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Abstract

Let f be analytic in the unit disk D ={z€ C: |z < 1} and S be the subclass of normalised univalent
functions given by f(z) = z+ X", a,z" for z € D. We give sharp upper and lower bounds for |az| — |ax|
and other related functionals for the subclass F(1) of Ozaki close-to-convex functions.
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1. Introduction

Let A denote the class of analytic functions f in the unit disk D ={z € C: |7 < 1}
normalised by f(0) =0 = f’(0) — 1. Then, for z €D, a function f € A has the
representation

fO=2+) a" (1.1)
n=2

Let S denote the subclass of all univalent (that is, one-to-one) functions in ‘A.

In 1985, de Branges [4] solved the famous Bieberbach conjecture by showing that if
f €8, then |a,| < n for n > 2 with equality when f(z) = k(z) := z/(1 — z)? or a rotation
of it. It was therefore natural to ask if for f € S, the inequality [|a,+1| — la,ll < 1 is
true when n > 2. This was shown not to be the case even when n = 2 [5] and that the
following sharp bounds hold.

—1<las|—laz] < 3 + 2 - 1)=1.029...,

where Ay is the unique value of 1in 0 < A < 1 satisfying the equation 41 = e*.
Hayman [7] showed that if f € S, then ||a,1| — |a,|| < C, where C is an absolute

constant. The exact value of C is unknown, the best estimate to date being C = 3.61 ...

[6], which because of the sharp estimate above when n = 2 cannot be reduced to 1.
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Denote by S* the subclass of S consisting of starlike functions, that is, functions f
which map D onto a set which is star-shaped with respect to the origin. Then it is well
known that a function f € S* if and only if, for z € D,

Ref Do

We also recall the class S*(@) of starlike functions of order «, defined for 0 < @ < 1 by

Re{ o (Z)} >
f@
It was shown in [9] that when f € S*, then ||a,; 1] — |a,|| < 1 is true when n > 2.

Next denote by K the subclass of S consisting of functions which are close-to-
convex, that is, functions f which map D onto a close-to-convex domain. Then again
it is well known that a function f € K if and only if there exists g € S* such that, for

z€D, ,
Re{%} > 0.

Extending the result ||a,11| — |a,|| < 1 for n > 2 to close-to-convex functions remains
an open problem. However, Koepf [8] has shown that if f € K, then |las| — |az]| < 1.

The class C(@) for 0 < @ < 1 of convex functions of order & consisting of functions
f satisfying

Re{l + o (Z)} >
1@
for z € D is well known and has been widely studied.

Finding the sharp upper and lower bounds for |a,.1| — |a,|, when f € C(0), that is,
for the convex functions, appears to be a difficult problem, with the only significant
results to date due to Ming and Sugawa [10], where sharp upper bounds have been
found for n > 2 and sharp lower bounds when n = 2 and 3. For n > 4, finding the sharp
lower bounds is an open problem.

Little attention has been given to the case when a < 0, but several authors have

considered the class C(—1/2), consisting of functions satisfying
zf (z)} o1
f'@)

R {1 +
© 2
for z € D, whose members are known to be close-to-convex. In particular, in a recent
paper, Arora et al. [2] showed that if f € C(—1/2), then |az| — |ay| < 1, but this bound
is not sharp.
The class Fo (A1) of Ozaki close-to-convex functions, defined for z € D and % <A<l
by

Re{l 4 ”(Z)} !

e A, (1.2)

was formally introduced in [1] and is also known to be a subclass of the close-to-
convex functions. We note that clearly Fo(1/2) = C and Fo(1) = C(-1/2).
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In this paper we give sharp upper and lower bounds for |az| — |az| when f € Fp(),
which in particular solves the problem when f € C(—1/2), and also find sharp upper
and lower bounds for other related functions concerning coefficient differences.

2. Preliminary lemmas
Denote by P the class of analytic functions p with positive real part on D given by

PR =1+ p" @.1)

n=1
We will use the following properties for the coefficients of functions in #, given by
(2.1).

Lemma 2.1 [5, page 41]. For pe Pandv e C,

pa — gp% < 2 max{ly — 1}, 1}.

The inequality is sharp.
Lemma 2.2 [3]. If p € P, then
p1 =24,
p2 =240+ 201 - 1P
and
p3 =240 + 40 - 1P L - 20 - 16D S + 20 - 10 PHA - 16D

for some {; € ﬁ, ie{l,2}.
For ¢, € T, the boundary of D, the unique function p € P with p, as above is

() = 1+ 41z
u 1 -4z
For ¢, € D and &, € T, the unique function p € P with p| and p, as above is
_ 1+ Qo+t o

L+ (@6 - )2 - &2
For {1 €D, { € T and {3 €T, the unique function p € P with py, p» and p3 as above
is

(z e D).

p(2) (z e D).

_ 1+ GG+ 00 +0)et Qo+ 008 + )7 + 67

p(2) — — — — (z e D).
L+ (05 + 00 - )+ (OG5~ HbE - )2 - 528
We also note that from (1.2), we can write
2f"(2) 1
1+ e +A- 3= p(2) (2.2)

for some p € P and so, equating coeflicients,

@ = (1 +20p),

az = ;3(1+20)(p2 = 5(1 =2 = 2)p}). (2.3)
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3. Main results

In order to prove the upper bound in our first result concerning the difference of
coefficients, we use the following simple Fekete—Szeg6 inequality, which is an easy
consequence of Lemma 2.1 (we omit the proof).

TueoreM 3.1. Let f € Fo(A) and be given by (1.1). Then
las —ua%l < é(l +21) when % <u< %.
We first prove the following sharp inequalities for f € Fo(A).

THEOREM 3.2. Let f € Fo(A) and be given by (1.1). Then
B 1+22
2V3+22

Both inequalities are sharp.

1
<las| —laz] < 6(1 +22). (3.1)

Proor. Note first that using Theorem 3.1 when u = 2/3,
las| = laal < laz = 3a3| + 3laal® = laal < £(1 +22) + Flaal — laal.

Since |p1| < 2, from (2.3), we have |a;| < %(1 + 21) and a simple exercise shows that
the maximum value of the right-hand side of the above is %(1 + 22), as required.
We next prove the lower bound in (3.1). Write

lal = las| = §(1 + 2%, (3.2)

where
¥ =3|g] - 200 + )+ A =GP

Since both Fp(1) and P are rotationally invariant, we may assume that {; € [0, 1].
Write £, = se’ with s € [0, 1] and ¢ € R, so that

¥ =3 - 201 + D&+ (1= )se').
Then

¥ =3/ - \/4(1 + D2+ A0+ DA = P)scosp + (1 - 3)2s?
<34 - RA+ DG - (1= Dsl (3.3)

with equality when cos ¢ = —1.
Suppose that 2(1 + /1)512 -(1- {f)s <0. Then ¢} < Vs/(2+ 24+ s) =: 11 and so,

by (3.3),
P<Q2+22+ )G +30 -5 < Q424+ +3n =5
s 3
=3, <
2421+s5  A3+22
since s < 1.
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If2(1 + )¢ — (1= ¢3)s > 0, then ¢; > ;. Define ¢ by
PxX) =2 +21+ x> +3x+y

and let
3 3
020+ 9)
be the unique critical point of ¢. Then, by (3.3),
¥ < o). (3.4)

The condition 7; < 1, is equivalent to the inequality 45> + 8(1 + A)s — 9 < 0, which
holds for 0 < s < k, where

k=1(VI13+81+422 - 2(1 + ).

It is easily seen that 0 < x < 1.
When 0 < s < «, (3.4) implies that

Y <o) = m + 5 =: h(s). (3.5)
Differentiating & gives
42 + 22+ y)*H (s) = 45® + 16(1 + D)s + (164> + 321+ 7) > 0,
so that 4 is increasing on the interval [0, «]. So, from (3.5),
9 9

V<he) <h) = 5o T s 0

(3.6)

Next we note that
9 3

< .
42 +22+k) ~ \3+22
Indeed, (3.7) is equivalent to

42 +24+k) > V3+24

(3.7

and, since 0 < k < 1,
162+ 221+ k) =33 +20) > 162 + 22> =33 +21) = 6422 + 1221+ 55> 0

for all A € [1/2, 1]. Thus, it follows from (3.6) and (3.7) that
3

V3+21

When s € [k, 1], we have 1y > 1, and a similar method to that used in the case

{1 <y gives
¥ <p) =34/ ul <
- ! 24+421+s 3+Z/1’

which completes the proof of the first inequality in (3.1).
In order to show that the inequalities are sharp, first let the function f; be defined
by (2.2) with p(z) = (1 + z2)/(1 — Z%). Then f; € Fo(A) with

f@=z+ A +2D2 +--.

Y <
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Nextput{; =1/V24+3 and &, = —1. Then
3

¥y =311 = 01+ D + A =10l = s (3.8)

Since {; € D and ¢, € T, it follows from Lemma 2.2 that the function p defined by
1-7
1-24z+ 7%

belongs to . Now let the function f; be defined by (2.2) with p = p. Then f, € Fo(1)
and so, from (3.2) and (3.8),

P =

1 1424
laz| = las| = - (1 + 20, = ———,
6 2V21+3
which shows that the left-hand equality in (3.1) is sharp. This completes the proof of
Theorem 3.2. O

We next note that f € C(@) for @ € R if and only if zf” € S*(«). In [2], it was shown
that if f € S*(@) for @ <0, then
I'(l1 -2a+n)

lansil = el < For 5o m s (3.9)

with equality for f(z) = z(1 — 2)*@V. Using (3.9), we are now able to deduce the
following theorem, thereby extending a result for C(—1/2) proved in [2] to Fp(A).

TueorEM 3.3. Let f € Fo(A) and be given by (1.1). Then

- < .
nla,| — mlan|l < N Ta+0

1 ETreA+k
The inequalities are sharp.
Proor. Let f € Fo(A). Then, since zf’ € S*((1/2) — 1), we deduce from (3.9) that

Ir2a+k)

1 - I N
|(k + Dlag1] klakl|sl“(2/l)l“(k+1)’

k e N.

Here a; = 1. Using the triangle inequality, it follows that for n > m,

n—1
Inlanl = mlanl = | >k + Diag| - klad
k=m
n—1
< ) |G+ Dlaier] - klad
k=m

L] i 21+ k)
TTQH & T +k)
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Clearly equality holds for f € Fp(A) defined by

zf"(z)  1+24z

1+ = ,
/(@) -z

eD.

THEOREM 3.4. Let f € Fo(A) and be given by (1.1). Then
las — azl < §(1 +20)(5 +24). (3.10)
The inequality is sharp.
Proor. Let f € Fp(4) and be given by (1.1). Then, since
a=1pi(1+22) and a3=L(1+2)[ps + 1pi(l +22)],
from Lemma 2.2,
ay—ay = 5(1+20)[p2 + 3pi(1 +22) = 3p1]
= L1 +20¥({1,8),  with 1,4 €D, (3.11)

where

(1, 0) =201+ D =30 + (1= 10D
Since ¢1, &, € D,

(21, &) < 201+ DIG P+ 331Gl + (A =14l
= (1 + 20|41 + 3141 + 1
<5424 (3.12)

Thus, from (3.11) and (3.12), we obtain (3.10).
To see that (3.10) is sharp, consider f; : D — R defined so that

1+

b4 {’(z)_(l N )l—z 1
2

= A|l—+=--41, ze€D.
fi@

1+z 2
Then f; € Fo(1), with expansion
fi@=z-G+0Z+11+0A+20D2 +---, zeD,

which gives equality in (3.10) for f;. O
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