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MEAN AND VARIANCE OF BALANCED POLYA URNS
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Abstract

It is well-known that in a small Pélya urn, i.e., an urn where the second largest real part
of an eigenvalue is at most half the largest eigenvalue, the distribution of the numbers
of balls of different colours in the urn is asymptotically normal under weak additional
conditions. We consider the balanced case, and then give asymptotics of the mean
and the covariance matrix, showing that after appropriate normalization, the mean and
covariance matrix converge to the mean and covariance matrix of the limiting normal
distribution.
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1. Introduction

A (generalized) PSlya urn contains balls of different colours. A ball is drawn at random from
the urn, and is replaced by a set of balls that depends on the colour of the drawn ball. (Moreover,
the replacement set may be random, with a distribution depending on the drawn colour). This
is repeated an infinite number of times, and we are interested in the asymptotic composition
of the urn. For details, and the assumptions used in the present paper, see Section 2; for the
history of Pdlya urns, see e.g. [24].

It is well-known, and proved under various conditions in a number of papers by a variety
of authors (see e.g. [19, Theorems 3.22-3.24]), that the asymptotic behaviour depends on the
eigenvalues of the intensity matrix of the urn, defined in (2.5) below, and in particular on the
two largest (in real part) eigenvalues, A1 and A>. If Re A < %M (a small urn), then, under some
assumptions (including some version of irreducibility), the number of balls of a given colour
is asymptotically normal, while if Re 1, > %)\1 (a large urn), then this is not true: there are
(again under some assumptions, and after suitable normalization) limits in distribution, but the
limiting distributions have no simple description and are (typically, at least) not normal; fur-
thermore, there may be oscillations so that suitable subsequences converge in distribution but
the full sequence does not. Another difference is that for a small urn, the limit is independent
of the initial state, and therefore independent of what happens in any fixed finite set of draws
(i.e., the limit theorem is mixing; see [1, Proposition 2]), while for a large urn, on the contrary,
there is an almost sure (a.s.) limit result and thus the limit is essentially determined by what
happens early in the process.

For large urns, assuming that the urn is balanced (see Section 2), Pouyanne [29] proved a
limit theorem which shows such an a.s. result and also shows convergence in L for any p, and
thus convergence of all moments.
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For small urns, however, less has been known about moment convergence in general.
Balanced deterministic urns with two colours were considered already by Bernstein [9, 10],
who both showed the asymptotic normality in the small urn case and gave results on mean
and variance; Savkevitc [30] also considered this urn and studied the mean and variance and,
moreover, the third and fourth moments. Bagchi and Pal [5] (independently, but 45 years later)
gave another proof of asymptotic normality for balanced deterministic small urns with two
colours, by using the method of moments and thus proving moment convergence as part of
the proof. Bai and Hu [6, 7], who consider an arbitrary number of colours and allow random
replacements (under somewhat different conditions than ours, allowing also time-dependent
replacements), show asymptotic results for the mean and (co)variance as part of their proofs of
asymptotic normality for small urns, using the same decomposition of the covariance matrix
as in the present paper; however, these results are hidden inside the proof and are not stated
explicitly. More recently, Janson and Pouyanne [21] proved explicit results on asymptotics of
mean and variance, and also higher central moments of arbitrary order, for irreducible small
urns; the method there combined the known result on asymptotic normality in this case, and
moment estimates by the method in [29], leading to uniform integrability.

Note that asymptotics of mean and variance often are of interest in applications, comple-
menting results on convergence in distribution. (In some applications, results on mean and
variance have been proved separately by other methods.) Moreover, although not surprising,
it is satisfying to know that in a case where a central limit theorem holds, the mean and vari-
ance also converge as suggested by this central limit theorem. In particular, loosely speaking,
the variance of the number of balls of a given colour is asymptotic to the asymptotic vari-
ance. Furthermore, for this random number, the standard normalization by mean and standard
deviation yields convergence to a standard normal distribution.

The main purpose of the present paper is to give explicit asymptotics for the first and sec-
ond moments for a balanced small urn by an elementary direct method. (Our assumptions are
somewhat weaker than in [21]; we do not assume that a central limit theorem holds, and also
some non-normal cases are included; see Remark 3.2.) We also include a simple result on non-
degeneracy of the limit (Theorem 3.5). Precise statements are given in Section 3. Some results
(e.g. Theorem 3.1 and the lemmas in Sections 5 and 6) apply also to large urns.

Our method is closely related to the one used by e.g. [6, 7]; it is also related to the method of
[29] and [21], but substantially simpler. The main idea (which has been used in various forms
earlier, in particular by [6, 7] is that the drawing of a ball and the subsequent addition of a set
of balls, at time k, say, influences the composition of the urn at a later time n not only directly
by the added balls, but also indirectly since the added balls change the probabilities for later
draws. By including the expectation of these later indirect effects, we find the real effect at
time n of the draw at time k, and we may write the composition at time » as the sum, for k < n,
of these contributions; see (4.11). The contributions for different k are orthogonal, and thus the
variance can be found by summing the variances of these contributions.

Another purpose of the present paper is to demonstrate in detail this elementary method and
how it can be used to obtain important results. We believe that although the method is closely
related to earlier proofs in e.g. [6; 7; 17], making the decomposition (4.11) explicit illuminates
both the proofs and the general behaviour of Pdlya urns, in particular the difference between
large and small urns. See the comments in Section 8.

Section 2 gives definitions and introduces the notation. Section 3 contains the statements
of the main results, which are proved in Sections 4—6. Section 7 presents some applications,
and Section 8 contains some further comments on where the variance comes from, i.e., which
draws are most important, and the difference between small and large urns. The appendices
give some further, more technical, results.

https://doi.org/10.1017/apr.2020.38 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.38

1226 S. JANSON

Remark 1.1. We consider in the present paper only the mean and (co)variance. As stated
above, similar results on convergence of higher moments for balanced small urns are given
in [21] (under somewhat more restrictive assumptions than in the present paper), by another
method, based on showing uniform integrability. (An anonymous referee of the first version of
the present paper has suggested another, simpler, way to show uniform integrability; this can
be used to simplify the proofs in [21].)

Itis possible that the method in the present paper can be extended to handle higher moments
too, but we do not see any immediate extension. On the other hand, for the first and second
moments, the present method seems simpler, and perhaps also more informative, than the one
in [21].

Problem 1.1. In the present paper, we consider only balanced urns. We leave it as a challenging
open problem to prove (or disprove?) similar results for non-balanced urns.

2. Pélya urns

2.1. Definition and assumptions

A (generalized) PSlya urn process is defined as follows. (See e.g. Mahmoud [24], Johnson
and Kotz [23], Janson [19], Flajolet, Gabarré and Pekari [14] and Pouyanne [29] for the history
and further references, as well as some different methods used to study such urns.) There are
balls of g colours (types) 1, ..., g, where 2 < g < 0o. The composition of the urn at time 7 is
given by the vector X, = (X1, . . ., Xppg) € [0, 00)9, where X,,; is the number of balls of colour i.
The urn starts with a given vector Xo, and evolves according to a discrete-time Markov process.
Each colour i has an activity (or weight) a; > 0, and a (generally random) replacement vector
& =, ..., &) Ateach time n+ 1 > 1, the urn is updated by drawing one ball at random
from the urn, with the probability of any ball proportional to its activity. Thus, the drawn ball
has colour i with probability

_aiXni .1
2 a4 Xnj
If the drawn ball has type i, it is replaced together with AX,;; balls of type j,j =1, ..., n, where
the random vector AX,, = (AXp1, . . ., AX,4) has the same distribution as &; and is independent

of everything else that has happened so far. Thus, the urn is updated to X;,+1 = X, + AX,.

In many applications, the numbers X;,; and &;; are integers, but that is not necessary; it has
been noted several times that the Pélya urn process is well-defined also for real Xy,; and &,
with probabilities for the different replacements still given by (2.1); see e.g. [6], [8, p. 126],
[19, Remark 4.2], [20, Remark 1.11], and [29], and the earlier [22] for the related case of
branching processes; the ‘number of balls’ X,;; may thus be any non-negative real number.
(This can be interpreted as the amount (mass) of colour i in the urn, rather than the number
of discrete balls.) The replacements &;; are thus random real numbers. We allow them to be
negative, meaning that balls may be subtracted from the urn. However, we always assume that
Xo and the random vectors &; are such that, for every n > 0, a.s.

each X;,; >0 and Z a; X, >0, 2.2)
i
so that (2.1) really gives meaningful probabilities (and the process does not stop due to lack
of balls to be removed). An urn with such initial conditions and replacement rules is called
tenable.
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Remark 2.1. A sufficient condition for tenability, which often is assumed in other papers
(sometimes with simple modifications), is that all &; and Xo; are integers with &; > 0 for j # i
and &;; > —1 (this means that we may remove the drawn ball but no other ball), and further-
more, for example, Zj a;§;; > 0 a.s. (meaning that the total activity never decreases); then the
urn is tenable for any Xy with non-zero activity. This is satisfied in most applications we know
of, but not all; see Remark 7.1 for a different example. We shall not assume this condition in

the present paper, unless explicitly stated.

Remark 2.2. In all applications that we know of, each &; is a discrete random vector, i.e. it
takes only a countable (usually a finite) number of different values. This is not necessary,
however; the results below hold also if, e.g., some &;; is continuous.

We assume, for simplicity, that the initial composition Xy is deterministic.

Remark 2.3. The results are easily extended to the case of random X by conditioning on X)),
but that may require some extra conditions or minor modifications in some of the statements,
which we leave to the reader.

The Pélya urn is balanced if
> aEi=b>0 (2.3)
J

(a.s.) for some constant b and every i. In other words, the added activity after each draw is
fixed (non-random and not depending on the colour of the drawn ball). This implies that the
denominator in (2.1) (which is the total activity in the urn) is deterministic for each n; see
(4.9). This is a significant simplification, and is assumed in many papers on Pélya urns. (One
exception is [19], which is based on embedding in a continuous-time branching process and
stopping at a suitable stopping time, following [3]; this method does not seem to easily give
information on moments and is not used in the present paper.)

Remark 2.4. We exclude the case b =0, which is quite different; a typical example is a
Markov chain, regarded as an urn always containing a single ball.

We shall assume that the urn is tenable and balanced; this is sometimes repeated for
emphasis.

We also assume (2.9) below; as discussed in Remark 2.6 and Appendix A, this is a very
weak assumption needed to exclude some trivial cases allowed by our definition of tenable; by
Lemma A.1 it is sufficient to assume that every colour in the specification actually may occur
in the urn, which always can be achieved by eliminating any redundant colours.

Finally, in order to obtain moment results, we assume that the replacements have second

moments:

Et} < oo, ij=1,...,q. (2.4)
It follows that every X,, has second moments, so the covariance matrix Var (X},) is finite for
each n.

Remark 2.5. In the tenable and balanced case, the assumption (2.4) is almost redundant. First,
although there might be negative values of &;;, we assume that the urn is tenable. Hence, given
any instance (xi, ..., x;) of the urn that may occur with positive probability as some X, we
have &;; > —x; a.s. for every i and j such that a;x; > 0. In particular, if every a; > 0, and every
colour may appear in the urn, then each &;; is bounded below. Furthermore, still assuming a; > 0
for each i, this and (2.3) implies that each &;; also is bounded above; hence &;; is bounded and
has moments of any order.
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2.2. Notation

We regard all vectors as column vectors. We use standard notation for (real or complex)
vectors and matrices (of sizes ¢ and g x g, respectively), in particular ’ for transpose, * for
Hermitian conjugate, and - for the standard scalar product; thus u-v=u'v for any vectors
u,veR9. We let || || denote the standard Euclidean norm for vectors, and the operator norm
(or any other convenient norm) for matrices.

Leta:=(ay, ..., aq)’ be the vector of activities. Thus, the balance condition (2.3) can be
written a - &, = b.

The intensity matrix of the Pélya urn is the ¢ x g matrix

A= (G Bg)] - 2.5)
(Note that, for convenience and following [19], we have defined A so that the element (A);; is
a measure of the intensity of adding balls of colour i coming from drawn balls of colour j; the
transpose matrix A’ is often used in other papers.) The intensity matrix A with its eigenvalues
and eigenvectors has a central role for asymptotical results.

Let o(A) (the spectrum of A) be the set of eigenvalues of A.

We shall use the Jordan decomposition of the matrix A in the following form. There exists a
decomposition of the complex space C? as a direct sum €D, E) of generalized eigenspaces E;,
such that A — Al is a nilpotent operator on Ej ; here A ranges over the set o (A) of eigenvalues
of A. (I is the identity matrix of appropriate size.) In other words, there exist projections P;,
A € 0(A), that commute with A and satisfy

Y P=1, (2.6)
rea(A)
AP, = PyA = P, + N, 2.7)

where N, = PN, = N, P, is nilpotent. Moreover, P, P, =0 when A # 1. We let vy >0 be
the integer such that N;fA # 0 but N;”H = 0. (Equivalently, in the Jordan normal form of A,
the largest Jordan block with A on the diagonal has size v, + 1.) Hence v, =0 if and only if
N, =0, and this happens for all A if and only if A is diagonalizable, i.e. if and only if A has
a complete set of g linearly independent eigenvectors. (In the sequel, A will always denote an
eigenvalue. We may for completeness define Py = N, =0 for every A ¢ 0 (A).)

The eigenvalues of A are denoted A1, ..., A, (repeated according to their algebraic multi-
plicities); we assume that they are ordered with decreasing real parts, Re Ay >Re A > ...,
and furthermore, when the real parts are equal, in order of decreasing v; := V- In particular, if
A1 > Re A3, then v; < v; for every eigenvalue A; with Re A; =Re A;.

Recall that the urn is called small if Re Ay < %)\ 1 and large if Re 1» > %)\ 1; the urn is strictly
small if Re Ay < $1.1.

In the balanced case, by (2.5) and (2.3),

9 q
A= (Z a"(A)"f) I (Z ai“i]Eéﬁ)j = (a/E(a - &)), = ba"; (2.8)
i=1 i=1

i.e., d is a left eigenvector of A with eigenvalue b. Thus b € o(A). We shall assume that,
moreover, b is the largest eigenvalue, i.e.,

A =b. 2.9)
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Remark 2.6. In fact, (2.9) is a very weak assumption. For example, if each &; > 0, then A is
a matrix with non-negative elements, and since the eigenvector @’ is non-negative, (2.9) is a
consequence of the Perron—Frobenius theorem. The same holds (by considering A + ¢I for a
suitable ¢ > 0) under the assumption in Remark 2.1. Under our, more general, definition of
tenability, there are counterexamples (see Example A.1), but we show in Appendix A that they
are so only in a trivial way, and that we may assume (2.9) without real loss of generality.
(Of course, the proof of Lemma A.1, which uses Lemma 5.4, does not use the assump-
tion (2.9).)

We shall in our theorems furthermore assume that Re A, < A (and often more), and thus
that A} = b is a simple eigenvalue. There are thus corresponding left and right eigenvectors u)
and v that are unique up to normalization. By (2.8), we may choose u; = a. Furthermore, we
let vi be normalized by

uy-vi=a-vi=1. (2.10)

Then the projection Py, is given by
Py, =v1u/1. (2.11)

Consequently, in the balanced case, for any vector v € RY,
Py v=viujv=vid'v=(a-vvi. (2.12)

Remark 2.7. The dominant eigenvalue 1] is simple, and Re A < A1 if, for example, the matrix
A is irreducible, but not in general. A simple counterexample is the original Polya urn (see
Markov [26], Eggenberger and P6lya [13], and PSlya [28]), where each ball is replaced together
with b balls of the same colour (and every a; =1); then A=bl and Ay =---=A; =D. As
is well-known, the asymptotic behaviour is quite different in this case; in particular, X, /n
converges in distribution to a non-degenerate distribution and not to a constant; see e.g. [28]
and [23].

Define also
P= ZPA=1—PM. (2.13)
A
Furthermore, define the symmetric matrix

q
B:=Y_awiE(&8). (2.14)
i=1
and, if the urn is strictly small, noting that P commutes with ¢* := Yo (sA)*/k!, define

©__ PN
= / Pe*ABe™ Ple15ds. (2.15)
0

This integral converges absolutely when the urn is strictly small, as can be seen from the proof
of Theorem 3.2, or directly because ||Pe™ || = O(s"2eRe #25) for s > 1, as is easily seen from
Lemma 5.1. (The integral is matrix-valued; the space of g x ¢ matrices is a finite-dimensional
space and the integral can be interpreted componentwise.) See also Appendix B.

Unspecified limits are as n — oo. As usual, a, = O(b,) means that a,, /b, is bounded; here
a, may be vectors or matrices and b,, may be complex numbers; we do not insist that b, be
positive.

[x] is the smallest integer greater than or equal to x.
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3. Main results

Our main results on asymptotics of mean and variance are the following. Proofs are given in
Section 6. As mentioned in the introduction, results of this type exist, mainly implicitly, in ear-
lier work. In particular, under similar (but not identical) assumptions, Theorem 3.1 is implicit
in Bai and Hu [7, Theorem 3.2], and its proof, and explicit in Pouyanne [29, Proposition 7.1];
Theorems 3.2 and 3.3 are implicit in Bai and Hu [6, 7].

Theorem 3.1. If the Polya urn is tenable and balanced, and Re Ay < A1, then for n > 2,

EX, = (nk1 +a- Xo)vi + 0(I1Re M2/ 1og¥2 n)
=niavi +0(n"¢ 2/ log™ n + 1) 3.1)
=nivi +o(n).

In particular, if the urn is strictly small, i.e. Re Ay < %)»1, then
EX,, =niivy +0(n1/2). 3.2)
Theorem 3.2. If the Polya urn is tenable, balanced, and strictly small, i.e. Re Ay < %)»1, then

n!Var (X,) - T =1 3. (3.3)

Theorem 3.3. If the Pdlya urn is tenable, balanced, and small but not strictly small, i.e.
Re Ap = l)»1, then

—21)2

nlog?2t' my~var(x,) » ——L
(nlog ) (Xn) 20 + Dl

Z N;2P; BPY(N})"™.
Re r=12;

Remark 3.1. Under some additional assumptions (irreducibility of A, at least if we ignore
colours with activity 0, and, for example, the condition in Remark 2.1), [19, Theorems 3.22—
3.23 and Lemma 5.4], show that if the urn is small, then X, is asymptotically normal, with the
asymptotic covariance matrix equal to the limit in Theorem 3.2 (Re A < %k 1) or Theorem 3.3

(Re Ay = l)»1). For example, in the strictly small case, n’l/z(Xn —niivy) —d> N(O, ). Hence
(under these hypotheses), Theorems 3.1-3.3 can be summarized by saying that the mean and
(co)variances converge as expected in these central limit theorems.

We also obtain the following version of the law of large numbers for Pélya urns.
Convergence a.s. has been shown before under various assumptions, including the unbal-
anced case as well as time-inhomogeneous generalizations (see [4, Section V.9.3], [2], [8], [18,
Theorem 2.2], [19, Theorem 3.21], and [7, Theorem 2.2]), and is included here for complete-
ness and because our conditions are somewhat more general. The L? result is in [29, Remark
7.1(2)1.

Theorem 3.4. If the Pdlya urn is tenable and balanced, and Re Ay < Ay, then as n — oo,
Xn/n— Aivy a.s. and in 12

The asymptotic covariance matrix X in (3.3) is always singular, since, by (2.15), ¥ = PP
and thus ' Xu = u/PXP'u=0 when P'u=0, which happens when P&lu =u, i.e., when u is
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a multiple of the left eigenvector u; = a. In the balanced case, this is easy to see: a- X, is
deterministic and thus Var (a - X;;,) = 0; hence @’ X a = 0, since for any vector u, by (3.3),

n~! Var (u- X,) =n" ' Var (X,)u — o' Su. (3.4)

With an extra assumption, this is the only case when the asymptotic variance u' X u vanishes
(cf. [19, Remark 3.19]). Let A be the submatrix of A obtained by deleting all rows and columns
corresponding to colours with activity a; = 0.

Theorem 3.5. Suppose that the Pélya urn is tenable, balanced, and strlctly small, i.e. Re Ay <
1)»1, and, furthermore, that A is irreducible. If ue RY, then u'Lu =0 if and only if for every
n>=0, Var(u-X,) =0, i.e., u- X, is deterministic.

Remark 3.2. If A is reducible, then, on the contrary, X is typically more singular. As an
extreme example, consider a ‘triangular’ urn with two colours, activities a; = 1, and deter-
ministic replacements &1 = (1, 0), &, = (1 — A, &) forareal A € (0, 1) (starting with one ball of
each colour say). Then A = ( L1 )‘) The eigenvalues are 1 and A, so the urn is strictly small
if A < 5. However, Vi = (1,0), and thus (2.14) yields B = £1£] =v1V/, and thus by (B.4) (or
a dlrect calculation) PB= 0, and thus ¥ = X; =0. Theorems 3.2 and 3.3 are stlll valid, but
say only that the limit is 0. In fact, in this example, the proper normalization is n*: it follows

from [20, Theorem 1.3(v)] that n=*X,p =n"*(n +2 — Xy1) —d> W for some non-degenerate
(and non-normal) random variable W. Moreover, calculations similar to those in Section 6
show that EX,» ~ cin* and Var X,» ~ con®* for some ¢y, ¢» > 0, as shown earlier in [29,
Example 7.2(2)].

Remark 3.3. It is easily seen that A is irreducible if and only if vi; > 0 for every i with a; > 0.

4. Proofs, first steps

Let I, be the colour of the nth drawn ball, let
AXp = Xpt1 — Xa, 4.1

and let
wyi=a- Xy, “4.2)

the total weight (activity) of the urn. Furthermore, let F, be the o-field generated by
X1, ..., X, Then, by the definition of the urn,

aiX
P(l1 =1 Fa) = 22, 4.3)
n
and, consequently, recalling (2.5),
q
E(AXy | Fu) =Y P(l1 =j| F)Eg = Z ajX g
i=1 1
! = (4.4)
1 1
=— (Z Wiky) = —AXy.
Wp \% 4 Wp
J=1
Define
Yoi=AXy 1 —E(AXy_1 | Fuc1). 4.5)
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Then Y, is F,,-measurable, and obviously,
E(Yn |]~"n_1) =0 (4.6)
and, by (4.1), (4.5) and (4.4),
Xnt1 = Xn + Vo1 +w, 'AXy = (14 wy, "A) Xy + Y. 4.7)

Consequently, by induction, for any n > 0,

n—1 n n—l1
Xo=[[+w'A)Xo+ Y [T +w'A)e, (4.8)
k=0 =1 k=¢

where (as below) an empty matrix product is interpreted as /.
We now use the assumption that the urn is balanced, so a - AX,, = b, and thus by (4.1)-(4.2),
w;, 1s deterministic with
Wy, = wo + nb, 4.9)

where the initial weight wy = a - Xo. We define the matrix products

Fij= [] (+wc'4).  0<i<. (4.10)
i<k<j
and write (4.8) as
n
X, = Fo.nXo + ZFMY@. 4.11)
=1

As said in the introduction, we can regard the term Fy ,Y, as the real effect on X, of the £th
draw, including the expected later indirect effects.
Taking the expectation, since EY; = 0 by (4.6) and the F; ; and X/ are non-random, we find

EX, = Fo »Xo. 4.12)
Hence, (4.11) can also be written
n
X, — EX,, =ZFMY@. (4.13)
=1

Consequently, the covariance matrix can be computed as

Var (X,) = E((X, — EX)(X, — EX,,)')

=E) Y (FinYi)(FinY)' (4.14)

i=1 j=1

noon
= Z Z F,',nE(Y,'Y]{)F/,n/.

i=1 j=1
However, if i > j, then E(Y; | 7j) = 0 by (4.6), and since ¥} is Fj-measurable, we have
E(Y,Y]) = E(E(Y; | F)Y]) =0. (4.15)
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Taking the transpose we see that E(Y,'Yj’) =0 also when i < j. Hence, all non-diagonal terms
vanish in (4.14), and we find

n
Var (X,) =Y Fi JB(Y;Y/)F} . (4.16)

i=1

The formulas (4.12) and (4.16) form the basis of our proofs, and it remains mainly to analyse
the matrix products F; ;.

Remark 4.1. The formula (4.8) holds for general Pélya urns, also when they are not balanced.
However, in the general case, the total weights wy are random, and they are dependent on each
other and on the Yy, and it seems difficult to draw any useful consequences from (4.8); certainly
the arguments above fail because the F; ; would be random.

Remark 4.2. As remarked by a referee, since P, Yy =0 by Lemma 6.1, we may also write
(4.13) as

n n
X, —Exn=ZFg,nﬁYg =2E,nyg, 4.17)
=1 =1

where E,j = ﬁF,',j = F,',jﬁz Hi<k<j -+ Wk_IZ) — Py, with A:=PA. This could be used
instead of (4.13) to make another version of the proofs below; the two versions are very simi-
lar and essentially equivalent. (See [18] for a version essentially of this type.) The form (4.17)
has the advantage that we have eliminated the (large) deterministic part corresponding to P;,;
for example, assuming b = 1, for 1 < £ < n we obtain ||Fy_,|| = O((n/OR*2(1 + log (n/0))"?);
see Lemma 5.5. Nevertheless, we prefer to use F; ; in the proofs below.

5. Estimates of matrix functions

In this section we derive some estimates of F; ,,; these are used in the next section together
with (4.16) to obtain the variance asymptotics. The estimates of F; , are obtained by standard
matrix calculus, including a Jordan decomposition of A. Similar estimates have been used in
several related papers, e.g. [18], [7], [31], and [19]. For completeness we nevertheless give
detailed proofs.

For notational convenience, we make from now on the simplifying assumption b = 1. (For
emphasis and clarity, we repeat this assumption in some statements; it will always be in force,
whether stated or not.) This is no loss of generality: we can divide all activities by b and
let the new activities be a := a/b; this defines the same random evolution of the urn, and we
have a-& =b/b=1 for every i, so the modified urn is also balanced, with balance b=1.
Furthermore, the intensity matrix A in (2.5) is divided by b, so all eigenvalues A; are divided
by b, but their ratios remain the same; the projections P; remain the same while the nilpotent
parts N, are divided by b, and in both cases the indices are shifted; also, with the normalization
(2.10), u1 = a is divided by b while v is multiplied by b. It is now easy to check that Ajvy, B,
and A1 X; are invariant, and thus the theorems all follow from the special case b = 1. By the
assumption (2.9) (see Remark 2.6 and Appendix A), we thus have A; = 1.

Note that (4.9) now becomes

Wp =n+ wo. 6.1
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Note also that (4.10) can be written F; j = f; j(A), where 0 < i < j and f; ; is the polynomial

fij(@ = l—[ (1+Wk_lz)= l—[ Wk+z_ l_[ k+wo+z

i<k<j i<k<j i<k<j Cktwo 52)
_TG+wo+2)/Tli+wo+2)  TG+wo+2) T+wo)
TG+ wo)/TG+wo)  T(G+w) Ti+wo+2)

Recall that by the functional calculus in spectral theory (see e.g. [12, Chapter VII.1-3]),
we can define f(A) not only for polynomials f(z) but for any function f(z) that is analytic in a
neighbourhood of the spectrum o (A). Furthermore, if K is a compact set that contains o (A) in
its interior (for example a sufficiently large disc), then there exists a constant C (depending on
A and K) such that for every f analytic in a neighbourhood of K,

(GBS Csullg [f(@)I. (5.3)

We shall use the functional calculus mainly for polynomials and the entire functions z > £ =
(1029 for fixed ¢ > 0; in these cases, f(A) can be defined by a Taylor series expansion as was
done before (2.15). Note also that the general theory applies to operators in a Banach space;
we only need the simpler finite-dimensional case discussed in [12, Chapter VII.1].

We shall use the following formula for f(A), where f' (m) denotes the mth derivative of f.(The
formula can be seen as a Taylor expansion; see the proof.)

Lemma 5.1. For any entire function f(A), and any A € o (A),

Vi 1
FAP;= 7 — f GNP (5.4)

m=0

Proof. This is a standard formula in the finite-dimensional case (see [12, Theorem VII.1.8]),
but we give for completeness a simple (and perhaps informative) proof when f is a polyno-
mial (which is the only case that we use, and which furthermore implies the general case by
[12, Theorem VII.1.5(d)]). We then have the Taylor expansion f(A + z) = anozo % f(m)()»)zm,
which can be seen as an algebraic identity for polynomials in z (the sum is really finite since
" =0 for large m), and thus

o
1
FAP.=fOI+ NP =) — f"™OIN]Py, (5.5)
m!
m=0
where N} =0 when m > v;. [l

Our strategy is to first show estimates for the polynomials f; j(z) in (5.2) and then use these
together with (5.3) and (5.4) to show the estimates for F; j =f; j(A) that we need.

Lemma 5.2.
(i) For every fixed i, as j — oo,

(i + wp)

MO R+

(1+o0(1), (5.6)

uniformly for z in any fixed compact set in the complex plane.
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(i) Asi,j— cowithi<},
fij@ =i (1+0(1)), (5.7)
uniformly for z in any fixed compact set in the complex plane.

Proof. Both parts follow from (5.2) and the fact that

F'x+2)
I'(x)

uniformly for z in a compact set, as x — oo (with x real, say), which is an easy and well-known
consequence of Stirling’s formula; see [27, 5.11.12]. (Note that I'(i + wo)/ I'(i + wo + z) is an
entire function for any i > 0, since wo > 0. I'(j + wo 4+ 2)/ I'(j 4+ wo) has poles, but for z in a
fixed compact set, this function is analytic when j is large enough.) (|

=¥(1+0(1)), (5.8)

For the derivatives ]‘if;?l)(z) there are corresponding estimates.
Lemma 5.3. Let m > 0.
(i) Forevery fixedi> 0, as j — oo,

(i + wo)

(m) — ~Z] 1
fi; @ =Jj(log)) it

+ o(j* log" j), (5.9)

uniformly for z in any fixed compact set in the complex plane.

(i) Asi,j— cowithi<},

(my, \ __ L z J J m
fij (Z)—(l,) <log i) +0((z) (1+10g ) >, (5.10)
uniformly for z in any fixed compact set in the complex plane.

Proof. (i): Let gj(z) =j*fi j(z). Then, by (5.6),

(i + wo)

m(1+o(1))=0(1) as j— 0o, (5.11)

gi(z) =
uniformly in each compact set, and thus by Cauchy’s estimates, for any £ > 1,

g'@=01) as j— oo, (5.12)

uniformly in each compact set. By Leibniz’s rule,

fl(,;")(z) - g,(z) Z < > .z g(m Z)(Z)
. = (5.13)
= < £>(10g1) e ),
=0
and (5.9) follows by (5.11)—(5.12).
(ii): Similarly, for 1 <i<j, let h; j(z) = (i/j)*fi j(z). Then, by (5.7),
hij(z)=1+o(1) as i, j — 00, (5.14)
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uniformly in each compact set, and thus by Cauchy’s estimates, for any £ > 1,

) df
hy (@)= d—ze(h,,.,(z) —1)=o(l) asi,j— oo, (5.15)

uniformly in each compact set. By Leibniz’s rule,

(m) d” () 4 (m—0)
. oz N R -
11" @ = 3 (G/rhij2) = ;} ( Z) G/
a (5.16)
= (m ¢ (m—=0)
= ( e) (log (i/D) G/} (@),
£=0
and (5.10) follows by (5.14)—(5.15). O
We now apply these estimates to F; j, noting that by Lemma 5.1,
V) 1
FijPr=fij@Ps =3 — [’ GINI'Ps. (5.17)
m=0
Lemma 5.4. If b= 1, then, forn >2 and A € o (A),
I'(wo) v Re A
FonP3 = n* log" n—————N}*P ¢*Jog" n). 5.18
0Py =n"log nVA!F(WO+)») Py +o(n og” n) (5.18)
Proof. By (5.17) and (5.9),
V) 1 1 U)L—l
(m) (V1) *
FouPy=Y — oy GONJ! P = o SN Py + Y O(n* log™ n), (5.19)
m=0 m=0
which yields (5.18) by another application of (5.9). 0
Lemma 5.5. If b =1, then, for | <i<jand ) € o(A),
Fi iP5 = O((/DR (1 +log (j/)™). (5.20)

More precisely, for any v > v, as i, j — oo with i <},

1, i . Re A ]
Fupi= (1) o (4 o (4)" e (1)

+0((§)RH(1 +log”_1(17:>)). (5.21)

Proof. This is similar to the proof of Lemma 5.4. First, (5.20) follows directly from (5.17)

and (5.10).
For (5.21), note that the summation in (5.17) may be extended to m < v, since N}' = 0 when
m > v,. Then use (5.10) for each term m = v. O

Lemma 5.6. [fRe Ay < A =b =1, then for 0 <i <},

J+wo
FijPy, =fij(A0)Py, = e WOP“' (5.22)
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Proof. Since A1 thus is assumed to be a simple eigenvalue, vy, = 0. (Alternatively, see

Lemma A.1.) Hence, (5.17) yields F; jPy, =f; j(A1)Py,. Furthermore, (5.2) yields

j+0

ft/()vl) fl /(1) =

and (5.22) follows.

Lemma 5.7. For any fixed x € (0, 1], as n — oo,

Franin— x4

Proof. Let K be a compact set containing o (A) in its interior. As n — oo, by (5.7),

frana@= (o) (14 0(D) =27(1+0(D) =x~*+ o1,

(5.23)

O

(5.24)

(5.25)

uniformly for z € K. Consequently, f7x1,,(z) —x * — 0 uniformly on K, and thus Fg , —

x4 = 0by (5.3).

Lemma 5.8. There exist i and C such that if io <i<j<2i, then ||F; ||~ I'<

Proof. Again let K be a compact set containing o (A) in its interior. By (5.7), we may choose
io such that if iy <i<j, then |f; ;(2)| > é|(j/i)7| on K. If furthermore i <j < 2i, this implies
| fij(@)| = c on K, for some ¢ > 0, and thus |f (z)| ¢! on K. The result follows by (5.3).
(The condition j < 2i is not needed when O’(A) C {Rez > 0}, so we may assume Rez > 0 for

zekK.)

6. Completions of the proofs
Proof of Theorem 3.1. By (4.12) and (2.6),
EX,= Y FouP:Xo.
rea(A)
For each eigenvalue A £ A1, Lemma 5.4 shows that
Fo.nP3Xo = O(nRe *log™ n) = O(nRe 2 Jog"? n)
Furthermore, by (2.12),
Py, Xo = (a-Xo)vi =wovi,
and it follows from (5.22) that

n—+wo

n—+wo
FonPy,Xo = P, Xo= wovi = (n + wo)vi.

The result (3.1) follows (when A1 = 1) from (6.1), (6.2), and (6.4).

Lemma 6.1. For every n, Py, Y, =0.

Proof. Since the urn is balanced, a - AX,, = b is non-random, and thus, by (4.5),

a-Yy=a-AXy_1 —E(a- AXy_1 | Fuet) =b—b=0.

The result follows by (2.12).
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Using (2.6), we can rewrite (4.16) as

n
Var (X)) =Y > > FiPAE(Y,Y/)P,F/,. (6.6)
roonoi=l
For convenience, we define
Tinp = FinP E(Y:Y]) P, F} . (6.7)

Note that Lemma 6.1 implies P;, E(YiYi’) =E(P;, Y,'Yi’) =0 and thus also, by taking the trans-
pose, IE(Y,Y;)P;LI =0. Hence Tj 3, =0 when A=Ay or u=2»xq, so these terms can be
dropped and (6.6) can be written

Var(X)= Y > > Tinip (6.8)

AFELL pFEL i=1
We begin with a simple estimate of this sum. The same estimates are given in [7, Theorem 2.2]
under similar conditions.

Lemma 6.2. If A1 = 1, then, forn > 2,

O(n), Re s < 1,
VarX, = { O(nlog?>™'n),  Reiy =1, (6.9)
O(n*Re*21og™2 n), Re iy > %
In particular, if A» < A1 =1, then
Var (X,,) = o(n?). (6.10)

Proof. Tt follows from (2.4) that E(Y,Y},) = O(1). By combining this and Lemma 5.5, we
see that if A and p are two eigenvalues, then, for 1 <i<n,

Tin s = FinPAE(YiY])(FinPpu) = O((n/DR MR+ log (n/i)) ). 6.11)
If Re & 4+ Rep > 1, we note that this implies
Ti,n,)»,u — 0((n/l~)Re r+Ren logvk"l‘v;l. n)’ (6.12)
while if Re X +Rep <1, we choose o with Re A +Reu <a <1 and note that (6.11)
implies
Tino=0((n/D)). (6.13)
By summing over i we obtain from (6.12) and (6.13) that
. o(n), Re A +Reu < 1,
> Tingu=10(nlog™ "t n), Re A+ Rep =1, (6.14)
i=1

O(nRe A+Ren 10gv;h+v,; n)’ Re A +Reu > 1.

The result (6.9) follows from (6.8) by summing (6.14) over the finitely many A, u € o(A) \ {11}
and noting that our estimates are largest for A =t = A2. The simpler estimate (6.10) is an
immediate consequence. O

Lemma 6.3. [fRe Ay < A1 =1, then, as n — oo,

E(Y,Y,) — B —vv). (6.15)
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Hence, for any eigenvalue A # 71,
PyE(Y,Y;) — P;.B. (6.16)
Proof. By (4.5) and (4.4), Y11 = AX, — w, ' AX,, with E(Y,11 | F»,) = 0 by (4.6). Hence,
E(Ynr1Y 1 | Fu) = E(AXa(AXy) | F) — Wy 2AXu(AX,) (6.17)
and thus
E(Yu41Y), ) = E(AXy(AX,)) — w;, *AE(X,X)A’. (6.18)

By the definition of the urn and (4.3),

q q
E(AXy(AX,) | Fo) =Y P(lup1 =j| Fo)E Z ),
j=1 j=1

and thus, using (5.1) and Theorem 3.1, and recalling (2.14), as n — oo,

. aEX,
E(AX,(AX,)) = Z p

J=1

”’E (&) Za,m, (&) (6.19)

+wo

Furthermore, by (6.10) and Theorem 3.1 again,

nE(X,X)) =n"? Var (X,) + n~(EX,)(EX,) — 0+ viv}. (6.20)

Consequently, by (6.18), (6.19), and (6.20), and recalling that w, /n — 1 by (5.1) and Av; =
ALVE =vi,

E(Yn41Y,, ) = B—AviviA'=B — . (6.21)

This proves (6.15), and (6.16) follows from noting that P;vi = P3Py, vi =0 when A #x;. O

Proof of Theorem 3.2. Let A, e€o(A)\ {11}, and note that, by our assumption,
Re A, Repu <Re 1o < %)»1 = % Write the inner sum in (6.8) as an integral:

1 <& 1

;E Ti,n.,k.,MZ/ Trxn,n, A (6.22)
X 0
i=1

For each fixed x € (0, 1], by Lemmas 5.7 and 6.3,

Tt nppn = fonLnPAE(foﬂ fon])P F/Dcn] n

(6.23)
— x_APABP;Lx_A

Furthermore, choose some « € [0, 1) such that Re A, < %a. Then (6.13) applies and yields, for
some C < 00,

T(xrﬂ VTS < C(n/[xn] )< Cxe, (6.24)
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which is integrable on (0,1]. Thus, Lebesgue’s theorem on dominated convergence applies to
(6.22) and yields, by (6.23) and the change of variables x = ¢™*,

‘ZTW,L%[ “Ap,BP x7! dx/ ¢**P,BP, e A =3 s,

Hence, (6.8) and the definition (2.15) yield

—VaIXn_ ZZZTMAM—)/ APBP e e Sds = 3,

" A g =]
showing (3.3). 0

Proof of Theorem 3.3. As in the proof of Theorem 3.2, we use (6.8) and consider the sum

:'1:1 T, u for two eigenvalues A, 4 € 0(A) \ {A1}. By assumption, Re A + Rep <2Re 1) =
1,andif Re A + Reu < 1, then Zf 1 Tinau= O(n) by (6.14). Hence we only have to consider
the case Re A+ Reu =1,1.e., Re A=Reu = 2 =Re Ay. In particular, vy, v, < va.

In this case, as in (6.22), we transform the sum into an integral, but this time in a somewhat
different way. Using the change of variables x = ¥ = ¢”1°¢” we have

Z Tz n,h, L =T LA +/ Tl'x'l,n,)»,ﬂdx
i=1 (6.25)

1
=Tinxu +/ Tt noun” log ndy.
0

Hence, since T p3, 0 = O(n logz"2 n) by (6.12),

(I’l 10g2v2+1 Z T, = =o(l)+ / ny_l(log n)_zva(nﬂ,n,A,udy- (6.26)
i=1

Fix y € (0, 1). Then, by (5.21),

1 g v n )
FrnonnPr= (WT) log™ (m) (NA P; +0(1)>

=$n<1—m(( y) logn)”(N}2P; + o(1)),

6.27)

and similarly for u.
Recall the assumption Re A +Rep =1, and let v :=ImA + Imyu, so A + u =1 +it. Then,
by (6.7), (6.27), and (6.16),

' (log n) 2 Ty i

(v ')2 1(1 ))T(l y)zva;ZP)LB(N;?PM)/+0(1). (6.28)

Moreover, by (6.12), uniformly for y € (0, 1] and n > 2,

w = (log n) 22T i = O((n/ TR D’ ~) = O(1). (6.29)
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Hence the error term o(1) in (6.28) is also uniformly bounded, and we can apply dominated
convergence to the integral of it, yielding

1
/ n! (log n) 2w Tr im0 dy
0

1
— (n)?
In the case T =0, i.e.,, u = A, the integral on the right-hand side of (6.30) is fol (11— y)2"2dy =

vy + 1)_1. Furthermore, in this case, P, = Py = P, and thus P;L = P;t’ and similarly Nl/l. =
N7. Hence, (6.31) yields

1 .
/O nIT(1 — y)22dy - N;2PyB(N}2PL) + o(1). (6.30)

1
/ ' logn) ™22 Ty 0 5dy = N;2P;BP;(N})™ + o(1). (6.31)
0

(2v2 + DH(n2))?
On the other hand, if t # 0, then, withu =1 —y,

1 1
/ =971 — y)2v2dy = / elrlogmuy dvq, o (6.32)
0 0

as n — 00, and thus |7 log n| — oo, by an integration by parts (or by the Riemann-Lebesgue
lemma). Hence, when u # A, (6.30) yields

1
/ ' (log n) ™2 T na udy = o(1). (6.33)
0

We saw in the beginning of the proof that we can ignore the terms in (6.8) with Re A < %
or Reu < %, and by (6.26) and (6.33), we can also ignore the case Re A =Reu = % but /1 # A.

Hence only the case u = A with Re A = % remains in (6.8), and the result follows by (6.26)
and (6.33). ]

Proof of Theorem 3.4. By (6.10),

q
El|X,/n —BEX, /n|* =n*El|X, — EX,[|* =) n~? Var (X,;) — 0,
i=1

and EX, /n — vi by Theorem 3.1. Hence, E||X,,/n — v1||*> — 0, which is the claimed conver-
gence in L.

Moreover, if we fix ¢ € (0, %) such that Re Ay < I — ¢, then the same argument shows, using
(6.9) and (6.1)—(6.4), that, more precisely,

E||X, — (n+woi > = O(n* ). (6.34)
Let N > 1. By (4.11) and the definition (4.10), for any n < N,
n
FunXy = FonXo + Z FenYs. (6.35)
(=1

Moreover, by (4.6), Y, is a martingale difference sequence, and thus so is F,, yY;, for n <N.
Hence, (6.35) shows that F, yX,,, n <N, is a martingale, and thus

FunXy=E(Xy|F,),  n<N. (6.36)
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By Lemma 5.6,
N+ wo
Fynvi =Fy NPyvi = ——vi,
n—+wo
and thus (6.36) implies
Fun(Xn — (n+wo)vi) =E(Xy — (N + wo)vi | Fn), n<N. (6.37)

Hence, by Doob’s inequality (applied to each coordinate) and (6.34),

E sup [|Fpn (Xn — (1 4+ wov1 ) 1> <4E[| Xy — (N + wo)vi |> = O(N*72). (6.38)
n<N

It follows, using Lemma 5.8, that if N > 2i, then

E sup [[(Xy— (n+wo)vi)/nll* = O(N~). (6.39)
N/2<n<N

This holds trivially for smaller N as well, since each X,, € [? and thus the left-hand side of
(6.41) is finite for each N. Consequently, taking N = 2¥ and summing,

o0
E Z sup  [|(Xn — (n 4+ wo)vi) /n]l* < 0. (6.40)
k=1 zk—lgngzk
Consequently, ||(X, — (n+wo)vi)/n|| = 0 a.s., and thus X,,/n 2% 0. O

Proof of Theorem 3.5. If Var (u - X,) = 0 for every n, then u'Zu = 0 by (3.4).
For the converse, assume that ' X u = 0. Then, by (3.3) and (2.15),

o0 - /o
0=u'>u= / WP Be™ Plue *14ds. (6.41)
0

The integrand is a continuous function of s > 0, and non-negative since B is non-negative
definite by (2.14). Hence, the integrand vanishes for every s > 0. In particular, taking s = 0 we
obtain, using (2.14) again,

q
0=uPBPu= Z aivliu’ﬁE(é‘iSi/)ﬁ/u

] = ] (6.42)
= Z aiVIiE(M/ﬁsi(u/ﬁgi)/) = Z aivliE(M’ﬁéi)z,
i=1

i=1

noting that u’ﬁéi is a scalar. Each term is non—negNative, and thus each term is 0. If i is such that
a; > 0, then it follows from the assumption that A is irreducible that vi; > 0, and hence (6.42)
yields IE(u’PS,')2 =0 and thus u'P&; = 0 a.s. Furthermore, since the urn is balanced, by (2.12),

Py, & = (a-&)vi =bvy. (6.43)

Hence, for every i with a; > 0,

u-&=u-(P+Py)&=0+u-(bvi)=bu-vi. (6.44)
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This is independent of i, and thus, for every n, a.s.,

u-AX, =bu-vi. (6.45)

Consequently, a.s.,
u-X,=u-Xo+ nbu-vi (6.46)
and thus u - X}, is deterministic. O

7. Examples

Pélya urns have been used for a long time in various applications, for example to study
fringe structures in various random trees; see e.g. [5], [2], and [11]. Some recent examples are
given in [15], where, in particular, the number of two-protected nodes in a random m-ary search
tree is studied for m =2 and m = 3 using suitable Pdlya urns with 5 and 19 types, respectively,
and it is shown that if this number is denoted by Y;, (m = 2) or Z,, (m = 3) for a search tree with
n keys, then

Yo —3n d 29
= N|(0,— ), 7.1
s < 225) @.1)
Zy—2kn g 1692302314867
—~ _ —> N | .
Jn 43692253605000
(The binary case (7.1) was shown earlier by Mahmoud and Ward [25] using other methods.)

The urns are strictly small; in both cases A1 =1 and Ay =0, with v, =0, and Theorems 3.1
and 3.2 yield, using the calculations in [15] (see Remark 3.1),

(7.2)

57
FZ, = —— 1 7.
n 700n+0( ) (7.3)
1692302314867
Var Z, +o(n), (7.4)

"= 43692253605000

together with corresponding results for Y,. (The results for Y, were previously shown in
Mahmoud and Ward [25], where exact formulas for the mean and variance of Y;,, were given.)
Furthermore, [15] also studies the numbers of leaves and one-protected nodes in a random
m-ary search tree using a similar but simpler urn. (For m = 2 this was done already by Devroye
[11].) For 2 <m < 26, this is a strictly small urn, and again the results in Section 3 yield
asymptotics of mean and variance.
See [16] for further similar examples.

Remark 7.1. As mentioned above, the urn used to show (7.1) has five types, corresponding to
five different small trees. Drawing a ball corresponds to adding a node to a (randomly chosen)
gap in the corresponding tree; this may cause the tree to break up into several smaller trees.
The five types have 4, 3, 2, 1, and O gaps, respectively, and these numbers are their activi-
ties. Moreover, for type 2, the gaps are not equivalent, which makes the replacement for this
type random. (We have & = (1, —1, 0, 0, 0) with probability 1/3 and & = (0, 0, 0, 1, 0) with
probability 2/3; see [15].)

A different, essentially equivalent, approach is to instead consider as types the different
gaps in the different trees; this yields five new types that we denote by 1, 2A, 2B, 3, 4. The
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transition from the old urn to the new is a simple linear transformation: each old ball of type
1 is replaced by four new balls of type 1, which we write as 1 — 4 - 1, and similarly 2 —
2A+2-2B,3— 2-3,4— 4, while balls of type 5 (which has activity 0) are ignored. This
yields a new Pélya urn, where all types have activity 1. In the new urn, all replacements are
deterministic, which sometimes is an advantage, but on the other hand, replacements now
may involve subtractions. For example, in the original urn, £ =(—1, 1, 1, 0, 0), meaning
that if we draw a ball of type 1, it is discarded and replaced by one of type 2 and one of
type 3. In the new urn, this translates to &} = (—4, 1, 2, 2, 0), meaning that we remove the
drawn ball together with three others of type 1, and then add 2A +2 - 2B + 2 - 3. Even worse,
& =4, —1,-2,0,0), meaning that if we draw a ball of type 2A, we remove it together with
two balls of type 2B, and add four balls of type 1. Nevertheless, by the construction, the urn is
obviously tenable in the sense of the present paper. This urn, with the gaps as types, thus is an
example of a tenable urn with subtractions that occur naturally in an application.

The Pélya urn for the ternary search tree with 19 types in [15] can similarly be translated
into an urn (with 29 types) using gaps as types, again with deterministic replacements, but
sometimes subtractions.

See also [15], where the transition to the corresponding urn with gaps was used for the
simpler urn used to study leaves; in that case there are no subtractions.

8. Further comments

The decomposition (4.11) and its consequence (4.16) explain some of the differences
between the small and large urns described in the introduction. Suppose again for convenience
that A1 = 1. Then the term Fy ,, Y, in (4.11), which is the (direct and indirect) contribution from
the £th draw, has a variance roughly (ignoring logarithmic factors when v, > 0) of the order
(n/0)*Re*2; see Lemma 6.2 and its proof. For a large urn, this decreases rapidly with £, and
> £72Re %2 converges; thus the variance is dominated by the contribution from the first draws.
This strong long-term dependency leads to the a.s. limit results, and to the dependency of the
limit on the initial state Xj.

On the other hand, for a strictly small urn, the sum of the variances is of the order n, but each
term is o(n) and is negligible, which explains why the first draws, and the initial state, do not
affect the limit distribution. In fact, for a component X, ; with asymptotic variance (X);; > 0,
we see that for any € > 0, all but a fraction ¢ of Var X, ; is explained by the draws with numbers
in [6n, n], for some § = §(¢) > 0. The long-term dependency is thus weak in this case.

The remaining case, a small urn with Re 1, = 1/2, is similar to the strictly small case, but
the long-term dependency is somewhat stronger. If for simplicity we assume v, = 0, then the
contribution of the £th draw to Var (X},) is of the order n/¢, giving a total variance of order
nlogn. Again, the first draws and the initial state do not affect the limit distribution, but in
order to explain all but a fraction ¢ of the variance, we have to use the draws in [n?, n), for
some small § > 0. (Cf. the functional limit theorem [19, Theorem 3.31] with different time
scales for strictly small and non-strictly small urns.)

Cf. also [19, Remark 4.3], where a similar argument is made using the corresponding
continuous-time branching process.

Appendix A. The largest eigenvalue

We have seen in (2.8) that for a balanced urn, b is an eigenvalue of A, with a non-negative
left eigenvector a.
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In typical applications, b is the largest eigenvalue ;. Before proceeding, let us note that
this is not always true.

Example A.1. As a counterexample, consider an urn with three colours, with activities 1,
and the (deterministic) replacements &1 = (1, 2,0), & =(2,1,0), & =(— 1,0, 4). The urn is
balanced, with b = 3, and if we start with Xo = (1, 0, 0), the urn is tenable. Nevertheless, the
largest eigenvalue A1 =4 > b. Of course, the reason is that the urn never will contain any ball
of colour 3, so this ought to be treated as an urn with just colours 1 and 2. (If there is any ball
of colour 3, the urn is not tenable.)

Example A.1 is obviously a silly counterexample, but it shows that we need some extra
assumption to exclude such trivialities. We have the following result, which shows that if we
only use colours that actually can occur, then A1 = b holds (or, at least, may be assumed) and
vy =0.

Lemma A.1. [If the Polya urn is tenable and balanced, and moreover every colour has a
non-zero probability of ever appearing in the urn, then Re A < b for every A € 0(A), and,
furthermore, if Re A = b then vy =0. We may thus assume A1 = b.

Proof. As in Section 5, we may and shall assume that b = 1.
Suppose that A € 6(A). By (4.12) and Lemma 5.4,

P, EX,, = P;.Fo.nXo = Fo,nP3Xo0

r (A.1)
(WO) NVAP)VX()—FO(”RCA IOgV)” l’l)

A v
=n 10 Ani
e o Two + ) *

On the other hand, by our assumption (2.4), E||§;| < oo for each i, and thus E|AX,| <
max; E||&;|| < oo and therefore ||EX,| < E|X,| = O(n). Hence,

P, EX, = O(n). (A.2)

Suppose now that either Re A > 1, or Re A =1 and v, > 0. Then (A.1) and (A.2) yield the
desired contradiction unless
N;*P;\Xo =0. (A.3)

Moreover, if we run the urn for k steps and regard X as a new starting position (conditioning
on Xy), then the resulting urn is a.s. tenable; hence the argument just given shows that

N;*P3 X =0 (A4)

a.s. for every k > 0. Hence, also N;*Pk AXj =0 as. If j is any colour with a; > 0, then, by
assumption, there exists a k such that P(X; ; > 0) > 0, and thus with positive probability /4| =
Jj and then AX} is a copy of &;. Consequently, if a; > 0 then

N,*Pr& =0 (A.5)
a.s., and thus
N;APA]EEj =0. (A.6)
In other words, for every j,
N;)‘PA (ajEéjj) =0. (A.7)
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However, by (2.5), the jth column of A is a;E&;. Consequently, (A.7) is equivalent to
N,*P)A =0. Since PyA = AP; + N), by (2.7), and N;”H =0, this yields

0=N)*PiA=AN)"P; + N =Ny (A.8)

and thus A =0, which contradicts the assumption on A.

Consequently, Re A<1=5b for every Aeo(A), and since beo(A), Re A;=
max;eqs(a) Re A =b. We have not ruled out the possibility that there are other eigenval-
ues A with Re A = b (see Remark A.2 below), but even if this should happen, we have shown
that they all have v, =0, so we are free to choose A1 = b. O

Remark A.1. As noted in Remark 2.2, the eigenvalue A; = b may be multiple. Lemma A.1
shows that v; := v, = 0 also in this case.

Remark A.2. Lemma A.1 is not completely satisfactory since it does not rule out the possi-
bility that besides b, there is also some complex eigenvalue A = b + it with ¢ # 0. We do not
believe that this is possible, but we do not know a proof for a general tenable urn under our
assumptions.

Appendix B. A note on (2.15)
In the balanced case, by (2.12) and (2.3), a.s.,

Py &i=(a-&)v1 =bvi =1y, (B.1)

and thus, by (2.14) and (2.5),

q q q ,
Py,B= Z aiVIiE(PA] éj,'%'i/) = Z aivli)\lle(éji/) =AV] (Z aivl,'E&j> )
— — — J
i=1 ] i=1 i=1 (BZ)
/
=A1V] (Z (A)jivli) =A1V (Avl)/ = A%vlv/l .
i—1 /
Since B is symmetric, also BP;\1 =(Py,B) = )\%vlv’l, and thus
Py,BP} =P, B=BP; =iV} (B.3)
and, as a simple consequence, still in the balanced case,
PBP' =PB=BP' =B — }3vV). (B.4)

Cf. Lemma 6.3 (where A1 = 1).

Hence, in the balanced case, we can omit either P or P in (2.15). (This was noted empir-
ically by Axel Heimbiirger and Cecilia Holmgren, in personal communication.) However, by
(B.4), we cannot omit both, nor even move both outside the integral, because Ay = eMs

and thus

Vi

o0 " / o0
/ v A eiklsds=/ e)‘lsvlv/l ds, (B.5)
0 0

which diverges.
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