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Abstract We develop a general procedure to study the combinatorial structure of Arthur packets for
p-adic quasisplit Sp(N) and O(N) following the works of Meeglin. This will allow us to answer many
delicate questions concerning the Arthur packets of these groups, for example the size of the packets.
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1. Introduction

Let F be a p-adic field and G be a quasisplit symplectic or special orthogonal group,
i.e., G = Sp(2n),SO2n + 1) and SO(2n, ). Here n is a quadratic character associated
with a quadratic extension E/F by the local class field theory, and SO(2n, n) is the outer
form of the split SO(2n) with respect to E/F and an outer automorphism 6y induced
from the conjugate action of O(2n). We let 6y = id in other cases, and write Xy = (6p),
G* = G % X. So for G = SO(2n, n), G*° = 0(2n, n). For simplicity, we denote G(F) by
G, which should not cause any confusion in the context. Let G be the complex dual group
of G, and “G be the Langlands dual group of G. Here we can simplify the Langlands
dual groups as in the following table:

G LG
Sp(2n) SO@2n+1,C)
SOQ2n +1) Sp(2n, C)
SO@2n, 1) SO@2n,C)xTE/p
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In the last case, we fix an isomorphism SO(2n, C) x I'g;r = O0(2n, C). So in either of these
cases, there is a natural embedding £y of G into GL(N, C) up to GL(N, C)-conjugacy,
where N =2n+1 if G = Sp(2n) or N =2n otherwise. Let Wr be the Weil group, the
local Langlands group can be defined to be

LF = WF X SL(2, (C)
An Arthur parameter of G is a a—conjugacy class of admissible homomorphisms
¥ :LpxSLQ2,C) — "G,

such that ¥|w; is bounded. We denote the set of Arthur parameters of G by W(G). Let
éB be the dual automorphism of 8y, then Xy acts on ¥ (G) through /9\0, and we denote the
corresponding set of Xg-orbits by W(G). Let T1(G) be the set of equivalence classes of
irreducible admissible representations of G, and we denote by IT1(G) the set of Xy-orbits
in T1(G). For ¢ € W(G), Arthur [1] shows there exists a finite ‘multi-set’ 1:11/, of elements
in TT1(G), which is related to a certain twisted character on GL(N) through the twisted
endoscopic character identity (cf. [10, §4]). We call Ty, an Arthur packet of G. Moeglin
7] constructs the elements in Iy, and shows it is in fact multiplicity free. As a result, we
can also define 1'[50 to be the set of irreducible representations of G*, whose restriction

to G have irreducible constituents in IT1y. To understand the structure of M.°, we need
to introduce the set Jord(y) of Jordan blocks associated with .

For ¢ € W(G), by composing with &y we get an equivalence class of N-dimensional
self-dual representation of L x SL(2, C). So we can decompose ¥ as follows

r r
v =P livi = Plioi ®va, @ i) (1.1)
i=1 i=1

Here p; are equivalence classes of irreducible unitary representations of Wg, which can
be identified with irreducible unitary supercuspidal representations of GL(d,,) under
the local Langlands correspondence (cf. [2, 3], and [9]). And v, (respectively vp,) are
the (a; — 1)th (respectively (b; — 1)th) symmetric power representations of SL(2, C). The
irreducible constituent p; ® vy, ® vp, has dimension n; = n(y, 4 ;) and multiplicity /;. We
define the multi-set of Jordan blocks for v as follows,

Jord(y) := {(pi, @i, bj) with multiplicity [; : 1 <i < r}.
Moreover, for any p let us define

Jord, () :=={(p',d’, b') € Jord(y) : p' = p}.

One can define the parity for self-dual irreducible unitary representations p of Wr as
in [11, §3]. Then we say (p;, ai, b;) is of orthogonal type if a; +b; is even when p; is
of orthogonal type, and a; + b; is odd when p; is of symplectic type. Similarly we say
(pi, ai, by) is of symplectic type if a; + b; is odd when p; is of orthogonal type, and a; + b;
is even when p; is of symplectic type. Let v/, be the parameter whose Jordan blocks
consist of those in Jord(y) with the same parity as 6, and let ¥, be any parameter such
that

Y= Wnpealpp@wnvp’
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where 1//,1vp is the dual of v,,. We also denote by Jord(y), the set of Jordan blocks in
Jord(y/,) without multiplicity. Then let us define

S0 =1e() € @22y . [[ cep.ab=1
(p.a,b)eJord(Yp)

and

={ce Slfﬂ ce(p,a,b)=¢(p',d' b)) if (p,a,b) = (p',d’,b') in Jord(y)}.

If we choose a representative ¥ : L x SL(2,C) — LG, then one can show S is
canonically isomorphic to the group of characters of the component group of

Cent(Im ¥, G x (80))/Z(G)"™.

So we also call elements in 850 (and also ng) characters. It follows from Arthur’s

theory that there is a canonical way to associate any irreducible representation in Hio

with an element ¢ € Sfo (cf. [10, §8]). Let us denote the direct sum of all irreducible

representations associated with & € 850 by nv)“;‘)(w, ¢), then

= P w0, (1.2)
eeS2

0

where we identify Hi with the direct sum of all its elements.

—

Meeglin’s construction of 1'[50 comes with a parametrization by 852. It also depends on
some total order >y on Jord, (v ,) for each p. To describe the condition on >y, we need to
write the Jordan blocks differently. For (p, a, b) € Jord(y/,,), let us write A = (a+5)/2 -1,
B =|a—>b|/2, and set ¢ = {,p = Sign(a —b) if a # b and arbitrary otherwise. Then we
can denote (p, a, b) also by (p, A, B, ). We say >y is ‘admissible’ if it satisfies

(P): VY(p,A,B, ), (p,A,B e Jord(yp,) with A > A" B> B and ¢ =7¢,
then (p, A, B, ¢) >y (0, A, B, ¢).
Since the sign ¢ is relevant in this condition, Moeglin’s parametrization will also depend
on the choice of ¢, 5, when a = b. First, we have

@ nM —y (W, e). (1.3)

8€S¢>

The following theorem gives the connection between (1.3) and (1.2).

Theorem 1.1 [10, Theorem 8.9]. There exists a character of %/w € SEQ such that

O(w ) M/W c 820
7TM g o) = 88 if ey,

0, otherwise.
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In [10], we define

MW . _ MWW M/MW
for efyw/ Y and 83,4 MW i 852 Here we recall the definition of these characters.
To define ewW/ W, we need to first define a set Zyw,w(¥) of unordered pairs of

Jordan blocks from Jord(y,) as follows. We call a pair {(p, a, b), (o', a’, b') € Jord(,,)} is
contained in Zyw,w(¥) if and only if p = p’, and it is in one of the following situations.

(1) Case: a, b are even and a’, b’ are odd.

(a) If ¢ 1 and Loy =—1=(p,a,b) >y (p,a',b),a>d
a,b = —

oy =+l =>a>d.

,a,b) > a,b)y=a >a,b>"0b
(0) 16 o = Gy = +1 and | 740 70 00D
(p,a,b) <y (p,a',b)y=a>d,b>"b.
(2) Case: a is odd, b is even and @’ is even, b’ is odd.
loy =—1=(p,a,b) >y (p,a',b),a <d
(a) If ¢up = —1 and (p,a,b) >y (p,d,b)=>a<d
¢y =41 and
(p,a,b) <y (p,a’,b) = a>ad.

(b) TF £ap = 24y = +1 and (p,a,b) >y (p,a',b)y=a<d,b>"b
(p,a,b) <y (p,a',b)y=a>d b>"b.
For (p, a, b) € Jord(y,), let
Zuwiw () (p.a.b)
:={(p',d’, b') € Jord(yp,) : the pair of (p, a,b) and (p’,a’, b’) lies in Zyw,w ()}

Then we can define

MW/W(p a,b) = (— 1)|ZMW/W(1/I)(pah)|
Next, we define s?p/l/MW according to the following rule. Let (p, a, b) € Jord(y,).
(1) fa+bisodd, ey (p.a,b) = 1.

(2) If a+b is even, 1et
m=t{(p,a’,b’) € Jord(y) : a’, b odd, Ly = =1, (p,d’, b') >y (p,a,b)},
and
n=t{(p,d,b’) elord(y) :a’,b' odd, (p,d’, b') <y (p,a,b)}.
Then
1 if a, b even,

(p,a,b)y =13 (—1)m ifa,b odd, & = +1,
(_1)m+n lf a, b Odda é'a,b = _1

M/MW
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Moeglin further parametrizes the irreducible constituents in 7[1510>w (¢, ). To describe

that, we need to briefly go through all the stages of Moeglin’s construction of Hio. Let
us denote by ¥, the composition of ¥ with

A : Wg x SL(2,C) — Wp x SL(2, C) x SL(2, C),

which is the diagonal embedding of SL(2, C) into SL(2, C) x SL(2, C) when restricted to
SL(2, C), and is identity on Wp. It is easy to see

Jodya) = U tw.c.c.+ny.

(p,A,B.¢)elord(y) C€[B,A]

We call ¢ has discrete diagonal restriction if ¥ = ¥, and Jord(y,) is multiplicity free.
Note the second condition is equivalent to saying the intervals [B, A], [B’, A’] do not
intersect for any (p, A, B,¢),(p, A’, B’,¢’) in Jord, (). In this case, Jord,(y) has a
natural order >y, namely

(p, A, B,{) >y (p, A", B',¢’) ifand only if A > A’

Among the parameters with discrete diagonal restriction, we call ¥ is elementary if
A = B for all (p, A, B,¢) € Jord(¥). For the elementary parameters, Moeglin [5] shows
n§?>w (¥, €) is irreducible.

Suppose ¥ has discrete diagonal restriction, Mceglin shows the irreducible constitutes of

b4 §?>w (¥, &) can be parametrized by pairs of integer-valued functions (/, n) over Jord(y),
such that

l(p,A, B, 5) €[0,[(A—=B+1)/2]] and n(p, A, B,¢) € {£1}, (1.5)
and

e(p, A, B.t) =¢,(p. A, B, ) := n(p, A, B, ) BH (- )lA-BHDRIHE A8 (1 6)
Moreover,
ﬁ§?>w(lﬁ, L, n) = X(p,A,B.¢)elord(y)
B —CA
X E :
¢(B+lp, A, B, 5)—1) - =C(A=L(p,A,B,0)+ 1)

x 771510 U U

(0,A,B,¢)elord(y) Ce[B+1(p,A.B,0),A=L(p,A,B,{)]

x (p.C.C.n(p. A, B, ) (=) BL0ABD )

as the unique irreducible subrepresentation (see (3.2) and (3.5)). There is an obvious
equivalence relation to be made here on pairs (/, n), namely

L) ~5, U, n')
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if and only if [ = /" and (n/n’)(p, A,B,¢) =1 unless l(p,A, B,¢) = (A— B+1)/2. Then
T, o= B m, WL, (1.7)
{m):e=ern}/~ x5,

To get to the more general case ¥ = ¥, we need to choose an admissible order >y on
Jord(y). We can index Jord, () such that

(p, Ai, Bi, &) >y (p, Aj—1, Bi—1, &i—1).
We say s dominates ¥ with respect to >y if Jord,(ys) consists of (o, As. i, Bi +
Tsi,&s.0) i =(p, Ai+Ti, Bi+1T;, &) for T; > 0, and inherits the same admissible order
>y . We can further choose vrs to have discrete diagonal restriction with the natural
order >y . After identifying Jord(y/) with Jord(vs) in the natural way, we can define for

any pair of functions ([, n) satisfying (1.5) and (1.6),
by
HM(,)>,,, (Y, L, ) 2= opJord, (y)#8} ©(p. A, B .&;)€lord,, (1)

z

X JaC(p, A4 T3 BiA Ti i) (0. A B i) Tpg ey, (s L 1), (1.8)

where i is decreasing in the composition of Jacquet functors (see (3.7)). (This definition
is different from that in [10, § 8], for there we take a total order >y on Jord(y). But it
follows from Lemma 3.2 that only the restriction of >y to Jord, () for each p matters,
and the two definitions will give the same result.) Then Maeglin shows the following facts
(cf. [10, Proposition 8.5 and Corollary 8.7]):

(1) TL’M >w(1ﬂ L, n) only depends on the choice of order >y, and it is either irreducible
or zero.

(2) Ty’ (L) =y, (.1 n) #0, then (,n) ~x, I, ).
(3) The decomposition (1.7) still holds.
Finally, for general ¥ € W(G), we have

JTM >w(l/f €) = (X (p.a.b)elord(y,,)SP(St(p, a), b)) x JTM =, Wps )
(see (3.3)). Moreover, Moeglin shows
Nﬁlw(‘ﬁ 1) 1= (X(p,a,b)elord(y,,) SP(St(p, a), b)) 7TM >w(¢p, n)

is irreducible (cf. [4, Theorem 6]), when 7'[15?>w(1//p, L) #0.

To summarize, for ¥ € W(G) we can refine the decomposition (1.3) as follows

n = D T, (UL, (L9)

{(Lﬂ) H(p.a,b)eJord(z//p) Slqg(pva’b)zl}/“’l‘o

where n§?>w(w, L, n) is either irreducible or zero. So it is natural to ask the following
question:

Question 1.2. When nflfgw W, L #0?
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The main goal of this paper is to answer this question. An explicit answer to this
question will certainly allow us to count the size of the Arthur packets (see Example B.1).
In fact, it contains more information than that. For example, one can use it to determine
the zeros of local normalized intertwining operators, which is important for describing
the residue spectrum of automorphic forms (see [7]). Another example is to use it to
characterize the image of the local theta correspondence of type I in many cases (see [6]).
We hope the results and techniques of this paper will open the door for investigating
many other delicate questions concerning the Arthur packets.

Now we describe our results. In the simplest case, one can consider Jord(yr,) consisting
of two Jordan blocks (p, Az, B2, ¢), (p, A1, By, ¢) satisfying Ay > A, By > B;. Let the
order be

(0, A2, B2, ) >y (p, A1, By, Q).

In Proposition 5.2, we prove n§°>w (¢, L, ) # 0 if and only if

m=EDA"By = AL >A -1, By+h> B+,
m#DY By =B +h> A 1.

Suppose we change the assumption such that B, < Bj. Then in Lemma 6.2, we prove
7o, (1) # 0 if and only if

m= D48y =0<h—-1) <(Ay—By) — (A1 — By),
m# D48y =L+l > A - B

The general case is much more complicated, because we also need to take account of
pairs of Jordan blocks, which are not necessarily in adjacent positions under the chosen
order. To do so, we need to change the order, and the point is the parametrization will
change as well. So in the end, we develop a procedure (cf. § 8), and it will give rise to some
explicit combinatorial conditions on (I, n) like those in the case above. In Appendix B,
we give an example to demonstrate how it works.

The key input in our procedure is an explicit formula describing how the
parametrization changes with respect to the change of order >y when ¢ = v, (cf. §6).
Since this result could have interests by itself, we would like to state it here. Let us
consider any two adjacent Jordan blocks (p, A;, Bi, i) (i = 1,2) under an admissible
order >y with

(p, A2, B2, £2) >y (p, A1, By, ¢1).

Suppose the new order >ip obtained by switching the two is still admissible. Then by
definition, either ¢; # ¢, or one of {[B;, A;l}i=1.2 is included in the other. Let us define

V- by
Jord(yr—) = Jord(¥)\{(p, A2, B2, £2), (p, A1, By, 1)}

Theorem 1.3 (cf. Theorems 6.1 and 6.3). Suppose

oo, Wb =m0, (01 0) £ 0,
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then the restrictions of (L, n) and @, Q’) toJord(y_) are equivalent (~x,) and the following
conditions are satisfied.

(1) If &1 = &, it suffices to consider the case [By, A2] 2 [Bi, A1]l. Then we are in one
of the following situations.

(a) If m # (=DM~ Bigy and n| = (—)*27B2p),, then

L =1

Ih—1y=(A1—B; =2l +1
n) = (=hHA2=Bayy,

(b) If o = (=DA1=Biny and n| # (=142~ B2y}, then
L=

lé—lz =(A —B1—-2)+1
n) = (=hHA2=Bayy,

(¢) If ;a = (=DM~ By and | = (=127 B2yl then

I =1
Iy =1+ (2 =1) = (A2 — By) — (A1 — By)
n = (=DA2 by
(2) If &1 # &2, then
Ih=0h
=0
m = (=DM~ Bitly
m = (=D Bty
In both cases, we have denoted
li=1p, Ai,Bi, &), L =0U(p,Ai, Bi, &),
and

ni =n(p, Ai, Bi, &), i =1'(p, Ai, Bi, &),
fori=1,2.

2. Conventions

Now we want to set up some conventions for this paper. We follow the notations in the
introduction. Since only v, is relevant in answering Question 1.2, we assume ¥ = 1/, in
the rest of the paper. We also require (, n) to always satisfy

[T enpab=1 (2.1)
(p,a,b)elord(y)
So we will not write down this condition later in the paper.
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In many arguments of the paper, we need to fix a self-dual irreducible unitary
supercuspidal representation p of GL(d,). So if v is a dominating parameter of ,
we would like to define

Jacxc = Op’#p O(p’,A’,B’,;")eJordp/(I//) Jac(p/’A/»’B/»,;/)H(‘,/’A/,B/,;/)
and
¢'BS - B+ 1)

Cxe 1= Xpratp X (o, 4B ¢ )elord,y () | :
AL - (A
Since we are taking p’ # p in Jacxe (respectively Cxc), it will ‘commute’ with all kinds
of Jacquet functors (respectively induced modules) defined with respect to p in our
arguments (see Lemma 3.2, Corollary 4.3). Later we use this property freely without
mentioning it.

Finally, for a fixed p, we often need to put apart some subset of Jord,(y) in different
ways. Here we want to quantify the corresponding notions.

(1) Suppose (p, A, B, ¢) € Jord,(y) and r is a positive integer, we say (p, A, B, ¢) (or
[A, B]) is in level r ‘far away’, if

B>2. Z (A =B +1),
(p,A’,B’,;")elord, (V)

and we write
(p,A,B,¢) >, 0 or(p,A,B,¢) >0 whenr =1.

uppose (p, A, B, ) € Jor and r 18 a positive integer, we say (o, A, B, ) (or
2) S (p, A, B,¢) €lord, () and r i itive i (p,A,B,?)
[A, B]) is in level r ‘far away’ from a subset J of Jord,(y), if

B> 2"l Z A+ ]| Z (A=B'+1 |,
(p,A",B',¢"el] (p,A’,B',;")elord, (V)

and we write
(p,A,B, ) > J or (p,A,B,¢)>J whenr=1.

(3) For a subset J of Jord, (), we denote its complement in Jord,(y) by J¢. We say J
is ‘separated’ from J¢, if the following conditions are satisfied.

(a) For any (o, A, B,¢) € J and (p, A’, B', ') € J€,
either B > Aor B > A'.

(b) For any admissible order > ; on J, there exists a dominating set of Jordan blocks
Js of J with discrete diagonal restriction, such that for any (o, A, B,¢) € J
and (p, A", B', ') € J¢,

if B > A then B’ > As,.

https://doi.org/10.1017/51474748019000409 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000409

1100 B. Xu

(c) There exists an admissible order >jc on J¢ under which one can find a
dominating set of Jordan blocks J§ of J¢ with discrete diagonal restriction,
such that for any (p, A, B,¢) € J and (p, A’, B',¢’) € J€,

if B> A’ then B > AL .

In application, what is important is only the fact that these notions (‘far away’,
‘separated’) can be quantified, but not the specific way that we quantify them. For
example, once we can measure what it means for some Jordan blocks to be ‘far away’
from all the others, we can just take them as far as we want in practice.

3. Parabolic induction and Jacquet module

We review the notations in [10, 11]. For GL(n), let us take B to be the group of
upper-triangular matrices and T to be the group of diagonal matrices, then the standard
Levi subgroup M can be identified with

GL(n1) x --- x GL(n,)
for any partition of n = ny +-- -+ n, as follows

GL(n1)

GL(n;)
(g1,-..,8) — diag{g1, ..., &}

For m =7 ®---®m,, where 7; is a finite-length admissible representation of GL(n;) for
1 <i < r, we denote the normalized parabolic induction Indg () by

L X o v+ X TTp.

An irreducible supercuspidal representation of a general linear group can always be
written in a unique way as p||* := p ® | det(-)|* for an irreducible unitary supercuspidal
representation p and a real number x. For a finite-length arithmetic progression of real
numbers of common length 1 or —1

Xyuiihy
and an irreducible unitary supercuspidal representation p of GL(d,), it is a general fact
that
pII* x - x pl)”

has a unique irreducible subrepresentation, denoted by (o; x,...,y) or {(x,...,y). If x >
v, it is called a Steinberg representation; if x < y, it is called a Speh representation. Such
sequence of ordered numbers is called a segment, and we denote it by [x, y] or {x, ..., y}.
In particular, when x = —y > 0, we can let a = 2x 4+ 1 € Z and write

a—1 a—1
St(,o,a):=< 7T, >
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We also define a generalized segment to be a matrix

X1+ Xln
(3.1)

Xml *** Xmn

such that each row is a decreasing (respectively increasing) segment and each column is
an increasing (respectively decreasing) segment. The normalized induction

Xiell,m]{P; Xils - Xin)

has a unique irreducible subrepresentation, and we denote it by (po; {x;j}mxn). If there is
no ambiguity with p, we also write it as ({x;;}mxn) OF

X11 ** Xln
(3.2)
Xml *** Xmn

Moreover,
(05 (Xt mxn) = (05 (xi1)] )

where {x,-j}ncxn is the transpose of {x;;}mxx. The dual of (p; {xij}mxn) is

—Xmn " —Xml

(0 {xij}mxn)v =
—X1in " —X11

Let a,b be positive integers, we define Sp(St(p,a),b) to be the unique irreducible
subrepresentation of

St(p. )|~V x St(p, )| TP x - x St(p, a) || PV (3.3)
Then one can see Sp(St(p, a), b) is given by the following generalized segment

(@a—5b)/2 - 1—(a+b)/2

(a+bj/2—1 —(a—'b)/2

If G = Sp(2n), let us define it with respect to
0 —Jy
J, 0 )’

Iy =

where
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Let us take B to be subgroup of upper-triangular matrices in G and T to be subgroup
of diagonal matrices in G, then the standard Levi subgroup M can be identified with
GL(ny) x---xGL(n,) x G_

for any partition n =n;+---+n, +n_ and G_ = Sp(2n_) as follows

GL(ny) 0
GL(n,)
G_
GL(n,)
0 GL(n))
(81,8, 8 — diaglgr, ..., g 808 s8] ) (3.4)

where ;g; = J," gi J,;l for 1 <i <r. Note n_ can be 0, in which case we simply write
Sp(0) =1.Form =m; ®---Q@n Q o, where 7; is a finite-length admissible representation
of GL(n;) for 1 <i < r and o is a finite-length admissible representation of G_, we denote
the normalized parabolic induction Indg () by

T X+ X T X O (3.5)

These notations can be easily extended to special orthogonal groups. If G = SO(N) split,
we define it with respect to Jy. When N is odd, the situation is exactly the same as
the symplectic case. When N = 2n, there are two distinctions. First, the standard Levi
subgroups given through the embedding (3.4) do not exhaust all standard Levi subgroups
of SO(2n). To get all of them, we need to take the fp-conjugate of M given in (3.4), where

1

1

Note M% £ M only when n_ =0 and n, > 1. In this paper, we only take those Levi
subgroups M given in (3.4). Second, if the partition n =n;+---+n, +n_ satisfies
n, =1 and n_ =0, then we can rewrite it as n=ny+---+n,_1+n’_ with n’_ =1,
and the corresponding Levi subgroup is the same. This is because GL(1) = SO(2). If
G = SO(2n, n), the standard Levi subgroups of SO(2n, n) will be the outer form of those
fo-stable standard Levi subgroups of SO(2r). In particular, they can be identified with
GL(n1) x -+ x GL(n,;) x SO(n_, n) and n_ # 0.

Next we want to define parabolic induction and Jacquet module for the category
Rep(G*Y) of finite-length representations of G*°. Let P = MN be a standard parabolic
subgroup of G. If M is 6p-stable, we write M*0 := M x Xy. Otherwise, we let M>0 = M.
Suppose 020 € Rep(M%0), 7%0 € Rep(G>?).
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(1) If M% = M, we define the normalized parabolic induction Indgigazo to be the

extension of the representation Indg(ozﬂ m) by an induced action of Xy, and

we define the normalized Jacquet module Jac P):OJTEO to be the extension of the
representation Jacp(r%9|g) by an induced action of Xj.

(2) If M% £ M, we define the normalized parabolic induction Indgigazo to be

Indg)TO Indg (6%]3), and we define the normalized Jacquet module Jac P):OTL'EO to
be Jacp(0|g).

Let p be an irreducible unitary supercuspidal representation of GL(d,), and M =
GL(d,) x G- be the Levi component of a standard maximal parabolic subgroup P of
G. For %% € Rep(G*Y), we can decompose the semisimplification of the Jacquet module

z
s.s.Jacpr, (T=0) = @ T ® 0y,

1

where 7; € Rep(GL(d,)) and o; € Rep(Gf")7 both of which are irreducible. We define
Jac,m¥0 for any real number x to be

Jacy () = GB o;. (3.6)

i =p|*
If we have an ordered sequence of real numbers {xi, ..., x;}, we can define
Jacy, .., xsnzo =Jacy, 0--- oJacxlnz‘).

For a generalized segment X (cf. (3.1)), we define Jacy := oyexJacy, where x ranges over
X from top to bottom and left to right. Similarly, we can define Jacy’ analogous to Jac,,
but with respect to p and the standard Levi subgroup GL(n_) x GL(d,v).

For ¢ € W(G), let s be a dominating parameter of ¥ with respect to certain
admissible order >y . For (p, A, B, ¢) € Jord(y/), we define

Jac = Jac 3.7
(P, A, B>, 0)—(p,A,B,L) X?;’A’B_{) (3.7)

where
(Bs - $(B+1)

> _
XA =

(As - C(A+])
The following lemmas are very useful when we want to permute the Jacquet functors
defined in (3.6).

Lemma 3.1 [11, Lemma 5.6]. If 70 € Rep(G*°) and |x —y| # 1, then
Jacx,yyfx0 = Jacy‘xnxo.

Lemma 3.2. Let p, p’ be two distinct unitary irreducible supercuspidal representations of

general linear groups, and x,y be any two real numbers. For m*0 € Rep(G*Y),

Jac/y o Jacyw > = Jacy o Jac/ynzo,

where Jacy (respectively Jac’y) is defined with respect to p (respectively p’).
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Proof. The proof is the same as Lemma 3.1. O

There are some explicit formulas for computing the Jacquet modules in the case of
classical groups and general linear groups (cf. [11, §5]). Since we use them quite often,
let us recall them here. We fix a unitary irreducible supercuspidal representation p of
GL(d,), and take “=" for equality after semisimplification.

For any decreasing segment {a, ..., b} and ¢ = %1,

<p/7§(a_1)57§b>’ ifx:é‘a and,o/gp,

0, otherwise;

Jacy(p'; ¢a, ..., Lb) =

and

"vea,...,t(b+1)), ifx=c¢bandp =pV,
S (05 ca .. gpy = | O£ OFD) ande=e
0, otherwise.
Suppose w; € Rep(GL(n;)) for i = 1 or 2, we have
Jacy, (7t X m2) = (Jacym)) x my @y x (Jacymy),
and
Jac? (m) x 1) = (Jackm)) x m ® 71 x JacP 7).
Suppose 720 € Rep(G) and t € Rep(GL(d)), we have
Jacy(t X 720) =2 (Jacet) X720 @ (Jaco_pxr) X0 @1 % Jac, 0.
Finally, we want to recall the following vanishing result for Jacquet modules of elements
in the Arthur packets. This will become very useful when we want to simplify the results
of Jacquet modules after applying the above formulas.

Proposition 3.3 [10, Proposition 8.3]. Suppose ¥ € W(G) and 70 Hio. Let p be a
unitary irreducible supercuspidal representation of GL(d)).

(1) For ¢ € {£1} and segment [x, y] with 0 < x <y,

.....

unless there exists a sequence of Jordan blocks {(p, A;, B;, £)}i_, < Jord, () such
that By =x,A, >y, and B; < Bi;1 < A; + 1.

(2) Forx e R, let m = #{(p, A, B,¢) € Jord(¥) : {B = x}. If n > m, then
Jacx,_“,xrrzo =0.
——

n

4. Some irreducibility results

In this section, we want to recall some irreducibility results. We start with general linear
groups. For any two segments [x, y] and [x’, y'] such that (x — y)(x’ — y’) > 0, we say they
are linked if as sets [x, y] € [x', '], [x", '] € [x, y], and [x, y]U [x, y'] can form a segment
after imposing the same order. The following theorem is fundamental in determining the
reducibility of an induced representation of GL(n).
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Theorem 4.1 (Zelevinsky [12]). For unitary irreducible supercuspidal representations p, p’

of general linear groups, and segments [x, y], [x', ¥'] such that (x — y)(x' —y') >0,
(prx, ..., yyx{psx', ...,y

s reducible if and only if p = p’ and [x, y], [x, Y] are linked. In case it is reducible, it

consists of the unique irreducible subrepresentations of

(3%, ...,y x{p;x', ...,y and {(o;x,....¥)yx{o;x,...,y).

To extend this theorem to generalized segments, we have to extend the notion of ‘link’
first. For any two generalized segments {x;;}nxn and {y;j}m x» with the same monotone
properties for the rows and columns, we say they are linked if [x;1, X111, [Vm'1, Yin’] are
linked, and the four sides of the rectangle formed by {x;;j};uxn do not have inclusive
relations with the corresponding four sides of the rectangle formed by {yij}mxn (e.g.,
[x11, X1a] € 11, yiw] and [x11, x1,] 2 11, Yiw])- It is easy to check that if {x;;}ux, and
{¥ijIm'xn are linked, then {xij};zxn and {)’ij};’xn’ are also linked. So for generalized
segments {X;j}mxn and {yij}m'xn With different monotone properties for the rows and
columns, we say they are linked if {x,-j},ixn and {yij}m/xn are linked, or equivalently
{xij}mxn and {y;; }ryr;’xn’ are linked. One can check that this notion of ‘link’ is equivalent

to the one in [8].

Theorem 4.2 (Mceglin—Waldspurger [8]). For unitary irreducible supercuspidal repre-
sentations p, p’ of general linear groups, and generalized segments {XijYmxn, {Vij}m'sn’ s

(0; {xij}mxn> X </0/; {.Vij}m’xn’>
is trreducible unless p = p" and {xijYmxn, {YijIm'xn' are linked.

We will be mostly using the following corollary of this theorem.

Corollary 4.3. Let p, p' be unitary irreducible supercuspidal representations of general
linear groups, and {xij}mxn, {Yijlm'xn be generalized segments. Suppose p % p’, or
{XijYmxns YijYm'xn are not linked, then

(:0; {xij}mxn> S (IO/; {Yij}m’xn/> = (/0/2 {yij}m/xn’> X <,0; {xij}mxn>'
Proof. One just needs to notice there a Weyl group action transform the inducing

representation (p; {xij}mxn> ® (0’ {yij}m’xn’) to (o' {yij}m’xn’) ® (p; {xij}mxn)~ Then the
corollary follows from the fact that both induced representations are irreducible. O

Next, let us consider G*0.

Lemma 4.4 [7, Lemma 8.2]. Let ¥ € ¥(G) and 7> € 1'[50. For any self-dual irreducible
unitary supercuspidal representation p of GL(d,) and real number x,

plIf >0
is irreducible, provided for all (p, A, B, ¢) € Jord, (), we have either

B> |x| or |x|]>A+1.
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We will not give the proof of this lemma here, but we would like to discuss the
idea behind the proof. Let t be an irreducible representation of GL(d), and 7%° be an
irreducible representation of G*0. To show 7 X 720 is irreducible, there is the following
criterion.

Lemma 4.5. Suppose there exits a unique irreducible subrepresentation

o> X0

such that o is multiplicity free in s.s.(t x w%9), and

otV %,

Then T X 720 is irreducible.

Proof. Since o <> ¥ x 7%, we know t x>0 has a quotient isomorphic to o. Then

by the fact that o < v x7%0 and o is multiplicity free in s.s.(t x 7%0), we see o is
a direct summand of t x 720, This means t x 720 necessarily has another irreducible
subrepresentation. But this contradicts to the uniqueness of o. O

By the same idea, we can generalize Lemma 4.4 to the following proposition.

Proposition 4.6. Let ¢ € ¥(G) and 7" Hio. For any self-dual irreducible unitary
supercuspidal representation p of GL(d,), and

é‘x é‘x/

gy - 0y
such that y > x > x" > 0 and ¢ = 1, if for all (p, A, B, ¢) € Jord, (), we have either
B>y or x'>A+1,
then T x w20 is irreducible. Moreover,
Tx g0 = Y g0 (4.1)
in this case.

Proof. Taking conjugation by elements in G*0, one can transform the inducing
representation T @ w20 to V@m0, So v x w0 = ¢V x w20 if v x w20 is irreducible. To

apply Lemma 4.5, let us choose an irreducible subrepresentation o < 7 x 70, Let
Ix -+ ¢ x/
X=|: |
gy - 0y

then by our assumption, Jac,7*0 =0 for any z € X. Also because y > x > x' > 0, we
have

Jacx (t x 720) = (Jacyt) x 120 = 720,
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This means o is the unique irreducible subrepresentation of T x 729, and it is multiplicity
free in s.s5.(t x w20). Then it suffices for us to show o < ¥ x 7>0. By Lemma 4.4, we

have
é‘x e é‘x/
o= : : X I8 x - x p| | o
Cy—=1D -2y =1

é‘x é‘x/

12

) 41 -y x
Xp||“x-~-x,o||§()+)xp|| 8V g g 20

cy—=1 - ¢y’ =1
x {x/
=7 x| ol X x plEOD g B
cy—=1 ---¢0'=1

é‘_x é‘x/
’zva—Ey/X...po—{yx I 7T
(=1 - ¢('=D
By induction on y — x, we can assume

é’_x e é‘_x/

o= : : x >0

(=D - 5=

2o

is irreducible. Then

~L(/ =1 =y = 1)

12

720

—{x/ .. —Ix
as we have seen in the beginning. Since Jac,o0’ = 0 for z € [—-¢y’, —¢y], then
Jac_gy,..—ey (™ - x pl| T x 0"y = 0.
Therefore,
o < pl[T xxpl T x o
as the unique irreducible subrepresentation. It follows

=0 =1 - =ty =D

e S SO L =N C SR SO : : X %0
_Cx/ R —Zx
as the unique irreducible subrepresentation. Hence
=&y =gy
o — : : X 20,
—ix' - —ix
This finishes the proof. O
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5. Basic case and generalization

We describe the basic case as follows. Let us fix a self-dual unitary irreducible
supercuspidal representation p of GL(d,). There exists

{(p, A2, B2, $2), (p, A1, By, 1)} € Jord(yr)

such that A, > Ay, By > Bj, and {1 = ¢ = ¢. These two Jordan blocks are ‘separated’
from the other blocks in Jord, (). Moreover, let

Jord(y—) = Jord(¥)\{(p, A2, B2, £2), (p, A1, B, §1)},

we require ¥_ has discrete diagonal restriction. We can extend the natural order on
Jord(¥_) to Jord(yr) as follows

(p, A, B,¢) >y (p, A", B',¢") ifand only if A > A

In particular,
(0, Az, B2, §2) >y (p, A1, B, §1).

For functions [(p, A, B, ¢) € [0, [(A — B+ 1)/2]] and n(p, A, B, £) € Z/2Z on Jord(y),
we denote
Iy =1(p, A1, B1,81), b =I1(p, Az, B2, o),

and
m =n(p, A1, B1, 1),  m =n(p, Az, Bz, {2).

Lemma 5.1 (Mceglin). In the basic case, suppose
[A2, B2] = [Ay, Bil,
then 7[151(;1// (W, L,n) # 0 if and only if
m=hM"Py = =D,
m# (=DM Py ==L = (A —B+1)2

This lemma is in [4, Lemma 3.4] and it is fundamental for all the results that we are
going to derive in this paper. The lemma can also be generalized as follows.

Proposition 5.2. In the basic case, if nﬁ‘,\?,?>v,(1p, L,n) #0, then

m=ED4"By = Ay—bL>A -1, By+lh =B+, (5.1)

m# (=DM Biy = Bot+bh > A -1
Conversely, if (5.1) is satisfied, then 77151(,)>w (Y.L ) # 0, moreover

{By —¢ A2

T, (U L) =

((Br+h—1) - =t(A2 =1+ 1)
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¢By —CA;

¢Br+h—=1) - =¢(A1 =1L +1)
X 7TM >w(¢ L,n_;(p,A2—l, By+1,0,m,0),
(p, A1 =11, Bi+11,0,n1, 2)).

We give the proof of Proposition 5.2 in Appendix A. Next we would like to generalize
the basic case to the following situation. Suppose we can index Jord, () for each p such
that A; > A;—1 and B; > B;_1. Moreover, we can divide Jord, () into chunks of

{(0, Ai, Bi, &), (p, Ai—1, Bi—1, 51} with & = ¢, or {(p, A}, B}, {j)}, (5.2)

such that each of them is ‘separated’ from the others in Jord,(y). We call this the
generalized basic case. There is a natural order >y on Jord,(¥), i.e.,

(0, Ai, Bi, &) >y (p, Ai—1, Bi—1, §i—1).

Proposition 5.3. In the generalized basic case, 71’15?>w(l//,£, n) #0 if and only if the
condition (5.1) is satisfied for each chunk of pair {(p, A;i, Bi, &), (p, Ai—1, Bi—1, ¢i—1)}
in (5.2) for all p.

Proof. We first prove the sufficiency of the nonvanishing condition by induction on the
number of intersected pairs in Jord(y). Let p be fixed. For Jord,(y/), suppose n is the
biggest integer such that [A,, B,] and [A,—1, B,—1] intersects. Let

Jord(y—) = Jord(¥)\{(p, An, Bn, £n)}-

By induction we can assume

T[M>W(I/, ’77 7(I()’A +Tn’Bn+Tnalnann»§n))7é0

for the smallest T, such that [A, + T,, B, + T,,] does not intersect with [A,_1, B,_1]. For
those intersected pairs {(p, A;, Bi, &), (p, Ai—1, Bi—1, ¢i—1)}, we can put them apart by
shifting (p, A;, Bi, &) to (p, A; +T;, Bi + T;, ¢;) again for the smallest T;. Let us write
T; = 0 for those (p, Aj, Bj, {;) remained in Jord, (). As a result we can get a parameter
Y¥s dominating ¢ with discrete diagonal restriction such that

(psAsis Bsi &) = (p, Ai + Ti, Bi + Ti, §i).
Then
Gi(Bi+Ti) -+~ Gi(Bi+1)
”§?>¢(I/’>>»L 1) = Xizp : : x Cxe
G(Ai+T;) -+ Gi(Ai+ 1)
X nM>w(w 03 (0, Ap+ Ty By + T bns s ),

where i is increasing. We would like to show

20
JaC(p, Ay 4T, Bt T, 60> (0, An, Bu ) T g, >w(l/f _sn_5(p, Ap+ Ty, By + T, Lns s §n)) # 0.
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Note by our assumption,

X
Ja’c(psAn‘i’TnaBn+Tnsgn)'_)(psAnan»{n)nM(,)>l/, (w>>’ L Q) 7& 0

So after we apply the same Jacquet functor to the full-induced representation above,
we should get something nonzero. To compute this Jacquet module, one notes B, + 1 >
A; +T; for T; # 0, so it can only be

G(Bi+T) -+ G(Bi+1)

Xizn : : X Cxe X JaC(p, Ayt T Byt Tt (0. An. Bu.n)
Gi(Ai+T;) -+ Gi(Ai +1)

o, (W L0 5 (0, An+ T, Byt Ty by s 60)) # 0.

This gives what we want.

Next for the necessity of the nonvanishing condition, we can assume §?>¢ (Y, L,n) #0.
We still fix p and choose a dominating parameter v with discrete diagonal restriction
in the way as above. Then by definition

G(Bi+T;) --- &Gi(Bi+1)
X . . 2
oty Fe L) = i : : X Cxe Xyt (L),
Gi(Ai+Tp) -+ Gi(Ai +1)
It is easy to see that those generalized segments in the induced representations are not

linked. So we can change their orders in the induction. In particular, we can take any
generalized segment to the front. As a result

P
JaC(p A+ 11 B4 Tr.6)> (0. A Bt Tag s, (U L) # 0,

for any i. This gives the condition that we want with respect to p. By varying p, we
prove the necessity of the condition. O

Remark 5.4. Suppose a subset of Jordan blocks of Jord, () satisfies the condition in the
generalized basic case, then we say the Jordan blocks in this set have ‘good shape’.

5.1. Some necessary conditions on nonvanishing
In this section, we want to use Proposition 5.2 to give some necessary conditions on the
nonvanishing of nfl?w (¥, 1, ) in general. Let us fix p and index the Jordan blocks in
Jord, () such that

(0, Ai, Bi, &) >y (p, Ai—1, Bi—1, §i—1).
Let (o, Ak, By, &) >y (0, Ak—1, Br—1, &k—1) be two adjacent blocks under the order >y
and & = k1.

Lemma 5.5. Suppose Ay > Ax_1 and By > By_1. Ifnﬂ}j;?>w (W, L) #0, then Iy, nk, -1,
Nk—1 satisfy the condition (5.1).
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Proof. Let s be a dominating parameter with discrete diagonal restriction. We also
define Iﬂ(k) from s by shifting (p, A; + T;, Bi + T;, ;) back to (p, A;, B;, &) for i < k.
Then

G(Bi+T) --- &Gi(Bi+1)

ﬂ5?>v/(1//>>,£,ﬂ) = Xi<k—1
Gi(Ai+Ti) -+ Gi(Ai+1)
Sk—1(Be—1+Tk—1) -+ Gk—1(Be—1+ 1)

X . .
Sk—1(Ak—1+ Ti—1) -+ G—1(Ag—1+ 1)
1
Sk(B+Ti) -+ G(Bx+ 1)
x : : LI AN N
Ge(Ak+Te) -+ G(Ar+1)
11
Gi(Bi+Ti) --- Gi(Bi+1)
— Xi<k—1 : :

Gi(Ai+Th) -+ Gi(Ai + 1)
Ck1(Br—1+Ti—1) -+ G—1(Br—1+1)

k1 (Ag—1 +Tp—1) -+ Gk—1(Ag—1+ 1)

I

(é“k(BkJer) v OBk + T+ 1) o0 G(Br+1)
8 . . .

G (Ak—1+Tk) - (A1 +Th—1+1) - Gk(Ar—1+1)
1,
G(Ak1+ T +1) -+ G(Ag—1 +Tx—1+2)

X . .
G(Ak+T) - A+ T+ 1
i,
Akt +Ti—1+1) -+ G(Ak—1 +2)
x : : xaty, O L),
Ak +Ti—1) -+ G(Ag+ 1)
113

where i increases. Note (/) is interchangeable with (II1) and (II), and By + Tj—1 + 1 >
Ai+T;+1fori <k—1. As a result,
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2o
Jac(p, Ay+Te, BT, ) (0, Ax+Tx -1, Be+ T ka)”M,>l/, (U, L, Q) # 0.

Then by Proposition 5.2, Ik, g, lk—1, nk—1 satisfy the condition (5.1). O

Lemma 5.6. Suppose [Ag, Bi] 2 [Ak—1, Br—1]. ffﬂ§?>¢(l/f, L) #0, then L, i, lk—1, Mk—1
satisfy the following condition:

me= (=DM B =0 < Ik — iy < (Ak — Br) — (Ag—1 — Bx—1),

(5.3)
M # (=DA1=Bip =S Ly > Agoy — Biy.

Proof. Let s, be a dominating parameter with discrete diagonal restriction. We also
define y® from vy by shifting (o, A; +T;, B; + T;, &) back to (o, A;, B, &) for i < k.
Then

GBi+T;) - &i(Bi+1)

ﬂﬁ?>w(W>>yl’ n) <> Xick—1 : :
Gi(Ai+Th) -+ Gi(Ai + 1)
Ce—1(Bk—1 +Tp—1) -+ Ge—1(Bg—1 +1)

X . .
Ce—1(Ak—1 + Th—1) -+ G—1(Ak—1+ 1)
1
Ge(Be+Tk) -+ &k(Be+ 1)
x : : s, O L),
G(Ak+Ti) -+ (A +1)

i

where i increases. Note (I) and (II) are interchangeable due to [Ax + 1, By + 1] D [Ap—1 +
1,Br_1+1]. Since By +Tr_1+1 > A;+T;+ 1 fori <k —1, we have

b

JaC(PsAk+TksBk+Tks§k)’—>(P‘Ak+Tk—lyBk+Tk71»fk)nM(,)>1/,(w>>’ L Q) # 0.
In particular,

b5
JaC(p, Ay 4 T B+ Tie. 1) (0. A+ T+ By — B By + 11,80 Tag >, (U2 L) # 0.

By Proposition 5.2, the condition (5.1) is satisfied for (o, Ax + Tx—1 + Bx—1 — Bk, Bx—1 +
Ti—1, Ik, e, &) and (o, A1+ Ti—1, Br—1 + Te—1, le—1, mx—1, &k—1), e,
o If g = (=D)A—17Bi=ty_y, then

(Ag +Ti—1 + Br—1 — Bi) =l 2 (Aj—1 + Ti—1) —lk—1 = lk — k-1

< (Ag — Br) — (Aj—1 — Br—1),

Bik—1 +Ti—1) +lg 2 Bi—1 +T—1) + g1 = Ik — Ik 2 0.
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o If i # (—DA-17Bi-ip | then
Bi—1+T—1) +lx > (A1 +Ti—1) —le—1 = Lk +le—1 > A1 — Bi—1.
This finishes the proof. O

Lemma 5.7. Suppose [Ag, Byl C [Ax—1, Br—1]. Ifﬂﬁ?w(l/f, L) # 0, then I, lk—1, Nk, Mk—1
satisfy the following condition:

me= (=DM B1g 1 = 0< Loy — Ik < (Ak—1 — Br—1) — (Ax — By), (5.4)

M # (—DA1="Bin = L+ > Ay — By.

Proof. Let 5. be a dominating parameter with discrete diagonal restriction. We also
define y® from s by shifting (o, A; + T;, B; + T;, &) back to (o, A;, B, &) for i < k.
Then
Gi(Bi+T;) -+ Gi(Bi+1)
JT,ELW(I//»’L 1) = Xj<k—1 : :
Gi(Ai+Ti) -+ Gi(Ai+1)

Sk—1(Bk—1+Tk—1) -+ Sk—1(Be—1+1)
x : :
Sk—1(Ak—1+ Ti—1) -+ G—1(Ag—1+ 1)

1

G(Bk+Ti) -+ S(Br+ 1)
x : : g, L),

k(A +Ti) -+ G(Ak+1)

1

where i increases. Note (/) and (/) are interchangeable due to [Ax + 1, Br + 1] C [Aj—1 +
1,Br_1+1]. Since By +Tr_1+1 > A;+T;+ 1 fori <k —1, we have

Jac(p,AkJer,Bk+Tk,§k)l—>(p,Ak+Tk,1,Bk+Tk,1‘§k)7[1\§?>w (Y.L n) #0.

In particular,
JaC(p,AHTk,Bk+Tk,;k)H(p,Ak,1+Tk,1,Bk+Tk,1+Ak,1—Ak,;k)ﬂ,f;Lw(W>>v L,n) #0.

By Proposition 5.2, the condition (5.1) is satisfied for (o, Ax—1 + Tx—1, Bx + Tp—1 + Ap—1 —
Ak by i, §) and (o, Ag—1 + Ti—1, Be—1 + Te—1, le—1, Mk—1, $k—1), i.e.,
o If . = (—1)A-17Bk-1p, | then

(A1 +Ti—1) = lk 2 (Ap—1 +T—1) —lk—1 = L1 —lx 2 0,

(Bk + Tk—1 + Ak—1 — Ak) + 1k 2 (Bi—1+ Ti—1) + lk—1 = lr—1 — Ik

< (Ag—1— Bik—1) — (Ak — By).
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o If i # (—DA-17B=19_;, then
Bk +Th—1+ Ap—1 — Ap) +lk > (Ak—1 +Ti—1) — k-1 = g +lx—1 > A — By.

This finishes the proof. O

6. Change of order formulas

For y =y, € W(G), we want to show how Mceglin’s parametrization of elements in Hio
changes as we change the order >,. So we fix an admissible order >, and we also fix
a self-dual unitary irreducible supercuspidal representation p of GL(d,). We index the
Jordan blocks in Jord, (1) such that

(0, Ai, Bi, &) >y (p, Ai—1, Bi—1, §i—1).

Let (o, Ak, Bk, ¢k) >y (p, Ak—1, Br—1, &k—1) be two adjacent blocks under the order > .
We denote by >§// the order obtained from >y by switching (o, Ax—1, Bk—1, {x—1) and
(p, Ag, Br, &r). And we assume >;// is also admissible. Then we are in the following two
cases.

6.1. Case {; = (i1

In this case, we can assume without loss of generality that [Ag, Bx] 2 [Ax—1, Bx—1].
For functions [(p, A, B,¢) € [0, [(A— B+ 1)/2]] and n(p, A, B, §) € Z/27 on Jord(y), we
denote

Ik =1(p, Ak, B, &), lk—1 = L(p, Ag—1, Bi—1, Sk—1)»

and
nk =n(p, Ak, Bi, Sk), k=1 = n(p, Ak—1, Be—1, §i—1).

From (I, n) satisfying (5.3), we want to construct another pair (', n’) such that
U'¢G)=1() and 7'()=n()
over Jord(Y)\{(o, Ak, Bk, &k), (0, Ak—1, Br—1, &—1)}. Let us denote
Le=U(p, A, Bk, &), Ly =1'(p, Ak—1, Bi—1, Sk—1)s

and
M =10, A, Bis &)y My = 1'(p, Ak—1, Bi—1, Sk—1).
Then we define I;, I; _,, n, n;_, according to the following formulas.

o If e # (=DM 1Pty then 1y = (=D P and

v =1,
Ik =1} = (Ag—1 — Br—1 — 2l 1) + 1

My = (DA By
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o If n = (=1)A=1= Bty and
Ik —lk—1 < (Ag — Bk) /2 — (Ak—1 — Br—1) + k-1,

then n_, # (-1 By and

e =1,
L =l = (Ag—1 — B — 21 + 1
Mp_y = (=DM By .
o If n = (=1)A=1=Bi-tiy_y and
Ik —li—1 2 (Ax — Bo) /2 — (Ak—1 — Bi—1) + lk—1,

then n;_, = (—I)A’“B’fr);c and

lg1 = lllc—l
(=l _) + Ux —lx—1) = (Ax — Br) — (Ag—1 — Bx—1)

Moy = (=DM By

One can check (I, ') satisfies (5.4). We denote this transformation by ST. We can also
define its ‘inverse’ S7, namely we start with any (L’,Q’) satisfying (5.4), and we define
I, lk—1, Nk, nk—1 according to the following formulas.

e If n, | # (=D Biy then ng = (—1)A-17Be-1p,_; and

lk—1 = ll/c—l
Iy =l = (Ag—1 — Bro1 — 2l + 1
My = (=D)A By
o If n,_, = (=DA By and
Ly =y < (Ag = Br) /2 — (Ax—1 — Br—1) + [y,
then ng # (—1)A-1"B-1n | and
l—r =1,
Ik =1, = (Ak—1 — Br—1 —2l;—1) + 1
g = (DA By

olfn,_, = (—l)Ak_Bkn,/( and

Ly =1y > (Ax— Bp) /2 — (Ag—1 — Bi—1) + I;_y.,

https://doi.org/10.1017/51474748019000409 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000409

1116 B. Xu
then ng = (=1)A-17Bk-1p, | and

=1

(e =L )+ Uk = lk—1) = (Ak — Br) — (Ag—1 — Bi—1)

Moy = (=D By

One can also check (I, n) satisfies (5.3). Moreover, we have
ST ST ~x, L),
and
StoS™ (U, n) ~5, U, ).

So §* (respectively S7) induces a bijection between (I, n) satisfying (5.3) and (', ")
satisfying (5.4) modulo the equivalence relation ~x, on both sides.

Theorem 6.1. Suppose (I, 17’) =ST(, n), then

”M>,,(1/f’l,n)—ﬂ ,(1//1/77)

Let vs be a dominating parameter of ¥ such that Jord,(ys) = Jord,(¥), and
Jord,y ({) has discrete diagonal restriction for p” # p. Then

x z
Ty, W L) = Jacxemy' (Y. L),

and
20 >, W, n)—JacmT -, W, ).

So it suffices to prove the pI‘OpOSlthH for such ¥rs,. Therefore, in the following discussions
of the proof of this proposition, we always assume Jord, (y) has discrete diagonal
restriction for o’ # p, and if we choose some dominating ¥ of ¥, we always assume

Jord,y () = Jord, () for p" # p.
6.1.1. Reduction. Let (!, Q’) =S5*(, n). We want to reduce the proposition to the

following case:
(0, Ai, Bi, &) > (p, Ai—1, Bi—1,¢i—1) fori #k,
(p, Ak, Bi, &) > (p, Ak—2, Bx—2, k—2) and 0. (6.1)

We do this in two steps. First we reduce it to the case:
(p, Ai, Bi, &) > (p, Ai—1, Bi—1,¢i—1)  fori >k,
k=2
(0, Ak, Bk, &) > U{(P,Aj,Bj,Cj)} and 0. (6.2)
j=1
Let us choose a dominating parameter ¥ with respect to >y such that T; =0 for
i<k—1,

(0, Ai +T;, Bi+T;,8) > (p, Ai—1 +Ti—1, Bi—1 +Ti—1, §i—1) fori >k
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and
k—2

(0, Ak + Tx—1, Be + Ti—1, &) > U{(P,Aj,Bj,Cj)} and 0.
j=1

From s, we can obtain a dominating parameter ¥{, with respect to >i// such that
=T for i #k,k—1, and T’ Ty 1,T | = Tr. Let us also denote Ty by T, and

construct w>T> from Y5 by changing Ty to T. Let 1p>> be obtained from s, by changing
Tk, Tr.—1 to zero.
z
Suppose JTM(’)>W (¥, L,m) # 0, then

Ck—1(Br—1+Tk—1) -+ Gk—1(Brk—1+1)
ﬂﬁ?w(lﬁ»al» n) — : :
Ck1(Ak—1+Tp—1) -+ G—1(Ag—1+ 1)
Se(Be+Tk) -+ &(Br+1)

(A +Tp) - (A +1)

k
X g, WS L,
where the two generalized segments are interchangeable. So nfl(;w (1//>T>, L,n) #0, and

(B +T) -+ &k(Bx+ 1)
T, >¢(1/f>T>J n = : :
G(Ak+T) -+ G(Ag+ 1)
Sk—1(Bk—1+T) -+ Gk—1(Br—1+1)
x : : <y, WS L),
Gk—1(Ak—1+T) - G—1(Ak—1+1)

By (6.2),

nﬁ‘f% WL U =my’. WL, L) #0.
Then
Gk—1(Bi—1+T{_) -+ t—1(Bi—1+T+1)
Topa, W L) = : : X W5 L)
Ce—1 (A1 +T/_ ) - G1(Ag1 + T+ 1)
Gk—1(Be—1+T{_) -+ tk—1(Bi—1+T +1)

C—1 (A1 +T/_)) - Go1(Ag1 + T+ 1)
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(B +T) -+ G(Be+1)

(A +T) -+ G(Ar+1)
1
Ck1(Br—1+T) -+ Gp—1(Br—1+1)

C—1(Ag—1+T) -+ G—1(Ag—1 + 1)

ur

X Ty >w(¢>>),l 77)

We can interchange (II) and (/II). If By_| # Bk, then Jac;k71(3k71+7)71[5?>;p W, v, Q/) =0.
So we can ‘combine’ (1) and (II]), i.e.,
Ck—1(Br—1+T;_)) -+ G—1(Br—1+1)
z . .

”M(,)>ip W lon) = : :

C—1(Ag—1 +T/_ ) -+ G—1(Ag—1 + 1)
I+111

(B +T) -+ G(Br+1)

(A +T) -+ G(Ar+1)
1

k
A ”M >y (1/’§>)’ Ln).

If By_1 = By, let us write

Ck—1(Bk—1+T[_y) -+ G—1(Bx—1+T +1)

by
nM(,)>;,/(I/,;>’£/’Q/) - : :
G-1(Ak1 +T)_ ) -+ 1Ak +T+1)

Ck—1(Br—1+T) o1 (Br—1+T —1) -+ Gr—1(Br—1+ 1)

Ck—1(Ag—1+T1) G—1(Ak1+T—=1) - G—1(Ag—1 + 1)

/-

G(Be+T) -+ &e(Be+ 1)
< D, S L.
(A +T) - G(Ag+1)

i
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There exists an irreducible constituent o of
Ck—1(Bk—1+T_y) -+ G—1(Bk—1 +T +1) Ck—1(Bx—1+T)
: : x z
1 (A1 +T_ ) - G1(Ak1 + T+ 1) G—1(Ag—1 +T)

1

such that
Ck—1(Br—1+T —1) -+ G—1(Br—1+1)
T, (W [ 1) = 0 z |
Ge—1(Ak—1+T =1 - Go1 (A1 + D)
11—

Se(Be+T) -+ G(Be+1)
x : : )y, WS L),

Gc(A+T) - G(Ac+ 1)

11

Suppose Jacg, ,(B,_,+1)0 # 0, then Jacg,_,(B,_,+7)0 is contained in
Ck—1(Bi—1+T;_) -+ G—1(Be—1 +T +1) Ck—1(Bk—1+T +1)
s z x z
G—1(Ak1 + T ) - 1Ak +T + 1) Ci—1(Ag—1+T)

1

which is irreducible. So

Gk 1(Bk—1+T{_y) -+ G—1(Br—1+T +1)
o > p“{k—l(Bk—l“‘T) x . :
Ce—1 (A1 +T/_) - G—1(Ag1 + T+ 1)

I

Se—1(Bk—1 +T +1)
x :
Ce—1(Ag—1+T)
Hence
-1 (Beo1+T]_) -+ e—1(Bio1+ T+ 1)
Ty, W L) = I D) s z
1 (Ap—1 +T/_) - G1(Ag—1 +T+1)

1

Gk—1(Br—1+T +1) (B +T) -+ &G(Be+1)

X : X : :
Gk—1(Ak—1+T) G(Ak+T) -+ G(Ax+ 1)

g
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Ck1(Br—1+T —1) -+ &1 (Bk—1+1)
X : : ><]7TM >y (ng)’ S 1)-
G1(Ap—1+T = 1) -~ G—1(Ap—1 + 1)

1

If Ay = Ak—1, then [Ak, Bk] = [Ak—1, Bk—1], and there is nothing to prove. So we can
assume Ay > A;_1. Then

$e(Bk+T)
77151?>;// (1/,£>’ U, ﬂ/) s p||§k—l(Bk—l+T) x :
(A +T)
Ck—1(Br—1+T,_) - G—1(Be—1 +T +1)
X : :
1 (A1 +T)_)) -+ 1Ak +T+1)
I
Gi—1(Br—1+T+1) (B +T —=1) -+ G(Br+ 1)
X : x : :
Ck—1(Ag—1+T) (A +T—=1) - (A + 1)
i
Ge—1(Br—1+T —1) -+ &1 (Bg—1+ 1)
x : z ', (U L.

G1(Ap—1+T = 1) -+ L1 (A1 + 1)

I

As a result, we have
Xz roqgr
Ja%fl<Bk71+r>,ck<3k+r)ﬂM‘f>;0(tﬂ», U'.n) #0,
which is impossible. Therefore, we must have Jacg,_,(s,_,+7)0 = 0, and hence

G—1(Be—1+T_) -+ &—1(Be—1+T)

1 (Ag1 +T)_ ) -+ G—1(Ag—1+T)

Iy
In this case,
JaCf;k_l(Bk_.+T—1)ﬂA§?>/w Ws.l',n)=0.
So we again have
1B +T)_) -+ k—1(Bio1+ 1)
EO>§0 WS ) = : :
k1 (Ap—1 +T/_) - G—1(Ag—1 + 1)

I+
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(Be+T) -+ Gu(Br+1)

(A +T) -+ (A +1)

i

k
. ”M >y (1/f£>)’ Ln).

Since [¢r—1(Ag—1 + Tk/—l)’ Cr—1(Ak—1+ D] D [tk (A +T), ¢k (Ax + 1)], we can interchange
(I +1I) and (II). Therefore,

® 4

O 0 ) =, W L.

”M >, Wy,
After applying o;-xJacp, 4;+7;, Bi+T;,c)(p, A, Bi.;) 10 both sides, we get
nMW(Ilf,l,n)—n (Iﬂ Un).

Secondly, we want to further reduce it to (6.1). So let us assume we are in case (6.2).
We can choose a dominating parameter s, with discrete diagonal restriction so that
T; =0fori > k and i = k — 1. We also require

(0, Ai +Ti, Bi+T:,8) > (p, Aici + Tim1, Bioi +Tioy, Gim1) - fori <k,
and
(0, Ak, Bk, &) > (p, Ak—2 + Ti—2, Bx—2 + Tk—2, {x—2) and 0.
Suppose rrM > (¥, L, n) # 0, then
Gi(Bi+Ti) -+~ &Gi(Bi+1)
by . .
7TM?>¢(1)0>>,£72) — Xi<k—1 : :
Gi(Ai+Ti) -+ Gi(Ai+1)
I;
Se(Bik+Tk) -+ Ge(Br+1)

(A +Tp) -+ (A +1)
i
T, W L),

where i increases. Since By +1 > A; +T; 4+ 1 for i < k— 1, we can interchange (II) with
(I;). Let w(k) be obtained from yrs, by changing T to zero. Then

Gi(Bi+T;) -+ &Gi(Bi+1)
T, WS L) > Xicko : : )y W L.
G(A+T;) -+ Gi(Ai +1)
By (6.1),
y( ) (k) ky 77
ﬂM >w(¢>> ) Q) ></j(¢>> L, 77) # 0.
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Since
JaC(PyAk+Tk,Bk+Tk,§k)'—>(PyAkyBka)
commutes with
0 <k—1J8C(p, Ai+ T3, Bi+Ti,00 (p, A, Bi ) »
we have
k)
01 ck=1J0C(p, AT, BT, G0 0. A B ) i =y (VS LoD = T (U L)
Similarly,

b8
O <k—1JaC(p, A;+T;, Bi+T;,00)(p, A; , B; g,)ﬂM >, (¢>>) l, )—ﬂ >, W, U, ).

So
T, (L) = n,i?% W.U.n).

This finishes our reduction step.

6.1.2. Critical case. From the previous reduction, we can now assume (6.1):

(0, Ai, Bi, &) > (p, Ai—1, Bi—1,¢i—1) fori #k,
(0, Ak, B, &) > (p, Ak—2, Br—2, {k—2) and 0.

In this critical case, we can actually get the nonvanishing condition.

Lemma 6.2. Suppose we are in case (6.1).

(1) rrM >w(1,0 L) # 0 if and only if

me = (=DA% Bine 1 =0 < Ik — k-1 < (Ak — Br) — (Ag—1 — Bi—1),
me # (=D)A1=Big = by > Ao — B,

(2) w0, (.l n') # 0 if and only if
>, i
My = (=DA% By = 0< 1, —1;_; < (Ax— B) — (Ak—1 — Br—1).
M # (DA By =) +l,’<_1 > Ag—1— Br—1.

Proof. We only show (1), and (2) is similar. One first notes the necessity of the

nonvanishing condition has been shown in Lemma 5.6, so we get an upper bound for

the size of the packet |Hi°|. In fact we can also get a lower bound for it. Let us

define ¥* by changing (o, Ak, Bk, ¢) to (o, Ap—1, By — Ay + Ag—1, ¢). Then the functor
. R 2o 2.

Jac(o, Ay, B> (p, Ar—1, By—A+Ar—1.¢) Induces a surjection from IT)® to T %:

Py Py
ity (s L 1) = JAC(p, A BL0) (0. Akt Bi— At A1) Tp ., (V5 L ).
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So |H 9 < |1'I2°| By Proposition 5.2, we have n >, W, n "y # 0 if and only if

m_ = (DA Byl =0 — 1 < (A1 — (Be — A + Ak—1) — (Ak—1 — Bi—1),
n,_y # (DA By =1 +z,{,1 > Ag—1 — Bi—1.

Comparing this condition with the necessary condition for n§°>w(¢ L,n) # 0, one can
easily see that |H 9] is equal to the upper bound for T, O| Therefore, |IT;, 20| must be equal

to its upper bound, i.e., the necessary condition for 7TM - (¥, L, ) #0is also sufficient.
O

Now we begin to prove the change of order formula in this case. Let us define ¥_ by

Jord(y—) = Jord(Y)\{(p, A, Bk, &1), (0, Ak—1, Bk—1, Sk—1)},

then ¥_ has discrete diagonal restriction. Let ¢ = ¢ = ¢x—1. We are going to break the
proof into four steps.

Step One: We want to show if n§°>w(w, Ln) = n§°>, W, ', n") #0, then we can choose
. i > i
@, Q’) within its (~x,) equivalence class such that
U'()=1() and n'(-) = n(-)
over Jord(yr_).
e Suppose [(-) = 0 over Jord(yy_). We can define v,_ by

Jord(yr, ) = U U (et et o).
(p%, A%, BE, ¢y eord(y_) CEe[AY, B

And we define ¥, by adding (o, A, Bk, &), (0, Ak—1, Bk—1, k—1)- From (I, 1), we obtain
,, Qe) such that

X
T[MO>I//(W7LQ) T[M >¢(wes_esn )
Suppose
X X
7TM(,)>;[/ (wé” l/gﬂ ﬂ/e) == T[M(,J>W (we, !g’ Qe)

MW

By computing ¢,," " with respect to >y and >:// (cf. (1.4)), one finds

Q;(') =1,()
over Jord(v,_). Therefore, if we let
'()=1()=0 and n'()=n()
over Jord(y_), and
'Oy =L and 7'()= Q;(')
over (p, Ak, Br, ¢k), (p, Ak—1, Bi—1, §—1), then
Toplor, W L) =1 (Ve L 1) = . (0 L ).
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e Let (Yo, [,) be obtained from (/) by changing (o, A%, BE, c%) to (pf, A" — %, B® +
I*,¢%) and letting Ly(p%, A* — 1%, B¥4+1%,¢%) =0 for all (p¥, A%, B¥, ¢%) € Jord(y-),
where I* = [(p?, A%, B®, ¢%). Then

T, (oL = X (o2 a2 g etyegora(yy T (07 AT =18, BE 1P, 6%) eyl (o, Ly, 1),
as the unique irreducible subrepresentation, where

iB? —giAl

T(p* A= 1* BF+1F, () = : :

CHBEHIE—1) - —CHAR P4 1)

Suppose nﬁ?>w(¢o,£o,g) = n§?>;p (Wo’lé)’ﬂ/)o We know from the previous discussion

that

Io()=1y()=0 and n'()=n()
over Jord(y0)\{(p., Ak, Bk, &), (p, Ak—1, Bk—1, ¢x—1)}. From [j we can obtain [’ such that
(0%, A%, B*, %) = IF = I(p%, AF, B, ¢F)

for (pt, A%, B%, ¢%) € Jord(y_). Then

ni‘fw WU o0') = Xt a2 B2 ety esordqy ) T (07, AT = 1%, BF 17, ¢F) ”151;0 o, Ly, 1),

X
T 0

as the unique irreducible subrepresentation. Therefore, n/‘§0>w(w’£’ =7,
' - Zy

W, l, Q’). This finishes the first step.

Step Two: We want to give some restrictions on ([’,ﬂ’) in terms of (I, n), when

nﬁ?w W.Ln = n§?>:// (¥, ', n") # 0. From the previous step, we can assume
U'¢()=1() and n'()=n()

over Jord(y—). Next we consider the partial cuspidal support of nfl(;w (¥, 1, n), which is
defined as follows. Recall the cuspidal support of an irreducible admissible representation
720 of G0 is a G*0-conjugacy class of pairs (M >0, 5%0), where

m* =T GL() x G0

1
is a Levi subgroup of G*, and
o0 = (®it) ®7T_20
is an irreducible supercuspidal representation of M>0. We call (G{O, nfo) the partial
cuspidal support of 7%, The partial cuspidal support of TL’A§0>W (¢, L, n) can be computed

as follows. Let ¥ be a dominating parameter of ¢ with discrete diagonal restriction,
obtained by shifting (o, Ak, Bk, &x) to (o, Ax + Tk, By + T, ¢x). Then nlfl?wf(l/f’ L, n) has
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Aubert involution (cf. [10, Definition 6.15]), it is also equal to that of
b
T W30, m), (6.3)

where Jord(1/12>) is obtained from Jord(ys) by changing (pf, A%, B, ¢%) to (pf, A% —
1%, B+ 18, +) for 1# = g(,oj, Af, B, {j). This is a discrete series representation and its
cuspidal support can be computed as in [11]. To handle the combinatorics involved, we
define an operation (x) on the equivalence classes of (p, A, B,0,n,+) ~ (p,A+T, B+
T,0,n,+) as follows:

the same partial cuspidal support as ”151(;1// (¥>, L, ). Combined with the generalized

(p, A, B,0,n,+)*(p, A", B',0, 7', +) ~ (p, A*, B*, 0, n*, +).
(1) It np # (DA =By then
A*—B*=(A—B)+(A'—B)+1
nt =
(2) It p = (—)AB'y and
A*—B*=(A—B)— (A —B)—1
nt#En.

A*—B*=(A' —B)—(A—B)—1

(a) A-B>A'—-B' =

(b) A—B<A'—B =
=

If n=(—DA"B% and A— B =A'— B, we define the product to be #. We can force
# to be the identity element under this operation, then it is easy to check that {#} L
{(p, A, B,0,n,4+)}/~ forms a group. The partial cuspidal support of (6.3) is equal to
that of

P
Tar, (W50, 0% (o, Aj =1z, Bi 413, 0,0, +)),

where Jord(y?) := Jord(t/f2>)\Jordp (1/f2>), Qﬁ is obtained by restriction, and the product
is taken in the decreasing order with respect to >y . In the same way, one can show the

partial cuspidal support of n§°>, W, ', n") is equal to that of
Ty —
=
nM?%ﬁ(wﬁ, 0, 0% *i(p, Ai —I], B; +1,0,n}, +)),

where the product * is taken in the decreasing order with respect to >://. As a result, we
must have

% (0, Ai —li, Bi +1;,0,mi, +) ~ i (p, Aj =, Bi +1/,0, n;, +).
It follows

(0, Ak = Ii, B+ 1k, 0, i, +) % (0, Ag—1 — li—1, Br—1 + k=1, 0, mx—1, +)
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is equivalent to

(p7 Ak—l _l]/(_19 Bk—l +l]/{_17 Os T’]/{_lv +) * (109 Ak _l]/(s Bk +l]/(7 Os 77]/(9 +)

So we are necessarily in one of the following situations.

(1) Tf g # (=1)A=17 By, 1 and My = (=)A= Biy’  then one of the following cases
is satisfied.

(a) mk—1 = (DA Bey,  and

(Ak—1— Bk—1 —2lk—1) + (Ak — B — 20i) + 2
= (Ax — Bx —2I}) — (Ak—1 — Br—1 =20} _))
ie.,
Ik + 1) — U — 1) = Ag—1 — Br—1 + 1.
(b) me—1 # (=D* By and

(Ak—1 — Bk—1 — 2lk—1) + (Ax — Bx — 2[x) + 2
= (Ag—1 — Br—1 =203 _}) — (A — By — 2I)
ie.,
e +1l—1) + (l,i — l,/(_l) =Ar—Br+1.

(2) If e = (= 1)A=1=B-1pyp | and Me_y # (—1)Ax—Bx 1y, then one of the following cases
is satisfied.

(a) me—1 = (=DA% Bey | and

(Ax — By —2Il;) — (Ag—1 — Bi—1 — 2k 1)
= (Ag—1 — By—1— 21]2—1) + (Ax — By — 21,/{) +2
ie.,
e+ 1) — U —lg—1) = Ag—1 — Br—1 + 1.
(b) mi—1 # (=DA% By, and
(Ag—1— By—1 —2lk—1) — (A — B —2Iy)
= (Ak—1 — Br—1 —2l,_ )+ (Ax — By = 2[;) +2
ie.,
e+l D)+ Uk —lk—1) = Ax — B+ 1.

(3) If g = (—DA=1=Bi-19 1 and n_, = (—1)A Bk, then one of the following cases
is satisfied.

(a) m—1 = (DA By and

(Ag—1— Br—1—2l—1) — (Ax — By — 2Iy)
= (Ax — By —2I) — (Ak—1 — Bxk—1 — 21 _))
ie.,

(e = lk—) + (U — 1) = (Ak — Br) — (Ag—1 — Br—1).
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(b) me—1 # (=D By and
(Ak—1 = Br—1 — 2lg—1) — (Ak — Bx — 2I)
= (Ag—1 — Br—1 =20} ) — (A — By — 21)
ie.,
e—lr =1 — 4.
(4) If mi # (=D Bty and n)_, # (DA Bky/ then the following case is
satisfied.
(a) mk—1 # (=D)M Biyl | and
(Ak—1 — Br—1 — 2lg—1) + (Ak — Bx — 2I)
= (Ag—1 — Br—1 =20, _ ) + (A — By — 21)
ie.,
I+l = l]/( —I—l,/(_l.
Since in our change of order formulas, we always have
M-t = (=D By,
it is enough to eliminate those cases in which this is not satisfied. This is not easy in

general, but at least we can do this when [y = 0.

Step Three: We would like to derive the change of order formula when ly_; = 0. Let us
define vy, by

Jord(yr,) := U {(0, Ck—1, Ch—1, G-} U Jord(Y)\{ (0, Ax—1, Bk—1, Gx—1)}-
Ci—1€[Ar—1,Bi-1]

Then we can assume n;,\?,l W, Ly = n5°>w (1//6, l,,n,) # 0. Suppose

TrM >¢(wﬂ’-e’ n ) / (We’_e, 77;)

One can show as in Step one that
L(O)=L() and n/()=n,()

over Jord(y_). Moreover, by computing sflfwe/w with respect to >y and >:/f, one finds Qé is
alternating over {Uck—le[Ak—lsBk—l](’o’ Ci—1,Cr_1, ¢k—1)}. So from (L;,Q;), we can obtain

@, Q’) by letting [, _, =0 and n;_, = 17’ (p, Bk—1, Bx_1,¢). Then
Tatroy, W L) =m0, (s Ly, ).

It follows from Step two that we have several restrictions on (I/, 7). To eliminate the

case that ng_j # (—1)A Bk M_y> we would like to compute the difference between ni_

and 7;_, explicitly. The idea is again to compute 811/‘/’16/ w

(1.4)). To distinguish these two orders, we write gy/w

with respect to >W and > (ct.

for >y and €y M/ for > Then

Mk~ 18,/ (P, Br—1, Be—1,¢) = mj_ 18¢/ (0, Bi—1, Bk—1, ¢).

MW

To apply the formula for €y, (respectively EIIZI/W), we need to write (o, Ag, B, ¢) =

(0, ak, bi).
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e Suppose ¢ = +1.

ai, by even = mp_| = —n)_
(1) Ak € Z, then k=l
ay, by odd = Nk—1 = 77]/(7].

(2) Ax ¢ Z, then
ai even, by odd = nr_1 = 77;(_1-

e Suppose ¢ = —1.

ag, by even = m_1 = —n,_,
(1) Ax € Z, then )
ag, by odd = m—1 =n,_;.

{ak odd, by even = m—1 = —n;_,

ap even, by odd = 1 =—n,
(2) Ax ¢ Z, then k=t
ap odd, by even = m_1 =1n,_,.
It follows from the computations here that
Mot = (=M @b~y
Recall Ay — By + 1 = inf (ax, by), so this is exactly what we want. Adding this condition,

the remaining cases in Step two are as follows.

1) If nx # (—DA17B-ty 1 and n_, = (DA% By, then mg_y = (=DA% Biy)
k—1 k k—1
and
I —l,/( = A1 —Br_1+1.

(2) If mx = (—=DA=1"B-tg_y and n)_, # (=D By, then m—y = (=D Bry |
and
l]/( — Iy =Ar_1— Byr_1 + 1.

(3) T = (=DM =Ptmge_yand _y = (=) Br, then ey = (=D P and
Ik +1; = (Ax — By) — (Ak—1 — Bi—1).
So this finishes the proof of the change of order formula in the case ly_; = 0.
Step Four: In this last step, we want to show that if n/§°>w(w, L) = Trff, W) #
: 4 >, 1
0 with lx—; # 0, then (é/,ﬂ/) ~ % St Q) Note when [Ag, Bx] = [Ax—1, Br—1], this is
obvious. So from now on, we assume
[Ak, Bkl # [Ak—1, Br-1]-

By the nonvanishing condition in Lemma 6.2, we have Iy > [;_;. Since we have assumed
lk—1 # 0, then [ # 0.

First we would like to reduce it to the case By = By_1. Suppose By_1 > By, let us define
Y* from v by shifting (o, Agx—1, Bxk—1, ¢) to (0, Axk—1 — Bx—1 + Bi, Bk, ¢). Then we have

o E VAN 2o ’o7
o, W7 L) = JaCo, Ac i B 000 (0. At =B+ BBt T o (U L),
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. . z z
So JaC(p,Ak_l,Bk_l,E)H(ﬂ,Ak_]—Bk_l+Bk,l?k,£) induces a bijection from 1'[1//0 to Hwﬁ: by
Lemma 6.2. On the other side, we claim

Tty (U™ L 1) = JAC(, A1, B 1,00 (0. A= Bt 4B B Tt = (W L ).

To see this, we let ¥5, be a dominating parameter with respect to >, obtained from ¥ by
shifting (p, Ak, Bk, &) to (p, Ax+ T, B+ T, ¢), and s has discrete diagonal restriction.

Then
¢(Br+T) - ¢(Br+1)
Tty W L) : D ey, @l
C(Ak+T) -+ S(Ax+ 1)
((Br+T) - ¢(Br+1)
- : :
C(Ak+T) -+ (A + 1)
*—1
{Bk—1 -+ ¢(Br+1)
X Xo
CAj—1 -+ §(Ag—1— Br—1+Br +1)
*—2
where

z
o= JaC(P,Ak—lsBk—lyf)H(PsAk—l*Bk—l+BkyBky§)jTM0>w W, Ln).
Since we can interchange (x—1) and (% — 2), it is easy to see nM (gﬁ* Ln=o.
This shows our claim. So if ]TM)>w(1ﬂ,£, n) = TL’M’>2# w,l, Q) # 0, then nM’>W W*Ln) =
7150>, (W*, ', n"). And suppose we know (I, ) is related to (I, n’) according to our formula
" i i a
with respect to ¥* modulo the equivalence relation ~x,, then it is easy to see they are
related in the same way with respect to ¥. Hence (/’, Q/) ~x, ST, n).

Now we only consider the case By_; = B, and by our previous assumption we have
A > Ag—1. Let Y™ be defined from ¥ by changing (o, Ak, Bk, ¢) and (p, Ag—1, Bk—1, ¢)
to (p, Ax—1,Br+1,¢) and (p, Ay—1 — 1, Bx—1 + 1, ¢), respectively. Then we claim for
lk—1 #0,

Jacep y,...—cAr 0 Jacepy, .., —{Ak”M >w(1ﬁ Lin)= 7TM >w(1ﬁ L,n_;
(0, Ak =1, Bk + 1, Ik — 1, i, §), (o5 Ak—1 — 1, Bk—1 + 1, lk—1 — 1, mi—1, ).
In particular, this means we get a bijection from IT 0\{7’[M - (Y, Lm) : k-1 =0} to 1'[11/**
To prove the claim, we first show for [y_1 # 0,
b b
Jace ..., —(Aan?>w(¢’ Lin) = 7TM0>W(¢ Jdon s
(10’ Ak - 17 Bk + la lk - 17 Nk é‘)’ (p7 Ak—la Bk—la lk—l’ Nk—1, é‘))

Again let ¥y, be a dominating parameter with respect to >y, obtained from ¥ by shifting
(p, Ak, Bx, ¢) to (p, Ax+ T, By +T,¢), and ¢ has discrete diagonal restriction. Then
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(B +1+4+T) -+ {(Br+2)
Tas, U, L) > EBe+T), ..., =L (A +T)) x : :
C(Ak—=14+T) -+ A
X, Wl 5 (o Ag— 1 Bt Lk — 1ok, ©),
(P, Ak—1, Bk—1, lk—1, Mk—1, §))
C(Bi+1+4T) - £(By+2)
— ({(Br+T),...,—tAk) X :
C(Ak—1+4T) - A
X (=C(Ak+ 1), ..., =¢(Ac+ 1)) ><7TM>w(1/f 1

skok—1

(0, Ax =1, B+ 1,1k — 1, m, 8), (p, Ak—1, Br—1, lr—1, Mk—1, £)).

Since Ay > Ag—1, we can take the dual of (xx —1) by (4.1). Therefore,

Ty WL = (G Bi s —CA) R (oL
(0, Ak =1, B+ 1, Ik — 1, ., §), (0, Ak—1, Bi—1, lk—1, k-1, £)).

By applying Jacepy,..,—ca, to the full- induced representation above, we get
7TM>W(W o0 (P, Ag =1, B+ 1l = 1k, ©), (py Ak—15 Bi—1, l—1, k=1, £))- So

B>
Jacep,, ..., —CAan?>¢,(¢’L’ n) = ”M >¢,(¢ —n_;
(o, Ak =1, B+ 1,1k — 1,01, 8), (0, Ag—1, Br—1, lk—1, Mk—1, £))-

Next for the same T,

Th >w(1ﬁ L.n (o, Ak —=14+T, B+ 1+T,lk —1,nk, 8), (p, Ak—1, Bk—1, lk—1, Mk—1, §))
(B +1+T) -+ {(Bk+2)
> (¢By—1,...,—CAr_1) X : :
sok—2 LAy —1+T) --- LAy

43
><17TM>¢(¢ (e Ak =1, B+ 1,k — 1, i, ©),
(P, Ak—1 =1, Br—1 + 1, k1 = 1, =1, £)).
Since By = By—1, we can interchange (x * —2) and (** —3). So
7TM>w(1/f —on 5 (p, Ak — 1, B+ 1, Ik — 1, i, §), (py Ak—15 Bi—1, le—1, Nik—1, £))
= (¢Bk—1, ..., —CAk- 1>>WM>¢(‘/’ Lon (o, Ak—1, B+ 1,k — 1, mx, §),

ok —2

(o, Ak—1—1, Br—1 + 1, k1 — 1, nk—1, £)).
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After applying Jacep,_,,....—ca,_, to the full-induced representation above, we get ”151?>¢
WL .n 5@, Ak — 1, B+ 1, e = L, §), (s Ak—1 — 1, Be—i+ 1, l—1 — 1, k=1, €))- So

JaC;Bk,l,..‘,—gAk,1n5?>w(I/f—’L_’E_§ (0, Ak — 1, B+ 1, [k — 1, mk, ©),
(0, Ak—1, Bk—1, lk—1, nk—1, ¢))
=7y, Lm0y A= 1, Be Ll = 1omi, ©),
(0, Ag—1 =1, Be—1 + 1, i1 — 1, -1, £)).

This finishes the proof of our claim. At last, we want to compute

for I, _, # 0. Let ¥§ be a dominating parameter with respect to >://, obtained from ¥ by
shifting (o, Ax—1, Bx—1,¢) to (o, Ax—1 +T', Bro1 +T7,¢), and ¢, has discrete diagonal
restriction. Then

T WL L0 > (G Bt + T, ooy =0 (Aot +T)) X (¢ Bes o —C Ag)
2
C(Br—1+14+T") - ¢(Bk—1+2)
x : : X njj?,w W l_.n_;
CAk—1 — 14T -+ CA—

(P, Ac—1, B+ 1,1, — 1., ©),
(0, Ag—1—1, B—1 +1, l;/(_l -1, 77]’(-1’ )
S {C(Bk1+T), ..., eBr_1 + D) x (&By_1, ..., (A1 +T))
1 11
(B +1+T") - £(Br-1+2)

X (B, ..., —CAr) x : :
—_————
i C(Ap1 = 14T -+ CA

v

X
X 7TM(,)>;y(w—a£7’ ﬂ_; (pv Ak - 1’ Bk + 1’ l]/( - 1’ nl/" 4)7

(107 Ak—l - 1’ Bk—l + ]’ l]/cfl - 17 77]2,]: é‘))
We can interchange (IV) with (III) and (II). Also (II) and (III) are interchangeable. So

Tapo, W L) = EBa + T, E B +1)
1
C(Bk—1+14+T") -+ ¢(Bk-1+2)

X . N
(A1 — 14T -+ A

v
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X (¢Br, .oy —CAR) X (EBr—t1, ..., —C(Ag—1 +T))
11 11
>0 / /
X 7TM,>:/ (w—vé_vﬂ_»(psAk_lka+lvlk_17 nks§)9

(0, Ak—1—1, Br—1 +1, l//(_l -1, 77],(_1, )
> (((Br—1+T),....¢(Bi—1+ 1)
I
E(Br—1+1+T") -+ ¢(Br—1+2)

X . .

C(Ap1 = 14T") - CA

%
X (& By, ..., =C A1) X (=E(Ak—1+ 1), ... — T Ag)
11, 1)
X (¢Bi—1,....,—C(Ak1+T"))
11

C(Br+1) - (Bt Ax—1 — A +2)
X : : ><1n20>, W-.l_,n_;

A —1) - ¢ Ak o

v

(0, Ag—1— 1, Bk + Ak—1 — Ak + 1, I — 1,3, 0),

(0, Ag—1 =1, Bi1 + 1,0, — 1,3y, 0)).
Since Jacg(Bk_lJrHT/)nfll, W4, n") =0, we can ‘combine’ (I) and (IV). We can also
interchange (I1I3) with (II) and (V), and then take dual of (III3). As a result,

E(Br—1+T) - ¢(Br—1+1)
ﬂ§?>;ﬂ(1lf/>>,£ﬂg’) — : : X (¢Br. ... —L Ak—i)
(A1 —14T') -+ A iy
V4
X (¢Bi=1,...,—C(Ak—1+T"))
11

C(Br+1) - ¢(Br+ A1 — A +2)

x : :
(A —1) - CAk—
|4
X (LA, E(A D) ) (L s
L)V

(0, Ak—1 — 1, Be+ A1 — A+ 1, [ — 1,3, 0),
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(/0, Ak*l - 19 Bk*l + 17 l]/cfl - 15 771/(,17 é‘))

Since Ay > Ax_1 > Br—1 and Jac;AkJTA§O>/ W, I',n) =0, we can further ‘combine’
i) W el
(Ill>)" and (V).

¢(Br—1+T") - t(Bi—1+1)
ﬂﬁ‘,’%ﬁ(w;yl’,g/) — : : X (¢Bi. ... —L Ak-1)
(A1 = 14T') - Ak iy
v,
X (¢Bi=1,...,—C(Ak—1+T"))
11

C(Br+1) - Z(Br+ A1 — A +2)
X : :
CA - C(Ak—1+1)
Vi

5
X JTM?%(I#,L,Q?; (0, Aj—1— 1, Bk + A1 — Ak + 1, I — 1,13, 0),

(0, Aker — L, Be+ L — 1, m 4, 0)

¢(By—1+T") - t(B—1+1)
s X (B, ..., —CAr—1)
C(Ap1 —1+T") - A 11,
vy
X (CBi—1,..., —CA1) X (=0(Ap—1 + 1), ... = C(Ar1 +T)
Vg 11
((Be+1) -+ §(Bk+ Aj—1 — Ap +2) s
x : : bV (/S B
CA e S(Ar+D) B
Vi

(0, Ak—1 — 1, Bk + A1 — A+ 1, 1, — 1,3, ©),

(0s Ak—1 — 1, B+ 1,0y — 1,5y, 0)).
So we can interchange (II5) with (V.), and take dual of (II;). Note (II)Y is
interchangeable with (V). Since A;_; > By_1, (II)" is also interchangeable with (I1;)
and (III1). Therefore,
¢(Br—1+T") - t(Br—1+1)
z . .
7TM(,)>20 WS Un) = : :
C(Ap1 —1+T") - CA

vy
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X (C(Ak—1+T"), ... L(Ag—1 + 1))

()Y
X (¢ By, ..., —CAk—1) X (¢ Bi—1, - .., = Ak—1)
1, 1,
((Br+1) -+ §(Bk+ Ag—1 — Ax +2)
% : : xn;‘;(;, Wl ,n_;
I VEREEE C(Ag—1+1)
Vi

(IO’ Ak—l - 11 Bk+Ak—1 _Ak+ lvl]/c - 17 ’7]/@ ;)1
(0s Ak—1 — 1, B+ 1, 0y — 1, mp_y, ©)).

Consequently,
7T1§0>/ (wvé/v 77/) — <§Bk» ceey _Q‘Ak—l) X <§Bk—lv ey _é‘Ak—l>
>y _
biig /8
C(Br+1) - ¢(Br+Ap—1 — A +2)

. . DY .
< ; AT e

CAr - C(Ar—1+ 1)

Vi

(0, Ak—1 — 1, Be+ A1 — A+ 1, [ — 1,3, 0),
(105 Ak*l - 1’ Bk*l + 17 l]/(_] - 15 7)1/(_17 ;))

— ({Bk, ..., —CAr—1) X {({Bi—1, ..., =5 Ak—1)
e i
CBr+1) -+ &(Br+Ap—1 — A +2)
X : : X (CAk, .-, C(Ak—1+ 1))
C(Ag—=1) - $Ak—1 )Y
v

z
X ”M?%(lﬂ—, L,n (o, Akt — 1, Bi+ A1 — A+ 1L [ = 1,0, 0),
(0s Ak—1 — 1, Bk + 1,0y — 1, mp_y, ©)).
Then we take dual of (IIl)"Y, and interchange (IIl;) with (V).

nﬁ?%(w,z’,g’) <> (¢Bpy ..., —C Ako1) X (Bi—t. ... —L Armt)
111 11
(B +1) -+ £(Br+ Ap—1 — Ar +2)
(=¢(Ag—1+1),..., —CAg) X : :
1, (A —1) - C Ak
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M (ol i (py Axe1 — L Bt Ago — A+ LI — 1}, ),
>y s

(ps Ak—l - 17 Bk—l + 17 l]/cf] - 11 '71/(,17 g))

Suppose
7'[1510>, (‘(//,l/, 7’]/) — ({Br,..., —CAg—1) X ({By—1, ..., —CAg)
Ty —_

yig 1+,

C(Br+1) -+ C(Br+Ap—1 — A +2)
. . z

| : LSRR
(A —=1) - CAp-1
1%

(0, Ag—1— 1, Bk + Ak—1 — Ak + 1,1 — 1,3, 0),
(o, Ak1 =1, Bi—i+ L,y — 1, ©)).
Since we can interchange (/II1) with (II{ + IIl;), and By = Bi—1, we have
Bk +1) -+ C(Br+ Ag—1 — A +2)
o s : : xn,il;ﬂ(lﬂ—l_, n_;
C(Ag—=1) - §Ak—1
v
(0, Ag—1— 1, Bk + Ak — Ak + 1, 1 — 1,3, 0),
(0, Ak—1 — 1, Bioi+ L, [y — 1, mj_y, O)).
Otherwise, we would have
Tagoy WL 1) > (B —C A1) X (ZE(A 1 4D, — LAY
1, i
((Br+1) -+ ¢(Br+ Ag—1 — A +2)

(CBr—1,...,—CAr-1) % : :
I (A —=1) - §Ak-1
\%4
T Wl (py A = 1 Bk Act — Akt L L= L, ©),

(0, Ak—1 =1, By + 1,1, — 1,11, 0)).
Then we again have
(Br+1) -+ £(Bi+ Ag—1 — A +2)
AR : ; Nﬂ§?>;ﬂ(W—,L_, n_;
C(Ap—1) - CAk-1
v

(0, Ak—1 =1, Bi+ Ag1 — A + 1,1 — 1, ©),
(0, Ak—1 — 1, Bk + 1, G — 1, O).
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Note that the full-induced representation above has a unique irreducible
subrepresentation:
M,w 05 (o, Ak =1, B+ 1,0 — 1,1, 0,
(P, Ak—1 =1, Bi—1 + 1,0,y — 1,04, 0)).
So it must be equal to o**. To summarize, if nM - W, Ln= n >, W, n "y #£ 0 for
lx—1 # 0, then we have l,/c_1 # 0 by the previous step. After applymg
Jacep,_|,...—ca,_, 0Jdacen,,. —ca,
to both sides we get
JTMW(I/f —n_ (s Ak =1, B+ 1, Lk — 1, mk, §),
(;O,Ak 1= L Be—1+ 1, le—1 — 1, =1, ©))
=7y (=L S A= 1, B+ 1, — 1,1, ),
(,0, A1 — L, B+ LG =1y, 0)).

By induction on lx—i, we can assume ([x—1,nk;lr—1—1,nk—1) is related to
(I, = L,ms Iy — 1, m;_,) according to our formula with respect to ¥**. Then it is easy
to deduce that (lx, nk; lk—1, nk—1) and (lk, nk, k 1, ’7;(—1) are also related according to our
formula with respect to y. Hence (', n') ~x, St 7).

6.2. Case ; # (k-1

In this case, there is no extra conditions on [Ayg, Bil, [Ax—1, Br—1]. For functions
I(p,A,B,¢) €[0,[(A—B+1)/2]] and Q(,o, A, B,¢) € Z/2Z on Jord(yr), we denote

Iy =1(p, Ak, B, &), lk—1 = L(p, Ag—1, Bk—1, §k—1),
and
ke =n(p, Ak, Br, Sk), k=1 = n(p, Ak—1, Be—1, §i—1).
From (, n), we want to construct another pair @, Q/) such that
U'¢()=1() and 7'()=n()
over Jord(¥)\{(p, Ak, Bk, {x), (0, Ak—1, Bx—1, &k—1)}. Let us denote
Le=1(p, Ak, Bi, &), Ly = L(p, A—1, Br—1, G—1),
and
M =10, A, Br, &)y My = 1'(p, Ax—1, Bi—1, G-1).
Then we define I, I; _,, n, n,_, according to the following formulas.
I =1
ll/c 1 =l-1
e = (=)A= Bty

M1 = (—DA=Btly
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We denote this transformation by U. Since the situation is symmetric here, we have
UoU =id.

Theorem 6.3. Suppose (I',n') = U(L, n), then

ooy W L) =g (0,1 ).

Let s be a dominating parameter of v such that Jord,(yrs) = Jord, (), and
Jord,y ({) has discrete diagonal restriction for p” # p. Then
nﬁ?w(w, Ln)= Ja0xcn5?>w(l/f>>, L),
and
by b
JTM?>://(1//, U'n)= Jacxchf>;0(w>>, U.n).

So it suffices to prove the proposition for such yrs,. Therefore, in the following discussions
of the proof of this proposition, we always assume Jord, (¥) has discrete diagonal
restriction for p’ # p, and if we choose some dominating ¥rs of ¥, we always assume
Jord, () = Jord,y () for p’ # p.

6.2.1. First reduction. Let Q’,Q’) =U(l, n). We want to reduce the proposition to
the following cases:

(p, Ai, Bi, &) > (p, Ai—1, Bi—1,¢i—1) for all i, and (p, Ak—1, Bx—1, sk—1) >, 0. (6.4)

We denote the case with respect to r by (6.4),. We do this in two steps. First we reduce
it to the cases:

(0, Ai, Bi, &) > (p, Ai-1, Bi—1, §i-1) fori >k—1,

k=2 (6.5)
(0, A1, Bie1, ti) > | 1o, Aj, B ¢j)} and 0.

j=1

We denote the case with respect to r by (6.5),. Let us choose a dominating parameter
Vs with respect to >y such that 7; =0 for i <k —1,

(0, Ai+Ti, Bi+T:,8) >r (p, Aic1 +Ti—1, Bi-1 +Ti—1, §i—1)  fori > k.
We further require the existence of T such that 0 < T < Tg,

(0, Ak—1+ Tx—1, Bk—1 + Tk—1, Ck—1) > (0, Ak + T — T, Bx +Tx — T, Ck)
k=2

>, (. 4;.B;.¢p)} and 0.
j=1

Let 1/fg) be obtained from s, by changing Ty, Tx—1 to zero. Suppose nff”>¢ (Y, L) #0,
then

Sk—1(Br—1+ Ti—1) -+ Gk—1(Bk—1+ 1)

n§?>w(w>>, L) — : :
Se—1(Ak—1 + Ti—1) -+ Gk—1(Ag—1+1)
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Gk (Be +Tx) -+ &(Br+1)

Gk(Ar+T) - G(A+1)

(k)
X ”M >¢,(‘/’>> Lom),

where the two generalized segments are interchangeable for {; # {x—1. Let ¢>T> be obtained
from v by changing (p, Ak + Tk, Br + Tk, Sk) to (o, Ag + T — T, By + T — T, ¢x). Then
Bk + Tk —T) -+ Ge(Be+1)
T >y Wil = : :
G(Ak+ Tk —=T) -+ G(Ak+1)
Sk—1(Br—1+Tk—1) -+ Gk—1(Be—1+1)

Ci-1(Ak—1+Tp—1) -+ Gk—1(Ap—1+ 1)
(k)

X ”M >¢(W>> L)
By (6.5),, we have
T, WS L) = n;j?% WLl
Since
7TM’>£// (I/fg{)v r, ’7/) =JaC(p, A1+ T 1. Beo1+Tk—1. 81> (0. Ak—1. Bk—1. 1) ©

) T 1 ./
JaC(p, At =T Bt Te=T.60 (0. A B t) Ty, (W L 1)

and nM >y (wg), I, Q) is contained in

Jac(p»Ak—l+Tk—l B 14+ Ti—1,5k— 1) (0, Ak—1, Bi—1.55-1) ©
2o T
Jac(ﬂ,Ak+Tk—T,Bk+Tk—T,Ck)'—>(p,Ak,Bk,{k)”M,>‘,, W, L),

then
(k) Z k) 41 7
M >y (1,[/>> s L ) = nM(,)>:// (1//>> ’l )

%o
After applying o;~iJac(p, a;+7;, B +T;, )~ (0, A, Bi,¢;) t0 both sides, we get nM - W, 1, Q) =
!/
M»>;[, (wv l ’ Q )
Secondly we want to further reduce it to (6.4),. Let us assume we are in case (6.5), for

r’ sufficiently large with respect to r. We can choose a dominating parameter s, with
respect to >y such that T; = 0 for i > k, and

(0, Akyt, Beat, Skrt) > (0, Ai + T, Bi + T3, §i)
>, (p, Aic1+Ti—1, Bi-1 +Ti—1, ¢i—1) fori <k.
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Suppose n5?>w (¥, L, ) #0, then

G(Bi+T) -+ Gi(Bi+1)
ﬂé?w(lﬁ»’l, 1) > Xick—1 : :
G(Ai+T) -+ Gi(Ai+ 1)
Sk—1(Bk—1+Ti—1) -+ Gk—1(Br—1+1)

Ce—1(Ak—1+T—1) -+ G—1(Ak—1+ 1)
Gc(Bre+Ti) -+ &(Br+1)

x : : Sk e, W L),
G(Ak+Tk) -+ G(Ar+1)

where i increases. We can also assume Bx_| + 1 > Ay_p + Ty—2 + 1. Then we can change
the order of the generalized segments as follows,

Ck—1(Br—1+Tx—1) -+ &k—1(Br—1+1)
”ﬁ?w s, L) — : :
Ck—1(Ag—1+Tp—1) -+ SGk—1(Ap—1+ 1)
G(Be +Tx) --- &k (Br+1)

(A +Te) -+ G(Ar+1)
G(Bi+T) -+ Gi(Bi+1)
Xj<k—1 : : ng >w(l/f L)
Gi(Ai+Th) -+ G(Ai+ 1)
Se(Be+Ti) -+ &k(Brk+1)

12

(A +Tp) -+ (A +1)
Ck—1(Br—1 +Tx—1) -+ k=1 (B—1+1)

Ce—1(Ak—1+Ti—1) -+ G—1(Ak—1+ 1)
Gi(Bi+T) --- &i(Bi+1)
Xj<k—1 : : ><17T,);;°>V W, L.
Gi(Ai+Ti) - Gi(Ai + 1)
We can choose 0 < T < T; such that
(0, Ak—1 + Ti—1, Be—1 + Ti—1, Sk—1) >r (0, Ak + Tk —T, B+ T — T, &)
> (p, Ak—2 + Tk—2, Bk—2 + T—2, §k—2) and 0.

Let W>T> be obtained from s by changing (p, Ag + T, Bx + Tk, &) to (p, Ap + Ti —
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T,Biy+ Ty —T,). Then

(B +T —T) -+ & (B +1)
”M >l,,(¢f>>f ) = : :
(A +T —=T) -+ (A +1)
Ck—1(Br—1+Ti—1) -+ &k—1(Br—1+1)

Sk—1(Ak—1 + Th—1) -+ Gk—1(Ag—1+1)

Gi(Bi+Ti) --- Gi(Bi+1)

Xi<k—1 : : ><'7TA)7;0>W(1# Ln)
Gi(Ai+Tp) -+ Gi(Ai +1)
Gi(Bi+Ti) --- Gi(Bi+1)

= Xj<k—1

GA AT - (A +1)
(B +Te—T) -+ &(Be+1)

A +T —=T) -+ (A +1)
Ck—1(Br—1+Ti—1) -+ Gk—1(Br—1+1)

X 7{]5[0>w W, 1, Q)

Sk—1(Ak—1 + Ti—1) -+ Gk—1(Ak—1+1)
By (6.4),, we have
T, WL L =x %(w;z’,g/).

Since
T, (', n) =Jac + N o
M,> NP n (03 Ak—1+Tk—1,Br—1+Ti—1, 56— 1> (0, Ak—1, Bi—1,5k—1)

JaC(p, Ay + T4 =T, Bi+Tx—T. 1) (0, Ax, By, &) ©

i <k—1JaC(p, A+ T3, B+ T1,)r> (0, Ar B; ;,)JTM >, (lﬁ>>, U1
and nj“}jw (V. 1, n) is contained in

JaC(P»Ak—H‘Tk—l B 14+ Ti—1.5k—1)—> (0, A1, Bi—1.5k-1) ©

JaC(p, A+ Te—T, Bet Ti~T, 500> (0, A, B, 5) ©
2o T
Oi<k—1JAC(p, ATy, Bi+T1.0) > (0. Ai Biot) g >, (Vs L 1),

then

nflo>w W.Ln= 715(;:/, W, U, ).

This finishes the first reduction.
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6.2.2. Second reduction. We want to reduce the proposition further to the cases:
(0, Ai, Bi, &) »r (p, Ai—1, Bi—1,¢i—1), and [; =0 for all i. (6.6)

Let us denote the case with respect to r by (6.6),. Suppose we are in case (6.4), for r’
sufficiently large with respect to r. Let ¥/ be obtained by changing (o, Ax—1, Bi—1, Ck—1)
to (p, Ak—1+ T, Br—1 + T, {x—1) such that
Bi1+T > Ay and By > Ap—1+T.
Let
Jord(y—) ={(p, Ai —1i, Bi +1i, &) i #k, k—1}.
We define (L,Q_) such that [_(p, A; —1;, B +1;, ;) =0 and Q_(p, Ai =1, Bi+1;i,¢) =

ni. Then
Sk—1(Bk—1+T) aE —Gk—1(Ag—1+T)
Toproy, W1 L) : :
Ge1Bik—1+ k1 —14+T) -+ =G 1(Ag—1 — L1 +1+T)
i Bi —&iAj
Xiztk—1 : :
GBi+Li—1) - —G(Ai =i+ 1)

X n§?>;ﬂ(w—,£_, -
(0, Ak—1 —lg—1 + T, Br—1 + L1 + T, 0, m3_y, Ck—1),
(0, Ak — Ik, Br + 1k, 0, 1, &0)).
We choose t such that
(0, Ag—1 = lk—1, Br—1 + k=1, Sk—1) >r (0, Ak =l —t, By + 1l — 1, &)
> (0, Ag—2 — lk—2, Br—2 + k-2, {k—2)-

Then
Gk—1(Bk—1 +T) —Ck—1(Ag—1+T)
n,i‘;;ﬂ(wT,l’,Q’) < : :
Sk—1(Bk—1+lk—1—=1+T) -+ =G—1(Ak—1 —lk—1 +1+T)
i Bi —GiA;
Xigtk—1 : :
G(Bitli—1) - =Gi(Ai—=Li+1)

I
G(Be+1x) - G(Br+1lk—t+1)
X : :
G(Ak =) -+ G(Ap =l —t+1)

i
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Ce—1(Br—1+lk—1+T) -+ Gk—1(Bxk—1 +lk—1 + 1)
x : :
Ce—1(Ak—1 —l—1+T) -+ G—1(Ap—1 — k1 + 1)
/i
X ﬂfl?%(lﬂ—,lg n—; (0, Ak—1 — lk—1, Be—1 + 11, 0, m_y, Ce—1),

(vak_lk_t» Bk+lk_t107 n]/wgk))

It is clear that the generalized segments (III) and (II) are interchangeable. We would
like to show (III) and (I;) are also interchangeable for i # k — 1. It suffices to make the
following observations:
(1) If & = G-
(a) i > k, one observes B; > By_1 +l—1+T
(b) i <k—1, one observes By_j +lx—1 > B; +1;.
(2) I & # Lk
(a) i >k, one observes A; > A1 —lr—1+T
(b) i <k—1, one observes Br_j +lx_1 > A;
(¢) i =k, one observes [Ag, Ay —lk + 11 C [Ag—1+T — lk—1, Ag—1 — L—1 + 11

Therefore,
Ck—1(Br—1+T) —Ck—1(Ag—1+T)
Topor, W7 L) = s :
Gk—1(Be—1+le—1 = 1+T) -+ —G—1(Ak—1 —lk—1 +1+T)
Ce—1(Br—1+lk—1+T) -+ Ge—1(Bk—1+ -1+ 1)
x : :
Ce—1(Ag—1 —lk—1 +T) -+ G—1(Ap—1 — k1 + 1)
i
SiBi —&iA;
Xitk—1 : :
G(Bitli—1) - =¢G(Ai—Li+1)
I;
Sk(Br+1k) -+ G(Br+1lk—t+1)
y . )

(A —l) - G(Ag =l —t+1)
11

2
X ﬂM?>:/,(1/f—,l_, n—; (0, Ak—1 — lk—1, Be—1 +le—1, 0, .y, Le—1),

(p, A =l —t, By + 1k — 1,0, 1, k).
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Next we want to take dual of

1 (A1 + 1) —Ck—1 (A1 +T)
1 (A1 =1 +2) - =G 1 (Agm1 — L1 +1+T)
v
from
Ck—1(Bg—1+T) - —lk—1 (A1 + 1)
Ck1(Br—1 +li1 —14+T) - —G1(Ap—1 — k1 +14+T)

It is clear that (IV) and (/1) are interchangeable. To see (IV) and (II) are interchangeable,
one notes ¢ # {x—1 and [Ag—1 + T, Ag—1 + 1] D [Ax — Ik, Br +Ix]. To see (IV) and (I;) are
also interchangeable, it suffices to make the following observations:
(1) & =t
(a) i >k, one observes A; > Ag_1 +T
(b) i <k—1, one observes Ax_1+1Ir—1 > A;.
(2) If & # Gk
(a) i >k, one observes B; > Ax_1+1
(b) i <k—1, one observes Ay_1 —Ilp—1 > B; +1;.

As a result,
Ck—1(Bg—1+T) —Ck—1Ak-1
n,i‘;;ﬂ(wT,l’,Q/) > : :
Ce—1(Br—1+ k-1 —=14+T) -+ =G—1(Ak—1 — =1 + 1)
Sk—1(Be—1+lk—1+T) -+ G—1(Br—1+l—1+1)
X : :
Sk—1(Ak—1 —lk—1+T) - G—1(Ag—1 —lg—1+ 1)
/i
i Bi —GiAi
Xigtk—1 : :
GBi+1li—1) - —G(Ai =L+ 1)
I
G (Be+1) - G(Br+ Ik —14+1)
» ) )

G(Ak =) -+ G(Ap =l —t+1)

i
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—Ck—1(Ag—1+1) —C—1(Ak—1+T)
X : :
—C—1(Ak—1 —l—1+2) -+ =G 1(Ap—1 — L1 +1+T)

v

5
X JTM?>/¢(IL,£_, N—; (0, Ak—1 — lk—1, Be—1 + lk—1, 0, mp_y, Le—1),

(p, Ak —lx —t, Bk + 1 — 1,0, ., &k)).

By (4.1), we can take the dual of (IV). Therefore,

Ck—1(Br—1+T) e —Ck—1Ak—1
Moo, W7 L) = | ;
Ce—1(Be—1+le—1 —1+T) -+ —G—1(Ak—1 —lk—1+ 1)
Sk—1(Be—1+lk—1+T) -+ G—1(Br—1+lk—1+1)
X : :
Ce—1(Ak—1 —l—1+T) -+ G—1(Ap—1 — k1 + 1)
/i
$i B —GiA;
Xiztk—1 : :
GBi+li—1) - =G(Ai =L+ 1)
I;
B+ 1) - G(Bx+lk—t+1)
X : :
G(Ax—l) - (A=l —t+1)
I
Ce—1(Ag—1 —l—1 +1+T) -+ G—1(Ak—1 — =1 +2)
x : :
Sk—1(Ag—1+T) o 1A+ D)
avy-

x 7715,?%(1#—,!_, n—; (0 A=t = le—1, Bio1 + -1, 0, 3y, &x—1),
(0, Ak =l —t, B+ 1k — 1,0, mp, &1))-
As before, one can show (IV)Y are interchangeable with (II) and (/;). Then
Se—1(Bk—1+T) e —Ck—1Ak—1

5
i, W' l.n)— : :
Ck—1(Br—1+ b1 —14+T) -+ —G—1(Ag—1 — -1+ 1)
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Ck—1(Bx—1+lk—1+T) - Gk (Be—1 + -1+ 1)

X . .
Ce—1(Ak—1 —lk—1+T) - G—1(Ag—1 —le—1 + 1)
i
Ge—1(Ak—1 —le—1 +1+T) -+ Gx—1(Ap—1 — k-1 +2)
X : :
Ck—1(Ag—1+T) o Ge—1(Ag—r + 1)
avyv
¢iBi —&iA;
Xigk—1 : :
G(Bi+Li—1) - =G(A =i+ 1)
I
G(Be+l) - G(Bi+hk—t+1)
y . .

(A —1i) -+ G(Ax—lk—1+1)
u
X 7715(,;;,(1#—,!_, n—; (0 Ak—1 = lk—1, Bt + k=1, 0, mj_y, &k—1),

(0, Ak =l —t, B+ Ik — 1,0, mp, &x))-

This implies

Ck—1Br—1 —Ck—14Ak-1
Topoy, W L) = s ;
Ge—1(Br—1+l—1—1) -+ =G—1(Ag—1 —lg—1+ 1)
SiBi —&iA;
Xitk—1 : :
G(Bi+li—1) - —=G(Ai—Li+1)
I;

G(Be+1x) -+ (B 4+l —t+1)

X : :

Ge(Ar—lk) - (A=l —t+1)
11

P
X NM?%/(I/I—,L, n—; (0, Ak—1 — k=1, Be—1 + k=1, 0, 0}, Li—1)s

(0, Ak =l — 1, Be + 1 — 1,0, 1, §1))-
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One can further show JTZ >, w,l, n ') is the unique irreducible subrepresentation. On the
other hand,
SiBi e —Gi A
T, (L) = X z s
G(Bi+1li—1) - =5i(Ai —Li+1)
I;
Se(Bi+1i) -+ Ge(Be+lk—1+1)

G(Ak —Ix) - G(Ax — Ik —1+1)

I
X 7TM >w(%ﬁ =3 (0, Ak—1 — lk—1, Bi—1 + 11, 0, mi—1, Lk—1),
(0, Ax =l —t, B+ 1 — 1,0, nk, Lk)).

y (6.6),,
ﬂ,i?%(lﬁ—,lg -3 (py Ak—1 = le—1, Be—1 +le=1, 0, m_y, Gk—1),
(10’ Ak_lk_ta Bk+lk_t,0, 7)/27 é‘k))

_nM>w(¢ o= (o, Ax—1 —lk—1, Br—1 +1k—1, 0, me—1, Sr—1),
(o, A =l —t, B+ 1 — 1,0, 0, &)

Hence n5?>w W, Ly = yr}i‘;:// ., n'). This finishes the second reduction.

6.2.3. Final resolution.  Now we want to resolve the case (6.6),. Since [; = 0, we can
also view ¥ as an elementary parameter, denoted by ¥.. The function n over Jord(y)
determines a function g, over Jord(y,), i.e., for C; € [A;, B;],

ee(p, Ci, Ci, &) = ni (=)~ B,
Similarly, we can define &,. It is obvious that
7715?%(1//’ 0,7) = nﬁlw (e, €0).

Let ¥7 be obtained by changing (p, Ak—1, Bk—1, &k—1) to (0, Ag—1 + T, Be—1 + T, C—1)
such that
By_1+T > Ay and Bpyp > A1+ T.

Then
M>’ (¥, 0, n)_JaC(p Ap—1+T,Be1+T, 5, —1)= (0, Ag—1,Br—1,8k— 1)7TM >/ (Tﬂ 0, 77)

The order >¢ induces an order >% on Jord(y,), and we define
b
T 0 >, (We»ge) = OCi_1€l[Bi—1,Ar-1]

2o T 7
JaC(,O,CkarT.,Ckfl+T,§k71)'—>(p,Ck71,Ck71»(kfl)”M,%[/ (Y, , &)
e
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Since

Z T Z T
0>/ (We ’ 8(/3) = 7TM0>, (w ’ 07 r}/)v
Ve Y -
and

JaC(PyAk—1+T’Bk—l+T:§k—1)'—>(,0,Ak—laBk—l:fk—l) = OCy-1€[Bi—1,Ar-1]
Jac(p,Cr 1+ 7.Cho1 +T.5- 1) (0.Ci 1. Cot L)

we get

w0 L, W0, ) =my L Wese).
So it is enough to show 7'[151 e Ve, €0) = 7t >, (I/fc, e,). Note

7TM > (Ye, &) = ”WO(Ilfe, Ee€ M/W)

M w
v ) =1y W ey, ™),
where sMe/ v (respectively E/Af/ W) is defined with respect to the order >y, (respectively
>4,) (ct. (1.4)). Then we just need to verify
sesf}i/w =g, :;WW,
or equivalently,

MW M/MW  MW/W
ge _ %y _ Ey Ey. 6.7
e_’ - MW - o/ M/MW E/MW/W' (6.7)
¢ Ve

e

We divide it into two cases:

(1) If A; € Z, MW v o
/ (psclsclsgl)_g/ / (PvChCiv{i):L
And
=n" if & = +1,
ey (p.Ci. Ci.gi) = ’
(=D if g = —1,
where

m=#{CjelA;,Bjlforall j:¢; =-1,(p,Cj,Cj, &) >y, (0,Ci, Ci, &)},
n=%#C; €A, Bjl forall j:(p,Ci, Ci, &) >y, (0,Cj,Cj, )}
And

(D™ if g =+,
/M/MW(,O C;, G, Cl) = ( 1)m/+n, ) i
- if & =—

where

m'=8{C;j € [Aj, Bj] forall j:¢;=—1,(p,Cj,Cj, 5) >y, (p.Ci, Ci, &)},
n = ﬁ{Cj €[Aj, Bj] for all j : (p, Ci, Ci, &) >11/e (p,Cj,Cy, Cl)}

https://doi.org/10.1017/51474748019000409 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000409

1148 B. Xu

(a) i #k k—1

o s.(p,Ci,Ci, i) /e,(p, Ci, Ci, gi) =1

o ey p.Ci.Cicn ey ™ (p. Cil Gt =1
(b) i=k

o 2o(p, Ck, Ck, 80 /€L(p. Cr. Cr, ) = (— 1) A1~ Bior ]

o 5" (0, Ci, Co 00 ™ (0, Ci, G ) = (— Mt
(c)i=k—1

.ge(p Ci1. Cr_1. &_1)/€L(p. ck 1,ck71,zk71>=<—1)Ak—Bk+l

o)™ (p. Cicr. Cumt i) /e ™ (. Cicr Crt Gimr) = (=D)AL

<2) Ai ¢ z M/MW IM /MW
e (p. Ci. Croey =€l M (0. Ci Gt = 1.
And
(=)™ if g = +1,
e (p.Ci.Ci e = l
)" it g =1,
where

m=g{C; € [Aj, Bj] for all j:¢; =—1,(p,Cj,Cj, &) >y, (0, Ci, Ci, &)},
n=4{C; e[A;,Bjlforall j:¢; =41,(p,Ci, Ci, &) >y, (p,Cj,Cj, )}
And
—" i g =+1
/MW/W(p Ci.Cioc) = (=D | &
=n" ifg=-1,

where

m = #{C; e[Aj, Bjlforall j:¢;j=—1,(0,C;,Cj,&)) > (p,C,,C,,{,)},
n'=48{C; €[A;,Bj]l for all j:¢; =+1, (p,Ci, Ci, &) >% (,o, C;i,Cj,¢p)})
(a) i #k,k—1
e 2.(p,Ci,Ci, &)/ e, (p,Ci, Ci, &) = 1
o5y Mo, Ci Ciog /ey M (0, €L Cig) = 1
(b) i=k
o ee(p, Ci. Cr, €0 /€0 (P, Crs Cr, Go) = (=1t =Bt
sy (p, Cr G g /ey (p, Cr Cry ) = (=11 =B ]
(c) i = k—l
Oee(P Ci1. Ch1: G—1)/€,(p, k-1, Ck—1, Gr—1) = (=)A= Bet]
°8¢ YW (o, Cht1y Crts G 1)/5MW/W(P,CI¢717Ckf],fkf])=(_1)Ak_Bk+1~
It follows from the calculations above that (6.7) holds, and this ends the proof of
Theorem 6.3.
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7. Reduction operations
In this section, we want to give three operations, which will be used in our general

procedure to reduce the problem of finding nonvanishing conditions for n’fl‘gw W, L ).

7.1. Pull

7.1.1. Case of unequal length. = We choose an admissible order >, and we also fix
a self-dual unitary irreducible supercuspidal representation p of GL(d,). We index the
Jordan blocks in Jord, (1) such that

(0, Aivt, Biv1, Civ1) >y (0, Ay, Bi, &i).
Suppose there exists n such that for i > n,
n
(p, Ai, Bi, &) > U{(P»Aj,Bj»fj)}'
j=1

Moreover,
[An, Byl 2 [Ay—1, By—1] and &y = 1.

We denote by >§p the order obtained from >, by switching (o, A,, By, &) and

(0, An—1, Bn—1, &n—1). Tt is still admissible. Let Sn+ be the corresponding transformation
on (Z, n). We define y_ by

Jord(yr—) = Jord(¥)\{(0, An, Bn, &u)s (0, An—1, Bu—1, {n—1)}.
We denote the restriction of (£, n) to Jord(y—) by (I_,n_).

Proposition 7.1. For any (L, n), n5°>w(1ﬁ,£, n) # 0 if the following three conditions are
satisfied:

(1)

ﬂﬁ?w(lﬁ—, éfv n_s (0, An+ Ty, By + T, 1y, Ny Cn)s
0, Ap1+Th1, Bur + T 1, ln—1, =1, 8n—1)) #0

for some T, T,,—1, such that
[An + Tm Bn + Tn] 2 [An—l + Tn—lv Bn—l + Tn—l]

and (p, Ai, Bi, &) > (p, Ay +Tn, By + Ty, ) fori > n.
(2)

P
JTM?>W(W7,L_, Q,’ (107 An +T’ Bn + T’ lna Mns é‘n)v
(0, An—1, Bt ln—1, Mn—1, &n—1)) #0

for some T such that B; > A, + T fori > n.
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z
nM(’)>://(W7, él_v QL; (10’ An, Bn’ l;/'lv 77;,’ ;‘I’l)y
(o, A1 +T,B, 1 +T, l;z—l’ 77;_17 tn-1)) #0
for some T such that B; > Ay +T fori >n, and (', n) = S, 7).

Conversely, if né‘gw (W, L) #0, then (1), (2), (3) still hold after we replace ‘some’ by
all’.

Proof. The converse is obvious. So we mainly need to show the sufficiency of the
above three conditions. Let ¢ = ¢, = ¢,—1, and (!, Q’) =S, n) as in the proposition.
Since [An, Byl 2 [An—1, Bn—1l, we necessarily have [A,+ 1, B, + 1] 2 [Ay—1, Byu—1] or

[An, Byl 2 [Ay—1+ 1, By—1 4+ 1]. So we divide it into two cases.
Suppose [A, + 1, B, +1] 2 [A,—1, By—1], we claim JTM - Y, Ln) #0 if the following

conditions are satisfied:

T, sl 3 (0, Aw+ 1, But 1Ly s 60, (05 Anet, Bac s a1, a1, Gam1) # 0

77151(’2:# (Y-, £L7 E/_v (0, Au, By, l;p 77;,» &), (0, Ap1+T, By—1 + T, l,/z_lv 77;1_1» tn—1)) #0

for some T such that B; > A,_1+ T fori > n.
It suffices to take T sufficiently large so that B; > A,—; + T for i > n, and

n—2
(0, An—1+T,By1+T,8-1) > U{(p’ Aja Bja é.j)}u {(0, An+1, B, +1, ;n)}
j=1

By Theorem 6.1, we have
Tagoy st (s Ant 1 B 0 ), (0, Anct, Bats g s Eat)) =
ﬂM >w<vf o0 5o  Ap+ 1 By + 1, iy §n),s (P An—ts Bu—1, In—1, n—1, §n—1)) # 0.
So
n5 = nﬁl%tﬁ-l@g’_: (0 An+1, By + 1,1, 0y, &),
Py At + T, Byt + T, 1,11, Cnm1)) #0

and

{Bp—1+T) -+ (By—1+1)

)

T, —>

Z(An 1+T)--~C(An—1+l)
/(w L0 s (0 An 1, By + 1,1,y G,
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(ps Anflv B}’l*l» l;lfls 77;1,1, g}’l*l))
¢(Bp—1+T) --- {(Bu-1+1)

S(An—1+T) -+ S(Ap—1+ 1)

X HM >w(1// 05 (py An+ 1, By + 1, Ly, i, Gn),s
(py An—1, Bn—1, ln—1, Mn—1, En—1))-

Note

2o
JaC(p, Apt1,Byt1,00 (0, An, Ba . O TS =
X
jTM(’)>£# (1!/—7!—7 Q/_i (107 An, Bn, l,/zlv 7];,, {VL)? (107 An—l + Tv Bn—l + T? l;/,lf]s 77;!,], ;n—l)) 7& 0

So after we apply the same Jacquet functor to the full-induced representation above, we
should get something nonzero. To compute this Jacquet module, one notes

{(Bp-1+T), —C(Ap—1+ 1D ¢ {C(Ba+1),.... (A + D},
so it can only be
{Bp—1+T) -+ £(Bp—1+1)
: : X JaC(p, A1, By 1,00 (0. An By 0)
§(Ap—1+T) - E(Ap1+ 1
JTM>V(W Lon (s An+ 1, By + 1, 1n, nns 8n)s (05 An—1, Bu—1, ln—1, Mn—1, $n—1))
{Bp-1+T) -+ &(Bp—1+1)
= : z $my, (U, L) #0.
§(Ap—1+T) - E(Ap1 + 1)

Hence nﬁtw (¥, 1, n) # 0. This shows our claim in the first case.
Suppose [Ay, By] 2 [An—1+ 1, Bu—1 + 1], we claim nﬁ?w(w, L.n) # 0 if the following
conditions are satisfied:

X
7TM(‘)>;[/(W7,_/_, Ql_v (pv An, an l;,:“ 77;,7 Cn)v (p5 Anfl + 17 anl + 1’ l;l_lv 7];,_1, é‘n*l)) # 07

7TM >y -, N/ (0, Au+T, By +T, Ly, My &)y (05 An—1, Bu—1, ln—1, -1, &n—1)) # 0

for some T such that B; > A, +T for i > n.

The argument of this case is essentially the same as the previous one. Again it suffices
to take T sufficiently large so that B; > A, + T for i > n, and

n—2
(0, An+T, By +T,8) > U{(:O7 Aj7 Bj7 é'/)}U {(0, Ap1+1,B 1 +1,8- 1}
j=1
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By Theorem 6.1, we have
JTM >11/(¢ P/ (0 An, Bus by, 1 8)s (0, Apt + 1, By r + 1 1, a1, 8n1)) =

nM >:/, (l”—, é/—v E/_» (pa Ans an l,//lv 77)/1! ;n)v (p’ An—l + 17 Bn—l + 15 l,/flfla 77;,717 é‘n—l)) ;é O

So
73 =, WL (0 An+ T, Byt T L, mas ),
(0, Ap1+ 1, By1+ 1, L1, n—1,8n—1)) #0
and
By +T) --- £(By+ 1)
75 : :
C(Ap+T) -+ (A +1)
X nM >W(W —n_5(p, An, Bu, Ly, iy S
(0, Ap1+ 1L, By + 1, L1, -1, Su1))
¢(By+T) --- £(By+1)
C(Ap+T) - ¢(An+ 1)
Tatoo, s 1 (0 Ans By G0),
(s Anr+ 1, Buy+ 1,0,y 1)
Note

o
JaC(p, Ay 141, By 1 +1,09 (0, Ay 1, By 1,0 T =
T[M>¢,(w N 50, A +T, By +T, by, 1ns &0, (05 An—15 Bu—1, ln—1, =1, $n—1)) # 0.

So after we apply the same Jacquet functor to the full-induced representation above, we
should get something nonzero. To compute this Jacquet module, one notes

CBy+T), —¢(An+1) ¢ {§(By—1+1),...,0(Ap—1 + D},
so it can only be
((Bp+T) --- ¢(By+1)
: : X JAC(p, Ay 141, By 141,00 (0. Apct Bue1.)
C(A, +T)--~ (A + 1)
(W _an 5(10 Al’lv n» nannﬂé‘n) (10 Al’l1+1 Bnl+1ln 1777,1 laé.n 1))
;(Bn"'T) ;(Bn"‘l)
= : : X (Wl ) #0.
Zy

Hence nff?>¢ W, Ln) = 7[151(;/ W, Q’) # 0. This shows our claim in the second case.
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By combining our claims in both cases in some alternating way, we can shift both
[An, Bnl, [An—1, By1] to [Ay + Ty, By +Tp], [An—1 + Ty—1, Bp—1 +T,—1] for any T, T,
such that

[An + Tn’ Bn + Tn] _,:2 [An—l + Tn—la Bn—] + Tn—l]

and (o, A;, Bi, &) > (0, Ay + Ty, By + Ty, ¢,) for i >n. Then the statement of this
proposition is clear. O

Remark 7.2. The way we use this proposition is to take all T, T,—1 and T to be large.

7.1.2. Case of equal length. We choose an admissible order >y, and we also fix
a self-dual unitary irreducible supercuspidal representation p of GL(d,). We index the
Jordan blocks in Jord, (1) such that

(05 Ait1, Bit1, Giv1) >y (0, A, Bi, §).
Suppose there exists n such that for i > n,
n
(0. Ai. Bi. ¢) > | J{(p. 4}, Bj. ¢))).
j=1

Moreover,
[Ay, Byl =[Au—1, Bu—1] and & = Cn—1.

Note
there exists no i < n — 1 satisfying ¢; = ¢,, A; > A, and B; > B,. (7.1)
We define y_ by
Jord(y—) = Jord(¥)\{(p, An. Bu. &n), (0, An—1, Bu—1, {n—1)}-
We denote the restriction of (£, n) to Jord(y—) by (I_,n_).

Proposition 7.3. For any (L, 1), JTE‘LV/ (Y, L,m) # 0 if the following two conditions are
satisfied:

(1)
”/5?>w(‘”" L,n_s(py An+Tu, Ba+ T, lns s &),
(0s Ap—1 + Tn—1, Bum1 + Tt ln—1, n—1, $n—1)) # 0
for some T,, = T,,—1 such that (p, A;, Bi, &) > (0, Ay + Ty, By + Ty, &n) fori > n.
(2)
Tony Ums L0 5 (0, An+T, BT, by s ),
(0s An—1, Bu—1, ln—1, n—1, En—1)) # 0
for some T such that B; > A, + T fori > n.
Conversely, if ﬂii@w (W, Ln) #0, then (1), (2) still hold after we replace ‘some” by ‘all’.
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Proof. The converse is obvious. So we mainly need to show the sufficiency of the above
two conditions. Let [A,, B,] = [A, B] and ¢, = ¢. It is enough to prove the proposition
by taking 7, = T,—1 = 1 in the first condition. So let us suppose
7TM>V,(W —n_ s (s A+ 1, By + 1, 1Lny s Su)ds
(ps n—l+lan—l+lsll’l—lv nn—h é-n—l)) #0

We can take T sufficiently large such that B; > A, + T for i > n, and

n—2
(0, An+T, B+ T, ) > [ J{(0, Aj B}, ¢)YUL(0, Anmi + 1, Baci + 1, Gum 1))
j=1
Let
ngo = nM >¢(1ﬁ o0 5o An + T, By + T, In, 0, $n),
(0, An—1+ 1, By—1 + 1, ln—1, n—1, En—1))-
Then
((B+T) ---t(B+2)
nt e | :
C(A+T) - ¢(A+2)
X ﬂM >w(w 05 (ps Ap+ 1, By + 1, Ly, s 8n),
(0, An—1+ 1, Bu—1 + 1, ln—1, Mu—1, &n—1))-
Since

JTMM(W N5 An+T, By + T, Iy, My n)s (Py An—1s Bu—1, ln—1, =1, &n—1)) # 0,
then
JacB41),...car)Ts # 0. (7.2)
Note ¢(B+T) ¢ [¢(B+ 1), (A4 1)]. So this implies
JaCe(B41),.t D Taa', Uos Lo 5 (s Ap+ 1, Ba+ 1 Ly 0y G,
(ps Ap—1+ 1, Byt + 1, Ln—1, Mp—1, §n—1)) # 0.
Then there exists C € [A+ 1, B+ 1] and an irreducible representation ¢ such that
i oy W= Lm 5 (o A+ 1, By +1, bns 1wy §n), (05 An—1 + 1, Bu—t + 1 ln—1, Na—1, §n—1))
— (¢C,...,t(A+1) xo.
y (7.1), we must have C = B + 1. Therefore,
C(B+T) ---¢(B+2) C(B+1)
20

Ty = : : x : X o.
C(A+T) --- t(A+2) J(A+1)
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Let us denote the full-induced representation above by (x — 1). By Frobenius reciprocity,
o is an irreducible constituent of

JaC;(B+1),...,g(A+1)JTA)‘;?>W Wl _,n_;(p, An+1, Bu+ 1, Ly, s Gn),
(P An—1+ 1, Bu—1 + 1, ln—1, Mn—1, &n—1))-
In fact it is not hard to show that the Jacquet module above consists of representations
in
M, (p, An+ 1, Ba+ 1,80, (0, An1, Ba1, 2a-1)) |
I, (p. An+ 1 Buo1, &a). (0, Ant, Bu+ 1, Gu)).

So in particular, ¢ is an element in the above packets. We claim

JaC;(B—H) ,,,,, {(A+1)G 75 0. (7.3)

Otherwise, one finds
{C”G = 0

forany C' € [B+1,A+T] and C” € [A+1, A+ T]. This implies
Jacp, A+T.B+T.0)—>(p.A.B.r)(x— 1) = 0.
So (* — 1) has a unique irreducible subrepresentation, and hence
¢B+T) - ¢(B+1)
7r>§° s : : X 0.
C(A+T) --- (A4 1)

..........

(7.2). As a consequence, o can only be in
HZO(‘#-’ (103 An + la Bn + 17 §H)7 (p’ An—l’ Bn—]a Cn—l))-
Now by (7.3), we have

¢C
o — : X o

(A4 1)

/

for some C € [B+1, A+ 1] and some irreducible representation o’. For the same reason
as before, we must have C = B + 1. This also implies o’ € l'[io. Therefore,

(B+T) - t(B+2) C(B+1) t(B+1)
AU : : x : x : X0’
CA+T) --- L(A+2) C(A+1) C(A+1)

(=2
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There exists an irreducible constituent t of (% —2) such that

20 /
s — T XNO .

By (7.1), Jacg(c)
(7.2) that

c(a+1o’ =0 for all C € [B+1, A+1]. Then we can conclude from

.....

Jacgg+y....ca+nT # 0.
So there exists C € [B+1, A+ 1] and an irreducible representation t’ such that

¢C
T : x T
{(A+1)
From (x —2), we see C can only be B + 1. Hence, 7’ is an irreducible constituent of
L(B+T) - ¢(B+2) t(B+1)
Jace(B41),...ca+n) (x—2) = 2- : : X :
S(A+T) --- ¢(A+2) {(A+1)
If Jacg(p+1)T" # 0, then it is necessary that
¢(B+T) --- ¢(B+2) {(B+2)
Jac T’ = : S S
SA+T) --- ¢(A+2) ¢(A+1)
{(B+2) C(B+T) --- ¢(B+2)
= : X : : ;
(A+1) CA+T) --- ¢(A+2)

which is irreducible. Consequently,
z
Jacg(B41)...c(A+1) 0 JaceBr1)...c(a+n TS # 0.
But this is impossible by (7.1). Therefore, we must have
¢(B+T) - t(B+1)

/

T/ = : :
S(A+T) --- ¢(A+ 1)
To summarize, we get
t(B+1) t(B+T) ---t(B+1)
730 e : x : : o,
((A+1) C(A+T) --- ¢(A+1)
Hence,
Tty (UL 1) = JaCG A+ T, B4T.00> (0,4, B.0) © JaCe (1), ..o (a+1) T3 # 0.
This finishes the proof. O
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7.2. Expand

We choose an admissible order >y, and we also fix a self-dual unitary irreducible
supercuspidal representation p of GL(d,). We index the Jordan blocks in Jord,(y) such
that

(0, Aivt, Biv1, Civ1) >y (0, Ay, B, &i).

Suppose there exists n such that for i > n,

(0, Ai, Bi, &) 2 | J{(0, A}, Bj, £))).
j=1

Moreover, for i < n,
A, > A; and there exists no [A;, B;] C [A,, B,] with & = ¢,.

Let ¢, be the smallest integer such that B, —t, = B; for some i < n and ¢ = ¢,. If such
t, does not exist, we let t, := [B,]. We define y_ by

Jord(y_) = Jord(¥)\{(p, An, Bn, Zn)}.
We denote the restriction of (£, n) to Jord(y—) by (I_,n_).

Proposition 7.4. We fiz a positive integer t < t,. Then for any (I, ), rrM - W, Ln) #0
if and only if

’TM>M 0 5 (p, Ap+t, By —t, 1y + 1,10, 8n)) # 0.
Moreover,

jTM>1//(w —n_ 3 (0, Ap+t, By —t, I+ 1,00, 8n))
;n(Bn_t) _gn(An+t)

Cn(Bn—1) -+ =Cu(Ap+1)
as the unique irreducible subrepresentation, and
ﬂﬁ?>w(¢,l, n) = Oie[1.111aCt,(By—i).....~ Ly (An+i)
Tty W 3 (0, Ant, By — .1+, 00, 60).

Proof. We first consider the case t = 1. Let ¢ dominates ¢ with discrete diagonal
restriction such that

(/O, An+lv Bn+lv gn-i—l) > (p, An +Tn + l’ Bn +Tn - 17 é-n)
> (,0’ An—l +Tu-1, By +Tp—1, é‘n—l)-

Let ¢rs _ be obtained from yrs by removing (o, A, + Ty, By + Ty, &n). Then

Toey UL 5 (0 An+ T+ 1, Bt Ty = L L+ 1,0, 5)
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— (é‘n(Bn + Tn - 1)7 N _é‘n(An + Tn + 1))
Do 7715?>w(1[/>>,7,£_, n_; (0, An+Tn, By + T, ln, s 8n)).
Suppose
7TM>W(¢ Q_;(p,An-l‘l, By — 1,1, +1,m0, 81)) # 0.
Let

Jacx., 1= oi>nJaC(p, A+ T;, B+ T.0) (0. A1 Bi.)
Jacys 1= Jac(p, A, +T,41,B,4+T,— 1.6 (0, An+1, Ba—1,,)
Jacy_, 1= 0i<nJaC(p A+ T B+ T;.0) (0. AiBi.5i)
where i decreases. Then after we apply

Jacx_, oJacy; o Jacy

<n

and Jacxe to the full-induced representation
(GnBn+Th =D, ..o, =Ca(Ap +Th + 1))
X n§?>1/f (1//>>,—» L, n.s (o, A+ Ty, By + Ty, Ly, sy $0)), (74)

we should get something nonzero.
For i < n, one notes

B+ Ty — 1), Ea(An + T + 1) ¢ [6i(Ai +T0), &i(Bi + D]

So Jacx_,(7.4) becomes

<§n(Bn + Tn - 1)» s _fn(An + Tn + 1))
X JaCX<nﬂ1§?>w(1ﬂ>>,—, L, n_s (0, An+T,B,+T,1, 00, L))
=B +T =1, ..., =LA+ T, + 1)

it WS 0 s (s A+ T By Tl nas 60)),

where wg’__l) is obtained from s, _ by changing (o, A; + T;, Bi + T;, &) to (p, A;, Bi, &)
fori <n.
For i = n, we can further write Jacy; as

JaCk, (Ap+Ty41). .00 (An+2) © JAC(0, Ay 4T,y Byt T 600> (0. A B i) © JACE, (By 4Ty —1)....0 By
First, we claim Jacg,(B,+1,-1)....,
(CnBn+Th— 1), ..., —Lu(An + T, + 1)).
Otherwise, there exists x € [¢, (B, + T, — 1), £, B, ] such that
Jacemy. (WS L0 5 (0, Au+ T, ButT. by, 1, &) # 0,

This can only happen when there exists i < n such that B; > B, and ¢ = ¢,, but that
contradicts to our assumption. As a result,

Jacg, (B, +T,—1),...coB, ©Jacx_, (7.4) = (§u(By — 1), ..., =6 (Ap + Tn + 1))
X nM >w(w§; —1)’_ 2_;(p’An+T7 Bn+Tsln’ nnaé.n))
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Secondly, we claim Jac(p, a,+7,, By+Tp.c0)r> (0, An, By, zy) Cant only apply to

Tty WS L0 5 (0 An+ Ty B+ T Ly s 60).
This is because
Sn(Bp — 1), 5n(An + T + 1) & [50(An + Th), $n(Ba + D]
So
JaC(o, Ap+ T, Byt T 60> (0. A, B ) © JACE, (By+ T 1), ta (By) © JaCx , (7:4) =
(Gn(Bu = 1), oo =Ga(An+ T+ D) 3 (WS (0, Ans By Ly s 6a)-
Thirdly, Jacg,(A,+7,+1),....c.(A,+2) can only apply to
(Gn(Bp—1), ..., =Cu(Ap+ T, + 1)
for the same reason as before, so

Jacy, oJacx_, (7.4) = ({u(Bp—1),..., —u(Ap+ 1))
NIy >11/(1//(n 1)7_ /D (0, Ans Buy bny s $n))-

For i > n, Jacx_, can only apply to J'rfl =y (1#>> —Ln_;(p, A, Bnyln, My &) as B >
A, + 1. Therefore,

Jacye o Jacx_, oJacy, oJacx_,(7.4) = (¢u(Bp — 1), ..., =Cu(Apn + 1)) % 7[15‘3>w (Y, L) #0.

Hence 715?>w W, L) #0.
Next, we suppose nﬁ);l(,)w,(w’ L,n) #0. Let

Gi(Bi+Ti) --- Gi(Bi+1)
Cx., = Xi>n : : ,
Gi(Ai+Tp) -+ Gi(Ai +1)
Gi(Bi+Ti) --- Gi(Bi+1)
Cx_, = Xi<n : : ,
Gi(Ai+Tp) -+ Gi(Ai+1)

where i increases, and

gn(Bn‘FTn) é‘n(Bn"'l)
Cx, = : :
gn(An‘i‘Tn) fn(An"Fl)

Then
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Ty W L1 5 (0 A+ Tut 1, By Ty = L by 1,00, )

S A& Bn+Tp—1), ..., =tu(An+ T, + 1)) xCx_, X Cx, X Cx_, X Cxe X ﬂfl?w(l/f,l’ n)
= Cxe X Cx_, X (Gn(Bp+ T — 1), ..., EuBy)
x Cx, % Cx_, X (&a(By— 1), ..., —Ca(An + 1))
X (=8n(An+2), ..., =6(An + T, +1))><'7TM> W, L n).
By (4.1), we can take the dual of (—¢, (A, +2),..., = (A, + T, +1)). Hence

Ty UL 5 (0 Ag+ Tu 1L, Bt Ty = 1 L+ 1,0, 50)
< Cxe X Cx_, X (ea(By +Ty = 1), ..., ¢ By)
X Cx, X Cx_y X (Ea(By = 1), =La(Ay + 1)
X (Gn(An+ T+ Dy Ga(An +2) X (L)
=Cxe XCx_, X (&n(Bp+T, = 1), ..., LuBy) xCx, X (Cn(An + T+ 1), ..., tu(Ap +2))
X Cx_y X (G (By = 1), =Ga(Ap+ D) e (0L ).
Therefore,
nM>1/,(¢ =050, A+ 1, By = Ly + 1,1, 8n))
S (G (Ba— 1), oo =Gu(Ag + D) (L),

This proves the proposition in case t = 1, except for the uniqueness and the statement
about Jacquet modules.
In fact, the first part of the proposition follows easily from that of case t = 1. Moreover,

we have
nM>w<w _n (P, Aptt, By —t, Iy + 1,0, $n)) —
(Gn(Bp—1), ..., = (Ap+1)) X - - X (Gu(Bp — 1), ..., =5 (Ap + 1)) X 7TM -, W L)
Then there exists an irreducible constituent t of
(Gn(Bn—1), ..., =En(Ap+1)) X -+ X (Eu(Bn — 1), ..., —=5n(Ap + 1))
such that
Tty Wil 5 (P An 1, By =1y 100, 50) > T30y (L),
We claim
Cn(Bp—1) -+ —Cu(Ap+1)
r=| :
Sn(Bn—1) -+ =Lu(Ap+1)

Otherwise, Jacyt # 0 for some x in 1, (B, —t), £, (B, — 1)], and hence
Jacty . (W L1 5 (0, An 1, By =1,y +1, 10, 60)) # 0.

This means there exists i <n such that B; > B, —t and ¢; = ¢,, which contradicts to
our assumption.
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Finally, since A, > A; for i < n, after we apply
Jace, (B,—1),....— ¢, (A, +1) © "+ 0 JACL, (B, —1),....~ &y (An+1)

to the full-induced representation t x nﬁ?>w (¥, L, n), we get 77151?> (Y.L ). So

nMw(lﬂ ,n,(pA+tB—tln+1nn,§n))‘—>f>47r >, W L)

as the umque irreducible subrepresentation, and

7TM>1/,(I’0 _,77 7(105A +t B tvln+ta71na§n))-
So we have finished the proof. O

7.3. Change sign

We choose an admissible order >y, and we also fix a self-dual unitary irreducible
supercuspidal representation p of GL(d,). We index the Jordan blocks in Jord,(y) such
that

(05 Ait1, Bit1, Giv1) >y (0, A, Bi, &).

Suppose there exists n such that for i > n,

n
(0. Ai. Bi.zi) > | J1(p. Aj. Bj. g))).
j=1
Moreover,
forl <i<n, At > A;, Bi=1/2o0r 0, and ¢ # ;.

We define ¢ by
Jord(y—) = Jord(¥)\{(p, A1, B1, S1)}.

We denote the restriction of (, ) to Jord(y—) by (I_,n_).

7.3.1. B =0.

Proposition 7.5. For any (1, n), n§?>w (¥, L) # 0 if and only if

7TM LWL (p, AL 0.1, =) #O.

Moreover,

T[M>t/ W, 1, ﬂ)—JTM>w(1/f _.n_s (py AL O, 1, =€), (7.5)

Proof. Let ¢s dominates i with discrete diagonal restriction such that 71 = 0. It suffices
to prove (7.5) for ¥rs,. When I} =0, (7.5) is clear. So we can further assume /; # 0. Let
Ys _ be obtained from s by removing (p, A1, B, {1). Then

775?>w(w>>,—,£7, E_v (,O, Alaov llv n, _gl)) — (07 LR §1A1> X (_glla R _gl(Al - 1))
A ﬂﬁ?>w(lﬁ>>,—,£_,g_; (0, A1 —2,0,11 — 1,11, —21)),
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as the unique irreducible subrepresentation. On the other hand,

Tag'y Wo L) = (0, =0AD X (0] G (A = D)
X ﬂn}j;?w(l/’»,ﬂl—’ﬁﬁ (o, A1 =20, =1, m, &)
= px(=0l..., = A x(¢1l,.... & (A = D)
x n5?>¢(1/f>>,—»l—’ﬁ_3 (0, A1 =2,0. 0 = 1,1, &)
= px (Gl G (A = D) x (=g 1., =1 Ay)
v ﬂii’w(lﬁ»,—lf’ﬂ_; (p, A1 —2,0,11 — 1,11, 1))
S px (Gl (A= D) x (=0l —f(A = 1) x pl| 704

5
X ﬂM?>w(W>>,—,L,Q_: (p, A1 —=2,0,11 — 1, m1, &1)).

Since ,0||_glel X JTA)7;0>¢(1//>>,,, l—’ﬂ,; (p, A1 —2,0,11 — 1,11, 1)) is irreducible, we have

Tty s L) = 0 X (1T, 1AL = D) x (=81, =61 (AL = D) x pl 141
X n§?>w(¢>>,—’l—’ﬂ_; (p. A1 =2,0. 5 =1, m. &1))
= px (0l f(AL = D) x pl|I X (=gl =2 (AL = 1)

b ﬂﬁ?>w(¢>>,—,l,,g_; (0, A1 —=2,0,11 — 1,11, 81)).
Since Jacxnff;w (s, L) =0 for x = {11, £ Ay, then

Tae, W L) = (0, 014D X (=411, =51 (AL = 1)
0 s Lm0 AL —=2,0,01 = 1,01, 1),
By induction on /1, we can assume
Tty L5 (oo AL =2,0,11 = 1,1, 61)
=7y, sl 5 (p, A1 =2,0,1 = 1,01, —¢).
Then we necessarily have
T, U L) =730 (s Lo 5 (py A1 O, 11, —6).
This finishes the proof. O
7.3.2. B; = 1)2.

Proposition 7.6. For any (I, n), one can construct

2o

715?>¢(1/f*, ' n*) = ,
Tagsy W= Lsm s (o Ar+ 1, 1/2, 1, —m, =81)) if m=—1.
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In case l} = (A —{-%)/2, we fix ny = —1. Then
Tos, (U L) #0 if and only if 7" (W*. 1%, 0") #0.
Moreover,
JTM >w(¢* ™) = (=al/2,..., = (A1 + 1)) ><177M> W, Ln)
as the unique irreducible subrepresentation, and
”A);?>w(‘”’lv n) = Jac_¢1y2,..., —;1(A1+1)7TM R AN DS

Proof. Let us choose ¥, dominating ¢ with discrete diagonal restriction, and we require
T = 0. Then it determines ¥ which dominates ¥*. We assume the proposition for .
Then

T, W5 L) = (=012 =0 AL+ D)y (s L)
Suppose JTME)>]// (Y™, I*, %) # 0, then after we apply
0i>1JaC(0, AT, Bi+T;.6)> (0, Ai By &1)
(i decreases) and Jacxe to the full-induced representation
(=611/2 . = (AT + D) " (s L) (7.6)
we should get something nonzero. Since
—011/2 and  §i(Ar+1) € [6i(Ai +T0), §i(Bi + 1)]

. X
fori > 1, 021JaC(, A1, B+ 71,60 (0. 41, Br.gy) and Jacye canonly apply to w1 (¥, L m).-
Therefore,

0i>1JaC(0, A+ T, Bi+T;.6)> (0, Ai, Bi i) © Jacxe (7.6)
= (=01/2, . =G AL+ D) X (L) # 0.
This shows ﬂ§?>w(1//, L) #0.
Suppose nlfl?w (W, Ln) #0, let

;i(Bi+T;) --- &i(Bi +1)

Cx, == )
Gi(Ai+Ti) --- Gi(Ai+1)
then
Ty W5 1) = (=011/2, o =61(AL+ D) X (xi21Cx) X Cxe Xy (4, L),
where i increases. For i > n, we have B; > A; +1, s0 Cx; and (=¢11/2, ..., =¢1(A1 + 1))
are interchangeable. For i < n, we have A| > A; and {; = —¢, so

[GiBi+ 1), (A +D] S [-al/2, =g (A + D).
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It follows Cx,; and (—¢11/2,..., —¢1(Aj + 1)) are also interchangeable. Therefore,

JTM >w(1ﬁ>>,l* n *) (X,>1CX )X Cxe X (=¢11/2, ..., =C1(A1+ 1)) >47TM >w(lﬁ

This implies nﬁgw(w*, I*, %) # 0, and

7TM >¢(1/f* l* *) — <_§11/27 D) _é‘l(Al +1) Nn[\i?>w(wv Lﬂ)

To see JTM - (¥*, I*, n*) is the unique irreducible subrepresentation, it suffices to check

that

).

Jac_g1p.—q @+ ((=011/2, ... = & (A1 + 1)) XJTM> W, L) —7TM L, W L),

As a consequence, we also get

To complete the proof, we still need to show the proposition for ¥, and we leave it to

the next lemma.

Lemma 7.7. Proposition 7.6 holds for yrs,.

Proof. It is clear that nﬁ?w (s, 1, n) # 0 and 71’15?>w (Y5, I*, n*) # 0 in this case. So we

only need to show
T, W 1 ) > (=0 1/20 =8 AL+ DY g (s L)

as the unique irreducible subrepresentation, and

Let s — be obtained from v by removing (p, A1, B1, ¢1). When /1 =0 and 0 = —
= +1, then

the lemma is clear. When A| = 1/2, then necessarily I; = 0. In this case, if 1

X
o WS o> (=al/2, a3/ )y (s L)
= pll” Cl‘/zxpnfl‘/zx 1932 5 mp” (Wm L)
pl| 76112 x p||511/2 x| |=613/2
x p||T612 5 || 783/2 x p) 1172

X T[M’>T// (1/f>>,7,__, 27)

X
X T[M(’)>‘// (‘¢l>>,—a L—a ﬂ_)

There exists an irreducible constituent o of p||11/2 x n§?>w(w>>’_, [_,n_) such that

*

1) = plI T2 |71 0

”M >¢,(¢>>vl
Since Jac_;13/2n5?>w W3, r, Q*) = 0, we must have

*

7TM>w(l/f>>vl 77)(_) (=611/2,=813/2) x o
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Suppose Jac_¢,1/20 # 0, then there exists an irreducible constituent o’ of Jac_¢ 1,20 such
that

T, W5, U0 > (=611/2,=013/2) x pl 752 10
= |72 x (=511/2, =613/2) 0

*

This implies Jac—§11/2,—§11/2”1€1?>¢ 3.0 ,Q*) # 0, which is impossible. Therefore, we

L. So

must have Jacg 120 # 0. In particular, this means o = n5°>w (WU,

T, W5 1) = (=011/2,=513/2) " (W L ).

B>
To see JTM?>11/ (A

that

, Q*) is the unique irreducible subrepresentation, it suffices to check

by by
Jac 172, -032((=01/2, =013/2) xmy . (s L) = 7y (P L)
AS a consequence,
by by
T, W Ln) = Jac g1 —3mys (U5, 15 0").

Next we would like to prove this lemma by induction on A;. Let A > 1/2. Suppose
= +1, then

*

) = (=a1/2, ... (A1 + D)

X ”Ai?>w(‘/f>>,—’£—’ﬂ—; (o Ar.3/2. ht, =m, =¢0)

”M >¢(‘p>>’l

S (=01/2, L 0 (A+ D) x (=03/2, ..., =01 A
X ”15?>¢(¢>>,—»£—’Q_; (oo A1 =1 1/2, I, =1, =61)

S plIT 2 (01372, =0 AL x (61172, g1 Ay x pl [T
“ ﬂﬁ?w(w»’_,l_,ﬁ_; (o, Ay —=1,1/2, 11, —=n1, —=81))
P2 X (=013/20 o =51 A X (1172, G AL x pl [T ATED
. nﬁ?w(lﬂ»,ﬂl—’ﬂ,? (0, A1 —1,1/2,11, =1, —¢1))
PITE 2 (=013/2, =514 x pl I o (2 qiA)

by
o NM?>w(1ﬂ>>,—,L,Q_; (0, A1 —1,1/2,11, =1, =1)).
There exists an irreducible constituent o of

( 11/2 1A1> >q7.[[[/[ >w(w>> *’_ 9Q7; (107A1 - 19 1/2’ ll’ -, _é‘]))
such that

T, W5 L) = ol 702 (=013/2, =0 Ar) x A a0

Since Jacxn5?>w(1ﬁ;“>, I*, ﬂ*) =0 for x € [—£13/2, —¢1(A1 4+ 1)], then

7TM o, WS ) > (=al/2, . = ai (A 4 D) 3o (7.7)
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If we apply Jac_¢1/2,..—¢(4,+1) to the full-induced representation in (7.7), then

Jac_¢ a,+1) can only apply to (=¢11/2,...—¢1(A1+1)). As a consequence, we must
have the whole Jacquet functor Jac_; 1/2,..—¢ (4, +1) applied to (—=¢11/2, ... = {1 (A1 + 1)),
and hence

X
Jac g1/, Ty s, W5, U0 =o,

which is irreducible. Therefore,
o= (011/2, ..., C1A1) % n§?>w(w>>,_,£,,g_; (0, Ay —1,1/2, 11, —n1, —=¢).  (7.8)

By induction, & 150>w (¥, L, ) is the unique irreducible subrepresentation of the induced
representation in (7.8), so it has to be equal to o. Hence

Tae, 5, U0 > (=01/2, = (A + D)y (s, L),

To see n1§°>w (Y5, 1%, %) is the unique irreducible subrepresentation, it suffices to check
that

Jac—g1/2,..~g ) (=811/2, .= GUAT+ D) T (U, L) = T30 (s, L ).

As a consequence,

Suppose n; = —1, we can also assume [ # 0, then the proof is the same. O

8. General procedure

The three operations (‘Pull’, ‘Expand’, and ‘Change sign’) introduced in the previous
section allow us to develop a procedure to find the combinatorial conditions for the
nonvanishing of 7[1510%// W, L n).

8.1. Step one

We choose an admissible order >y, and we also fix a self-dual unitary irreducible
supercuspidal representation p of GL(d,). We index the Jordan blocks in Jord,(y) such
that

(0, Ais Bi, &) >y (0, Ai—1, Bi—1, §i—1)-

We choose n such that for i > n,
n
(p, Ai, B, §i) > U{(P, Aj, Bj, )},
j=1

and the Jordan blocks for i > n are in ‘good shape’ (see Remark 5.4). Then for i < n, let
us choose (p, A, B, {) so that A is maximal. We consider the set

{(p, Aj, Bi, §;) for i <n:[A;, Bi]] C[A, Bl and ¢ = ¢}. (8.1)
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If this set is nonempty, we take (o, A’, B’, ¢’) such that A’ is maximal within the set. We
can rearrange the order >y for i < n, so that

(IOyAann’ Cn) =(p7A9 Bv {) and (vanflsBVlflv Cnfl)z(va/’ B/v é‘/)

Then we can ‘Pull’ the pairs (o, Ay, By, &n), (0, An—1, Bn—1, {n—1) using Proposition 7.1.
Suppose the set (8.1) is empty, but there exists (o, A’, B/, {’) such that

[A,B1=[A,B] and ¢ =¢,
then we can again rearrange the order >y for i < n, so that

(vaannv é-n) :(pﬂAv Bv {) and (van—lan—lv é‘n—l):(lo7A/7 B/v g-/)

And we can ‘Pull’ the pairs (o, A,, By, &), (0, An—1, Bu—1, {n—1) using Proposition 7.3.

8.2. Step two
Following Step one, we suppose the set
{(p, Ai, Bi, &) for i < n:[A;, Bi] €A, B] and ¢ = {}\{(p, A, B, {)} (8.2)

is empty. We can still rearrange the order > for i < n such that

(ps An: Bl’l?{}’l) = (P, A’ B? C)

Then we ‘Expand’ [A,, B,], and use Proposition 7.4.

8.3. Step three

Following Step two, let us denote the ‘Expansion’ of [A, B,] by [A%, B¥]. The set (8.1)
becomes

{(p, Ai, Bi, &) for i <n:[A;, Bi] C [A}, B;] and & = ¢}

If this set is nonempty, then we are back to Step one. If this set is empty, then by
our definition of ‘Expand’, it is necessary that B =1/2 or 0, and & # ¢, for all i <
n. In this case, we can change the order for i < n again by switching (p, A}, By, {,)
with (p, A;, B;, ;) one by one as i goes from n—1 to 1. Then we can ‘Change sign’ of
(p, A}, B, ¢y), and use Proposition 7.5 or Proposition 7.6. After that, we are back to

Step one again.

8.4. Step four

By the above three steps, we end up with a collection of parameters {y¥*} such that
Jord, (y*) is in ‘good shape’ (cf. Propositions 7.1 and 7.3). Then we can change p and
repeat all the previous steps to {{*}.

Appendix A. Proof of Proposition 5.2

In this appendix, we give the proof of Proposition 5.2, which also includes a proof of
Lemma 5.1. We proceed by induction. So let us suppose the proposition holds when
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(A1 — B1)+ (A2 — By) < L for some positive integer L. Note when (A;— By)+ (A —
By) = 0, this is clear (cf. Theorem 1.1). When (A} — By) + (A2 — By) = L, we first prove
the proposition, except for the necessity of condition (5.1) in the case that Ay = A; and
By = Bj. This remaining case is actually part of Lemma 5.1 and will be treated in the
end.

A.1. Proof of Proposition 5.2

We first show the necessity of the condition (5.1). So let us suppose ”151?% (Y, L) #0,
and we take the following two reduction steps.

e First reduction: we assume Ay > A and [ # 0.
Let us define ¥, by shifting (o, A2, B2, &2) to (p, Ao+ T, Bo+ T, &), such that ¢
has discrete diagonal restriction and the natural order is the same as >y. Then

775?>¢(1/f>>3£7 Q) — (E(BZ'FT)’ B —{(AQ—I—T)) X 77151?%(1/’7’!_’ 27;

(p7A2+T_1aB2+T+1112_17 7721 ;)7 (p’ Alv Blvllv ’717 {))

Note
D DY
JaC(o M4 T Byt 700 (0. A2 B 0) Mg, W L) = 7 (U L) # 0.

So after applying Jacp, a,+T,B,+T,0)—(p,As,By,¢c) t0 the full-induced representation
above, we have

(CBz,m —¢A2)
>47TM >w(w Q_v (ps A2_ lv BZ+1,Z2_ 17 n2, é‘)a (valv 317111 ni, {))1

which is again nonzero. In particular,

ﬂM>w(W o (s A2—=1, Ba+1,b—1,m2,8), (p, A1, Bi, 11,11, §)) # 0.
By our assumption, A —1 > Ay, Bo+1> By and I —1 > 0, so we get by induction
assumption
m=DM"Py = A -D)—h-1)=A -1, (Ba+ D+ —1) > B+,
m# DY P = B+ D+ (-1 > A -1
This gives the condition (5.1).

e Second reduction: we assume By > B and [} # 0.
We choose s, as in the previous step. Then

P
Taesy o L) > (EB1, .. —§A1>><7TM>w(1/f N
(p’A2+T’ B2+T’12’ n2, C)9 (val - 17B1+lsll - 11 ni, é‘))

Note

X X
JaC(p, Ayt T B4 T.0) (0. A2 B ) Tpg s, (U L) = 740 (W, L) # 0.

https://doi.org/10.1017/51474748019000409 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000409

A combinatorial solution to Meglin’s parametrization of Arthur packets 1169

So after applying Jac(p, 4,47, B,+T.0)(p,As,By,¢) t0 the full-induced representation
above, we have

<§Bl»~-~ —¢Ay)
><JTM>v W—,l_.n ;(p, A2, Bo, 2, m2,8), (p, Ay =1, Bi+ 1,11 — 1,11, {)),
which is again nonzero. In particular,
nM L, W Ln i (p, A2, By o, O, (0, At — L Bi+ LI — 1m1, £) #0.
By our assumption, Ay > Aj—1,B> > B;+1 and [; —1 > 0, so we get by induction
assumption
m= DY 5 A -bh>A-D=G-1D.B+b > B+ D+ -1,
m# DN = Bth > (A= D= = 1.
This again gives the condition (5.1).

After these two steps, we are reduced to the following cases:

e Case 1: A = Ay and B, = Bj.
This is the remaining case, which will be treated in the end.

e Case 2: Ay = A(,B, > By and [} =0.
In this case, the condition (5.1) becomes
m =DMy and b =0.
Note
T, L) =" (L0 5 (p. Az, Bay om0,
(0. A1 B2, 0. (=1)"7 %11 £), (p, By — 1, B1. 0.1, ).

Applying the induction assumption to (o, A2, By, lr,m2,¢) and (p, A1, Bz, O,
(—DP7Bigy, ¢), we get

m = (=DATER ()BT = ()M TEy,
and l» = 0. This is exactly what we want.

e Case 3: Ap > A, By = B| and [, = 0.
In this case, the condition (5.1) becomes

m = (D" and 1 =0.
Note
T, W L) =" (UL 3 (0, A+ T, AL+ T +1,0, (=175, g,
(0, A1 +T,B2+T,0,m2,), (p, A1, B1, 11, 1, £)).
Since
Jac(p, A+ T By4T.0)> (0, A2, B2.0)
= JaC(p, Ay +T. A\ +T+1,0)>(p. Ay, Ay +1.2) © JAC(p, A|+T. By+T.0)>(p. A, By.C) s
then
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P
JaC(o, Aj 4T, By4T.0) (0. A1 B0 T g ., (W L 1)
=7y, (Ul 5 (p, A+ T, AL +T+1,0, (=DM FFly, o),
(p, A1, B2,0,m2,¢), (p, A1, B1,11,11,¢)) #0.

Applying the induction assumption to (p, A1, B>, 0, m, ¢) and (p, Ay, By, 11, 11,¢), we
get exactly
m = (=D*" By and 1 =0.

e Case J: Ay > A1, B > By and b, =11 =0.
If 7y = (—=1)A1= 81y, the condition is automatically satisfied.
If ny # (—=1)A1=Biy;. We can suppose By < Aj, and let T = Aj — By + 1. One observes

Toe, Ui L) =73’ (U L0 5 (p, A2+T, B1,0,m1, ).

So JaCC(A1+1)nA§?>¢ (>, L, ) = 0. Therefore,

by
JaC(p, Ayt Byt 700> (0,40, B.0) T g >, (U, L, ) = 0.
Next we would like to show the sufficiency of condition (5.1) by computing

nﬁ?w (¢, 1, n) directly. We take s to be defined as before.

e Suppose I} = I, = 0. If o # (—1)»1~Biyy, then B, > A; and there is nothing to prove.
So let us also assume 1y = (—1)41 7By,

(1) A, — By < A; — By.
¢(Ba+T) - —C A

T, (s L) = : :
¢(A2+T) - =¢(A1— A2+ Bo)

X JTM>w(1ﬂ _n_5(p, A1 — A2+ By—1, B1,0,11,)).
It is clear that ﬂ§?>w(1ﬁ,l, n) # 0.
(2) A — By > A| —

((By+T) s =LA
B> ) .
T[M(,)>¢(w>>’£’ﬂ);) : :
((By+A1—B1+T) - —={B;

{(By+A1—B1+T+1) --- {(By+A1—B1 +2)

¢(A2+T) (A2 +1)
><17TM>W(W L,n_;(p, A2, Bo+ A1 —B1+1,0,—n1,)).

It is again clear that 77151(,)>¢ (Y, 1,m) #0.
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e Suppose [1 Z 0 or I #0.

¢(B2+T) —(A2+T)
nﬂi?w(w», L) — : 5
C(By+bL—14T) -+ =¢(Ay—l+1+4+T)
{By —CA)
x : :
(Br+hL—1) - —¢(A1 =1L+ 1)

>MTM>¢(1// _n_5(p, Ao —b+T,Bo+hL+T,0,m,9),
(0, Av =11, Bi+11,0,m1, 8)).
From our previous discussion, we know
7TM>¢(1/f —n_3(p, Ay =1, Bo+1,0,m,¢), (p, A1 =11, Bi+11,0,11,8)) #0,
SO
JTM>¢(¢ (P, Aa—b+T,Ba+hb+T,0,m,¢),

(IO»AI _lla B1+ll, 07 nlvg))
{Bo+Db+T) - §(Ba+h+1)

((Aa—Db+T) - {(Ay—h+1)

B TfM >w(1ﬁ —n_5(p, Aa—b, Bo+1,0,m2, ), (p, A1 =11, Bi +11,0, 11, £)).
Therefore,
(32+T) e (Bt 1)

T, s L) ( :
C(Bz—i-lz—l-l-T) - ¢(Ba+1p)

—¢(A2+T)

((Ba+l—1) -+ =C(Aa—DL+1+4T)

I

1
((By+DL+T) - {(By+hL+1)

( ¢B1 -t Ay
c(Br+h—=1) - =t(A =0+ 1)

{(Aa—D+T) - {(Aa =L+ 1)

ur
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X NAEON,W L.n :(p,Ax =12, By+15,0,m,0),
(0, A1 =11, B1+11,0,m1,8)).

Since [¢By, —¢(A2+T)] 2 [¢B1,—¢A1], (I) and (II) are interchangeable. Also note
By+ 1+ 1> By +1;, so we can interchange (II) and (I/II). It is clear that (1) and (III)
are interchangeable too. As a result,

((Ba+T) o L(Ba+1)

Ty W L) = . ;
((Ba+l—1+4T) --- {(Ba+12)
(Ba+b+T) - {(Bat+l+1)

X . .
(A2 —b+T) -+ (A2 —h+1)
il
{By —CA)
x : :
(Bi+h—1) - =t(Ar =L +1)
1l
{By e =C(A+ ) e —{(A2+T)
X : : :
((Ba+b—1) -+ =t(Ay =L +2) -+ =t(A2—L+1+T)
1
X nMw(w _n_5(p, Ay =D, By +1,0,m, %),

(105 Al _llv Bl +111 07 7717 C))
By Proposition 4.6,
—{(A2+1) .- —¢(A2+T)

—(Ay—D+2) - =t(Ay—Db+1+T)
v
><17TM>¢(1/f —n_5(p, Ay =D, Bo+1,0,m, %), (p, At =11, Bi+11,0, 11, £)),

is irreducible. So we can take the dual of (IV) (see (4.1)). Moreover, (IV)Y is
interchangeable with

¢ By —C Az

((Bry+Dhb—=1) - =¢(A2—D1+1)

1I_
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and (IT). Then
((Bz-i-T) e L(By+1)

T, (s L) < ( :
E(Bz-i-lz—l-er) - ¢(Ba+1D)

(Bz+lz+T) C(Ba+h+1)
C(A2—12+T) (A2 —Dh+1)
il
é‘(Az—lz+1+T) (A=D1 +2)
(A2+T) e f(A2+ D)
avyv
—CA
X :
(C(Bl+11—1) - =C(Ar—=L+1)
i
{B> —C A
X : :
((Br+h—1) - =C(A2 =L+ 1)
I

X 7TM o, Wl in_i(p, Ay =1y, Ba+15,0,m2, 0),
(IO Al_llvBl—l_ll’Ov r]lvé‘))
It follows nM> (¥, L) #0, and

¢B) —CA
e | s
(Bi+h—1) - =¢(A1 =L +1)
I
{By —CAs
x : :
{(By+lh—1) - =8(Ay—D+1)
I

X 7TM >w(lﬁ lL,n_;(p,A2—1lr, By +1,0,m,9),
(p, A1 =11, B1+11,0,n1, 0)).

Finally, one just needs to observe (II) and (I-) are interchangeable.
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A.2. The remaining case

We show the necessity of condition (5.1) in the remaining case, i.e., A, = A and B, = By.
Let us define ¥ by shifting (o, Az, B2, &) to (p, A2+ T, B>+ T, ¢3), such that s has
discrete diagonal restriction and it admits the same order >y . Suppose 7 f};w W, Ln) #

0, we first want to show
2= (DA By = —b <1,
1 1 I I (A1)
m#EDY By =S h+bh+1> A -
Let us consider the following situations.
(1) If I} =l =0, it is clear that one must have n; = (—l)Al’Blm.
(2) If ) # 0, then

Toe, (s L) > @CB1, . —CAY " (ol
(p, Ao+ T, B+ T,1b,m2,8), (p, Ai =1, Bi+ 1,11 = 1, n1, §)).

Note
2o 2o
JaC(p, A+ B4 T.0)> (0. A2 B0 Tag >, W, L) =y (L) # 0.

So after applying Jac(, Ay+7,By4+T,¢) (0, A2,B,,¢) 0 the full-induced representation
above, we have

(¢B1,...—CAY)
><UTM>¢(1// L,n_;(p, A2, Ba, o, m2,0), (p, At — 1, Bi+ 1,11 — 1,11, 8)),

which is again nonzero. In particular,
”M>w(w —n_5(p, A2, Bo, b, m, §), (p, Av—1, Bi+ 1,11 —1,1m1,8)) #0.
Here we only need the weak fact that
ﬂM >w<w —n s (p,Aa+ 1L, Ba+ 1,1, m,8), (p, Ar =1, Bi+ 1, i = 1,1, £)) #0.
By our induction assumption, we can conclude
= (—DWD=EED o (A )= > (Ar— D= (b — 1),
Ba+1D+16L > B+ 1)+ —1);
m # (DW= = B+ D) +h > (A =D = = D).

In the first case, we get ny = (—1)A'_Bl171 and —1 < Iy — 1 < 1. In the second case,
we have my # (—DA17 Bigyand [ +bh+1> A — By = A —
(3) If I # 0, then
Tor, Uss L) > CB2+T), =LA+ T )y (WL,
(p7A2+T_1aB2+T+1112_17 7721 ;)v(pa Alv Bl»llv ’717{))
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Note

X B
JaC(p, Aot T B4 1.0 (0,42, 80,00 Tt ., Ws L) = 0 (O,

So after applying Jac(,, Ay+7,By+T,2) (0, A2,B,,¢) t0 the full-induced representation

above, we have

(¢Ba,...—(A3)

><17TM>W(I/f _on_s(p,Aa =1, Ba+ 1,1 —1,m2,¢), (p, A1, Bi, 11, m1, §)),

which is again nonzero. In particular,

nM >‘//(¢ Q_» (p’ A2_ 17 BZ+13I2_ 13 ’727{)’ (ps Al’ Blvllv ni, C)) # 0.

Here we only need the weak fact that

Tos, W=l 5 (p, A2, By+2, = 1,m, 0), (p, At, Bi, L, mi, ©)) # 0.

By our induction assumption, we can conclude
m=D4"Bng = A —h-1)=A -1,
(B2+2)+(a—1) =2 Bi +11;
m# DN Py = (B+2)+ (-1 > A -1

In the first case, we get ny = (—l)AI*Blm and —1 < Ip — 1 < 1. In the second case,

we have my # (=D~ Bipg and 1+ +1> A; — B, = A| — By.

Now we assume (A 1). If gy = (=1)417Biy, we still need to eliminate the case |l] — 5| =

1. If 9y # (=141~ By, we need to eliminate the following cases:
(1) |h =kl =1, max {l;, b} = (A1 — B+ 1)/2.
(2) i =1, =(A1—By)/2.

To simplify the notations, we let A = A| = A, and B = B| = B;.

A.2.1. Case: [ =)+ 1. Let us denote I by [. Since A—l1+1> B+ —1,

A—1> B+1.
(1) A—1>B+I1+1.

{B —CA
T, U L) = : :
¢Br+h—=1) - =¢(Ar=L+1)
§(B2+T) —{(A2+T)
X : :
C(Bo+b—14T) - =t(Ay—L+14T)
(Ba+b+T) - —¢(A1—1)
x : :
(A= —2+T) - =¢(B1+1)
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>47TM>w(1ﬂ _n_5(p, Aa—hL+T,
Ay —L—1+T,0, (=275 p, )
—CA

¢(B +l) —{(A —1

g(B+T) e A

;(B+l—l+T) C—C(A—14+1)

*—2

(;(A+1) o —C(A+T)

—(A=1+2) - —¢(A—=1+1+T)

1
C(B—H-i—T) s =C(A=1-1)

;(A—1—2+T) S —C(B+I+1)

i

X(;(A—l—l—i—T)m g(A—l))
CA—=I+T) - ¢(A=I+1)

ur
T Wl s (p A= A—1—1,0, (=) Pl 0)),

We can interchange (I) with (II) and (IIl). Note
(D2l (o lon 5 (o A=L A=1=1,0, (=D %71, 0)

is irreducible (see Proposition 4.6), so we can also take dual of (I) (see (4.1)).
Moreover, (x — 1) and (x —2) are interchangeable. Therefore,

¢(B+T) —CA
T, U L) : :
CBHI—14+T) - —¢(A=1+1)
*—2
B —CA
X : :
¢(B+D - —C(A=D)
*—1
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CBHI+T) - —(A=1-1)
x : :
C(A=1=24T) --- —Z(B4+1+1)
11
X(;(A—Z—I+T)~~- ;(A—l))
C(A—=14+T) - (A—I+1)
1l
CA—I+1+T) - C(A—1+2)
X : :
C(A+T) e L(A+D
(nv

X Wl s (p A= A=1— 1,0, (=D*7 B 0)),

We can ‘combine’ (II) with (IIl), for otherwise JacC(A_Z+1+T)n,§°>w(1p>>, L) #0,
which is impossible. Here we have used the fact A —1 > B +1+ 1, in order to switch
p|[§A—IHIHT) with (x — 2). For the same kind of reason, we can ‘combine’ (III) with
(I)V. Consequently,

¢(B+T) e —CA

Ty, Wi L) = : :
CB+I—1+T) - —¢(A—=I4+1)

*—2
(B - —CA

¢B+ID - =C(A=1D)

*—1

CB+I+T) - C(B+I+1) - —Z(A—1—1)

CA—1=2+4T) - ¢(A=1—1) -+ —C(B+1+1)
CA=1—1+T) - (A=)

C(A+T) - (A4
v
X T[M >¢(1/f ,77 5 (ps Z’A_l_ 170’ (—1)A2_BZ_]772, C))

We can further ‘combine’ (x—1) with (IV), for otherwise Jac;(A,l)nflow
(¥>, L, n) # 0, which is again impossible. Here we have used the fact that

IS s Wl (p A—1 A—1—1,0, (=151 1)) (A2)
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is irreducible (we prove it in end of this case), and A —/ > B+1+1. As a result,

(B+T) - —CA
T, s L) = : :
C(BHI—14T) - —g(A—1+1)
*—2
CB —CA
¢B+D - (A=)
CBAI+T) - LB+I+1) - —Z(A=1—1)
x : : :
CA—1=24T) - c(A—1=1) -+ —=L(B+I+1)
C(A=1—=14+T) --- (A=)
¢(A+T) .- L(A4D
(+=D+1V

) Wl s (p A= A=T—=1,0, (=D)* 7l 0)),

Hence
ﬂM>¢(1/f _on_s(ps Aa+ 1, Ba+ 1,1, m,8), (p, A1, Bi, 11,1, §))
c(B+1) -+ —CA
- : :

CBA+D) - —L(A—1+1)

¢B —¢A
x|c(A—i—1) .- —c(B+1+1)
C(A+1)

X, Wl s (p A= A=1—=1,0, (=D*7 B 0,

If we apply Jac(p, a+1,B+1,0)—(p,A,B,¢) to the full-induced representation above, we
should get zero. This means n5°>w (¥,1,n) =0.

To complete the discussion of this case, we still need to show (A 2) is irreducible.
We use the criterion of Lemma 4.5. Since

Jac—ga—n (A =my’. (W10 ;(p, A=l A=1—1,0, (=571, 1)),

we see (A 2) has a unique subrepresentation o, and o is multiplicity free in s.s. (A 2).
Since

Jacg(a—n (AD) =’ (- L. i (p, A=, A=1=1,0, (=) 5"y, 1)),
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it suffices to show Jacya—jo #0. Note A—1—-2> B+[—1, so
o > p||*§(A*1) Xp“{(A*l*l)
g Wl 5 (p A= A=10, (=D* Py, 0,
(. A—1-2,A—1-2,0, (-7 5"y, 1))

~ ||§(A—l—1) % p||—§(A—l)
s, W n 5 (o A= L A=1,0, (=1 P, ),
(p,A—1—2,A—1-2,0, (- 1)A2‘BZ‘1nz,§))
= plFATD s pl FATD g WL n (e A=l A=1,0, (=D P, 0),

(p,A—1-2,A —1—2, 0, (—1)A2*32*1nz, ).
The last isomorphism does not follow from Lemma 4.4 exactly, but one can prove
it using the same argument there together with [5, Proposition 2.7). It

6 S (EA=D.CA=1=D) 2Ty’ Wl 0 (p, A= A=10, (=D)* P, 0),
(10’ A _1_2, A _1_2, 0, (_1)A2 B2 17727 ;))7
then it is clear that Jac;(a—po # 0. Otherwise, we have
o S (EA=1=1,C(A=D)xmy" (-, l_in ;
(0, A=1,A—1,0, (=) Py, ),
(p,A—1—2,A—1-2,0, (—I)AZ‘BZ‘lnz )
S(LA—=1—1),2(A=D) x p||*AD sz o, WL
(p, A—1—1,A—1—1,0, (=142~ Ban,;),
(p. A—1-2,A—1-2,0,(—=1)">"%"n; 1))
PIEA™D X (A =1 = D, CA=D) g (Wil
(P A—1—1,A—1-2,0, (=)~ Bl 1Y),
So we again have Jacya—;yo # 0. This finishes the proof.

(2) A—l=B+I1+1.
Following the previous discussion, we find (I7) is ‘missing’, but we can still ‘combine’
() and (I)V.

¢BHT) - —CA
Tag'y (Vo L) : :
CBAI—1+T) - —C(A=1+1)
*—2

(B - —CA

¢B+D - —C(A=D)

*—1
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CA-I-14T) - ¢(A=D

{(A+T) LA+
v
s, W n (o A= A=1= 1,0, (=D 57l 1)),

Hence

JTM>W(1/f _n_(ps A2+ 1, Ba+ 1,12, m2,8), (p, A1, B, 11,11, ¢))
¢B+1) - —CA ¢B - —CA

- : : X : :
B+ - =C(A=1+1) B+ - =t(A=D)
(A=)
<[ 1 | xm, e (e A= 1 A=1=1,0, (=D By ),

C(A+1)

We claim the induced representation above has a wunique irreducible
subrepresentation. It is clear that for any irreducible subrepresentation o, one has

0> (CB,...— A X (L(B+1),...,—CA)x - x(C(B+1—=1),...,—c(A—=1+1))
X (C(B+1D),...,—t(A=I4+ 1) x{&(B+D,...,—¢(A=1D)
t(A=1D)
x : T, W L s (o A= A=1=1,0, (=" 57y ¢)).
LA+ 1)

So the corresponding Jacquet module of o under
Jacy = Jacra—p

JacgB+i-,..., —;(A—l+1)0"'0JaC;(B+1) ..... —taoJacep,.. —ca

contains the irreducible representation nﬁ)j; ~y W-.l_.n ;(p,A—=1,A-1-1,0,
(—1)A2— B2~ 1172 £)). On the other hand, we can also apply Jacx to the full-induced
representation
(B+1) -+ —CA ¢B - —CA
z : | z
(BAD - —c(A=1+1)  \e(B+D - —g(A=1)
f(A=D)
x : Tt Wl n (0 A= A—1—1,0, (=), 1)),
[(A+1)

and we get nfl(;w W-.l_,n ;(p, A-1,A-1-1,0, (—1)A2=B2=lpy ¢)).  This
proves our claim. As a result,

JTM>¢(1/f —n_ (s Aa+ 1, Ba+ 1,12, m2,8), (p, A1, B, 11,11, ¢))
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(B - —CA

. ((B+1) - —;:A {(B.+l) —g(A—l)
{(B.—i-l) —;(A.—l+l) g(A._l)
§(A'+1)

0, Wl 5 (p A= A=1=1,0, (=" 5 ny ¢)),

Therefore, if we apply Jac(, A+1,B+1,¢)— (p.4,B,¢) to the full-induced representation
above, we should get zero. This means nflo>¢ (W, L) =0.

A.2.2. Case: [ =11+1. Let us denote /1 by [. Since A—lp+1> B+I;—1, then
A—Il>B+1.

(1) I#0and A—1 > B+I1+1.

{B) - Ay
T, (s L) < : :
¢Bi+h—=1) - =t(Ar—=L+1)
$(B2+T) —$(A2+T)

X : :
C(By+bL—14T) -+ =¢(Ao—1+14+T)
{Ba+DbL+T) - —¢(A1—1)

X : :
((Aa—b+T) - —=¢(Bi+1+2)

X JTM>¢(1/f o5 (ps Bi+hi+1, B +1,0,n1,8))

¢B . —CA
- : :
CBHI=1) - —L(A—1+1)
-1
{(B+T) e =LA+
CBAI+T) - —C(A—1+1)
1
—§(A+2) o —0(A+T)
—C(A—l—i—Z) - —¢((A=14+T)
I
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(BH+I+1+T) -+ —=C(A=D)

C(A=1—1+4T) --- —¢(B+1+2)
1
ngw(w —n_5(p, B+1+1,B+1,0,m1,%)).

We first interchange (II) and (III), then take dual of (II) (see (4.1)).

B —CA
T, U, L) = : :
CBA4I—1) - —C(A=I1+1)
*—1
¢B+T) -+ —C(A+1D
X : :
CBHI+T) - —C(A—1+1)
1
CBHI+1+T) -+ (A=)
X : :
CA=1—=14+T) --- =Z(B+1+2)
i
SA=I+T) - t(A-1+2)
X : :
C(A+T) -+ ((A+2)
anv

X Wl 3 (o, B+ 1, B+1,0,11,0)).

Since Jac;(3+l+1+7)n§?>w(w>>,L n) =0, we can ‘combine’ (I) and (III). For the
same kind of reason, we can further ‘combine’ them with (II)V. So

¢B —CA
”5?>\,,(‘/f>>’ Ln) = : :
¢BHI—1) - —c(A—1+1)

*—1
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((B+T) e (B+2) - =LA+
;(A—l.—1+T)...§(A—.l+1)-~-—{(B—.|-l+2)
CA—I+T) - C(A—1+2)

C(A+T) o C(A+2)

*—2
X 7TM >w(¢_ L,n ;(p,B+I+1,B+1,0,n1,¢))
¢B —CA
> : :
C(BHI—1) - —C(A—I1+1)
x—1
((B+T) e L(BH+2) - —¢A
ea—i—reny a1y B4
CA—I+T) - t(A—1+2)
{(A.-i-T) ((A.-I—Z)
(+—2)_
—C(A+1) B+D
. ¢(B+
% 3 X<§(3+l+1)>
—¢(B+1+2) ‘—‘;—‘
v

0Tt WL 5 (p, B+ BAI—1,0,01,0).

We interchange (x — 1) and (x —2)_, also (IV) and (V). Then we take the dual of

av).
¢(B+T) - t(B+2) -~ —CA
5 CA—I—14T) - C(A—I+1) - —C(B+I+1)
ity P L 1) = [A=1+T) - [(A—1+2)
CA+T) - L(A+2)
(x—2)—
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B —CA

{(B-i-.l—l) —{(A.—l+1)

*—1
L(B+1+4+2)
» Z(B+1) y
((B+1+1)
D — C(A+1)

[ ——
avyv

><7TM>¢(1/f 1 (P, B+1,B+1—1,0,n1,¢)).

We can ‘combine’ (x—1) and (V) for JaCC(B+l>7TM(,)>¢, (¥>,L,n) =0. We can also

‘combine’ (V) and (IV)V for Jac;(3+l+2)n]§?>w (s, L, n) = 0. Here we have used the
fact that A—1 > B+1+1. So

¢B+T) - B+ - —¢A
5 CA—1—1+T) - C(A—I1+1) - —L(B+I1+1)
jTM?>V[(w>>’LsQ)C_) C(A—l—i—T) §(A—l+2)
{(A.—}-T) C(A.+2)
(x—2)—
¢B —tA
CBAI—1) - —L(A—I+1)
L(B+1)
C(A+1)
(x=1)4

>47TM>w(1ﬂ L. :(p, B+, B+1—1,0,n1,0)).

Then
7TM>\,/(I/f _on_s(p, Aa+ 1, Ba+ 1,1, m,8), (p, A1, Bi, 11,1, §))
¢B —CA
¢BH1) - —CA : :
o . . (B+I-1) - =C(A=1+1)
: : ¢(B+1)
SA=1) --- =¢(B+I1+1) :
C(A+1)
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0T (L 5 (py B B+L=1,0,01,0).

Therefore, if we apply Jac(, A+1,B+1,¢)— (p.4,B,¢) to the full-induced representation
above, we should get zero. This means n§°>w(w, L,n) =0.

(2) Il #0and A—l=B+I1+1.
It follows from the previous discussion that

{B —CA
Tag'y (Vo L) : :
{(B+I-1) - =¢(A=14+1)
*—1
§(B+T) o L(B+2) -0 —0(A+D
CA—I—14T) - c(A—I+1) - —t(B+I+2)
((A=1+T) - t(A—1+2)
C(A+T) o C(A42)
*—2

X 7TM>W(1# L,n ;(p,B+1+1,B+1,0,n1,0)).
Since (x — 1) and (% —2) are interchangeable, then we have

7TM>¢(¢ _n_5(p, Aa+ 1, Ba+ 1,12, m,8), (p, A1, Bi, 11,1, ¢))
CB+1) -+ —t(A+1) {B —CA

CA=D o —g(B+1+2))  \eB+I=1) - —L(A=I+1)
X (UL 5 (0, B+ 1, B+1,0,01,0),

It follows

JTM>¢(1/f _on_s(ps Aa+ 1, Ba+ 1,1, m,8), (p, Ar, Bi, 11,1, §))

<> ({B,...—CA)x (C(B+1),...,—C(A+ 1))
XX (C(BH1—1), ..., —C(A—1+1))
X (C(A—1—1), ..., —~C(B+I+3))x (C(A=1),...,—C(B+1+2))

><IJTM>¢(1# 10 3 (p, B+1+1,B+1,0,n1,0)).

Therefore,

Jacx Tyt (U, 1,1 (p, As+1, Ba+1,10,m, ), (p, Av, Bi, 1, m1, £)) # 0,
(A3)
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where

Jacy :=Jacga—p,....—¢(B+1+2) 0 JaCc(A—i—1),...,— L (B+I+3)°
Jacg(B1i-1),...—c(A—i+1) 0 -0JacgB41),....—r(A+1) 0 JaceB,. . —cA.

On the other hand, we can rewrite

JTM>¢(¢ L,n_;(p, A2+ 1, Ba+ 1,12, m2,8), (p, A1, B1, 11,1, )

{B+1 - —CA —C(A+1)
= : x :
CA=1D) -+ =¢(B+I1+1) —(B+1+2)
v
B —CA
x : :
CB+I-1) - =¢(A=14+1)
>47tM>w(lﬁ —n_5(p, B+I+1,B+1,0,11,%))
t(B+1) --- —CA ¢B —CA
= : | z
CA=D -+ =¢(B+I14+1) CB4I-1) -+ =¢(A=14+1)
—{(A+1)
X ng>w(1,ﬁ L.n ;(p,B+1+1,B+1,0,m,%)).
—¢(B+1+2)
v

So there exits an irreducible constituent o of
(IV)><17TM>W(I/f —n_i(p,B+1+1,B+1,0,m,9)),
such that
7TM>W(1/f —n_s(p, Aa+ 1, Ba+ 1,1, m,8), (p, A1, Bi, 11,1, §))
¢(B+1) - —CA ¢B —CA
CA=D) o —cBHID)  \eBHI=1) o —(A—1+1])
We claim Jacg(p4142)0 = 0. Otherwise, we necessarily have

—C(A+1)
Jacg(p+i+2)0 = : wa(w o0 (p, B+1+1,B+1,0,11,¢))
—¢(B+1+3)
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which is irreducible by Proposition 4.6. Then

—(A+1)
o > p||§(B+l+2) x
—¢(B+1+43)
)T ol 5 (p, B+ 1, B+1,0,m1,0)
—C(A+1)
; X,O||§(B+[+2)
—z(B+1+3)

) WL 5 (o, BAL+1, B+1,0,m1,0).
It is necessary that

—t(A+1)

o >47tM>w(w o s (p, B+1+2,B+1+2,0,

—¢(B+1+3)
(p,B+I1,B+1,0,n1,0)).

In particular

Jac—(B+142)7h"~, (W—s L0 5 (0, BH1+2, B+142,0,—n1,0),

(p,B+1,B+1,0,n1,¢)) =0.

Now we have

7TM >w(1ﬂ —n_5(py Aa+ 1, Ba+ 1,12, m,8), (p, A1, Bi, 11,1, §))

(B+1) --- —CA ¢B —CA
= : : X : :
CA=D -+ =¢(B+I1+1) C(B4+I-1) -+ =¢(A=14+1)
—{(A+1)
X ; ><IJTM>¢(¢ e (o, B+I1+2,B+1+2,0,
—¢(B+1+3)

(0, B+1,B+1,0,11,%)).

If we apply

Jacy: :=Jacg(a—i-1),...~¢(B++3) © JACL(B+I-1),...,—¢(A—I+1) O " **

Jaceg+1),...—¢a+1) 0 Jacep, . —c A,

to the full-induced representation above, we get

(CA=D), ..., ~L(B+I+1) x 1y " Wl 5(p, BHI+2, B+1+2,0,

(o, B+1,B+1,0,n1,¢)).
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Here we have used the fact that A—1 = B+1+ 1. Note

JacX = Jac;(A,l) —¢(B+142) © Jacx/

and
Jacea-n,...—cB++2)(C(A—=1D), ... —C(B+l+1)>><7TM>w(W Ao s
(0, B+1+2,B+1+2,0,-n1,¢),(p, B+I1,B+1,0,1n1,8)) =0.

This contradicts to (A 3). So we have shown our claim.
For ;-[1510>w (¥, 1, m) being nonzero, there necessarily exits x € [B+1, A+ 1] such
that Jacex, . ra+1)0 # 0. By our claim, Jac;xo # 0 implies x = B +1. It follows

0<—>({(B+l),...,§(A+1))><171M>w(1p —n_s(p, B+1,B+1-1,0,n1,%)).
Then

”M>¢(1/’ _on_s(p, Aa+ 1, Ba+ 1,1, m,8), (p, A1, Bi, 11,1, §))

t(B+1) - —CA B - —CA
: : x E :
CA=D) - —c(BHI+1) CBAHI—1) - —c(A—1+1)
*—1
¢(B+1D)
% : >47TM>V(1p _,n ;(p, B+1,B+1—-1,0,n1,2)).
C(A+1)
-
VI
Since
Jacei,c B+ Ta'~, W—s 10 5 (p, As+1, By 1,12, 12, 0),

(p, A1, B1,1I1,m,¢)) =0,

we can ‘combine’ (x — 1) and (VI). So

T, U lon 5 (p, A2+ 1, Bat 11,0, 0), (p, Av, Bry b, mi, ©)
B —CA
(BA1) o —CA : :
o . ) (B+I-1) -+ =C(A-L+1)
: : Z(B+1)
(A=) - —£(B+I+1) :
C(A+1)

><JTM>w(1ﬂ 1 3 (p, B+, B+1—-1,0,n1,%)).
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If we apply Jac(p, a+1,B+1,¢)(p,4,B,¢) to the full-induced representation above, we
should get zero. This means ”1510>¢, (W, L) =0.

(3) I=0and A > B+1.
From the previous discussion in (1), we have

¢B+T) - ¢(B+2) - —L(A+1])
TR L) : 5 5
’ CA=1+T) - ¢(A+1) -+ —(B+2)
(A+T) - 2(A+2)
(*—2)
N”M>w(‘/’ —n_:(p, B+1,B,0,11,8))
¢(B+T) ---¢B+2)--- —CA
s : ; ;
CA=1+T) - C(A+1) -+ =2(B+1)
(A+T) - 2(A+2)
(x—2)_
—C(A+1)
x : wer(w —n_:(p, B+1,B,0,n1,7)).
—t(B+2)
N———
v

There exists an irreducible constituent o of

AVy sy (-l .0 i (p. B+1,B.0.n1.0)

such that
(B+T) ---¢(B+2)--- —CA
7T1§0> s, L) — : : : X0.
v - CA=14+T) - ¢(A+1) - —2(B+1)
CA+T) - Ct(A+2)
(x—2)—

We claim Jacyo =0 for x € [((B+1),¢(A+1)]. This is clear when x # ¢(B +2).
If Jacy(p42)0 # 0, then Jac§(3+2)7r/‘§?>w(1p>>,£, n) # 0, and we get a contradiction.
Here we have used the fact that A > B + 1. Note

7TM>W(¢ _n_s(p,Aa+ 1, Ba+ 1,12, m2,8), (p, A1, B, 11,11, ¢))
c(B+1) -~ —CA

CA o —C(B+)
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If we apply Jac(p,a+1,B+1,0)(p,A,B,¢) to the full-induced representation above, we
should get zero. This means ”A§O>V,(’>”’ L =0.

(4) I=0and A=B+1.
We can further simplify from the previous case (3) that

by ¢B+T) -~ 5(B+2) -+ —t(A+ 1)
T, W L) < (C(A—i-T) L E(A+2) )

(x=2)
NJTM>W(W L,n_;(,B+1,B,0,m,¢))
( ¢(B+T) - (B+2)~'—§(B+1)>
C(B+14T) ---¢(B+3)
(x—2)_

x plI T ey (o0 5 (p, B+1,B,0,m1, ).
So
JTMW(K/I —n_s(p, Aa+ 1, Ba+ 1,1, m,8), (p, A1, Bi, 11,1, ¢))
= B+, ..., —5(B+1) x p||¢F2
ngN(]/f L ,n_;(p,B+1,B,0,11,%)).
There exists an irreducible constituent o of
I (Wil 5 (p, B+1,B,0,01,0))
such that
JTM>W(1/f _n_5(p, Aa+ 1, Ba+ 1,12, m,8), (p, A1, Bi, 11,1, ¢))
— (((B+1),...,—¢(B+1))xo

We claim Jacyo = 0 for x € [{(B+ 1), £(B+2)]. It is clear Jac;(g+1y0 = 0. Suppose
Jacy(py2)o # 0, then

o = pll*P W ln (o, B+1,B,0,01,0)
as the unique irreducible subrepresentation. So
cr—ﬂMwW 0 _(p, B+2,B+2,-n1,8), (p, B, B,n1,¢)).
This implies Jac_;(g42)0 = 0. In particular,

JaceB4,...—cB+2)({(E(B+1),...,—=¢(B+1)) xo) =0.
On the other hand,

Jace+1y.... 7§(B+2)7TM o, WL n 5 (p, A2+ 1, Ba+ 1,1, m, 0),
(0, A1, Bi, 11,11, ¢)) #0.
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So we get a contradiction. As a result,
JaceB4+1),cB+2)((C(B+1), ..., —t(B+1)) x0) =0,

and hence 7TM - (¥, n) =0.

A.2.3.Case: np # (=D By and Iy =1 = (A1 — B1)/2. Letl=1; =1 #0, then

A—Il=B+I.
{ By —CA
T, (U L) = : :
(Br+h—1) - =¢(A1 =L+ 1)
¢(B2+T) —¢(A2+T)
X : :
CBy+b—14T) -+ =¢(Ay—l+1+T)

X(E(Ba+b+T),....,5(Br+1+2))
N”MW("” —n_s(p, Ba+h+1,By+h+1,m,0),
(o, Bi+11, Bi+11,11,¢))

tB - —rA
(B4I—1) - —(A—1+1)
*—1
((B+T) - —CA
CBHI—14+T) - —t(A=I1+1)
*—2
—A+D e LA+
—G(A=1+2) o —L(A—I+14T)
1
glitasuab i LAt (céiﬁn)
)ig o

1
NJTM>VJ(W 7’7 9(10’B+l B+l U17§),

(IO»B+l_11B+l_lv nlvé‘))

We interchange (1) with (II) and (IIl), then we take dual of (I).
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(B . —zA
77/5?>V/ (W>>v L Q) — :
CBHI—1) - —C(A—1+1)

*—1

((B+T) -+  —CA

((B+I—14T) - —t(A—1+1)

*—2

¢(B+1)
X (C(B+I1+T),...c(B+1+2)) x (;(B-+l—+1)>

11 —_—
a1

SA=I+14T) - C(A-1+2)

C(A+T) - (A4
Y
X (UL 5 (0, B B+L =01, 0),

(0, B+1—1,B+1—1,1n1,0))
B —CA

((B+I-1) - =¢(A=14+1)

x—1

¢B+T) - —tA

(B+I—1+4T) - —t(A—1+1)

*—2

L(B+1)
X (E(B+I+T),...5(B+1+2) x <§(3+l+1)>

i —_—
i

CA—I4+14T) - c(A—1+3) C(A—142)

qA¥D ~-;m#m ;m#n
(Y v
><nﬂ,>w(¢‘ —n_s(p, B+, B+1,—n1,¢),
(p, B+1—-1,B+1—1,n1,2)).
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Note (x—1) is interchangeable with (x—2), (II) and (I)Y. And (I)Y is also
interchangeable with (1II). So

¢B+T) -~  —CA
7T15?>w(¢>>, Ln) — : :
CBHI—14T) - —(A—1+1)
2
$(C(BHI+T). ... t(B+1+2)
I

CA—I4+14T) - c(A—1+3)

X . .
(A+T) - [(A+2)
nYy
¢B —CA
x : :
CB4I—1) - —L(A—1+1)
*—1
£(B A1) C(A=1+42)
X<;<B+z+1))x :
—_— C(A+1)
Jiid —_—
v

X nﬁf’>w(1/f—,L_,Q_; (o, B+1,B+1,—m, ),
(p, B+l_ 17 B+l_ 11 ni, ;))

. P P )
Since Jac§<3+1+7)nM?>w (s, L) = Jac{(Afl+1+T)”M(,)>w (s, L, ) =0, we can ‘combine
(x—2), (II) and (I)".

CB+T) - (B+2) - —A
5 CB+I—14+T) - t(B+1+1) - —C(A=1+1)
Ty W LD = g i) L e(BI42)
CA+T) - C(A+2)
(+=2)4
CB —CA
CB+I—1) - —L(A=1+1)
x—1
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- C(A—1+2)
+ .
x (;(B+l+1)> X
= 7 C(A+1)
il | ——
v

><nM>¢(1p —n_ (., B+, B+1,—n1,9),
(po‘l‘l—],B‘Fl_l,’Il,f))

Since Jac;(3+[)7r§?>w W, L) = Jac§(A_1+2)7rA§?>w (¥»,L,n) =0, we can ‘combine’
(x— 1), (D) and (IV).

L(B+T) e L(B+2) - —¢A
% [BAI—14T) - c(B+I+1) - —2(A=1+1)
Ttz W LD = g iy L (B 142)
C(A+T) o C(A+2)
(x=2)4
CB —CA
CBAI—-1) - —L(A—1+1)
C(B+1)
L(A+1)
(x—=1)4

>47-L—M>w(1p E_;(,o,B—i—l,B-l-l,—m,é'),
(o, B+I1—1,B+1—1,n1,9)).

Then
T, WL (o A+ 1 Bat 1, b, m, ), (p, A, Br by, i, ©)
¢B —¢A
tB41) -+ —CA 5 5
. , , CBHI—1) - —L(A—1+1)
: 1 ¢(B+1)
C(B41D) - —L(A—1+1) _
C(A+1)

><I]TM>w(1/f ,77 7(p7B+l B+l r]lvé‘)s(/ovB"i_l_]yB+l_17n17§))

Therefore, if we apply Jac(s, o+1,B+1,0)r (0,4, B,¢) to the full-induced representation above,
we should get zero. This means nfl‘gw (W, L) =0.
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Appendix B. Example

In this appendix, we want to demonstrate how our procedure (cf. §8) works in a simple
example. We fix p and choose ¢ € W(G), such that

Jord(¥) = {(p, A3, B3, £3), (p, A2, B2, £2), (p, A1, By, 81)}

We also assume

e A;,BieZfori=1,2,3;

e A3 > Ay > Ay and B3 > B; > By;
el3=¢ =+1and & = —1.

We put an order >y on Jord(y/) such that

(p, A3, B3, 83) >y (p, A2, B2, §2) >y (p, Ay, By, &)
We would like to find all (, ) such that n’fg (Y, L,n) #0.

B.1. Results

First of all, we have
0< <[(A;i — Bi +1)/2],

and

3

Ai=Bi+1 i—Di i —
l_[ni + (_1)[(A Bi+1)/2]1+I -1
i=1

(cf. (2.1)). Next, we formulate the necessary and sufficient conditions as linear constraints
on {/;} for each selection of signs {n;}.

(1) If n3 = (=)W =BO+(A2=B)p and gy = (=1)A17 81y, then

Is3+1; > A1 — B3
—By<h—-11 <Ay— (A1 —By)
(A1 = B))—B3+1<3-L+2 <A3+ (A1 —B1)— (A2 — By) + 1.

(2) If n3 = (=)W =BU+A2=B2)p and ny £ (—1)A17 By, then

I3+l > A1 — B3

i+l > (A1 —B)— B

I3+DL+2l > (A1 —B1)+(A2—By) — B3+ 1.
(3) If 3 # (DW= BHABIyy gy = (—1)M1=Finy, and

I3—11 < (A3—B3)/2— (A1 —B)+1
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then
—(B3—By) <lI3—-11 <A3—- A

—By<h—-lL <Ay—(A1—By)
I3+ =2 > (A2—By)— (A1 — B1) — B3 — 1.
(4) If n3 # (=DA=BUH =By ) = (—1)A1=Pipy, and
I3—h = (A3 —B3)/2— (A1 =B+ 1
then
—(B3—B1)) <Bz—-11 <A3— Ay
—By<h—-lL <Ay—(A1—By)
(A1 —B1)— A3 < I3 -1 +2l; < (A1 — B1) — (A2 — By) + Bs.
(5) If m3 # (=DA=BUH =By, py o (—1)A1= By, and
I3—1 < (A3—B3)/2— (A1 =B+
then
—(B3—B1) <B3—11 <A3— Ay
i+l > (Ar—B1)— B
—(A1—B)—B3—1<l3—-1h—-21 <A3—(A1—B1)— (A2 — By) — L.
(6) If n3 # (=DHA=BUH =By, 1y 2 (—1)A1= iy, and
I3—1 2 (A3 —B3)/2— (A1 — B+ 1

then
—(B3—B)) <l3—-11 <A3—- A4

i+l > (A1 —By)— B
—l3+1L+2l > (A1 — B1) + (A2 — By) — As.

Example B.1. Let [As, B3] = [40, 10], [A2, B»] = [37, 7] and [A1, B1] = [8, 4], i.c.,
Y=pQvs; Q@3 D pRV31 Quss B p Vi3 Qs.

First, we have 0<1[; <2,0<15 <15,0</3 <15, and (—Di+2tBy0m3 = 1. Note
B3 > Ay, so the conditions from (B1) are always satisfied. Also note By > A| — By,
then the conditions from (B2) are always satisfied too. Therefore, we can simplify the
nonvanishing conditions as follows:

(1) If n3 = n1 and n2 = n1, then
—5<l3—-1L+2 <15.
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(2) If n3 = ny and n2 # 01, then
I3 +1p +21; > 25.
(3) If n3 #m, 2 =m, and
-1 <1141
then
I3 +1p, —2l; > 15.

(4) If n3 # n1, m2 = 1, and
I3—0h =211+

then
—36 < —Ilz3—1Il+2l; < —16.

(5) If n3 # n1, m2 # 1, and
-1 <1144

then
—15<l3 -1, -2l <5.

(6) If n3 # n1, m2 # 01, and
I3—0h >211+14

then
—I3+1+2 > —6.

To find the size of T12° is equivalent to counting integral points in certain polytopes
for each of the above six cases. By running a simple computer program, we can get
IIT;°| = 1651.

B.2. Deduction
First, we ‘Expand’ [A3, B3] to [A3, B;] such that By = Bj, and we denote the resulting
parameter by ¥*. Then nfg W, Ly = nff; (W*, I*, n*), where
If=0h, I5=10h, I5=01k+(B3—B),
and
n=n, my =M, N3 =3
Next, we change the order >y to >://:

(p, A3, B3, 83) >y (0, A1, B, &1) > (p, A2, B, £2).

So w20, 1, %) = nf;; (W*, 1%, n*), where

op =g =t
and
nl* — (_1)A2732+1n>1k, 772* — (_1)A1*B1+1n§, 773* — ’7>3k-
Then we can ‘Pull’ [A3, B3], [A1, Bi]. As a consequence, we have nf,z ™, L/*, Q/*) # 0 if

and only if all the three conditions below are satisfied.
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(1) 220, L™ £ 0,
(2) n’SP W3, 0%,0*) #0,
(3) = wf*l*,n”*)aéo.

From each of these cases, we get some explicit conditions on (Z, n).

Case (1): ¥{ is obtained from * by shifting both [A3, Bj] and [A1, B;] away by T1, so
that (0, A1+ T, By +T1,81) > (p, Az, B2, £2). Since Jord(y]) is in ‘good shape’, we have
(w* I, 1*) # 0 if and only if

ny = (=DM=ByF =0 < -1 < (A5 - BY) — (A1 — BY), B1)
7];* 7& (_l)Al—Bln/l* = l;* +l/1* > A]—
Now we want to translate these conditions to that on (/, ). Note

/ _( l)Az Bz+] * ( 1)A2 Bz+]n

"% *
Ny =13 =13, 1

and
13*=l§k=l3+(33—31), lfk:lT:l].

So we get the following conditions from (B1).
o If 13 £ (_1)(1‘\1—Bl)-i-(Az—Bz)m7 then
0< B3+ (B3—B1)—1li < (A3+(B3— B1) — B1) — (A1 — By),

which implies
—(Bs—B1) <B3—11 <A3— Al

o If n3 = (—=1)A1=BO+(A2=B)p then
I3+ (B3—B1)+1 > Ay — By,
which implies
i+l > A —
Case (2): ¥ is obtained from * by shifting [A}, B}] away by T2, so
by ’ /
that (o, A3+ T, BS + T2, £3) > {(p, A2, B2, &), (p, A1, By, &1)}. Note 7T>§(¢§,£*,Q*) =
nfﬁ (Y5, I*, n*). So we can ‘Expand’ [A», Bz] to [A3, B3] such that B} = 0, and we denote
the resulting parameter by ¥>*. Then 71>]// W5, " n") = n>$ (W™, ', n*), where
=15, =048, =L,

and

me=ny. m=n, 03 =73

Finally, we can change the order again

E E ’ ’
ﬂ>$(¢;*,l**,ﬂ**) — 7T>/z(wik*7l**,ﬂ**),
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where
l’]** — T*’ l’z** — l;*, 1’3** — l%k*
and
* (—1)A2 BZJHUT*» 77/2** — (_1)A1731+1n3<*’ 77/3** — n;*.
Then

Z‘ ’ ’ ’
ﬂ>§(1/f§‘*,£**,n**)—7f O(EE 1 0 (o, AS, By 157, —02)) # 0,

if and only if

=~ By o 0 < -1 < (A% - BY) — (A1 — By),

B2
* __1\A2—By "k "k /e _ ( )
£ (—DA2=Bagler e e 5 g

Now we want to translate these conditions to that on (I, Q). Note

n/l**:(_l)Az—Bz—}—lr’** ( 1)A2 Bz+1 * ( 1)A2 Bz+177
( 1)A1 Bi+1 **_( I)Al B1+1 *_( 1)A1 B+1

" m n2

and
lz**=lik*=l§+32=lz+32, ll**ZZT*Zlik:ll.

So we get the following conditions from (B 2).
o If gy = (—1)A1~ By, then
0<h+B—11 <(A2+By—0)— (A1 — By),

which implies
=B, <h—-11 <Ay— (A1 —By).

o If ;y # (=1)*17B1ny, then
h+By+1 > Ay — By,
which implies

Ih+1 > (A1 — By) — By.

Case (8): ¥ is obtained from y* by shifting [A1, Bi] away by T3, so that (o, Ay +
T3, Bi+ T3, 51) > {(p, A3, B3, ¢3), (p. Az, B2, £2)}. The order > is given by

(p, A1, B1, 1) >y, (p, A3, B3, §3) >, (p, A2, B, £).
And 712,0 (™, [*, n *) = JT (Ip* [ A n *), where (l ) n "y = S+Q* /*). In particular,

’

)72* — 772*’ 12* — 12*'
Then we can ‘Expand’ [A3, B3] to [A%*, BJ*] such that B;* =0, and we denote the
resulting parameter by ¥3*. It follows nf,‘,) W3, 1 0™ = nf,? W3, 1" n"**), where
v - v =

"

" " " " "
ll** — ll*y l2>k>k — 12*’ 13** — 13* +B17
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and
//** //* //** //*

m =0t =0t =0t

"

We change the order >:/j to >

(p, A1, By, 1) >’” (p, Az, B2, o) >W (p, A3, B3, (3),

then
(w** I >k>k )—JT W(w** 1 ** ’”**)’
where
’1”** — l/ll**’ l;’** — l;**, l;”** — l:’;**’

and

n/l”** — ’7/1,**’ n;’** — (_1)A3fB3+]ng**’ n;’** — (_1)A2732+1n’3**
Then

,,/op;‘* 17, 0" = mp 0 (py AL B s Y —83)) # 0,

if and only if
n;’** — (_1)A3—B3 ng’** =0< 1’3”** _ 1’2”** < (Agok _ Bék*) —(Ay— By),
My A (— DA Bag = L S Ay — By,

Now we want to translate these conditions to that on (I, Q). Note

-

n
n2

n;’**z(_l)A3—B3+1n;* = (- 1)A3 Bz+1n” = (- I)Az B3+1
— (_1)A3—B3+1(_1)A1—B]+1n;< — (_1)(A3 B3)+(A;—By)

" sk Ar—Bo+1_ xx
UE} = (=17 M3

and
e e =3 =
¥ = 13 = 13" + By.
To proceed further, we need to use the formula for (L//*, Q”*) = St(*, Q/*).

o If ’7/3* # (_1)A'_B‘7’//1*, then ;7/1/* = (_1)A3_B37’l§* and

I — 13" = (A — By —21") + 1
= (DB
It follows
ny # (~DM By
= 05 # (DR DRy
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= 93 # (_1)(A1—Bl)+(A2—Bz)+lm
= mp;= (_1)(A1_Bl)+(A2_BZ)n1.

We also have

(=)A=t = (DA gy
= 773* — 77]*

3
"

= ot = (=DBFy,

* — (_])A2732+1 nT

4

and
L =1 — (A — B —21") — 1
:l;k—(Al—B]—er)—l
=5+ (B3—B)—(Ai—B1—2)) -1
=l3+B3—A1+2—1.
So we get the following conditions from (B 3).
—1If gy = (=D*1~Biyy, then

0<Uz+B3—A1+2l1 —1D)+ B —1h < (A3+B3—0) — (A2 — By)

which implies

(A1 —=B1)—B3+1<l3—+2l1 <A3+ (A1 —B)) — (A2 — By) + 1.

—If g2 # (=D*17Biyy, then
(3+B3s—A1+21— 1)+ B+l > A,— B

which implies
I3+l +2l > (A1 —B)+ (A2 — By) — B3 + 1.

o If n;* = (—HA—B nll* and
I — 1" < (A5 — BY)/2— (A — By) + 1},
then n,l/* * (—1)A3fB37];* and
I =1
I — 1 = (A1 — By =21 + 1
n = (=DM
It follows

773* = (_1)A1_Bl 771>k
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= nf = (DI DTy
= = (=)A= B+ (A2—By)+1

= 93 (_1)(1‘\1—15’1)+(Az—32),71

m

and

I =1 < (A5 — BY)/2— (A — B) + 1}
= i —If <(A3—B3)/2+ (B3~ B)) — (A1 — By) + 1}
= B+ (B3—B1)—1 <(A3—B3)/24+ (B3 —B1) — (A1 — B+
= I3—1; < (A3—B3)/2— (A — B)) +1,.

We also have

(=BT Png" " = ()P
= 773* — _771*
ny" = ==y

= = (-8

4

and

I =13+ (A — B —21") + 1
=05+ (A1— B —2})+1
=3+ (B3—B1)+ (A1 —B1—-2l1)+1
=5L-2l1+A1+B3—2B1+1.

So we get the following conditions from (B 3).
—1If my # (=141~ 81y, then

0<(I3—-2L1+A1+B3—=2B1+ 1)+ B1—L < (A3+ B3 —0) — (A2 — By)
which implies
—(A1—=B)—B3—-1<l3-hLb-2l1 <A3—(A1—B)—(A2—By)— 1.
—If gy = (—1)A1=Biyy, then
(3=2l1 +A1+B3=2B1+ 1)+ B+ >A— B

which implies
I3+l =2l > (Ay— By) — (A1 — B)) — B3 — 1.

o If n;* = (—HA—B 77/1* and

I =1 > (A5 — BY)/2— (A — By) + 1},
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then 17,1/* = (—1)A3_B3ng* and
(3 =1+ (55 = 1) = (A — BY) — (A1 — By)

711* = (_1)A3_B3771*-

It follows
Ny = (=DM
= 05 = (DI DTy
= gy = (=) ABOFA- B
= 93 # (_1)(A1—B|)+(Az—Bz),71
and

L =1 > (A5 = BH/2— (A — B) + 1}
= [;—1If > (A3—B3)/2+(B3— B))— (A| — B)) +1}

= BL+(B3—B1)—11 2 (A3 —B3)/2+ (B3 — B1) — (A1 — By) +1

= l3—0I > (A3—B3)/2— (A — B +11.
We also have
(=DMt =t = (=) Py

//* /*
= N3 =m
"

3

/

= gt = (=Bt

4

* (_ 1)A2—32+1n>1k

and

I = 1" — (I — 1) + (A5 — BY) — (A; — B))
=21} — I3 + (A3 — B3) +2(Bs — B) — (A — By)
= 2lf — 15+ (A3 — B3) +2(B3 — B1) — (A1 — B1)

=2l —I3—(B3—B1)+ (A3 — B3) +2(B3 — B1) — (A1 — By)

=2l — I3+ (A3 —B3)+ (B3 — B1) — (A1 — By)
=2l -3+ A3 —Aj.

So we get the following conditions from (B 3).

—1If gy = (DA~ B1iyy, then

0<2h—-I3+A3—-A)+B -l <(A3+B3—-0)— (A2 — By)

which implies

(A1 —B1)— A3 < —l3—Db+2l) < (A — B1) — (A2 — By) + Bs.
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—If gy # (—=1DA17Bipy, then

Qh—l3+A3—A)+Bi+l>A—B;

which implies

—l3+1+2l > (A1 — By) + (A2 — By) — As.
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