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Abstract

The general position number of a connected graph is the cardinality of a largest set of vertices such that no
three pairwise-distinct vertices from the set lie on a common shortest path. In this paper it is proved that
the general position number is additive on the Cartesian product of two trees.
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1. Introduction

Let dg(x, y) denote the number of edges on a shortest x, y-path in G. A set S of vertices
of a connected graph G is a general position set if dg(x,y) # de(x, z) + dg(z,y) for
every {x,y,z} € (‘;) The general position number gp(G) of G is the cardinality of a
largest general position set in G. Such a set is briefly called a gp-set of G.

Before the general position number was introduced in [9], an equivalent concept
was proposed in [14]. Much earlier, however, the general position problem has been
studied by Korner [8] in the special case of hypercubes. Following [9], the graph theory
general position problem has been investigated in [1, 3, 5, 7, 10, 11, 13].

The Cartesian product GO H of vertex-disjoint graphs G and H is the graph with
vertex set V(G) x V(H), vertices (g, h) and (g’, ') being adjacent if either g = g’ and
hh' € E(H), or h = i’ and gg’ € E(G). In this paper we are interested in gp(GO H), a
problem earlier studied in [3, 5, 10, 13]. More precisely, we are interested in Cartesian
products of two (finite) trees. (For some of the other investigations of the Cartesian
product of trees, see [2, 12, 15].) An important reason for this interest is the fact that
the general position number of products of paths is far from being trivial. First, if
P, denotes the two-way infinite path, one of the main results from [10] asserts that
gp(P., O P,,) = 4. Further, from the same paper, 10 < gp(P3,) < 16, where G" denotes
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the n-fold Cartesian product of G. The lower bound 10 was improved to 14 in [5]. Very
recently, these results were superseded in [6], where it was shown that gp(PL) = 22
for an arbitrary positive integer. Let n(G) denote the order of a graph G. In this paper
we prove the following result.

THEOREM 1.1. If T and T* are trees with min{n(T), n(T*)} > 3, then

gp(ToT") =gp(T) + gp(T").

Theorem 1.1 is a significant extension of the result gp(P. O P ) = 4. Moreover,
since gp(PL) = 22" there is no obvious (inductive) extension of Theorem 1.1 to
Cartesian products of more than two trees. Determining the general position number
of such products remains a challenging problem.

In the next section we give further definitions, recall some known results and prove
several new auxiliary results. Then, in Section 3, we prove Theorem 1.1.

2. Preliminaries

Let T be a tree. We denote the set of leaves of T by L(T) and set £(T) = |L(T)|. If u
and v are vertices of T with deg(u) > 2 and deg(v) = 1, then the unique u, v-path is a
branching path of T. If u is not a leaf of T, then there are exactly £(T') branching paths
starting from u; we say that u is the root of these branching paths and that the degree-1
vertex of a branching path P is the leaf of P.

LEMMA 2.1 [9]. If T is a tree, then gp(T) = €(T).
We next describe which vertices of a tree lie in some gp-set of the tree.

LEMMA 2.2. A nonleaf vertex u in a tree T belongs to a gp-set of T if and only if T — u
has exactly two components and at least one of them is a path.

PROOF. First, let R be a gp-set of T containing the nonleaf vertex u. Suppose that
T — u has at least three components, say 77, T, and 73. Since R is a gp-set containing
u, R intersects at most one of 7, 7> and 75. Assume without loss of generality that
we have RN V(T,) = 0 and RN V(T3) = 0. Choose vertices v and w in T such that
v € V(T,) and w € V(T3). Then (R — {u}) U {v, w} is a larger gp-set than R in 7', which is
a contradiction. Hence, T — u has exactly two components, say 7 and T,. Now suppose
that neither 7' nor 75 is a path. Then, as before, RN V(T}) =0 or RN V(1) = 0. By
symmetry, we assume that R N V(73) = 0. Since T is not a path, there are at least two
leaves x| and x, in T,. Again, the set (R — {u}) U {x1, x,} is a larger gp-set than R in 7.
Therefore, at least one of 77 and 75 is a path.

Conversely, we observe that u is a nonleaf vertex on a pendant path in 7. Thus, u
belongs to a gp-set in 7. m|

In GOH, if h € V(H), then the subgraph of GO H induced by the vertices (g, h),
g € V(G), is a G-layer, denoted by G". The H-layers, ¢H, are defined analogously. The
G-layers and H-layers are isomorphic to G and H, respectively. The distance function
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in Cartesian products is additive, that is, if (g1, k1), (g2, h2) € V(G O H), then

doan((g1, ), (82, 2)) = d(81. 82) + dr(hi, hy). 2.1)

If u,v € V(G), then the interval I5(u,v) between u and v in G is the set of all vertices
lying on shortest u, v-paths, that is,

Ic(u,v) ={w: dg(u,v) = dg(u,w) + dg(w, u)} .

In what follows, the notation dg(u,v) and I5(u,v) may be simplified to d(u,v) and
I(u,v) if G is clear from the context. Equality (2.1) implies that intervals in Cartesian
products have the following nice structure (see [4, Proposition 12.4]).

LEMMA 2.3. If G and H are connected graphs and (g1, h1), (g2, hy) € V(GO H), then

I6an((g1, ), (82, 1)) = 16(81,82) X I(hy, ha) .
Equality (2.1) also easily implies the following fact (also proved in [13]).

LEMMA 2.4. Let G and H be connected graphs and R a general position set of GO H.
Ifu=(g,h) €R, then VEH)NR = {u} or V(G") N R = {u}.

For finite paths, the result gp(P, O P) = 4 mentioned in Section 1 reduces to the
following result.

LEMMA 2.5 [10]. Ifny,ny > 2, then

4 for min{n,,ny} > 3,
gp(P,, OP,,) =42 ni=ny=2,
3 otherwise.

To conclude the preliminaries we construct special maximal (with respect to
inclusion) general position sets in products of trees.

LEMMA 2.6. Let T and T* be two trees with min{n(T),n(T*)} > 3, v; € V(T) \ L(T)
and v]’f‘ e V(T*)\ L(T*). Then (L(T) X {v]’f‘}) U {vi} X L(T")) is a maximal general
position set of TOT".
PROOF. SetR = (I(T) x {v;.‘}) U ({v;} X L(T*)) and let Vy = {u, v, w} C R. We first con-
sider the case when V, € L(T) X {V;} or Vy C {v;} X L(T™). By symmetry, assume that
Vo € L(T) X {vj’.“}. Then each vertex of V| corresponds to a leaf of L(T) in the layer
T =T. Therefore, u, v, w do not lie on a common geodesic in 70 7".

In the following, without loss of generality, we can assume that u, w € L(T) X {v]’.‘}
with u = (v, vj’f), w = (v, vj’f) and v = (v;,v)) € {vi} X L(T™). By (2.1),

d(u,v) = dr(vi, vi) + dr-(v;,vp),  d(w,v) = dr(vs,v;) + dr- (v}, vp)

and d(u,w) = dr(vi,vs). Note that v, and v, are two distinct vertices of 7T in
L(T) and v; € V(T)\ L(T). Then dr(vi,v;) <dr(vg,vy) +dr(vs,v;) whenever v;
lies on the v, vs-geodesic or outside the v, vs-geodesic of 7. This implies that
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d(u,v) < d(u,w)+d(w,v) in ToT*. Therefore, w does not lie on the u, v-geodesic
in TOT*. Analogously, u does not lie on the v, w-geodesic and v does not lie on the
u, w-geodesic of ToT*. Thus, u,v,w do not lie on a common geodesic in 7T 7",
which implies that R is a general position set in 70 7™.

Next we prove the maximality of (L(T') X {v]’.‘}) U ({v;} X L(T™)) as a general position
set in TOT*. Otherwise, there is a general position set R’ in 707" of order
greater than £(T) + €(T*) such that R C R’. Then there exists a vertex z € R’\R, say
z= (v,,,vj;). If p =i, then there exist two vertices (v;,V;), (vi,V;) € R such that z €
Itar-((vi, v§), (vi, vi)) (since V'T* = T*). This is a contradiction, showing that p # i.
Similarly, we have g # j. Now we consider the positions of v, in T and v, in 7",
Suppose first that v, € L(T), v, € L(T). Then there are two vertices (v, v]‘.‘), (i, vy) in
R such that z € It 7-((vp, v]’f‘), vi, vj‘])), contradicting that R U {z} is a general position
setof 7OT". If v, € L(T) and VZ ¢ L(T*), then we select a vertex v:;, € L(T*) such
that v;, is closer to the leaf of the corresponding branching path than vj in 7™
Then z € Ity ((v,,,vj’.*), (vl-,v;,)), which is a contradiction. Similarly, v, ¢ L(T) and
v,’; € L(T*) cannot occur. Finally, we assume that v, ¢ L(T), v; ¢ L(T*). Now we
select two vertices v, € L(T) and v;, € L(T*) such that v, is closer to the leaf
of the branching path than v, in T and v;, is closer to the leaf of the branching
path than v, in 7". But then (vj,vy) GITDT*((vpr,v;‘), (v,»,v;,)), which is a final
contradiction. O

3. Proof of Theorem 1.1

If T and T* are both paths, then Theorem 1.1 holds by Lemma 2.5. In what follows
we may assume without loss of generality that 7* is not a path. From Lemma 2.6,
ep(ToT*) = gp(T) + gp(T*), so it remains to prove that gp(T O T*) < gp(T) + gp(T™).
Setn =n(T), n* =n(T*), V(T) = {vy,..., vy} and V(T7) = {v],...,v,.}.

Assume on the contrary that there exists a general position set R of T such that
IR| > gp(T) + gp(T™). Since the restriction of R to a T-layer of 707" is a general
position set of the layer (which is in turn isomorphic to T), the restriction contains at
most gp(T) = £(T) elements. Similarly, the restriction of R to a T*-layer contains at
most gp(T*) = £(T™*) elements. We now distinguish two major cases.

Case 1. There exists a T-layer T" with |V(T")) 0\ R| = gp(T), or a T*-layer ""T* with
[V('T*) N R| = gp(T*). By the commutativity of the Cartesian product, we may assume
without loss of generality that there is a 7*-layer “T* with |[R N V("T*)| = gp(T™).
Let R = Ry UR,, where Ry = RN V("T*) and Ry, = R\ Ry = Uepupn(V("T*) N R).
Further, let S* be the projection of RN V(*T*) on T*, that is, $* = {v]’f‘ : (v, vJ’I‘) € Ry}.
Since |R|| = gp(T*), our assumption implies that |R,| > gp(T) + 1. Since gp(T) = {(T),
there exist two different vertices w = (v, v:;) and w’' = (v, v;,) from R, such that v,
and v,/ lie on the same branching path P of 7. (Note that it is possible that v, = v,.)
We may assume that dr(v,y, x) < dr(v,,x), where x is the leaf of P. We proceed by
distinguishing two subcases based on the position of v, and vj;, inT".
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Case 1.1. There exists a branching path P* of T* that contains both v, and vj;,. Recall
that 7" is not a path. Lemma 2.2 implies that a vertex of a tree belongs to a gp-set
if and only if it lies on a pendant path and has degree 1 or 2. Therefore, we can
select P* with the root of degree at least 3. Assume that drg(v:;,, y) <dp (vf], y), where
y is the leaf of P*. (The reverse case can be treated analogously.) Since S* is a
gp-set of T™, which is not isomorphic to a path, there is a vertex v, € $* lying on
P*. So, we may assume that P* is a branching path that contains vy, v;, and a vertex
v, € §*. (It is possible that some of these vertices are the same.) Let z = (v;,v;). Then
Z € Ry. We proceed by distinguishing four subcases based on the position of v,, v,/
andv;in T.

Subcase 1.1.1. vy € I(v;,vp). If v is closer than v;, v:;, to the leaf y of P*, then,
by Lemma 2.3, w’ € Irg7+(w, z), which is a contradiction. On the other hand, if
Vi € I(v;,v:‘],), then, since €(T*) > 3, there exists z' = (v;,v},) € {v;} X §* such that
vz,vg € I(v;,, vi,) in T*. Then

dWw'.2) = dr(vy,vi) + dr-(viy, vy,)
=dr(vy,vi) +dr-(vy,vp) + dr- (v, Vi)
=dw',2) +d(z,7),

which implies that z € Ir57-(w’, "), which is a contradiction.

Subcase 1.1.2. v; € [(vy,vy). If vy EI(v;,v;) in P*, then ze€lrgr-(w,w) by
Lemma 2.3, which is a contradiction. Assume instead that v; is closer than vj;, vZ,
to the leaf of P*. Since |S*| = €(T™) > 3, there is a vertex 7’ = (v;,v},) € {v;} X §* such
that v;, vj;, € I(v;,vy,) in T*. Let v, be on a branching path P’* in T*, where P’* # P*.
Note that £(T") + 1 > 3. There exists at least one vertex a = (v,, vy) € Ry \ {w, w’}. Next
we consider the positions of vy, vy in T, T, respectively.

Suppose first that v; e V(P*UP™). If vy, vp, vy and v; lie on a path in 7T, then
there are five vertices w, w’, z, 7 and a in R,, three of which lie on a common
geodesic in 707", which is a contradiction. Note that if 7 is a path, then we are
done as above. Therefore, we can assume that 7 is not isomorphic to a path and
the root of P has degree at least 3. (Otherwise, v, ¢ P and v,,v, lie on a common
branching path in T'.) Let V; be the set of vertices of T not contained in T;,,, where
Ty is the subtree of T — v, containing v; and v,,. If there is a vertex a’ = (v, v)) € Ry
with v, € V,, then R, contains w, w’, z, 7 and a’, three of which are on a common
geodesic, which is a contradiction. Therefore, the first coordinate of any vertex in R,
cannot be in V;. Assume that P’ # P is any branching path containing v, and a leaf in
both T, and T. Then, besides w, P’ O T™ contains at most one vertex in R, of 707",
Otherwise, P’ OT* contains two vertices s, i’ in R,. Then there exist two vertices
ho, h{) € {v;} X §* such that three vertices from {h, /', hy, hg), w} lie on some geodesic in
T oT*, which is a contradiction. (Here hy may be equal to hf).) Note that V, contains
at least two leaves of T since the root of P (just in V) has degree at least 3. Then
T;y has at most £(T) — 2 leaves in T. Since POT" contains two vertices w and w’
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in Ry, we have |Ry| < €(T) -2+ 1 < {(T) = gp(T), which is a contradiction with the
assumption.

Assume now that vy ¢ V(P* U P’"). Then there is a vertex '/ = (v;,v},) in {v;} X §*
such that vy, v;, lie on a common branching path in T*. If v} is closer to the leaf of
the branching path than v;,, in 7, then v; € I(vy,v;) and v;,, € ] (v;, v;). Therefore, by
Lemma 2.3, 7 € Irg7+(a,z), which is a contradiction. If vy, is closer to the leaf of
the branching path than v{ in 7%, we consider the positions of vy, v, vy and v; in 7.
Let Vi ={z,Z,w,w',a,7"’}. Then V; C R,. If v\, v,, v,» and v; lie on a path in 7, then
there exist three vertices in V) lying on a common geodesic in 707", which is again
a contradiction. Otherwise, v, ¢ P and v,, v, lie on a common branching path in 7. In
the same way as above, this leads to a a contradiction.

Subcase 1.1.3. v, € 1(vi,v,). Since {(T*) > 3, there is a vertex z’ = (v, vy,) € {v;} X §*
such that vi, ¢ P* and vj € I(v,, vf],) in T*. Since

d(Z',w') = dr(vi,vy) + dr-(vi, vy)
= dr(vi,vp) + dr-(vi, vy) + dr(vp, viy) + dr-(vy, vy)
=d(Z,w)+dw,w),

we have w € Iro7+(z’, w’), which is a contradiction.

Subcase 1.1.4. v; ¢ V(P) such that v;, v, lie on the same branching path in T. Since
{(T) = 3, there is a vertex 2’ = (v;,vp,) € {v;} X §* such that v, € I(v,,v}) in T". If
v, €l (vj;, vZ,) , then obviously v; € I (v;, v;,) and, therefore,

dWw',2') = dr(vy,vi) + dr-(vy,vp)
= dr(vy,vi) + dr- (V. vi) + dp- (v, vy
=dw,2)+d(z,7).

We conclude that z € Iro7-(W’, 2'), which is a contradiction. On the other hand, if v; is

closer to the leaf of P* than v;, v;,, then we get a contradiction as in Subcase 1.1.2.

Case 1.2. v, and v;, do not lie on the same branching path in T*. We may assume that
v, and v;, lie on distinct branching paths P* and P in T*, respectively. Since £(T*) > 3
and 7™ is not isomorphic to a path, there exist two vertices z = (v;, v;) and 2’ = (v;, v},)
from {v;} X §* such that v; € P* and v}, € P"*. We consider four subcases based on the
positions of v, v,y and v; in T..

Subcase 1.2.1. vy € I(v;,vp). If v}, is closer than vZ, to the leaf of P, then v, €
I(vp,v;) and vZ, € I(v:;, vi,). Lemma 2.3 gives w’ € Irg7+(w,z’), which is a contradic-
tion. On the other hand, if v;, is closer than v;, to the leaf of P™, then v; € I(v;,v)
and v, € I(vl’;,v;,) and hence Lemma 2.3 gives 7’ € Irgr-(W’, z), which is again a
contradiction.

Subcase 1.2.2. v € 1(vp, vyy). We first assume that v, is closer than v}, to the leaf of
P . Then v; € I(v;,vy) and v}, € I(v}, vZ,). Therefore, by Lemma 2.3, 7’ € Iyg (2, W)
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which is a contradiction. Otherwise, vy, is closer than v;, to the leaf of P’*. If v:‘] is closer
than v, to the leaf of P*, then v; € I(v), v;) and v; € I (v;, v;,). Therefore, by Lemma 2.3,
z € Itar+(w, Z'), which is a contradiction. If VZ 1s closer than v; to the leaf of P*, we

reach a contradiction in the same way as in the proof of Subcase 1.1.2.

Subcase 1.2.3. v, € I(v;,vyy). If v is closer than v to the leaf of P*, then v, € I(vi,v;y)
and vj € I(v,’;,v;,). So, Lemma 2.3 gives w € I757+(z,w’), which is a contradiction.
If v; is closer than vy to the leaf of P*, then v; € I(v;,v,) and v; € I(v,, 19 and so
Z € ITI:IT*(Z/’ w).

Subcase 1.2.4. v; ¢ V(P) such that v;, v, lie on the same branching path in T. First
suppose that v; is closer to the leaf than v; in P*. Then we have v; € I(v;,v,) and
v; € (v, vy,). Thus, by Lemma 2.3, z € Irg7: (W, 2).

Assume that v; is closer than v to the leaf of P*. If v, is closer to the leaf than v},
then v; € I(v;, v, ) and vy, € I(v], v;,), which gives 7’ € Irg7:(z,w'). If v, is closer than
v, to the leaf of P’*, we can proceed in the same way as in Subcase 1.1.4.

Case 2. RN V(*T")| < €(T) for any k € [n], and |IR N V(T < {(T) for any t € [n*].
Let "'T* be a layer with [R N V("T*)| = max{|[R N V(*T*)| : k € [n]}. Let R = R} URy,,
where Ry = RN V("T*) and Ry = R\ Ry = Ukepupa(V(*T*) N R). Further, set $* =
{v}f‘ : (vi,v;.‘) €R;}. Then 1 < |S*| < €(T*) — 1.

Assume first that |S*| = 1. Therefore, |[R N V(*T*)| < 1 for any k € [n]. Next we
only need to consider |[RN V(TV; ) <1 for any je [n*]. (If RN V(TV;)I > 2 for
some j € [n*], by commutativity of 707", the proof is similar to the subcase
in which 2 <|$*| <&T*)—1.) So, suppose |[RNV(T") <1 for any je [n*].
Then |R| < min{n,n*}. We now claim that |R| < {(T) + €(T*). If not, then, since
R| > €(T) + €(T*) + 1 > 6, there exist three vertices u = (vp,v;), v=(vy,v,) and
w = (vy,v;) from R such that v,, v, lie on the same branching path in 7', and vj’.*, vy
lie on a common branching path in 7*. Note that we may have p’ = s5,q = €. But we
can always select a vertex h € R\ {u, v, w} such that u, v, h or u,w, h lie on the same
geodesic in 70 T*, which is a contradiction. So, our result holds when |S*| = 1.

Suppose next that 2 < |S*| < {(T*) — 1. Since |R,| =|S*|, we need to prove that
IRy < &(T) + €(T*) — |S*|. Assume on the contrary that |Ry| > €(T) + €(T*) — |S*| + 1.
Since |S*| > 2, there are two distinct vertices w = (v;, v}‘) and w' = (v, vj"‘,) from
{vi} X §*. We distinguish the following cases based on the positions of v;.‘, v;i in 7%,

Case 2.1. v;f and v]* lie on the same branching path P* of T*. Without loss of generality,
we may assume that v] is closer than v]’?‘ to the leaf of P*. Let T;. be the maximal

subtree of 7% — vj’.k containing vj’f, and let V- = V(T*) \ V(T7.). In ajddition, introduce

S = {VZ : v; € I(v]’f, V), v, €8N V(T;‘;)}. Now we prove the following claim.

Claim 1. If z = (v,,V]) € Ry, then v} € S*l‘.
If not, suppose first that v; € V(P*) is closer than v] to the leaf of P*. Then v; €
I(vi,vp) and vj*, € 1(v}, v;). Hence, w’ € Iy g7+(w, 2). On the other hand, if v} € V., then
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v;f e 1(v;, vj*,). Combining this fact with v; € I(v;,v,,), we have w € Irgr(W’, z). This
proves Claim 1.

By Claim 1, |Uv¢€S»{(V(TVf*) NR) > 4T)+T*)—1S*|+1=>4T)+ 1. So, there
exist two vertices z = (v,,v;) and 7’ = (v, v;,) from UvZ‘EST(V(TVj )N R) such that
vy, vy, € 8] and vy, v, lie on the same branching path P in 7. Without loss of generality,
let v, be closer than v, to the leaf of P and let v}, v}, € I(vj’.‘, vj’.‘,) (by the definition of
S7). We consider four subcases according to the positions of v;,v,, v,y in T.

Subcase 2.1.1. vy € I(vi, vp). If v, is closer than v, to v, in P*, then v, € I(vi, v,) and
vy, € 1(vy, vj’i). Therefore, 7’ € Irg7:(z,w'). And, if v} is closer than vy, to vj in P*, then
vy € 1(vi,vp) and vj, € 1(v}, vji*) and so 7’ € Ito7+(z, w).

Subcase 2.1.2. v; € I(vp,v,y). Note that £(T) + €(T*) — |S*| + 1 > 4, so there is at least
one vertex a = (vy,v}) in Uv;‘GST(V(TV; ) N R) different from z and z’. Based on the
position of v; (v; € P* or v’y* ¢ P*) in T*, and the positions of vy, v;, v, and v, in
T, we get contradictions in the same way as in Subcase 1.1.2.

Subcase 2.1.3. v, € I(v;,vy). If v}, is closer than v; to vj*, in T, then v, € I(v;,v,y) and
v, el (v]’.‘, v,); therefore, z € It +(w, 2'). And, if v} is closer than vj, to v]* in 7%, then
vp € I(vi,v,y) and v} € I(v]’f,, v;,) and hence z € Irg7-(W, 7).

Subcase 2.1.4. v; ¢ V(P) such that v, v, lie on the same branching path in T.
Since £(T) + €(T*) — |S*| + 1 > 4, there exists a vertex (vy, v;‘) € UV7€ST(V(T";) N R). By
arguments similar to those in Subcase 1.1.4, we reach a contradiction. But this implies
that | UV;Es]f(V(TV;‘) NR)| < &T) + £(T*) —|S*|, contrary to the assumption.

Case 2.2. v;f, v;f, lie on different branching paths P*, P’ in T, respectively. Let S} be
the set of vertices of "'7™ closer to the leaf of a branching path than v, for any v, € §*.
Note that §* N S7 = 0. We prove the following claim.

Claim 2. If (v, v}) in Ry, then vy € V(T™) \ (§* U S7).

Lemma 2.4 implies that v; ¢ S*. Assume that v; € §] lies on the same branching
path as some vz, in T*. Note that [S*| > 2. Then there exists another vertex v;, such
that v € 1(vy, v:,,). Combining this fact with v; € I(v;,v,), we arrive at a contradiction:
w € I7g7-(z, w'). This proves Claim 2.

Now let S}, = {VZ : v;“l € I(v;,v;),v;,v;, € §*}. Reasoning as in Subcase 2.1 and
using Claim 2, we infer that | Uv,*eS’l‘, (V(T") N R)| < &T).

Let S ={vi: (vi,V}) € vaeST,(V(TV:) N R)} and set $** = V(T™) \ (§* U S7,). From
the assumption, | Uv;es**(V(TV;) NR)| = €(T) + €(T*) — |S| — |S*| + 1. So, there exists a
vertex z = (v, v;) € Uv;fe o (V(T") N R) and we can always select two distinct vertices
u= vy, v;) andv = (v, v;‘,,) from R such that v, and vy, lie on the same branching path
in T, while v; and v;, lie on a common branching path in 7*. But then we can choose
another vertex w € R such that either u, w, z or u, v, z lie on the same geodesicin 70 T",
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which is a contradiction. Therefore, | vaesw(V(TVT) NR)| <&T)+ €T —|S| —|S7|.
This completes the proof.
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