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We study the asymptotic behaviour, as p — oo, of the least energy solutions of the
problem

—(Ap + Agp))u = Aplu(z) P ?u(zu)ds, in Q
u=20 on 09,

where z,, is the (unique) maximum point of |u|, §z,, is the Dirac delta distribution
supported at z,

. oalp) (0,1) if N<gqp)<p
pleréOT_Qe{(l,oo) if N<p<q(p)

and Ap > 0 is such that

: {IIVUIIoo
min

llulloo

(02 ue Wwhee(Q) mCo(ﬁ)} < lim (Ap)Y? < oo,

p—o00
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1. Introduction

In this paper, we first study in § 2 the existence of nonnegative least energy solutions
for the Dirichlet problem

~(Ap+ Au = M2l 2 i © )
u=20 on 0f), '

where Q is a smooth bounded domain of RN, N > 2,
(Ap + Ay)u = div[(|Vul[P~2 + [Vu|7T?) V]
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is the (p,q)-Laplacian operator, A >0 and 1 < r < oo. (In the whole paper we

denote by || - ||s the standard norm of the Lebesgue space L*(2), with 1 < s < 00).
Our main results, inspired by the recent papers [3, 9], are presented in §§3 and 4.
In §3, we show the limit problem of (1.1) as r — oo is the following

{(Ap + A u = Mu(z,)|P~2u(zy)6,, in (1.2)

u=20 on 0f),

where z, is the (unique) maximum point of |u| and §,, is the Dirac delta
distribution supported at z,,.
More precisely, we prove in proposition 3.6 that if A\ > Ao (p), where

IVully ., ¢ WP () \ {0}} , (1.3)

Ao (p) 1= min{

[l
and u,, denotes a nonnegative least energy solution of (1.1) for » =, — oo, then
there exists a subsequence of {u,} converging strongly in X, , := Wg’max{p’q}(Q)
to a nonnegative least energy solution of (1.2).

Least energy solutions for (1.2) are defined in this paper as the minimizers of the
energy functional

1 1 A
In(u) = =|Vu|b + = ||Vul|T — —||ulZ,
() = ZIVelly + 2 Ivelg = 2l

either on Wol’q(Q), if N <p<q< oo, or on the ‘Nehari set’
Nyoo i={u € WyP(Q) : [ Vaullf + [[Vald = AulZ},

ifN <g<p<oo.

Although not differentiable, the functional u — ||u|/Z, has right Gateaux deriva-
tive at any u € C(Q). Using this fact we show in proposition 3.5 that the least
energy solutions of (1.2) are weak solutions of this problem. It is simple to verify
(see remark 3.2) that (1.2) cannot have weak solutions when A < Ao (p).

In §4, we consider ¢ = ¢(p), with

lim
p—0o0 p

alp) _. (0,1) if N<gqp) <
= =QE {(1,00) if N <Z£ q(pz)?, (1.4)

and fix A > A, where

Ao = min { [Vulloo 0ZuecWhe(Q)n CO(Q)} (1.5)

[l oo
and
Co(Q) :={u € C(Q) : u=00n0Q}.
Then, taking A\, > 0 satisfying

lim (A\)Y7 = A > A,

p—0o0
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we study the asymptotic behaviour, as p — oo, of the least energy solutions u,, of

u=0 on 0f. (1.6)

{_(AP + Bgp))u = Aplu(@a) P ?u(z0)dz, in Q
After deriving suitable estimates for u, in WO1 (Q), for each m > N, we use
the compactness of the embedding VVO1 Q) — C(Q) to prove that any sequence
{up, }, with p,, — oo, admits a subsequence converging uniformly in € to a function
up € WH(Q) N Cy(Q), which is strictly positive in € and attains its (unique)
maximum point at xx € .
Moreover, we prove that u, is co-harmonic in the punctured domain Q\ {x4},
meaning that it satisfies, in the viscosity sense,

Asupn =0 in Q\{zp},
where
ANNRTRES %vu-ku\?

denotes the co-Laplacian.
In addition, we show that if either A = Ao, or A > A and @ € (0,1), then uy
realizes the minimum in (1.5) and satisfies

1 (AOO>((1)/(1Q))

Ao \ A

[ualloo =

Ao > (1)/(1=Q))

and ||V'LLA||DO = (A

Hence, taking into account that Ao = (||pl/c)~*, where p : © — [0, 00) denotes the
distance function to the boundary 02, we conclude that

A (0/0-@)) N
) p(x), YVre

< < [ ===
O\UA(x)\(A

and

plaa) = [l

These results are gathered in theorems 4.3 and 4.14, and their corollaries. In
order to show how they fit into the recent literature, let us provide a brief review
on some related problems, involving exponents p and ¢(p), with p — oo.

We start with a case involving the p-Laplacian operator and a simpler dependence
q(p) = p, considered by Juutinen, Lindqvist, and Manfredi in [13]. In that paper,
the authors studied the limit problem, as p — oo, of

— = p—2 i
{ Apu = Xp(p)|ulP~u in Q (1.7)

u=20 on 0f),

where according to the notation we use in this paper (see (2.1)),

Mp(p) = min{ IVl cue WyP(Q)\ {o}} :

[[ulls
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They first showed that,

lim (Ap(p))"/” = Moo

p—00
and then, denoting by u, the positive, LP-normalized weak solution of (1.7), proved
that any sequence {u,, }, with p,, — 0o, admits a subsequence converging uniformly
in Q to a function us, which is positive in €, L>-normalized and solves, in the
viscosity sense, the problem

{min{|Vu| —Au,—Asu} =0 in Q

u=20 on Of). (1.8)

These results were independently obtained by Fukagai, Ito and Narukawa in [10],
where the asymptotic behaviour, as p — oo, of the higher (variational) eigenvalues
of the Dirichlet p-Laplacian were also studied. Furthermore, in the recent paper
[8], da Silva, Rossi and Salort showed that (1.8) has a unique (up to scalar multi-
plication) maximal solution ¥ € W1>°(Q) N Cy(Q) in the following sense: if u is a
nonnegative, L°°-normalized viscosity solution of (1.8), then u < .

Charro and Peral in [4] (¢(p) < p), and Charro and Parini in [5] (¢(p) > p),
studied the asymptotic behaviour, as p — oo, of the positive weak solutions u, of
the problem

~Apu =\ |u[fP "2y in Q
u=20 on 0f),

where )\, > 0 is such that lim, . (\,)!/? = A € (0, 00). A consequence of the results

proved in these papers is that the limit functions of the family {u,}, as p — oo, are
viscosity solutions of the problem

min {|Vu| = A(u®), -Axu} =0 in €
u=20 on 0,

where here and in what follows @ is given by (1.4).
In [6] Charro and Parini proved that any uniform limit, as p — oo, of a sequence
of positive weak solutions of the problem

—Apu = N |ulP2u + [u|f® "2y in Q
u =0 on 012,

where A\, > 0 is such that lim, . ()\,)"/? = A €[0,A,], must be a viscosity
solution of the problem

min{|Vu| — max{Au, (u®)}, -Asu} =0 in
u=20 on Of.

Bocea and Mihailescu considered in [3] the family {u,} of nonnegative least
energy solutions of the problem

—(Ap + Aq(p))u = )\p\u|p_2u n Q
u=20 on 0,
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where ), > 0 is such that lim,, ... (\,)'/? = A > A,,. They proved that the uniform
limit, as p — oo, of a sequence of {u,} solves, in the viscosity sense, the problem

min{max{|Vu|, |Vu|?} — Au, ~A,u} =0 in
u=20 on 0f.

Ercole and Pereira, in [9], showed that

lim (Ao (p))"/” = Ao

p—o0
and proved that any positive minimizer u, in (1.3) has a unique maximum point
z, and is a weak solution of the problem

—Apu = Aoo(p)|u(xp)\p’2up(xp)§% in
u=20 on 01,

where ¢, denotes the Dirac delta distribution supported at z, (note that
¢(p) = p). Furthermore, they proved that any normalized sequence {u,, /|up, ||},
with p, — oo, admits a subsequence converging uniformly in Q to a function
Weo € WH() N Coy(Q), which is positive in £ and assumes its maximum value 1
at a unique point z, € Q. Moreover, we realizes the minimum in (1.5) and satisfies

{Aoou:O in Q\{x,}
u=p/lpllc on O(Q\{z.}) = 02U {z.}

in the viscosity sense.

2. Existence for 1 < r < g* and A > A\.(p)

We recall that the embedding Wy (€2) < L"(f) is compact whenever

Nm_if J<m< N
1< = N-m !
Sr<m {oo if N<m.

Thus, the Rayleigh quotient associated with this embedding assumes its minimum
value, which is positive:

[Vullz

llull

0< A (m):= min{ u € Wol’m(Q)\{O}}, 1<r<m”. (2.1)

In this section, we consider in the Sobolev space
Xpq = Wol’maX{p’q}(Q)a

the boundary value problem

(2.2)

—(Ap+ A u = AMlullP="u|"2u in  Q
u=20 on 0,

where 1 < p,g<oo,p#qgand 1 <r <q*.
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The energy functional Iy, : X, , — R associated with (2.2) is given by

1 1 A
Dur(w) = CIVulp + _1Velg = il
It belongs to C'(X, ,) and its Gateaux derivative is expressed as

(I3 o (u),v) == /Q(|Vu|p_2 + |Vu|?™?)Vu - Vodr — )\||u\|f_T/Q|u|T_2uvdx,
Yo € X 4.
DEFINITION 2.1. We say that u € X, 4 is a weak solution of (2.2) if
Iy (u),v) =0 YveX,,

We remark that a nontrivial weak solution of (2.2) cannot exist if A < A\(p). In
fact, such a weak solution u would satisfy

Allull? = IVullg + IVullg > [IVully = A (p) [ull?,

so that (A — Ar(p))||ul|2 > 0.

We show in the sequel that the functional I , has a global minimizer whenever
1 < p < g<oo. Thus, it is clear that such a minimizer is a weak solution of (2.2),
since it must be a critical point of Iy .

In the case 1 < ¢ < p < oo the functional I, , is not globally bounded from below.
In fact, if e, € W, P(Q) is such that

el =1 and [[Veol2 = Ar(p), (23)
then
t4 A=A
Iy (ter) = —|IVe||d — tpw — —00 as t— oo.
q p

However, as we will see soon, in this case the functional I , assumes the minimum
value on the Nehari manifold defined by

Ny = {u € Xpg \ {0} £ (15, (w), u) = 0} = {u € X, \ {0} : [ V]2 + |Vl
= Allul12}.

Note that if u € NV, , then

1 1 A
Iy, (u) = =||Vull) + = [|Vul[l — —|Jul?
() = IVl + ZIvllg = il

1 1 1
= SlIvells + 5WUHZ = =(IVullj + [IVullF)

p
11

=== =) Va9
(q p) la
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Moreover, it follows from the identity
(I\ (o), to) = L[|Vl — "~ (Aol = [Volp)], v e Xpg, >0,
that if v € X, 4 \ {0}, then tv € Ny, (for some ¢t > 0) if, and only if,

HWHZ >((1)/(pq))

[IVol|E < Aljv]|Z and ¢ = (
’ Nol? = Vel

(2.4)

A first consequence of this fact is that Ny, is not empty, since
||V€r||§ = Ar(p) < A= AMle|I7.

For the sake of completeness, we show now that a minimizer of Iy , on N A 1S
also a weak solution of (2.2) whenever 1 < ¢ < p < 0.

PROPOSITION 2.2. Suppose that 1 < g <p < oo and that uy € Ny, is such that
I, (uy) < In,(v) for allv € Ny . Then uy is a weak solution of (2.2).

Proof. Since uy € Ny, we have [|[Vux[|h < [Vux|h 4 [|[Vuxl[Z = Allux|[2. Hence, for
a fixed v € X, ;, we can take § > 0 such that u) + sv # 0 and

[V (ux + sv)[|5 < MJux + sv[|f, Vs € (=6,0).

Let 7 : (—6,0) — (0,00) be the differentiable function given by

T(s) =

( [V (ux + sv)||4 )((U/(p—q))
Mu + sv[|7 = [V (ux + sv)||p

We can see from (2.4) that 7(s)(ux + sv) € Ny, forall s € (=4, ) and that 7(0) =1
(since uy € Ny ).
Taking into account that the differentiable function v : (—4,d) — R, defined by

V(s) = D (7(s)(un + 50)),

attains its minimum value at s = 0, we have

O

DEFINITION 2.3. We say that a function u € X, 4 is a least energy solution of (2.2)
if it minimizes the functional Iy, either on X, ,\ {0} in the case 1 < p < ¢ < 0,
or on Ny, in the case 1 < ¢ < p < o0.

Our main goal in this section is to prove that (2.2) has at least one nonnegative
least energy solution. We assume that 1 <7 < ¢* and A > \.(p).
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PROPOSITION 2.4. Suppose that 1 <p,q < oo (p#q), 1 <r <qg* and A > \-(p).
The problem (2.2) has at least one nonnegative least energy solution uy.

Proof. We start with the case 1 < p < ¢ < o0, in which X, , = W;"%(Q). It is simple
to verify that I , is bounded from below and coercive. In fact,

1 1 A
Iyr(u) = ~[[Vullf + §||VU|IZ - ElluH%«’

p
1 A
> S Iveulg = Zlul
1 A _
> QIIVUJIIZ - ;(AT(Q)) PIaVulls = g([[Vullg),

where the function g : [0,00) — R, given by g(t) := 1/qt? — (A(\(¢)) /%) /(p))t?,
satisfies

—oo < inf{g(t) : t € [0,00)} and tlim g(t) = oc.

Thus, taking into account that I, is also weakly sequentially lower semi-
continuous, there exists uy € X, ; such that

I (uy) =min{ly . (u) : u € X, 4}

Noting that Iy ,(uy) = I, (Jux]) we can assume that uy > 0 in Q. In order to
show that uy # 0 it is sufficient to check that I , assumes negative values in X, ,
(note that Iy ,.(0) = 0). For this, by using a function e, € C1(Q) N Wy *(Q) C X,,
satisfying (2.3), we have

q _
Luster) = 2| Te, s — w22 0) g
q p
for all positive t sufficiently small.
Now, we study the case 1 < ¢ < p < oo in which X, , = Wol’p(Q).
Since 1 < r < ¢* < p* (the latter inequality is an equality only in the case N <
q < p) we have

1 1
ul|2 < Vul|? < Vul|? +||Vul]?) = ull?, Yu € Ny,
Joll < e 1713 < s IVl + 19ulg) = 2l A
implying that
A, (1) /(r—a))
ull, > < A(q)) >0, YueN,. (2.5)

It follows that I , restricted to N, \,r is bounded from below by a positive constant:

1 1
L () = (q - ) IVl

p

R CRIICS M

WV
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Let us show that
my = inf{ly , (u) :u € Ny,}

is attained in NV, ,. Let {u,} C NV, be a minimizing sequence, that is,

1 1
Durtin) = (5= 3 ) IFuallg =

It follows that {u,} is bounded in W,'?(2) and hence, taking into account that

Vunllh < IVun|lh + [[Vunl|§ = AMun |7 < (T

we conclude that {u,} is also bounded in VVO1 P(Q). Thus, we can assume that, up
to a subsequence, {u, } converges to a function uy, weakly in both spaces W, " ()
and W,9(Q), and strongly in L"(Q).

It follows from (2.5) that

>0,

Ar(q) ((1)/(p—9))
A

lualle = lim funlls >(
n—oo

so that uy # 0.
Moreover,

IVuslly < [IVally + [IVuxllg

< liminf([|Vu,[[) + [[Vu,[[T) = liminf Afjw, |7 = Aux|[?.
n—oo n—oo

Hence, tyuy € Ny, where

1 —
t/\ _ ( Hvu)\Hg )(( )/ (p—a)) o1
Mluall? = [[Vuallp

It follows that
mx < Iy (tauy)

1 1
— (£ (q - p) 1w

1 1
< (t)? ( - > liminf [|Vu, || = (tx)? liminf I - (un) = (tx)Pmy < my.
q p n—oo

n—oo
Consequently, ty =1, uy € Ny, and, Iy ,(uy) = my.

Since |uy| € Na, and Iy ,(Jur]) = In »(un) = my, we can assume that uy is
nonnegative. O
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3. The limit problem as r — oo

In this section, we fix p,q > N, p # ¢, and study the following Dirichlet problem

—(A, + A u = AMu(x,)|P2u(zy,)d;, in O (3.1)
u=0 on 01, '
where 2, is a maximum point of |u| (so that |u(z,)| = ||ul|s) and &, is the delta
Dirac distribution supported at x,.
As we will see in the sequel (3.1) is the limit problem of (1.1) as r — occ.
DEFINITION 3.1. We say that u € X, , is a weak solution of (3.1) if |u(z,)| = |||

and

/(\Vu|p_2 + | Vu|T?)Vu - Vodr = Mu(z,) [P 2u(z,)v(zy), Vv e Xpq (3.2)
Q

Let us recall the Morrey’s inequality, valid if m > NV :

Cllullite,, < IVullh,, Ve Wy™ (@),
where ||ul|o,s denotes the standard norm in the Hélder space C%*(Q), a,, =1 —
N/m and the positive constant C' depends only on Q,m and N.

Morrey’s inequality implies that the embedding VVO1 ™(Q) — C(Q) is compact
and this fact guarantees that the infimum of the Rayleigh quotient ||Vul||7/|lv||%
is attained in W, ™ (€2) \ {0}. From now on, we make use of the additional notation

Moo (M) := min { ||||vv1|}|!|nm cv e W™ () )\ {O}} , m>N.
As it is shown in [9)],
lim A.(m) = Aso(m). (3.3)

REMARK 3.2. A nontrivial weak solution for (3.1) cannot exist if A < Ao (p). Indeed,
taking v = w in (3.2) one has

A= Asc@)ulle = IVully + [IVull§ = Ao (P)ullse > IVull] — Ao (p)[ullZ, = 0.

So, we assume in the rest of this section that A > Ay (p).
We define the energy functional Jy : X, ; — R associated with (3.1) by

1 1 A
Ja(u) = =[|Vul||l + —||Vul|l — —ul/E,
(u) p|| 4 qll ¥ pll |
and the Nehari set associated with Jy by

Naoo = {u € Xp g \ {0}« [Vullf + [ Vull] = Aul% } -

Note that
1 1

UE N o = Ia(u)=|(-—=)||Vu|
e — () (q p)n e
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Moreover, the identity

V@G + IV E)G = MltwlZ = [ Vull§ = P~ AlullS = [Vali)];

veEXpq, t>0,

allows us to derive the following equivalence, valid for the case N < ¢ < p < o0 :
V|2 (1)/(p—q))

tu € N. < AMu||%, > [|[Vul|? and t= q) . (34
oo = Alulll, > [Vul? (remmteam (3.4

Hence, by taking a function e € X, ; \ {0} such that [|Vel[? = Ao (p)|le[[Z, we can
see that N o # @ when N < ¢ < p < .

REMARK 3.3. In the case N < ¢ < p < oo we also have

1 1
= inf J >(Z—-=)O0t p/ay(@)/(r=a) < .

Indeed, this follows from the estimates
IVl < [Vullp + Vel = MullB < Moo (@)™ Vull?,
valid for any u € N} co-

DEFINITION 3.4. We say that v € X, ; is a least energy solution of (3.1) if v min-
imizes the functional Jy either on X, , in the case N < p < ¢ < 0o or on Mo In
the case N < ¢ < p < 0.

The functional J) is not differentiable because of the term involving the L norm.
Even though we are able to show that least energy solutions are weak solutions.
Indeed, this fact is a consequence of the following identity (see [1, Chapter 11] and
[11]) valid for all u € C(Q) and that provides the right Gateaux derivative for the
functional u — ||u||Z, :

e ev]|B — fullf

0+ j IIla::{'“(x” u(‘r)’U(x) Y u}; v e C(Q),
€e— € S I \Y,

(3.5)
Where

Ty :={zeQ:|u) = |ull}

PROPOSITION 3.5. Least energy solutions of (3.1) are weak solutions of this
problem.
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Proof. First we consider the case N < p < g < oo. We have, for each v € X, ; —

(),
. I(u+ev) — Ix(u) .
1 =1 A(e)— B .
lim . T (4(e) — B(e) (3.6)
where
V(u+ P —Vul]p V(u+ 4 —||Vul|g
A _ LIVte)|p—| u||p+}|| (u+ev)||d = [Vulld
p € q €
and
P P
Bo s At el — Julz,
P €

Taking into account that the first limit in (3.6) is nonnegative (because u
minimizes Jy) and still considering that

lim A(e) = /(|Vu|pf2 + |[Vu|T?)Vu - Voda
Q

e—0t
and that, according to (3.5),

lirgJr B(e) = Amax{|u(z) [P 2u(z)v(z) : € Ty},
we conclude that

Amax{|u(z)[P2u(z)v(z) : x € Ty} < /(|Vu|p_2Vu + |Vu|T2Vu) - Voda.
Q

The arbitrariness of v € X, , allows us to replace v with —v in the above
inequality and also get

Amin { |u(z)|P2u(z)v(z) :z €Ty} > /Q(|Vu|p_2Vu + |Vu|T2Vu) - Voda.

These last two inequalities lead us to the following identity

lu(z) [P~ u(z)v(z) = /Q(|Vu\p72 + |[Vu|" ) Vu - Vodz, Vo€ X,, and

Vrely,,
which implies that I',, is a singleton, say
Iy = {zu}

for some x,, € 2. Consequently,

/Q(|Vu|p_2 + |VulT )\ Vu - Vodz = |[u(z,) [P 2u(z,)v(r,), Yo € X,
which is (3.2) for u.

We now analyse the case N < g < p < oo. Let us take an arbitrary function
veE Xpg.
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Since u € Ny oo we have |[Vub < A[ul|E,. Hence, we can take § > 0 such that
u+ sv % 0 and

[V(u+sv)||b < Mlu+sv|5,, Vse€(—0,0).

Let 7: (—6,0) — (0,00) be the function given by

T

)

((1)/(p=9))
S

M+ vl = [V (u+ sv)lp

which is right differentiable at s = 0.

We can see from (3.4) that 7(s)(u+ sv) € Ny for all se (—4§,0) and
that 7(0) = 1.

Now, let us consider the function v : (—4,d) — R defined by

(5) = Ar(s)u+s0)) = L+ sl + L+ sl

AT(s)P

lu + sv][5-
According to (3.5) this function is right differentiable at s = 0 and
(04) = 7OVl + 19l + [ (Va4 Vul) V- Vods
— Amax{fu(x) P 2u()o(z) o € Ty} — /(00 Mull,
= /(|Vu|p_2 + | Va9 ) Vu - Vodr — Amax{|u(z) [P 2u(z)v(z) : © € Ty},
Q

where we have used that 7(0) = 1 and ||[Vul[P + [|[Vul[ — Al[ul/Z, = 0.
Since « attains its minimum value at s = 0 we have

(0,) = Tim 7(s) —(0)

s—0+ S

> 0.
Hence,
A max{|u(z)[P2u(z)v(z) : x € Ty} < /Q(|Vu|p72 + |Vul|!"?)Vu - Vodz.
Taking into account the arbitrariness of v we replace v with —v to get
Amin{|u(z) P 2u(z)v(z) : v € T} > /Q(|Vu|”_2 + |Vu|T?)Vu - Voda
> Amax{|u(z) P ?u(z)v(z) : x € T},
so that

min{|u(x)[P2u(z)v(z) : 2 € Ty} = max{|u(z) P 2u(z)v(z) : € Ty},
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implying both that T',, = {x,}, for some z, € ), and that

/(|vu|ff’*2 + |Vu|972)Vau - Vodz = Mu(z,) [P~ 2u(z,)v(z,).
Q

O

Now we are ready to show that in both cases N < p<g<oocand N < ¢ < p < o0
a nonnegative least energy solution of (3.1) can be obtained from the least energy
solutions of (1.1) by a limit process, by making as r — oco. For this we observe
from (3.3), with m = p, that if A > A (p) and 7, — oo, then there exists ngp € N
such that A, (p) < A for all n > ng. Therefore, for each n > ny the boundary value
problem

— — P=Tn rp—2 1
{ (AP+Aq)u )‘”u”rn |u| U m Q (37)

u=20 on 0N

has at least one nonnegative least energy solution u,,. Having this in mind, we can
assume that ng = 1 in the next proposition.

PROPOSITION 3.6. Let A > Ao (p) and r,, — co. Denote by u, a nonnegative least
energy solution of (3.7). There exists a subsequence of {un,} converging strongly in
Xp.q to a nonnegative least energy solution u of (3.1).

Proof. First we consider N < p < ¢ < 00, so that X, , = W, %(Q). Since

[Vunl§ < [[Vunll§ + [[Vunll7

A a=p
v mn pgi v n pQTa
Vun| Arn(p)” un 71|

= Alunll?, <

Ar, ()

we have

Y

A )((U/(qp))

Ar, (P)

implying thus that {w,} is bounded in X, ,. Therefore, up to relabelling the
sequence {r,}, we can assume that there exists a nonnegative function u € X, ,
such that u,, — u in X, , and u,, — u uniformly in Q.

In order to prove that u minimizes J) globally, we fix an arbitrary function
v € X, ,— C(Q). We know that

[Vunl, < |2/ (

1 1 A 1 1 A
2;IIVuan + 5|\Vun||?, - Ellunll’r’n < ];HWII? + 5IIWIIZ - EIIUIIZ,

so that
1 1 A
JA(Un):* vuan"'* vun|q_7|un go
pH . qH K pl [

1 1 A A A
< EHWHZ + 5|IW||Z - ;”UHE" + ];llunllfn - ;Hunl\’éo
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Alltn |8

1 1 A .
< IVoll+ Il - 2ol + (9@ — 1)

A A A|wn |12 .
= () + 2l = 2l + Anlse oo g,
p P P

Tn

Since v € C(2) we have [[v]|2 — |Jv||%,. This fact and the convergences u, — u
and wu,, — u in C(Q)) imply that

Jx(u) = liminf Jy (uy,)

n—00

Alltn |8

A
< Ia(v) + o (ol = lvll?,) + lim (j @) 1) = Ty (v).

That is, v minimizes J, globally.
Now, let us consider the case N < ¢ < p < 00, so that X, , = W, ?(Q) and

11 1
(3= 2) 19l = o) < ) = (5= 2 ) 190l Vo€ M,

q
(3.8)
In order to show that {u,} is bounded in X, , we pick e,, € X, , \ {0} satisfying
(2.3) with r = r,, that is, such that

lenllr, =1 and [[Ven|] = Ar, (p)-

Since A, (p) < A, we have [|[Ve, |5 < A|le, ||’ and tpe, € Nir,, where

. :< IVen||2 >1/(”): Ven||2/ P9
" \Meall?, = Vel O — A, (p)) /o9

Hence, applying (3.8), exploring the expression of ¢, and using the Holder
inequality we obtain

[Van |8 < IV (tnen)|d
Vel /P Ve, g
- ()\ )\”( ))lZ/(P—Q)
B (”Venng)p/(p—tn
T A=A (p) -0

(|Q|(p7q)/p||ven||g)p/(p7q) o Ar, () a/(p—a)
= A=\, (p)¥/(p—a) A=\, (p) ‘

Recalling that u,, € Ny, we have
[Vun b < IVunlh + [V ||

= Allunll7,

p/(p—q)
< AC, (@) 79Tl < A, (@) /710 (%) |

Tn

https://doi.org/10.1017/prm.2018.111 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.111

1508 C. 0. Alves, G. Ercole and G. A. Pereira

which gives us the boundedness of {u,} in X, , since

p/(p—q) »/(p—q)
vt/ (252 gy (0

Thus, up to relabelling the sequence {r,} we can assume that there
exists a nonnegative function u € X, such that w, — v in X, , and u, —u
uniformly in €.

We recall from (2.5) that

Ar, (q) 1/(p—q)
> n .
. > (22

Since ||t ||y, < ||tnlloo| Q"™ we have

)\7. 1/(p—q)
el = lim |Q|1/7”‘0HunHoo > lim ( 24 ) > 0,

— 00 )\

N~—
SN~—
=
~
3
2
I
7N
>
3
—~
S
=

that is, u # 0. Using this fact and
IVl + [V unllh = Mlun2, < Mua B QP
we obtain
IVullp < [Vull§ + [IVul[
< liminf (Vo [+ [V |5) < lim (Al |5 [20P77) = Aul %

It follows that tu € N o where

1 —
0o (M@) e
Mull& = [Vullp -

Let us fix an arbitrary function v € N o. We know that

Jim Aflofl7, = Alvllss and [Vl < [Vol|g + [[Vllf = Allv]iZ.

Consequently, there exists ng such that
Vol < Alloll7,, Vn > ne.

This implies that t,v € ./\/}\,,,n for all n > ng, where

Vo2 1/(p—q) Vo2 1/(p—q)
th= | oo =\ —eam =1
Alloll7, = [IVvlp AllvllSe = [[Vollp

Thus,

1 1 1 1
<q - p) ”vuan = I\r, (un) < Iy, (v) = <q - p) ||V(tnU)||g, vn = no,
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so that
IVull < limint [V 2 < Tim (6790l = Vol
Therefore,
Tn(tu) = 19 (; - ;) |Vuljt < 19 ((1] _ ;) IVoll8 = (1, (0), Yo € Noo. (3.9)

Let {v,} C N oo be such that
lim Jy(v,) = px = inf  Jx(uw).

n—oo UENA,W
According to remark 3.3, 1y > 0. Thus, taking into account (3.9) we obtain
0 < px < Ia(tu) < lim t9Jdy(v,) =ty < .
n—oo

These inequalities imply that: ¢t = 1, u € N o and Jy(u) = py. We have then shown
that u is a nonnegative least energy solution of (3.1).

In order to conclude this proof we show that, in both cases above considered,
u, — u strongly in X, ;, up to a subsequence. In fact, recalling that

/(\Vun|p72 + | Vu, | ?)Vu, - Vodz = /\||un||7,’.;r"/ lun | todz, Vv € X,

Q Q

(3.10)
Uy — uw and u, — w uniformly, we can see that

NN / i
Q

That is, the right-hand side of (3.10), with v = u,, — u, goes to zero as n — oo.
It follows that

" = )] < N 1251920, — o, —

A, = /Q (IVun P72 + [V, |97?) Vu, - V(u, — u)dz — 0. (3.11)
The weak convergence u,, — u in X,, ; also implies that
B, = /Q(|Vu|p72 + |Vul|??)Vu - V(u, —u)dz — 0. (3.12)
Hence, taking into account (3.11)—(3.12), noting that
/Q(|Vun\p_2Vun — |VulP=2Vu + |Vu,|* 2 Vu, — |Vu|T2Vu) - V(u, —u)ds
=A,— B,
and recalling the following well-known inequality, valid for all £,n € RY and m > 2,
[ aver2ve - [9nm v Ve - e 2 [ e - gmis (3
we conclude that

IV(un —u)llg =0 and  |[V(un —u)ll, — 0.
Thus, u, — u strongly in X, 4. O

https://doi.org/10.1017/prm.2018.111 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.111

1510 C. 0. Alves, G. Ercole and G. A. Pereira
4. The limit problem as p — oo
It is proved in [9] that
Tim (Ao (m)'™ = A,
where Ao is defined in (1.5). We recall that (see [13])
Aso = oIl
where p : Q — R denotes the distance function to the boundary, given by

plx) =inf {|z —y|: y € 0N} .

We recall two well-known facts: [Vp| =1 almost everywhere in  and p €
Wh(Q) N Co(Q) € Wy ™ () for all m € [1,00).

LEMMA 4.1. Let X > Aso(p) and consider u a nonnegative least energy solution of
the boundary value problem

{—(Ap + A u = A|u|5s16,, in Q

u=>0 on Of.
Then
Ao () ((1)/(p—a)) '
Vaul, < Ql/q<°° , if N <q<p, 4.1
Ivuly <l (525205 (11)
and
Y A ((1)/(a—p))
Vull, < | q() , ifN <p<aq. 4.2
[Vullg <[ o (?) (4.2)

Proof. First we consider the case N < ¢ < p. Let e € X, , = WP (Q) be such that
el =1 and [[Vell] = Ao (p).

Since
Alell% = IVellf = A = Aso(p) > 0

we have te € Ny o, Where

t.< ||V€||g >1/(Pq) < ||V6HZ >1/(PQ)
Allel[Se = I Vellp A= Xso(p)

Noting that

0< <1 —~ 1) [Vulld = Ino0(u) < Inoolte) = (i - 1) IV (te)lg

qa P p
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we obtain (by exploring the expression of ¢ and using the Holder inequality)
IVull§ < [[V(te)lg

2 —
Vel /| Vellg

(A = Ao (p)) ¥/ P—2)
(||V6Hg)p/(p—q) (‘Q|(P—Q)/pHveng):v/(p—q)
T A= A ()= S T (A= A (p)) ¥/ (P9

yre] (A ioizzp)y/(pq).

This leads to the estimate in (4.1).
The estimate in (4.2) is a direct consequence of the following

IVullg < [[Vullg + [ Vul3

A A
= \u|?, < Vaul|? < Q|(@=p)/ (D) ||x74,||P.
[[ull ) [Vully )\m(p)\ | IVullf
O
We recall that
i 40 _ [QeE(0,1) if N<g<p
p—o p Q€ (l,00) if N<p<yq.
LEMMA 4.2. Let A > Ay and m > N be fived. Take Ay, > 0 satisfying
lim (\,)Y7 = A
p— 00
and denote by u, a nonnegative least energy solution of
_<AP + ACI(P))U’ = )‘PHu”go_l(Swu in Q (4 3)
u=20 on 0f). ’
We affirm that
LA ()/-Q)
limsup [|Vup||m < |92 (00) (4.4)
p—00 A
and
(Aoo) ™ (oo /M) /E=QD if Q€ (0,1)
liminf ||up||eo = (4.5)
p— 00

(Aoo)~t if Qe (1,00).
Proof. Since

lim (Moo (p)Y? = Aue < A = lim (\,)'/7,

p—oo p—0oo

we can see that A (p) < A, for all p large enough. Therefore, the existence of a
least energy solution u, follows from proposition 3.6.
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Let us fix p,, — oo and simplify the notation by defining

Up = Up,, qn:=q(p,) and A\, =X, .

Let ng € N such that m < min{g,,p,} for all n > ng. Now, fix 0 < e < (A/Ax) — 1
and consider ny > ng such that

A An ((1)/(1771)) A
1 e = 7+ — —€X - < — = be7 Vn > .
<a A € <)\00(pn)> +e€ n = n

First we prove (4.4) in the case @ € (0, 1), so that N < ¢,, < p,,. Thus, according
to (4.1), with A = \,,, we have

)\oo(pn) 1/(pn—aqn)
Vg lg, < [0 ()
H ||¢In | | An _ Aoo(pn)

. 1 1/(pn—an)
= a1 ((An/xmwn» - 1) ' (4.6)

Applying the Holder inequality in (4.6)

[V, < QY™

V|,

1/ _1/ 1/ 1 1/(pn_Qn)
Sl e ((An/AOO(pn)) - 1)

1 1/(pn_Qn)
< Q™ ((a)l’n—1> . V2= ng,

Hence,

lim sup ||Vup||lm < |Q|1/m lim ((ac)P" — 1)*1/(%*%)
p—00

n—oo

— QY™ tim ((a)Pr — 1)~ (/@)D (a0 /pa))

p—00

= |QY/™(q )Y/ (=)

since

p—00 p—0Q

lim ((a.)? — 1)*1/10 = lim exp (}1) log((ac)? — 1)> - a..

Letting € — 0, we obtain (4.4) when @ € (0, 1).
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Now, we prove (4.4) when @ € (1, 00), in which case N < p,, < ¢,,. By the Holder
inequality and (4.2), with A = \,,, we have

IVanllm < [0 ||V,

n
Ay )((1)/(qnpn))

)‘oo(pn)

< QY™ (be)Pn (D (@n=pn)) -y >y,

< |Q|1/m71/qn‘Q|I/Qn (

Therefore,

(be)pn((l)/(qn—pn)) — ‘Q|1/m lim (be)((l)/((Qn/pn)_l))

lim sup || Vg, ||, < [Q)Y™ lim
n—00 n—oo n—oo

— ‘Q|1/m(be)1/Q_1.

Letting € — 0, we also obtain (4.4) when @ € (1, ).
Let us pass to the proof of (4.5). In the case @ € (0, 1), in which N < ¢,, < pa,
we have

lunllfe < Vunllg:

Aso (qn)
1

Aoo(qn)

An Aso (Pn)
U, 1073 < bE Pn
)\oo(Qn) H H ( ) /\OO(Qn)

< IVunllg: + 1Vunll3:)

[Jen |52

It follows that

m ((bﬁ)—pn ;:EZZ; ) 1/ (Pn—qn)

lminf ||y ||eo = 1i
n—oo n—oo

= lim (be)*((l)/(lf(%/ﬂn))) lim ()\oo(qn)((l)/(qn)))qn/(pnfqn)

n—oo n—0o0

nlg{;o()\oo (pn)*((l)/(lﬂn)))Pn/(pnfqn)

= (b))~ (/=@ (A _)Q/1-@) (5 )=1/(1-Q)

oo

— (bg)_((l)/(l_Q))(Aoo)_l.

Thus, making € — 0 we obtain (4.5) in the case @ € (0, 1).
As for the case Q € (1,00), in which N < p,, < ¢, we have

Q Q A
B 2oy

1 1
(—p)|vaz=Ammwa<1Mm@w=

an n

since p € X, o, = Wy () and |[Vp| = 1 almost everywhere.
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Since [|[Vun [ < [[Vug|Br + [[Vun |2 = Xp||uq|[Bz and [[p]|3! = Aso, we obtain

Pn qn

A 1 1 1 1
—— < |0 +>+<—>)\ Un
Pn(Aoo)Pr . (pn n v )
-1
1 |Q| Pn
Pn 1 - = -+ (1 o :
renlles ( qn) LAWW X ( " qﬂ

Since p,, /¢, — Q7' € (0,1) and (|Q|/A,)Y/P» — A~! we can assume that

Pn

so that

Q 2
2ﬁ—|—1<2 and ué—, Vn>=n.
dn A A

Hence, redefining n; if necessary we conclude that

! 1 4
lunllSs > (1—q> (u\ym_Am)>Q vn>n.
Therefore,

P —((1)/(pn)) 1 4 ((1)/(pn))
tim inf unlo > Tim (1 - n) <(Aoo)p - Apn>

1 AP (/@)
= g [(Am) —4}

THEOREM 4.3. Let A > Ay be fized and take A\, > 0 satisfying

A1
Ao A

:>\H

lim (\,)'/? = A.

p—00
Denote by u, a nonnegative least energy solution of (4.3) and by x, the only maz-
imum point of w, (that is x, = xy,). There exists a sequence p, — oo, a point
zp € Q and a function uy € W1(Q) N Co(Q) such that x,, — x5 and u,, — u
uniformly in Q. Moreover,

A (D/a-Q))
IVua oo < (A°°> (47
and
(Aoo) (Ao /M) W/ E=Q) if Q€ (0,1)
up(za) = [luallec > (4.8)

(Aso)~? if Qe (1,00).

Proof. Let p, — o0 and N < m < oco. It follows from the previous lemma that
{up, } is bounded in VVO1 "(€). Thus, up to a subsequence, u,,, converges weakly
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in Wy (Q) and uniformly in Q to a nonnegative function ux € Wy () N C(Q).
Therefore, in view of (4.4) we have

A (1)/(1-Q))
9l < o [T, o < Hiasup [V | <[220/ (222 .

Hence, noting that m € (N, 00) is arbitrary, we conclude that uy € W1>°(Q) and

U (A \ /@) 7y N (/0-0)
< lim [Qm (2= _ [ Doo 7
Vel < fim " (5) (%)
which is (4.7).

The uniform convergence and (4.5) imply (4.8), which in turn, shows that
[ualloc > 0. Taking into account that {z,,} is bounded, we can assume (up to
relabelling the sequence {p,}) that z,, — xa for some s € Q. The uniform con-
vergence also implies that ua(xa) = |Jualle > 0 so that zx € Q (note that uy =0

on 092). O

The next corollary shows that in the case @ € (0, 1) the function uy, such as p,
minimizes the Rayleigh quotient |[Vv||oo/[|vleo in (WH(Q) N Co(2)) \ {0}.

COROLLARY 4.4. If Q € (0,1), then

and A — VUl oy oy (g

UA =
lraafl Tan

A \ A

1AL (/=)
(%)

Therefore, x is also a maximum point of the distance function to the boundary p
and

A ((W/0=@)) -
m) plz) Ve, (4.10)

0< <
< (5
with the equality holding in QU {xa}.

Proof. According to (4.8) and (4.7) we have,

((1)/(1-Q)) ((1)/(1-Q))
1<A°°> <||UA|OO<”V“A”°°<1(AOO)

Ao \ A Ao A LA ’
which gives (4.9).
Taking into account that ||Vua|eo = Asolltalloo = [|ollt]|ualloo We have
0 < ua(z) = ua(z) —ua(y) < [Vuallsle =yl = ol uallola = ]

for each x € Q and y € 9Q. It follows that

ol o0
AN
l[ualloo

ua(z) < p(z) < [lplloos Vo €Q
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Since u(zp) = ||ualloc We conclude that p(za) = ||p]|s. Noting that

llua |l o Ao
= |luallocAo =
o[l A

>((1)/(1Q))

we obtain (4.10), with the equality holding at x5 and also on 92 (since upy = p =0
on 09). O

COROLLARY 4.5. Lemma (4.2), theorem (4.3) and corollary (4.4) remain true for
A=Ay in both cases Q € (0,1) and Q € (1,00), if one takes Ay, = ¢|Q|(Aso)?, with
c> 1

Proof. Tt is proved in [9] that the function (N,00) 3 m — (|| Aso(m))V/™ is
increasing. It follows that

(‘Q|—1)\00(p))1/p < lim (|Q|—1/\00(m))1/m — Ao

Hence, by taking \, = ¢|Q|(As )P with ¢ > 1 we have lim, o (\,)Y/? = A, and
(191 Ao (p) " < Ao < €V/PA,

so that A (p) < Ap. Proposition 3.6 then guarantees that (4.3) has a nonnega-
tive least energy solution w,. Following the proofs of lemma 4.2, theorem 4.3 and
corollary 4.4, we obtain a nonnegative function us_ € W1 (Q) N Cy(Q2) as the
uniform limit in ©Q of a sequence {u,, }, with p,, — co. Moreover, such a function

satisfies
1
U (TAe) = luncfloo = =0 Vuacfoo =1
oo
and
0<up (z) <plz) Vaeq,
so that xa_ is also a maximum point of p. O

REMARK 4.6. Recalling that lim, .. (Moo (p))'/? = Aw, one can see that if ), is
such that lim, ., (\,)"/? = A < A, then \, < A (p) for all p large enough. Thus,
according to remark 3.2, if A < A, the problem (4.3) has no weak solution for all
p large enough.

Before determining the equation satisfied by u,, let us recall some definitions. In
what follows D denotes a bounded domain of RY, N > 2. Further up we will take

D=0\ {z4}.

DEFINITION 4.7. Let u € C(D), ¢ € C%(Q) and z¢ € D. We say that ¢ touches u
at xg from below if

o(x) —u(x) <0 =¢(xo) —ulxo), VaeD\{xo}.

Analogously, we say that ¢ touches u at xg from above if

d(z) —u(x) > 0= ¢(xo) —u(xo), VaeD\{xo}.
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In the sequel we recall the concept of viscosity solution for an equation in the
form

F(u,Vu,D?u) =0 inD. (4.11)

The differential operator F'(u, Vu, D?u) includes two operators we are interested
in, which are the co-Laplacian

N
Ao = %Vu SV |Vul? = Mzz:l Ug, Ug iUz, 2,
and the (p, ¢)-Laplacian
(Ap + Ag)u = (|VulP ™ + [Vul'™)|Vul*Au + ((p — 2)|Vul"~
+ (g = 2)|Vul"™") Axu,
where Au = Ziv=1 Uy, 5, 1S the Laplacian.
DEFINITION 4.8. We say that u € C(D) is a viscosity subsolution of (4.11) if
F(¢(x0), Vo (o), D*¢(w0)) > 0

whenever xo € D and ¢ € C%(D) are such that ¢ touches u from above at z.
Analogously, we say that w is a viscosity supersolution of (4.11) if

F(¢(0), Vo(x0), D*¢(x0)) <0
whenever 2o € D and ¢ € C?(D) are such that ¢ touches u from below at .

DEFINITION 4.9. Let u € C(D). We say that u is viscosity solution of (4.11) if u is
both a viscosity subsolution and a viscosity supersolution of (4.11).

DEFINITION 4.10. We say that u € C(D) is (p, ¢)-subharmonic (respectively, (p, )-
superharmonic and (p, ¢)-harmonic) in D if u is a viscosity subsolution (respectively,
supersolution and solution) of

(Ap+Ay u=0 inD.
DEFINITION 4.11. We say that u € C(D) is oo-subharmonic (respectively, oo-
superharmonic and oo-harmonic) in D if u is a viscosity subsolution (respectively,
supersolution and solution) of

Aju=0 inD.

The next lemma is adapted from [14].
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LEMMA 4.12. Let N <m < p,q < oo and suppose that v € C(D) N Wol’m(D) s a
weak solution of

(Ap+Au=0 inD,
that 1is,

/ (IVulP~2 4 [Vu|*2)Vu - Vnde = 0, ¥n € C(D). (4.12)
D
Then u is (p, q)-harmonic in D.

Proof. Suppose, by contradiction, that u is not (p, ¢)-superharmonic in D. Then,
there exist zo € D and ¢ € C?(D) touching u at z¢ from below such that (A, +
Ay)¢(zo) > 0. By continuity, this strict inequality holds in ball Ba.(x0) C D, that
is,
(IVeIP~* +|Vo|" )| Vovert*Ag + ((p — 2)| Vo[~

+ (¢ —2)|VP|T ) Asd >0 in Bac (o). (4.13)

Define
o
Y@) =)+ 5, =€ Bz,
where
a = min{u(z) — ¢(x) : @ € IB(x0)}.

Note that a > 0 since u(x) > ¢(x) for all z € D\ {zg}. Hence, 1(xg) = u(xq) +
/2 > u(xg) and

¥(@) = ul@) - (u(z) - §(@) + 5 <ul@) = 5 <u(x) Va € IB.(ao).

Let D, be a subdomain of B.(xg) such that ) > u in D, and ) = u on dD.. In
view of (4.13) we have

div[([Ve[P=2 + [Vo[172) VY] = div[([VIP™ + [V|T*)Ve] > 0 in Bae (o),

so that

/ (IVo[P~=2 + [V9[172) Ve - Vipda <0, V1 € C5°(Be(xo)), n>0.

€

Combining this inequality with (4.12) and recalling that (¢ —u)y €
Wy ™ (Be(x0)) can be approximated in W, "™ (B, (zo)) by functions in C§°(B.(z0))
we obtain

/ (VP 2Ve — [VulP~2Vu) + (V12 VY — [Vult"2Va)]
B (x0)

V(¢ —u)pdx < 0.

Taking (3.13) into account, we conclude that ¢ < u in Bc(zg), which contradicts
the fact that ¢ > u in a neighbourhood of xy (recall that ¥ (zo) > u(zo)).
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Analogously, we arrive at a contradiction if we assume that u is not (p,q)-
subharmonic in D. O

The following lemma is taken from [14].

LEMMA 4.13. Suppose that f, — f uniformly in D, f,., f € C(D). If ¢ € C*(D)
touches [ from below at xq, then there exists Tn,; — T such that

f(mnj) - (b(xn]) = mDin{fnj - qb}

In the sequel, up denotes the function obtained in theorem 4.3, for A > A, and
up_. denotes the function described in corollary 4.5 (for A = A).

THEOREM 4.14. The function uy is co-harmonic in D = Q\ {za}. Therefore, uy
18 strictly positive in Q and attains its mazximum point only at xx.

Proof. Let xo € D and take ¢ € C?(D) touching u, from below at x. Thus,

o(x) —up(x) < 0=o(xo) —ua(zg), ifax#xp.
If [V¢(x0)| = 0 then we trivially have
N

Betlan) = Y 32 o) 52 w0)

0%¢
8951-8%-

(.’L‘o) =0.

ij=1

So, we assume that [Ve(zo)| # 0. Let Be(xo) C D be a ball centred at z¢ with
radius € > 0 such that |[V¢| > 0 in B.(zo).

Let uy,, p, and z,, given in theorem 4.3. Since x,,, — x # xo we can take ng > N
such that x,, & Be(x¢) for all n > ng. Consequently,

[ va,
Be(wo)
Vo e C3°(Be(zg)) and n > no. (4.14)

P2 4 A\ |q(pn)*2)vupn -Vedz =0,

We recall that u,, € WO1 () for all n sufficiently large, where m > N is fixed.

Thus, combining (4.14) and lemma 4.12 we conclude that u,, is a viscosity solution
of

(Ap, +Agp))u=0 inBc(xg), Yn=ng.
Applying lemma 4.13 we can take {x,;} C Bc(xo) such that z,, — x and

Q= Bn}in){upnj — ¢} = ua(zn,) — O(xn;) S up, () = ¢(x), = #xp,.
The function ¢ (z) := ¢(z) + oj — |# — p,|* belongs to C*(Bc(z¢)) and

() = up, (2) = ¢(z) = up, (2) + 5 — [z — 2]

J 3J
<~z =2, |" <0=19Y(zy,) — Up,, (Tn;), T F# Ty,
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That is, ¢ touches u,; from below at z,,;. It follows that
(Apnj + Aq(pnj))w(znj) g 0'

Since |V(zn;)| = [Vo(zy,)| > 0 and

(Ap, + Dyipo ) P(@n,) = (Vb(@n, )75~ + [ Vib(an, )| 1P )
V()| Db, )
+ (P, = 2)IV ()P ™ + (a(pn,) — 2)
V4 () 77" ) At ()
we obtain
(Ve (@n, )P =" + [V (@, )| *P) ™) |V () P At ()

Anctb(z,) < - ’ N
) (Pn; — 2)[V(@n,) [P * (q(pn;) — 2)|V1/)(mn].)|Q(p"j) 4

(4.15)

Noting that
Jim, V() 2 A (2n,) = Jim, Vo (@n, )P Ad(2n,) = [V(xo)[? Ad(zo)
and

IV (@, )P~ 4 |V (a, ) [9P7 )74
: (pnj N 2)|vw($”1)|pnj - + (Q(pnj) - 2)|Vw($nj)‘q(pnj)i4

\ )
< max ,
Py, — 2 q(pn;) —2

we can see that the right-hand side of (4.15) tends to zero as j — oo. Therefore,
letting j — oo in (4.15) we arrive at

concluding thus that u is co-superharmonic in D.

Analogously, we can prove that uy is also co-subharmonic in D.

As in [9] we can apply the Harnack inequality (see [15]) and the comparison
principle (see [2,7,12]), both for oco-harmonic functions, to prove, respectively,
that wy is strictly positive in Q and that its maximum point is attained only
at xp. The comparison principle is used to compare u, with the function v(x) :=
lualloo (1 = ((1)/(8))]|x — xA]), where 5 = max{|x — za| : € OQ}. This function is
oo-harmonic in D = Q\ {za} and such that v > up on 9D = 9Q U {zx}. Hence,

L
B

up(x) < v(z) = |lualloo (1 |lx — a:A|> < lualloo, Va € D.

O

The following result applies when 2 is a ball, a square and many other symmetric
domains, even nonconvex ones.
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COROLLARY 4.15. Suppose that € is such that the distance function to its boundary
has a unique mazimum point x,. If A > Ay and Q € (0,1), then

un = (Ao /M) /0=y

Proof. Let v:= (Ao /M) =@y where up__ is the function described in the
corollary 4.5. Taking into account corollaries 4.4 and 4.5 we have x5 = z, and

v(@,) = [llse = (Aoo/ D) /= Dfuy o
= (Moo /A)W/O=CD (1 /A ) = up(z,), A=A

It follows that both v and u, are functions in C() that solve, in the viscosity
sense, the problem

Axpu=0 in Q\{z,}

u =0 on 0N

u(@p) = (Ao /M) =D (1/A).
Therefore, by uniqueness (see [2,7,12]) we have v = up. O
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