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Abstract

Let X be a p x nrandom matrix whose entries are independent and identically distributed
real random variables with zero mean and unit variance. We study the limiting behaviors
of the 2-normal condition number k(p,n) of X in terms of large deviations for large n,
with p being fixed or p = p(n) — oo with p(n) = o(n). We propose two main ingredients:
(1) to relate the large-deviation probabilities of k(p,n) to those involving n independent
and identically distributed random variables, which enables us to consider a quite general
distribution of the entries (namely the sub-Gaussian distribution), and (ii) to control,
for standard normal entries, the upper tail of k(p,n) using the upper tails of ratios of
two independent x> random variables, which enables us to establish an application in
statistical inference.
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1. Introduction

1.1. Background

For any two positive integers p, n > 2, let us define a p x n random matrix X, whose
entries X;;, 1 <i<p, 1 <j<n, are independent and identically distributed (i.i.d.) real random
variables satisfying

E(X;j) =0, VX =1, (1)

where E denotes the expectation and V the variance. Then the 2-norm condition number k(p,n)
of X%, is defined as k(p, 1) = omax/Omin,» With omax and oy denoting the maximal and mini-
mal singular values of X, . The name ‘2-norm’ comes from the fact that the maximal singular
value omax coincides with the norm ||X]| = sup {||Xx||2 :x € R" with ||x]], = 1}, where the

2-norm of a vector x € R” is the Euclidean norm defined as ||x||» = (Z?:l xl.z)l/ 2 (for sim-
plicity, ||x||2 will be written as ||x||). In numerical linear algebra and the theory of probability
in Banach spaces, condition numbers play an important role (cf. [17, 23]). In statistics, if we
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Condition numbers of random matrices 1115

define a square matrix W,y ,: = XX /n, then W is usually called a sample covariance matrix
in the framework of estimating the population covariance matrix given vanishing population
mean, where p denotes the dimension of the population and 7 is the sample size. In this set-
ting the condition number has the equivalent form k(p, 1) = 0max/Omin = (A*max /Amin)l/ 2 with
Amax and Amiy denoting the maximal and minimal eigenvalues of W, .

One specific application of using condition numbers in statistics, which is also our main
motivation, is to test the null hypothesis that the population covariance is a scalar multiple
of identity. The union-intersection test method in [20, Section 7.4] suggests that the null
hypothesis is rejected for large values of the condition number. To achieve this, we often
need to study the null distribution of the sample condition number. For instance, in order
to find the corresponding p-value, it is necessary to investigate the probability P(k(p, n) > c)
with ¢ > 1. Unfortunately, so far in the literature there is no efficient way to evaluate such
a probability. In Section 5 we present an easy and efficient way to control such a probabil-
ity in order to feasibly perform the hypotheses test using the union-intersection test method.
Another interesting aspect of condition numbers is that they have one=to-one correspon-
dence with the so-called first anti-eigenvalues defined as 2(AmaxAmin)"/>/(Amax + Amin), Which
can be found in many applications (cf. [9]). Since the condition number k(p,n) of X,
is invariant under matrix transpose, we shall in this paper always assume that 2 <p <n.
When the entries Xj; are i.i.d. real standard normal random variables, W, is called a
real central Wishart matrix and denoted as Wp(n, n~'I), with I=1,4, being an identity
matrix.

From the matrix size point of view, the various studies of condition numbers of random
matrices in the literature can be classified into two categories: for rectangular random matrices
(i.e. p < n; see, for example, [1, 4, 7, 13]) and for square random matrices (i.e. p = n; see, for
example, [6, 17, 21]). Results concerning lower/upper bounds of the minimal singular value
omin can be found, for instance, in [14, 17-19], while results on limiting distributions of opin
and k(p,n) as n tends to infinity are contained in [6, Section 3] and [22], among others. From
the distribution (of entries) point of view, we can also classify the results on condition numbers
of random matrices in two categories: entries being standard normal random variables (see, for
example, [1, 4, 6, 7]) and entries being other (especially discrete) random variables (see, for
example, [13, 17, 21]). In general it is easier to study random matrices with standard normal
entries (i.e. Wishart matrices W,(n, n~'T)) since there is an explicit (even though involved to
some extent) joint distribution of the eigenvalues of W,(n, n~ ), and it is not available for
discrete random matrices. Also note that if the distribution of the entries is sub-Gaussian (see
Section 1.2 for a detailed definition; cf. [13, 17, 24]), then all its moments, tail estimates,
and moment-generating function can be controlled explicitly, which are in turn used to derive
results on condition numbers.

The aim of this paper is to investigate limiting behaviors of the condition number k(p,n)
in terms of large deviations for large n (and possibly for large p at the same time as well),
for rectangular random matrices (i.e. p < n) and for entries being i.i.d. sub-Gaussian random
variables satisfying the conditions in (1). It turns out that such investigation heavily depends on
the relation between p and n, and in this paper we will only focus on the case when p is fixed
or p =p(n) =o(n) as n — oo. Despite being in the framework of such a classical setting (i.e.
one dimension of a random matrix is fixed or negligible with respect to the other one), large
deviations of k(p,n) have not appeared in the literature so far. Throughout the paper f(n) = o(n)
means lim,_, , f(n)/n =20, and f(n) = O(n) stands for 0 < ¢} < f(n)/n < ¢y < oo for all n and
some positive constants ¢ and ¢ independent of 7.
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Laws of large numbers of the extreme eigenvalues Amax and Apin of the sample covariance
matrices W, have been obtained in the forms Ayax — (1 + K1/2)2 and Apin — (1 — /<1/2)2
in probability under the assumption p/n — k € [0, 1] as n — oo (see, for instance, [6, Lemma
4.1] for Wishart matrices and [2, 3] for general matrices). Therefore, when p is either fixed or
p(n) =o(n) (i.e. « = 0), it always holds that k(p, n) — 1 in probability. Then, a large-deviation
probability of k(p,n) takes the form P(k(p, n) > ¢) with ¢ > 1. The specific aim of the paper is
to study the limiting behaviors of P(k(p, n) > c) for large n.

The asymptotics of P(k(p, n) > ¢) with ¢ > 1 as n — oo cannot be readily obtained from
the existing literature. To see this, we first note that for Wishart matrices an exact expression
of the density function of the condition number k(p,n) was derived in [1] for all 2 <p <n.
However, some complicated zonal polynomials appeared in the density function, which pre-
vents us obtaining any useful asymptotics as n — oco. In [4, 7], lower and upper bounds
of P(k(p, n) > c) were given (again only for Wishart matrices) for the purpose of studying
tails of the condition number (i.e. for large c). Despite the tight bounds as ¢ — oo (with
fixed p and n), the asymptotics with fixed ¢ as n — oo turn out to be very inaccurate. For
general sample covariance matrices, large-deviation asymptotics for Amax and Apyin (individ-
ually and jointly) as n — oo were established in [8]. But the condition number cannot be
precisely controlled by Amax or/and Amin, and the contraction principle cannot be readily
applied.

In this paper, while we employ the proof ideas in [8], we adopt several new strategies in
order to improve certain restrictions and obtain non-asymptotic bounds. More specifically, in
[8] the results were derived under the assumption p = o(n/ InIn n), and in this paper we adopt
the concentration inequality for the maximal eigenvalue (see Lemma 5) and have improved the
assumption to p = o(n); the employment of such concentration inequality also enables us to
consider quite general distribution of the entries (namely sub-Gaussian distribution), improving
the results in [8] where the entries are assumed to be symmetric and bounded (except for
normal entries). Furthermore, the strategy of using two independent x? random variables to
control the condition number enables us to obtain non-asymptotic bounds for the distribution
function of the condition number. To state the main result of the paper, let us introduce several
notations/definitions.

1.2. Sub-Gaussian distribution

A random variable X is said to be sub-Gaussian if it satisfies one of the following three
equivalent properties with parameters K;, 1 <i <3, differing from each other by at most an
absolute constant factor (cf. [24, Lemma 5.5]):

(i) Tails: P(IX] > 1) <exp{l — */K7?} forall t > 0.
(i) Moments: (E|X|P)!/P < K> /p forallp > 1.

(iii) Super-exponential moment: E exp{X2 /K32} <e. If, further, E(X) =0, then (i)—(iii) are
also equivalent to the following:

(iv) Moment-generating function: [E exp{tX} < exp{t2K§} for all ¢ € R for some constant K.

Furthermore, the sub-Gaussian norm of X is defined as sup,, | p~V2E|X|P)!/P, namely
the smallest K7 in (ii). It is noted that normal (or Gaussian), Bernoulli, and bounded random
variables are all sub-Gaussian.
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1.3. Rate functions

To state large deviations, we need to introduce rate functions. In each Euclidean space R”
with p > 2, the Euclidean norm is, as before, written as ||x||, and the inner product of x and y
is written as x - y =x1y1 + - - - +xpy,. For any «, ¢ € R, we define

Lyo(c) = inf sup [ —InEexp {6(5%, —cS2 )],
PO e veRe lxlI=lyll=1,xy=0 QER[ (0(81 = esl]
where S, ;= Z'Izzl X Xii for x=(x1,...,x,) € RP, 1<i<n. Notice that I, 4(c) is non-
increasing in p for each fixed @ and c, and therefore the limit /o o(c): = limy o0 Iy o (C)

exists.

1.4. Main result

Theorem 1. Suppose that the entries Xj;, | <i <p, 1 <j<n, arei.i.d. sub-Gaussian satisfying
(1). Then, for any ¢ > 1 we have, for fixed p,

lim n'InP (kz(p, n) > c) = —1I,0(c), 2)

n—oQ

and, for p = p(n) — oo with p(n) = o(n),

lim n~'InP (kz(p, n)> c) = —Ise.0(0). 3)
n—od

Since the standard normal distribution is sub-Gaussian, a very special case of Theorem 1 is
the real central Wishart matrix W,(n, n’II) for which the entries Xj;, 1 <i<p, 1 <j<n, are
i.i.d. standard normal N(0,1).

Corollary 1. Suppose that the entries Xjj, 1 <i<p, 1<j<n, are i.i.d. standard normal
N(0,1). Then, for any ¢ > 1, lim,_ 0o n~ ' InP(k*(p, n) > ¢) = =2 In[(c + 1)*>/(4c)] when p
is fixed or p = p(n) — oo with p(n) = o(n).

In order to carry out a specific application of Corollary 1 in statistics (namely the union-
intersection test method mentioned above), in Section 3 we prove a somewhat interesting result
specified in Lemma 3: the upper tail of k?(p, ) = Amax/Amin can be controlled by the upper
tails of ratios of two independent x? random variables. This in turn yields an independent
concise proof of Corollary 1 (under the assumption that p is fixed or p(n) = o(n/ In n)). Note
that individually Amax and Amin for Wishart matrices Wy(n, n’II) are not X2 random vari-
ables (actually, the exact evaluation of the distributions of Amax and Amiy is difficult, involving
hypergeometric functions; see [15, Section 9.7]). Furthermore, it is clear that Aymax and Amin
are not independent. From this point of view, to control k*(p, n) using ratios of two indepen-
dent x? random variables is kind of unexpected. Such an application is formulated in detail in
Section 5.

It should be mentioned in Theorem 1 that I, (1) = 0, I,0(1) = 0, and both 0 < 1, o(c) < 00
and 0 < Io,0(c) < oo forall ¢ > 1 (see Lemma 7). To find explicit expressions for I, o(c) is in
general not easy because of the infimum; however, for some special cases it is feasible to
compute I, o(c). One particular example is, as we have seen, Corollary 1 for which I, o(c) can
be explicitly written (and turns out to be independent of p). Below is another example.

Example 1. Let p =2 and the entries X;; be P(X;; = —1)=P(X;; =1)=1/2. Then I o(c) =
In (2¢/“+D /(c 4+ 1)). To see this, note that the matrix Wayo: =XX' /n can be explicitly
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written as

W_

n

1 n 21 X1jXo)
D1 XX n '

Therefore, Amax = (n + | Z/'.':l X1.,~X2.,~|)/n and  Amin = (n - | Z/'.':l leX2j|)/n. Hence,
P(k*(p, n) > c)=P(| Y X1jXoj| = (c — Dn/(c+ 1)). Notice that {X;;Xp;, 1<j<n} are

ii.d. random variables with a common distribution P(X;Xo; = —1) =P(X1jXo; =1)=1/2;
then Cramér’s theorem yields

n
ZX]szj

J=1

n—o0

lim n 'In IP’( > (c— Dn/(c+ 1)) =—In QD /(e + 1)),

50 I, o(c) = In 2D /(c + 1)).

A full proof of Theorem 1 will be given in Section 4. It would be interesting to investigate
explicit expressions of /5 o(c) as well. However, a major difficulty comes from the infimum
over all x, y e R” with |[x|]|=]|y|]|=1 and x-y=0 as p — oo. If we can show that, under
suitable additional assumptions,

oo 0@ =2""n [+ /(o). )

then we prove an elegant universality result: the large-deviation asymptotics of the condition
number of a sub-Gaussian random matrix coincide with those of a standard normal random
matrix as n — co. We note that (4) cannot hold in general only under the assumptions of
Theorem 1. For instance, if P(X;; = —1) =P(X;; =1) = 1/2, then P(Apin = 0) > P(X;; =1, 1 <
i<2,1<j<n)=272" This implies that, for any ¢ > I,

Ie.0© = lim n~'InP (K¥(p, n) = c)

<— lim 7' InP Omin=0) <21n2,
n—oo

and in this case (4) does not hold. Therefore, to show (4) it is likely that some reg-
ularity assumptions should be imposed on the distribution of X;;. Furthermore, if we
are able to manage to prove that for each p=p(n) the minimizing couple (x,y)=
((x1, ...y xp), 015 - -+, ¥p)) in I, o(c) satisfies the condition limy, oo max (|x1], ..., [x,[) =0
and lim,_, oo max (|yi[, ..., [yp]) =0, then according to [12, Theorem 1] both Sy and S, |
converge to N(0,1) in distribution and (4) very likely holds. However, the minimizing cou-
ple seems to be very challenging to obtain explicitly, even for the simplest case described in
Example 1 with p =2.

At the end of this section, we make an observation. Because of the finiteness of the rate
function at each ¢ > 1 in Theorem 1, it follows that ]P’(kz(p, n) >c) > 0 for n large enough
(strictly positive), which is a non-trivial fact. On the other hand, because of the positivity of
the rate function at each ¢ > 1, P(k*(p, n) > c) tends to zero exponentially fast as n — 0o.

2. Proof outlines

Overall, the proof ideas are based on the ones in [8] which were used to study Amax and
Amin individually and jointly. More precisely, for the lower bounds in (2) and (3), we relate the
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condition number probability to that involving # i.i.d. random variables so that the classical
Cramér’s theorem can be used.

Lemma 1. For any 2<p <n and c> 1, the set {kz(p, n) >c} is equal to the set {x,ye€
RP s.t.|lx||=1lyll=1, x-y=0, and (x- Wx)/(y - Wy) > c}.

Proof of Lemma 1. If w € {a):kz(p, n) > c}, then let us take x = the eigenvector of Amax
and y = the eigenvector of Apin. We can think of x and y as normalized vectors so that
[Ix]] = ly|| =1 and x - y = 0. Furthermore, (x - Wx)/(y - Wy) = kz(p, n) > c. To see the other
direction, let us take w € {(x - Wx)/(y - Wy) > ¢} for some ||x|| =||y|]|=1 and x - y = 0. Since
Amax = 2 - Wz and Apyin < z- Wz forall z € RP with ||z|| = 1, it follows that k2(p, n) > (x- Wx)/
v-Wy)=c. O

With the help of Lemma 1, we can take any two fixed points x, y € R” with ||x|| = ||y|| =1
and x - y =0, and obtain

P (k2<p, n> c) > P ((x- Wx)/(y- Wy) = ¢) =P (Z (83, —cS3)/n= 0) ®
i=1

Now the classical Cramér’s theorem applied to the n i.i.d. random variables (S)zc,i - cSii), 1<
i <n, gives the lower bounds.

The upper bounds in (2) and (3) are more complicated. In order to be able to still make use
of Lemma 1, we need to divide the surface S: = {x € R”:||x|| = 1} of the p-dimensional sphere
of unit radius into smaller pieces, and then take approximations.

Lemma 2. For any 0 < d < 1/2, let Ng denote the minimal number of spherical caps of chord
2d/1 — d2/4 needed in order to cover S, and {x(i), 1 <i < Ny} be the centers of these spherical
caps. Then, any two points x,y € S with x -y =0 can be approximated in the following way:
there exist 1 < i, j < Ny such that ||x —x®|| < d, ||y —y®)|| < 2d, ||y —xP|| < d, and xD -
Yid) =),

The proof of Lemma 2 is given in [8, p. 1056], and the total number of pairs {x(i), y("’-/)},',jz 1
is bounded by Ng. Thanks to Lemma 2, the probability P (kz(p, n)> c) essentially has an upper
bound

Z P((x(i) . Wx(i))/(y(i’j) . Wy(i’j)) > Cd)

1<i,j<Ng4

in an appropriate form for some c; depending on d (see estimates (9) below for a precise
formulation of such an upper bound). However, estimating this upper bound requires subtle
relations among Ny, p, and n, and it turns out that the desired upper bounds in (2) and (3) can
be derived in this way only for fixed p or p = p(n) — oo with p(n) = o(n); see Section 4 for the
proof details.

In order to achieve an application in statistics using Wishart matrices, some non-asymptotic
estimates will be derived for the distribution function of the condition number using ratios of
two independent X2 random variables; see Lemma 3 for a precise formulation. To this end, we
decompose the joint probability density function of the ordered p eigenvalues.

The non-trivial proofs of the positivity I, o(c) > 0 and I 0(c) > 0 with ¢ > 1 and of the
finiteness 1, 0(c) < 00 and I o(c) < 00 with ¢ > 1 are given in Lemma 7.
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3. Wishart matrices

In this section we restrict ourselves to real central Wishart matrices W, = XX /n. The
condition number k(p,n) of W does not depend on the scaling parameter 1/n, so throughout
this section for simplicity the non-negative real eigenvalues A; > 0, 1 <i <p, of XXT are con-
sidered. In this setting, let us denote A = (A1, . .., A,); then, the probability density function of
X can be written as (cf. [10])

P P
J%,n<k>=c<p,n>~exp:—2w2}' [T pa=ag TTA"%
i=1

I<i<j<p i=1

where c(p, n) = (/2 /2020 TP (D(14i/2)T((n — p +i)/2))~". Hence, the probabil-
ity density function g, ,(Aorq) Of the ordered eigenvalues Aorg = (A1), - . ., A)) With Aq) >
A2y == Ap) =018 gp n(Aord) = plfp.n(Aord) ON A1) > A2) > - - - > Ap) > 0. The main result
of this section is to control the condition number using ratios of two independent x> random
variables.

Lemma 3. Foranyc>1and2 <p <n,
P(U1/Us = ¢) < P(K*(p, n) = ¢) < a(p, n) - P(Us /Uy = ©),

where Uy ~ x*(n), Us ~ x%(n), Us ~ x*(n+3p —5), and Uy ~ x*(n — p + 1) are four inde-
pendent X2 random variables, and

2T((n+3p —5)/2T((n —p+ D/2)
F(p/2T (/DT ((p— /2T ((n — 1)/2)’

alp,n) =

Proof. The lower bound follows from (5). More specifically, in the summation ) (S)zm- -
eSy ), each Sy ;=37 xuXpi~N(O, 1) and Sy ;=>"}_, yiXxi ~ N(0, 1). Furthermore, Sy ;
and S, ; are independent since E(Sy;Sy ;) = x -y =0. Therefore, > Sii ~ x*(n), which is
independent of )7, Sii ~ x2(n).

For the upper bound, we decompose the density function g, (Aoq) of the ordered
eigenvalues A1) > A) > - - - = A(p) = 0 as follows:

&p.n(*ord) = PYfp.n(Aord)

p p

—p—1)/2

=plc(p, n) - exp {— Z)»(,’)/Z} . l—[ (A — AG)) - l—[ )\E:l) p=b/
i=1 i=1

1<i<j<p

=C(p,n)- [(A(])A@))(”P1)/2e()\<1)+)\(”))/2 1_[ Oty — Ay

2<i<p

l_[ (Ao — )\(p)):| Ny a(A@2)s - Ap—1)),
2<i<p—1

where C(p, n) = (plc(p, n))/((p—2)!c(p —2,n—2)), and hy, is another density func-

tion given by  fpu( s Ape1) =P —2le(p —2,n—2)-exp {— X0, riy/2) -
—1 . (i—p—1)/2 .

1_[2§i<j§p—l Ay — Ag)) - ]_[f:2 )\81) P=D2 1f one applies the bound 1_[251'517 Ay —
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—1)+(p—2
Ai) Tho<icp—1 iy = Ap) = ?»?17) PP on Ay =A@ == Ay = 0, then gpu(hora) <
C(p, n)- )\E?;FBP77)/2 . )»EZ;Pil)/z e~y trp)/2 “hpu(A@)s - - -5 Ap—1))- Hence,

P(k*(p, n) > ¢) =/ gp.n(Aord) dA(ry - - - dA(p)
A/ Mpze )z Zhp) =0

= / / gp,n()vord) d)\(1) s d)\(p)
A/ rpze SrgzZhp-1)=0

<C(p.n) AR GO e Cartho)/2 4j gy dig)
A/ Apyze

=a(p,n)-P(U3/Us = c),
where the last equality comes from identifying the density functions of the corresponding two

independent X2 random variables. We remark that similar decompositions were used for Amax
and Apip individually in [11]. O

As mentioned earlier, the upper tail controls specified in Lemma 3 yield an independent
concise proof of Corollary 1 (with p=o(n/1Inn)), which is presented here for the sake of
completeness.

Proof of Corollary 1. 1t suffices to prove the upper bound for ¢ > 1. Lemma 3 yields

lim sup n'nP (kz(p, n) > c) < lim sup n'in a(p, n) + lim sup n'in P(U3/Us > ).

n—oQ n—oQ n—oQ

We shall first prove lim,_ oo n~ ' Ina(p, n)=0 under p=o(n/Inn). If p is fixed, then,
as n — 0o,

[ al'((n+3p—=35/2)T'(n—p+1)/2) j|

Ina(p, n)=In

Lp/2T(n/2)I((p — D/ ((n = 1)/2)

=InI'(n+3p—5)/2)+Inl'(n—p+1)/2)
—InT'(n/2) —In'((n — 1)/2) + o(n).

It follows from Stirling’s approximation that InT'(x) =xInx —x+o(x) as x— oo, so
Ina(p,n) becomes (n/2)In((n+3p—>5)/n)+ n/2)In((n—p+1)/(n— 1))+ o(n) =o(n),
which proves the limit lim,_ n~!n a(p,n)=0. When p=pn)— oo with pn)=
o(n/Inn) as n — oo, similar arguments to those above yield In a(p, n) = (n/2)In ((n+ 3p —
5)/n)+m/2)In(n—p+1)/(n—1))+ O(l)pInn+ o(n), and this again implies the limit
lim,— 00 n~ " Ina(p, n) = 0.

Next, we shall prove the following estimate:

limsupn~! InP(U3/Us > ¢) < —2"' In [(c 1) /(4c)] . (6)

n—oQ

To this end, let us first rewrite the ratio of the two independent x2 random variables as
summations of squares of independent standard normal random variables,

n+3p—5 n—p+1

PUs/Us=c)=P| Y &—c Y ni=0],
i=1 i=1
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where &; and 7; are independent standard normal random variables. However, the two degrees
of freedom n+3p —5 and n — p + 1 are different, so Cramér’s theorem cannot be readily
applied. To achieve the large-deviation asymptotics, we make use of the Gértner—Ellis theorem
[5, Section 2.3]. To this end, let us define

n+3p—5 n—p+1

Zy= Z El’z_c Z 77[2 /I’l,
i=1

i=1

and consider the logarithmic moment-generating function of Z, defined as A,(0)=
In E exp{6Z,}. By using the fact that E exp{@éf} =(1—20)""2for 6 < 1/2, one can establish
the limit, for —1/(2¢) <6 < 1/2 and p = o(n),

A@O)= lim n A, (nf) = lim n~'InEexp{n6Z,) = —2""In[(1 — 26)(1 + 2¢0)].

If one defines the Fenchel-Legendre transform of A(6) as A*(«) =supycr [0 - o — A(B)], a €
R, then the Girtner—Ellis theorem says that, for any closed set F,

limsupn~ ' InP (Z, € F) < — inf A*(). (7

n—00 aeF
Now we take F = [0, 00), and we claim that, for any o > 0, A*(a) = supy~( [0 - & — A(O)].
This comes from the fact that A(9) = InE exp{0&7 — cOn?} > (1 — ¢), thus implying 6 - o —
A0) <0(a+ (c— 1)) <0 for any 6 <0. Therefore, A*(«) is non-decreasing in « for o >
0. Hence, in (7) we have infyer A*(a) = A*(0)=2""In[(c + 1)*/(40)], so (6) now follows
from (7). ]

4. Random matrices with sub-Gaussian entries

In this section we consider sub-Gaussian random matrices X with i.i.d. entries X;; being sub-
Gaussian satisfying (1). To establish large-deviation asymptotics for the condition numbers in
Theorem 1, we handle the two cases p being fixed and p(n) being dependent on n separately
since there are more subtle relations among Ny (which appeared in Lemma 2), d, p, and n when
p(n) — oo. To avoid triviality let us focus on the case ¢ > 1.

Since the lower bounds have already been proved in Section 2, we focus here on the upper
bounds. In the spirit of Lemmas 1 and 2, the set {k2(p, n) > c} can be rewritten and estimated
as follows (for notational simplicity, all points x, y, ), and y/ below will be on S, and we
will not write this explicitly):

{kz(p, n)>cl={x,yst.x-y=0and (x- Wx)/(y- Wy) > c}
C {x(i), y(i’-/) s.t. x9 -y(i’-/) =0and (8)
X0 WxD — eyt Wy D > 23 d(2e 4 1)),

where the inclusion C comes from Lemma 2 and the fact |x- Wx — x® . Wx®| < (||x]| +
IXPIDIWI 2 = xO1] < 2hmaxd.

4.1. Fixed dimension p

When p is fixed, the number Ny of spherical caps of chord 2d+/1 — d? /4 needed to cover
S can be chosen fixed as well, and the exact expression of Ny is not important. To analyze
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the probability of the latter set in (8), we further consider two disjoint sets {Amax < pK} and
{Amax > pK} for some large K which will be specified later. Since Amax < tr(W), with tr(W)
denoting the trace of W, it then follows from (8) that
P(kz(p, n)>c)< P(there exists x(i), y(i’-/) s.t. x9 oy(i’j) =0 and
x @ Wl — ey Wyl > _2pKd(2c + 1)
+ P(tr(W) > pK)
< Z P(x? . Wxl — ey . Wy > —2pKd(2c + 1))

©)

1=i,j<Nq
+ P(tr(W) > pK).

Therefore, denoting &: =2pKd(2c+ 1) with —¢ > 1 — ¢ for small d, Cramér’s theorem
yields

lim sup n~" In Z P(x(i) W — eyt Wyl > —8)
e 1<i,j<Ng
= max limsup n'n P(x(i) Wi — cy(i’j) . Wy(i’j) > —8)

1<ij<Ng n—oo

- X

2 2
= ISI?JaSXNd - ;lelﬁ [—e6 —InEexp {6(S ChE CSy"*”J)}]

< -1, (o).

On the other hand, it follows from Cramér’s theorem again that, with K > 1,

p n
limsup ™! InP(tr(W) > pK) =limsupn™" nP [ > > " X7/(np) > K
n— 00 n— 00 i=1 j=1 )

< —plx(K),
where Iy2(K) = supycp [0K — InEexp {#X7,}]. We now apply the following fact, whose
proof will be presented in Section 6.

Lemma 4. Under the assumptions of Theorem 1 with a fixed p, for any ¢>1 we have
lim,_, o~ I o(c) =1 o(c) < 00 and limg_, oo Iy2(K) = o0.

Taking into account all these observations, we obtain, from (9),

limsupn ™! InP(k*(p, n) > ¢) < max | —1, _s(c), —pIy>(K)} .

n—oo

By sending d — 0 (equivalently ¢ — 07), it follows that /,, _.(c) — I, o(c). Furthermore, by
taking large K, it is clear that Iy2(K) > I, o(c). Therefore,

limsup n ™! InP(k*(p, n) > ¢) < —1,, (c).

n—o0

4.2. High dimension p = p(n)

We note that the arguments in Section 4.1 do not go through when p = p(n) — oo as n — 0o
since, when we take the limit # — oo, the parameter ¢ — oo as well. Furthermore, the number
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Ny of spherical caps of chord 2d: =2d./1 — d? /4 needed to cover S is important and an explicit
expression for this in terms of d is needed. According to [16], Ny = 4p(n)3/2a’l’(”)( In p(n) +
InIn p(n) — Ind)(1 + O(1/ In p(n))) for all d < 1/2 and large p(n). The main ingredient of the
proof in the high dimension setting is the following concentration inequality for the maximal
singular value of the matrix X, .

Lemma 5. [24, Theorem 5.39] With p < n, suppose that the entries Xj;, | <i<p, 1 <j<nare
i.i.d. sub-Gaussian. Then, for any y >0, P(Apax > (1 + k1 + y)2) <2 exp{—/czyzn}, where
K1, k2 > 0 are two constants depending only on the sub-Gaussian norm of Xj;.

With such a concentration inequality, we estimate as follows: P(kz(p, n)>c)< IP’(k2(p, n)>
¢, Amax < (1 +x1+ )’)2) +P(Amax > (1 + k1 + )’)2)- For the term ]P’(kz(P, n)>c, Amax < (1 +
K1+ y)z) we can employ the idea used to prove (9) to obtain

P(k2(p, n) > ¢, Amax < (1 + K1 + 7)2)

<N37 max IP’(x(i) WD — ey @D Wy D > _2(1 + i + y)?d(2c + D).
1<i,j<Ng4

It now follows again from Cramér’s theorem that, with & = 2(1 + k1 + y)?d(2c + 1),

n M InPUE(p, 1) > ¢, Amax < (1 + &1 +1)%)

<(@2/n)InNy Jin, Z:ﬂg [—¢0 —InEexp {6 (S50, S, I
<(2/n)InNg — Ipm),—e(c)

<(@2/n)InNg — Ioo,—a(C),

where the last inequality comes from the fact that I, _, > Iy —¢(c) for small enough
e. The assumption p=p(n)=o(n) implies that lim,_,~ (2/n)InN; =0 for each fixed
d. Therefore, limsup,_, . n~" InP(k*(p, n) > ¢, Amax < (1 + k1 + 1)?) < —Iso,—¢(c). Taking
the limit d — 07 implies that limsup,_, . 2~ InP&>(p, n) > ¢, Amax < (1 + k1 +y)?) <
—I0,0(c). The limit lim,_, - Io,e(c) = Iso,0(c) is established in Lemma 6. In summary,
lim sup,,_, n~ln P(kz(p, n)>c) <max ( — I,0(c), —szz), and the proof is completed by
sending y — oo.

Lemma 6. Under the assumptions of Theorem I with p = p(n) — 0o and p(n) = o(n), we have,
Jorany c> 1, limy_, - Ino,c(¢) = Io,0(c) < 00.

Proof. Since 1, ¢(c) is non-increasing in p, the arguments leading to (10) still work in this
case. Therefore, by taking p(n) — oo we obtain 2(N + 1)g/ep < Iso,¢(c) — Iso,0(c) <0, and
complete the proof by sending ¢ — 07 (]

5. Application: The union-intersection test method

In this section, suppose that a population is p-variate normal with a zero mean vec-
tor and covariance matrix X,,. The sphericity test deals with the hypotheses Hy: X)), =
(7211,X p forsome o >0, H1:Z,x) # (7211,X p- Among others, the union-intersection test method
[20, Section 7.4] suggests that Hy is rejected if k2(p, n) > ¢, where ¢ is determined from
P(k*(p, n) > ¢) =« with a given significance level . Unfortunately, so far in the literature
there is no efficient way to evaluate the probability P(k*(p, n) > ¢) under the hypothesis Hy.
We remark here (again) that an exact expression for ]P’(kz(p, n) > c¢) was derived in [1] with
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TABLE 1. Simulated powers when p =2, for X, = |:015 Ois],p =2, and o = 0.05.
n 5 10 20 50 100
h 0.1114 0.2419 0.4923 0.9077 0.9981
1 025 025 04

025 1 0.1 02

TABLE 2. Simulated powers when p =4, for ¥, = 025 0.1 1 03 ,p=4,and o =0.05.

04 02 03 1
n 10 20 60 100 160
h 0.0033 0.0255 0.3752 0.7829 0.9818

Ypxp =1Ipxp forall 2 < p <ninvolving complicated zonal polynomials which prevents us effi-
ciently obtaining the probability P(k*(p, n) > ¢) (especially for large n). In this section we aim
to control the probability P(kz(p, n) > ¢) (under X, = Ipx, in which we choose, without loss
of generality, o = 1 since the condition number does not depend on ¢') using the upper bound
in Lemma 3 which is easy and efficient, and then apply it to test the above hypotheses using
the union-intersection test method.

Recall the upper bound of P(k*(p,n)>c) in Lemma 3: P(k*(p,n)=>c)<a(p,n)-
P(U3/Us4 > c), where Uz ~ x2(n+3p—5) and Uy ~ x*(n —p+ 1) are two independent %2
random variables. With such an upper bound, we are able to control the p-value for the
above hypotheses test. More specifically, let kgbs(p, n) denote the observed condition num-
ber for data simulated with X, = I,x; then, the p-value has an upper bound pypp defined
as pupp =a(p, n) - P(U3 /Uy > kgbs(p, n)). The null hypothesis Hy is then rejected if pypp < .
Based on these, the simulated powers h of the hypotheses are obtained for various X,
through computer simulations (performed N = 10 000 times); see Tables 1 and 2.

These simulated powers suggest that when 7 is large, it is easy to make a correct conclusion
that the population covariance matrix is not an identity matrix. Here we also note that if one
uses the above procedures to simulate the type-I error o (under the setting that the population
covariance matrix is an identity matrix), it can happen that the simulated type-I error is much
smaller than « since an upper bound of the p-value is used during the procedures. For instance,
with p =4, n =100, N = 10000, and o = 0.05, the simulated type-I error is around 1074,

6. Other detailed proofs

This section contains proofs of the facts and the auxiliary lemmas used in previous sections.

Proof of Lemma 4. We first prove that limg_, o Ix2(K) = 00. Since X;; are sub-Gaussian,
it follows from the super-exponential moment that [E exp{zX fl} < oo for some ¢ > 0 (actually,
one can take r =1 /K32). Therefore,

I (K) = sup [GK —InE exp{@X%l}] >tK—InE exp{tX%l} — 00 as K — oo.
feR
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We then prove that 1, o(c) < oo for all p>2 and ¢ > 1. It suffices to just prove the case
p=2since 0 <1, o(c) < I2,0(c). To show this, we take x* = (x|, x2) = (1/\/5, 1/\/5) and y* =
(1, y2) = (1/+/2, —1/+/2). Hence,

S)ZC*!I - CS)Z,*!I = (Xll/ﬁ+X21/ﬁ)2 - C(Xll/\/E—XZI/\/E)Z
=(1—o)(XT, +X3,)/2 + (1 + X1 Xa1.

If everything is restricted to the set {X21 + &1 > X11 > X»1 > &2 > 0} for some €1, &2 > 0, then

S)2c*,1 —053*,1 >(1—oXi + (1 + X1 (X1 —e1)
=X12X11 — (1 +o0)er)
> X11(2e2 — (1 +0)er)
>0 if(1+c)e <26

Therefore, for (1 + ¢)e; < 2e,

b.oc) = inf sup [— InE exp(6(S2, — 82 1)}]
x.yeRlxll=ll|=1,vy=0 gek : ’

= inf sup [— InE GXP{Q(S,ZC 1~ CS§ 1)}]
x,yeR2,|Ix||=|lyl|=1,xy=0 g>0 ’ ’

< sup [— InE exp(6(s% , — S 1)}]
6>0 ' '

<—InPX21 + &1 > X11 = X21 > 2> 0).

We now claim that, for any entries X;; satisfying the assumptions of Theorem 1, there always
exist &1 and gy with (1 4+ ¢)e; <2¢; such that P(Xp; + &1 > X1 > X21 > & >0) > 0. Here
we chose the right side of zero without loss of generality because E(X;; = 0), but if needed
the left side of zero can be chosen. To see this claim, let us first look at the case when
the distribution of X;; has a pure discrete part on R™, and in this case we can simply take
e1 = &2 =0 since P(X11 = X21 > 0) > 0. If the distribution of X;; does not contain a pure dis-
crete part, then there must exist 0 < ¢; < ¢ < ¢3 withcz =c¢1 + 2¢1/(1 + ¢) (here it is stressed
again that, without loss of generality, we only consider the distribution on R™) such that
P(X;j € (c1, c2)) > 0 and P(Xj; € (2, ¢3)) > 0. Setting £ = c3 — ¢1 and &3 = ¢y, it follows that
(1 +c)e1 =2& and

P(X21 + 1= X11 = X201 = €2 > 0) = P(X21 € (c1, ¢2), X11 € (c2, €3))
> P(X21 € (c1, ©2))P(X11 € (c2, €3)) > 0.
This proves I o(c) < oo for any ¢ > 1. Next, we shall prove that, for ¢ > 1, lim,_, g+ I, _¢(c) =
I.0(c). To achieve this limit, first note that we can actually prove a stronger finiteness result:

I ¢ (c) < oo for some small gy > 0. (‘Stronger’ here refers to the fact that /5 o(c) is non-
decreasing in « for all @ > 1 — ¢.) By taking the same x* and y* as in the above arguments, we

obtain
Eexp{0(S% , — cSi*,l)} >
exp{fer(2er — (1 4+ 0)e)IPXo1 + 61> X11 > X01>2>0), (D)
exp{02e3)P(X11 = X21 > &2 > 0), an
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where (I) represents the case when the distribution of X;; has no pure discrete part, and (II)
means that the distribution has a pure discrete part. If in the above arguments we take c3 =c1 +
1.5¢1/(1 + ¢) (everything else will be kept the same), then (1 + c)e; = 1.5¢; < 2¢>. Hence,
I ¢,(c) < oo for any g9 < min{e2(2e2 — (1 +c)ey), 28%}, implying that I, - (c) < co for any
p=2.

If we denote gy y(a) =supycr [90{ —InEexp {G(Sil - CS;])}]’ then it is clear that
Iy o(c) =1nfy yeRrp |13 |=Iyl|=1,xy=0 &x.y(a0). Since 0 <1, (c) <1 ¢ (c):=N < oo for all 1—
c < e <egp, it suffices to consider A: = {(x, y) e R?:||x||=||y||=1,x-y=0, 8x.y(e0) <N +
1}, thatis, I, ¢(c) = infy yea gx,y(¢) forall I — ¢ < & < g¢. Then, for any (x, y) € A, the convexity
of gxy(e) ine € (1 —c, 0) yields

(gx,y(o) - gx,y(g))/(o —&) < (gx,y(80) - gx,y(o))/(EO)'

This gives us the following nice bounds (with g y(0) > 0 in mind):

0= gx,y(o) - gx,y(g) <N+ D)(—¢)/eo.

Hence,
N+ 1De/eo < (x,iyrgfe‘A (gx.,y(s) - gx,y(o))
< inf — inf 0 10
=, 8x.y(€) Wit 8x.y(0) (10)
= p,a(c) - I[),O(C) <0.
Sending ¢ — 07 in (10) completes the proof. 0

Lemma 7. The functions I, o(c) and I o(c) in Theorem I satisfy I, o(1) =0 and 0 < I, o(c) <
oo forc>1, Ino,0(1) =0and 0 < I,0(c) < 0o for c > 1.

Proof. The proof of the finiteness of 1, o(c) and I o(c) has been done separately in Lemmas
4 and 6. Here we prove the rest.

Jensen’s inequality yields InlE exp{@(Si = S)z,! D= IE(Q(S)%, = S)z,! 1)) =0. Therefore,
supgep [ —InEexp {0(S3, — S5 )}] <0, implying that I,0(1) <0. Taking 6 =0 gives
Iy.0(1) = 0. The term /,0(1) as the limit of 1, o(1) must also satisfy /oo o(1) = 0.

Now we prove that I}, o(¢) > 0 and I o(c) > O for ¢ > 1; this will be done in three steps.

Step 1 We claim that, forany ¢ > 1, p > 2,

Loc)>1/2 - sup [— In (E exp(6S2 | JE exp{—cS?, 1})] S an

inf
xYER? ||x]|=[lyl|=1,xy=0 g>0
To see (11), it suffices to notice that
Eexpl6(S; | — ¢S5 )} < (B exp(26S7 | 1)/ 2(E exp{—20cS; | )/,
Step 2 For ¢>1 and fixed p > 2, it will be proved that I, (c) > 0. To this end, let us

first note that, because of Eexp{tXfl} < oo for some 7> 0 (as remarked in the proof of
Lemma 4),

14
p
E exp(is? |} <Eexp {z Y x3 } - (E exp{tXlzl}> < o0. (12)

i=1
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Then, it follows frome* =1 + x + x2/2 + e"‘xx3/6 for some « € [0, 1] that
Eexp(ss? ) = 1+s+2B(s} )/2+ 5 (explass? ) - 5°,) /6

for small 0 < s < gg. The term E(Si 1) can be bounded as
p
E(Sy ) =EBX{) Yl +6EXT) D xjx <16K; + 12pK;,
i=1 I<i<j<p

and the term
E (exp{otsSil} .sgl) <E (exp{otsSil} (1 +exples?, })K) <00

for some K > 0 and € with g9 + € < t, where the finiteness comes from (12). Therefore, we can
rewrite, for small 0 < s < g,

Eexp{sSil} =145+ -c1+5 - cas),
Eexp{sSil} =1+s5+s- c/1 +5° -C;(S),

where 0 < ¢y, c/1 < oo and 0 < ¢a(s), c;(s) < oo for all 0 <s < gp. Now we apply the estimate
In (1 4+ x) < x —x?/4 for all |x| < 1 and obtain

InE exp{fSs 1} < (0 + 6% - c1 467 - c2(9)) — 0(6),
InEexp(—0cS2 ) < (— Oc+ (06 - ¢; — (0)° - 5(6)) — 0(6)
for small 8. Hence, for small enough 6, uniform in x and y,
In (]E exp(0S2 | JE exp{—cS? }) <0(1—¢)+0(0).
Taking this inequality back to (11), we get, for small 6 <e,

Lo(c)>1/2 - sup [— In (E exp(052 JE exp{—ecs}{l})]

inf
x,yeRP, [[x||=lyll=1,xy=0 g<¢
>sup [0(c— 1)+ 0(0)] > 0.

0<e

Step 3 For ¢ > 1, we prove that I o(c) > 0. The proof will be identical to the one in Step 2
if we one can show, instead of using (12), that E exp{tS)%_l} < C < oo for some ¢ > 0 and some
constant C > 0 which is independent of p and x. To this end, we use the moment-generating
function upper bound in the definition of a sub-Gaussian random variable:

Eexp{rX11} <exp{’K3}  forallzeR. (13)
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Now we apply (13) and the fact that E exp{rZ} = exp{r*/2} for all t € R, where Z ~ N(0, 1),
which is independent of the entries, and derive, forany 0 <t <1/ (SKE), that

Eexp{tSil} :E(E(exp {tSil} |Sx,1)) =E(E(E(exp {\/ZSXJZ} |Sx,1) | Sx,l))
=E(E(exp {v218:,1Z} | Sx.1)) = E exp {/215,,1Z}

:E(E(exp {\/ZSXJZ} |Z))
P p
=E|E([[Eexp{v2mxiXuz}1Z) | <E ] [ exp {205 2°K7}

i=1 i=1

—Eexp [22°K}} = (1 —4ik}) > < V2.
This completes the proof. (]

7. Open problems and future work

In this paper we have only considered condition numbers for some special rectangular
random matrices (i.e. p < n with p = o(n)). It would be interesting and challenging to study
large-deviation probabilities of condition numbers for square random matrices with p = n (and
also for almost square random matrices with n = p + b for b fixed or b = o(n)). The main dif-
ficulty lies in the fact that the various estimates used throughout the paper become imprecise
whenp=n(orn=p+D>b).

Another rectangular case we have not touched on here is when p/n — «k € (0, 1), and in this
case k2(p, n) — (1 4+ «'/2)? /(1 — k'/%)? in probability. With this law of large numbers it is also
natural to study the corresponding large-deviation asymptotics of k(p,n) for large n.

The last open problem is about a universality result (mentioned in (4)): under what assump-
tions on the distribution of the entries does /,0(c) = 2-n [(c +1)? / (4c)]? If the assumptions
can be specified, then the large-deviation asymptotics of condition numbers for all such
distributions coincide with those for Wishart matrices.
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