vlasov type. J. Math. Anal. Appl. 466(1), 71-106.

[20] GOTZ, L. G., PRIMICERIO, M. & VELAZQUEZ, J. J. L. (2002) Asymptotic behaviour (# — +0) of
the interface for the critical case of undercooled Stefan problem. Atti della Accademia Nazionale
dei Lincei. Classe di Scienze Fisiche, Matematiche e Naturali. Rendiconti Lincei. Matematica e
Applicazioni 13(2), 143-148.

[21] HAIRER, E., LUBICH, C. & SCHLICHTE, M. (1985) Fast numerical solution of nonlinear Volterra
convolution equations. SIAM J. Sci. Stat. Comput. 6(3), 532-541.

[22] HAII-ALL A.-L. & TEMPONE, R. (2018) Multilevel and multi-index Monte Carlo methods for the
McKean—Vlasov equation. Stat. Comput. 28(4), 923-935.

[23] HAMBLY, B., LEDGER, S. & SOIJMARK, A. (2019) A McKean—Vlasov equation with positive
feedback and blow-ups. Ann. Appl. Probab. 29(4), 2338-2373.

[24] HAMBLY, B. & SOJMARK, A. (2019) An SPDE model for systemic risk with endogenous
contagion. Finance Stoch. 23(3), 535-594.

[25] HAWORTH, H. & REISINGER, C. (2007) Modeling basket credit default swaps with default
contagion. J. Credit Risk 3(4), 31-67.

[26] HAWORTH, H., REISINGER, C. & SHAW, W. (2008) Modelling bonds and credit default swaps
using a structural model with contagion. Quant. Finance 8(7), 669-680.

[27] HERRERO, M. A. & VELAZQUEZ, J. J. L. (1996) Singularity formation in the one-dimensional
supercooled Stefan problem. Eur. J. Appl. Math. 7(2), 119-150.

[28] HOWISON, S. D., OCKENDON, J. R. & LACEY, A. A. (1985) Singularity development in moving-
boundary problems. Q. J. Mech. Appl. Math. 38(3), 343-360.

[29] HowisoN, S. D. & XIE, W. (1989) Kinetic undercooling regularisation of supercooled Stefan
problems. In: Mathematical Models for Phase Change Problems, International Series of Numerical
Mathematics, Vol. 88, Birkhéuser, Basel, pp. 215-226.

[30] HUANG, M., MALHAME, R. P., CAINES, P. E., ET AL. (2006) Large population stochas-
tic dynamic games: closed-loop McKean—Vlasov systems and the Nash certainty equivalence
principle. Commun. Inf. Syst. 6(3), 221-252.

[31] IcHIBA, T., LUDKOVSKI, M. & SARANTSEV, A. (2019). Dynamic contagion in a banking system
with births and defaults. Ann Finance 15(4), 489-538.

[32] ITKIN, A. & LIPTON, A. (2015) Efficient solution of structural default models with correlated jumps
and mutual obligations. Int. J. Comput. Math. 92(12), 2380-2405.

https://doi.org/10.1017/50956792519000342 Published online by Cambridge University Press


arXiv:1902.05174
https://doi.org/10.1017/S0956792519000342

Semi-analytical solution of a McKean—Vlasov equation 1061

[33] ITKIN, A. & LIPTON, A. (2017) Structural default model with mutual obligations. Rev. Derivatives
Res. 20, 15-46.

[34] KAc, M. (1956) Foundations of kinetic theory. In: Proceedings of the Third Berkeley Symposium
on Mathematical Statistics and Probability, Vol. 3, University of California Press Berkeley and Los
Angeles, California, pp. 171-197.

[35] KAUSHANSKY, V., LIPTON, A. & REISINGER, C. (2018a) Numerical analysis of an extended
structural default model with mutual liabilities and jump risk. J. Comput. Sci. 24, 218-231.

[36] KAUSHANSKY, V., LIPTON, A. & REISINGER, C. (2018b) Transition probability of Brownian
motion in the octant and its application to default modelling. Appl. Math. Finance. 25(5-6), 435—
465.

[37] KAUSHANSKY, V. & REISINGER, C. (2019) Simulation of particle systems interacting through
hitting times. Discrete Continuous Dyn. Syst. Ser. B, 24(10): 5481-5502.

[38] KING, J. R. & EVANS, J. D. (2005) Regularization by kinetic undercooling of blow-up in the ill-
posed Stefan problem. SIAM J. Appl. Math. 65(5), 1677-1707.

[39] KOLK, M. & PEDAS, A. (2009) Numerical solution of Volterra integral equations with weakly
singular kernels which may have a boundary singularity. Math. Modell. Anal. 14(1), 79-89.

[40] KoLK, M. & PEDAS, A. (2013) Numerical solution of Volterra integral equations with singularities.
Front. Math. China 8(2), 239-259.

[41] KOLK, M., PEDAS, A. & VAINIKKO, G. (2009) High-order methods for Volterra integral equations
with general weak singularities. Numer. Funct. Anal. Optim. 30(9-10), 1002—-1024.

[42] LEDGER, S. & SOIMARK, A. (2018) At the mercy of the common noise: blow-ups in a conditional
McKean—Vlasov problem. arXiv preprint arXiv:1807.05126.

[43] LiNz, P. (1985) Analytical and Numerical Methods for Volterra Equations. SIAM Philadelphia.

[44] LipTON, A. (2001) Mathematical Methods For Foreign Exchange: A Financial Engineer’s
Approach. World Scientific Publishing, Singapore.

[45] LipTON, A. (2016) Modern monetary circuit theory, stability of interconnected banking net-
work, and balance sheet optimization for individual banks. Int. J. Theor. Appl. Finance 19(6).
doi: 10.1142/S0219024916500345.

[46] LipTON, A. & SEPP, A. (2009) Credit value adjustment for credit default swaps via the structural
default model. J. Credit Risk 5(2), 123—146.

[47] MALEKNEJAD, K., HASHEMIZADEH, E. & EZZATI, R. (2011) A new approach to the numerical
solution of Volterra integral equations by using Bernstein’s approximation. Commun. Nonlinear
Sci. Numer. Simul. 16(2), 647-655.

[48] MALEKNEJAD, K., SOHRABI, S. & ROSTAMI, Y. (2007) Numerical solution of nonlinear Volterra
integral equations of the second kind by using Chebyshev polynomials. Appl. Math. Comput.
188(1), 123-128.

[49] MCKEAN, H. P. (1966) A class of Markov processes associated with nonlinear parabolic equations.
Proc. Nat. Acad. Sci. 56(6), 1907-1911.

[50] MERTON, R. C. (1974) On the pricing of corporate debt: the risk structure of interest rates. J.
Finance 29(2), 449-470.

[51] NADTOCHIY, S. & SHKOLNIKOV, M. (2019) Particle systems with singular interaction through
hitting times: application in systemic risk modeling. 29(1), 89—129.

[52] NADTOCHIY, S. & SHKOLNIKOV, M. (2018) Mean field systems on networks, with singular
interaction through hitting times. arXiv preprint arXiv:1807.02015.

[53] NOBLE, B. (1969) Instability when solving Volterra integral equations of the second kind by
multistep methods. In: Conference on the Numerical Solution of Differential Equations, Springer,
pp- 23-39.

[54] OLEINIK, O. A., PRIMICERIO, M. & RADKEVICH, E. V. (1993) Stefan-like problems. Meccanica
28(2), 129-143.

[55] PESKIR, G. (2002) On integral equations arising in the first-passage problem for Brownian motion.
J. Integral Equ. Appl. 14(4), 397-423.

[56] REIs, G. D., SMITH, G. & TANKOV, P. (2018) Importance sampling for McKean-Vlasov SDEs.
arXiv preprint arXiv:1803.09320.

https://doi.org/10.1017/50956792519000342 Published online by Cambridge University Press


arXiv:1807.05126
https://doi.org/10.1142/S0219024916500345
arXiv:1807.02015
arXiv:1803.09320
https://doi.org/10.1017/S0956792519000342

1062 A. Lipton et al.

[57] RICKETSON, L. (2015) A multilevel Monte Carlo method for a class of McKean—Vlasov processes.
arXiv preprint arXiv:1508.02299.

[58] RUBINSTEIN, L. I. (1971) The Stefan Problem, Translations of Mathematical Monographs, Vol. 27,
American Mathematical Society, Providence, RI.

[59] SzprucH, L., TAN, S. & TSE, A. (2017) Iterative particle approximation for McKean—Vlasov
SDEs with application to Multilevel Monte Carlo estimation. arXiv preprint arXiv:1706.00907.

[60] TIKHONOV, A. N. & SAMARSKII, A. A. (1963) Equations of Mathematical Physics. Dover
Publications, New York. English Translation.

[61] WATSON, N. A. (2012) Introduction to Heat Potential Theory, Mathematical Surveys and
Monographs, Vol. 182. Providence, Rhode Island.

Appendix A. Derivation of limits in Section 4
We start with (4.1). We split IL; into two parts,
L;=L{" - LY
where

(v (1))’
1 oo (-45¢5")
LY = lim | x v(f)dt |,
x>0 0 2 (t—1)?

WV (1,7) exp (—(x_z\(pt(—t;/)))z)
v (t’) dr.

L% = lim

x—=0 Jo /2 (t— t/)3
We represent v (') =v (t) + (v () — v (1)) and write
(v ())?
. ¢ XP <_W>
L" = lim | xv (1) / dt
x— 0

V2 (t—1)}

o (Lpt?

i 2(1—1") ) p
+ )—v (@) df
lim | x | P (v () —v©®)

, eXp (— —(x_z\(p,(tj/)))z)
=v (@) lim | x df

=0 Jo 2m@—r)

since the second integral converges. We use the change of variables ¢ — ¢ = x?u, so that

exp < (xq}(t’t,)y) 2
, ST e 12 e (— L % exp (L
lim | x dr =1im/ Mdu:/ e (“20) 4y
x>0 0o V2m(@-1)? x=0Jo N2mud 0o 2mid

The first equality is valid since W(z, ') is differentiable on [0, 7*].
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Since the second integral converges, it is clear that
"Wt )E (4,7
]L?) = MU (l/) dr.
0 27 (t—1)
Thus, (4.1) is valid.

The second limit I, in (4.2) is less standard and more difficult to evaluate. We introduce a
non-singular function ¢,

W (t,1 , ,
¢ (1,1)= t(_t/), t#1, o t,)=M (1),
and write
L, = lim ’(1 X () - (r) (t—t/)>
270 o (r—1) ’ ’
Xz / [ /
P <_2(f—f’) e (t’t)) 2(t.r) (¢) ar
X v 5
V2 (t—1t)
=L + LY 421 — LY,
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‘ exp( e t/) + 2x¢ (1, t)) E(r1)
L(3) =1 / ‘ /¢ ( ¢ dl/,
2 m x 0 ¢( ) m l)( )
‘ , €xp (—% +x¢ (2, ﬂ)) E(1,7)

@ __1; /
Ly"=lim | (1) =)

x—0

v () dr.

We have

exp s + 2x¢ (1,1
L(l) —111’11\} (I)/ < ) ( 2( ) ( )) dr
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=—2v (¢) 1iml e (1—27) eXP(—_%Z) dv
x—=>0Xx Jo 27T

2
= v (t))

N2t

where (t - t’) =u, u=1/v* and we have used the fact that

/Ow(l—vz)ﬁdvzo.

Var
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Further,
‘ 2 exp ~ 4 2x¢ (1, t))
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y 1 exp (——2(;‘:,) + 2x¢ (1, t/))
sy V2 (1= 1)}
_[E0 ),
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where we have dropped the higher-order x?> term in the integral in the second line,
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¢ exp( S+ 2x¢ (¢, t))
LY =1 / 1 - t) E(t,!)v({) d
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and
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Finally,
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as stated.

Appendix B. Special cases

For illustration, we work out the solution from the formula obtained in Section 4 for two spe-
cial cases which are also accessible by the standard reflection principle for Brownian motion or
method of images for parabolic equations.
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B.1 M(H)=0
When M (f) =0, we get

72
€Xp (— 5)

———"=0
v()+ Nirz ,
g+ : v(t)_|_l/t (v —v(r)) dt/_zexp (_ZZ_ZI> _
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Integration by parts of the second equation and use of the first yields
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as expected.

B2 M(t)= ut
When M (¢) = ut, we get
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Taking the Laplace transform of the first equation in (B1), we have
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Hence,
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The inverse Laplace transform of d(s) can be found analytically, but we do not need it to compute
g(#). Consider the second equation of (B1). The first integral can be rewritten as

1 t 1 Mz(t _ l‘,) )
7 h (o (-*57)r ) v0)
1 t /Lz(t _ t/) / 1
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Thus,
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Taking Laplace transform of the last equation, we get
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The inverse Laplace transform yields the final expression for g(¢)
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as expected.
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Appendix C. Proof of Lemma 4.1

Proof of Lemma 4.1 We start with the first term and judiciously use integration by parts several
times to get

4pEE)O)
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Appendix D. Derivation of 7™! and 72

We have
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