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We consider the eigenvalue problem
—Am (u) = Am(u) in 2,
u=0 on 92

in an arbitrary Orlicz—-Sobolev space. We show that the existence of an eigenvalue can
be derived from a generalized version of Lagrange multiplier rule. Our approach also
applies to more general problems. We emphasize that no Ay condition is imposed.

1. Introduction
Let m : [0, 400 — [0, +00[ be a non-decreasing continuous function with

m(0)=0, m(t)>0 fort>0 and lim m(t) = +oo.

t—+oo

Associated with m we consider the operator

v
A (1) = div(m(|Vu|)|v—Z|> (1.1)
on a bounded open subset 2 of RY. We will refer to A,, as the m-Laplacian
operator.

In (1.1), | - | denotes the Euclidean norm on RY. We notice that since m(0) = 0,
the function m(|€])€/|€| is continuous on RN and, in fact, is the gradient of M (|¢]),
where

M(t) = /Otm(s)ds.

For later purposes, it will be convenient to extend m into an odd function on R by
putting m(—t) = —m(t).
When m(t) = P71, 1 < p < o0, A,, reduces to the usual p-Laplacian
Apu = div(|VuP~2Vu).
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Let us consider the eigenvalue problem

— Ay (u) = Mm(u) in £, } (1.2)

u=20 on 0f2.

By a non-trivial solution of (1.2) we mean a pair (A,u) with A € R and u # 0 that
verifies (1.2) in a suitable weak sense.

This problem, with m possibly non-homogeneous, was recently studied in [4,5,
10, 11]. In particular, it is shown in [10] that under the sole assumptions on m
described above, problem (1.2) has at least one non-trivial solution.

As observed in [4,5,10,11], problem (1.2), when properly formulated in the setting
of Orlicz—Sobolev spaces, leads to several difficulties connected with the lack of
homogeneity of m and the structure of the corresponding spaces (in general, they
may not be reflexive). In particular, the functional naturally associated to —A,,(u)
is, in general, neither everywhere defined nor a fortiori C'*. This excludes the use
of the standard Lagrange multiplier rule.

One of the purposes in this paper is to show that a certain theorem on general-
ized multipliers, which is well known in the theory of mathematical programming
in Banach spaces (cf. [12]), can be applied to deal with problem (1.2) in its full gen-
erality (i.e. without any additional assumption on the function m). This theorem
involves the so-called Robinson constraint qualification condition.

One advantage of our approach is that it applies as well to more general problems.
We will consider problems with an indefinite bounded weight of the form

—Am(u) = Ap(z)m(u) in £,
(1.3)
u =0 on 02
and, more generally, problems like
—Ap(u) = Ab(z,u) in £2, (1.4)
u =0 on 0f2.

The lack of homogeneity of m and the fact that p changes sign in (1.3) lead to new
difficulties, in particular, with respect to the sign of the principal eigenvalue that
we construct, as we will see later (cf. remark 4.4).

The same approach can also be used to deal with a problem of the form

A(u) = MB(u) in £, } (15)

D =10 on 02 for |a] < n,

where A and B are quasilinear operators in divergence form of order 2n and 2(n—1),
respectively, given by

Au) = Z (—D)IDYA, (2, u, Vu,..., V"),

|a|<mn

B(u) := Z (-1 DYB,(z,u, Vu,..., V" ).

o] <m—1
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The main assumptions in this case are that A and B are potential operators, with
A elliptic and monotone.

The paper is organized as follows. Preliminary results from mathematical pro-
gramming are described in §2. In §3 we recall some tools from Orlicz and Orlicz—
Sobolev spaces we will need. We then use the results of § 2 to study problems (1.3)
and (1.4) in §§4 and 5, respectively. Section 6 is devoted to the technically more
complicated problem (1.5).

2. The Lagrange multiplier rule

The Lagrange multiplier rule, in its most elementary form, asserts the following.
Let f and g be real C' functionals on a real Banach space U. If ug € U minimizes
f(w) under the constraint g(u) = 0 and if ¢’(ug) # 0, then there exists A € R such
that

Ag' (uo) = f'(uo). (2.1)
We will need a result of this type for the case when f : U — R U {+o0} is a
lower semicontinuous proper convex function. In this situation, one is tempted to
replace (2.1) by the inclusion

Ag'(uo) € Of (uo),

where 9f(ug) denotes the subgradient of f at ug. Some care must, however, be
taken, as the following simple example indicates: U = R, f(u) = —+v/u for u > 0,
f(u) = +oo for u < 0, g(u) = u (here, ug = 0 is a minimizer, with ¢’(ug) # 0, but
O f(up) is empty).
As we will see later, the above problem of
minimizing f(u) under the constraint g(u) =0, (2.2)

with f lower semicontinuous proper convex on the Banach space U and g of class
C' on U, is closely related to the following mathematical programming problem in
Banach spaces,

minimize F'(z) under the constraint G(z) € K, (2.3)

where F is a real C'! functional on a real Banach space X, G is a C! mapping from
X into another real Banach space Y and K is a non-empty closed convex subset
of Y. For this latter problem, there is a classical condition, known as the Robinson
constraint qualification condition (cf. (2.4) below), which guarantees the existence
of generalized multipliers.

PROPOSITION 2.1 (cf. theorem 3.1 of [12] or theorem 4.2 of [1]). Let F : X — R,
G:X —-Y and K CY be as in (2.3). Suppose that xg € X solves (2.8) and
assume n addition that

G'(20)X —RY (K — G(z0)) =Y. (2.4)
Then there exists y* in the dual space Y* such that

y" € Nx(G(zo)), (2.5)
F'(zo) +y" o G'(w0) = 0,
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where
Nig(G(xo)) :={z" €Y : 2",y — G(x)) <0 Vy € K}

denotes the normal cone to K at G(xg) and o in (2.6) denotes composition.
Recall that problem (2.2) is called feasible if there exists
u€domf:={u€cU: f(u) <+oo},
with g(u) = 0.

COROLLARY 2.2. Let f : U — RU{+00} and g : U — R be as in (2.2). Suppose
that problem (2.2) is feasible and that ug € U solves (2.2). Furthermore, suppose
that there exist uy and ug in dom f such that

9'(uo)(u1 —up) >0 and g'(uo)(uz — ug) <O0. (2.7)
Then there exists A € R such that
Ag'(uo) € Of (uo)- (2.8)
Proof. We will apply proposition 2.1 with X = U xR, F(u,r) =r,Y = U xR xR,
G(u,7) = (u,7,g9(u)) and K = epi(f) x {0}, where
epi(f) :={(u,7) €U XR:7r = f(u)}.

Clearly, ug € U solves (2.2) if and only if g = (uo, f(uo)) € X solves (2.3). The
verification of (2.4) amounts to proving that, for any given (v,a,3) € U X R x R,
there exist u € U, r € R, (v/,7") € epi(f) and ¢ > 0 such that

u—t(u —ug) = v, (2.9)
r—t(r' — f(ug)) = a, (2.10)
9'(uo)u = B. (2.11)

Using (2.7), one first finds ¢t > 0 and «’ € dom f such that

tg' (uo)(u' — ug) = B — ¢’ (uo)v.

One can then choose, for instance, 7’ = f(u') and find u and r so as to satisfy (2.9),
(2.10). Proposition 2.1 thus implies the existence of y* = (u*,7, ) € U* xR x R
such that (2.5) and (2.6) hold. Expressing these two latter relations in terms of f,
g, uop, one gets

ut=—sg'(ug), r=-1, u"€df(u),

and the conclusion (2.8) follows. |

REMARK 2.3. In [12] it is assumed that K is a cone, but this is not really needed
when the result is stated as in proposition 2.1 above. Related works involving condi-
tion (2.4), as well as proposition 2.1, can be found in [1]. The more general problem
of minimizing F'(z) under the constraints G(x) € K and z € C, C' a non-empty
closed convex subset of X, is also considered in [1,12].

REMARK 2.4. A proof of corollary 2.2, with no reference to mathematical program-
ming, can also be obtained from the results in [9].
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REMARK 2.5. The possibility of applying corollary 2.2 to eigenvalue problems in
Orlicz—Sobolev spaces was already observed in [5].

3. Preliminaries on Orlicz—Sobolev spaces

Let 2 be a bounded open subset of RY and let

M(t) = /Otm(s)ds,

where m : [0, 400[ — [0, +00[ satisfies the same conditions as in § 1 and is considered
as extended as an odd function on R.

The Orlicz space associated to the N-function M is denoted by Las(§2), the
norm closure of L>°(£2) in L (§2) by Ea(£2) and the Orlicz class by Lar(§2) (cf.,
for example, [8]).

The corresponding Sobolev spaces of functions in Lps(§2) (respectively, Fas(£2))
with first distributional derivatives in Lps(§2) (respectively, Eps(£2)) are denoted,
respectively, by WLy (2) and W!Ey(£2). They are identified to subspaces of the
product (L (2))NT1 = ITLy,.

We define the Orlicz—Sobolev spaces W Ly (£2) (respectively, Wi Eps(£2)) as the
o(II Ly, I E ;) closure (respectively, norm closure) of D(£2) in WLy (£2). Here, M
denotes the N-function conjugate to M. We will also need the spaces of distributions
WL (92) and WLE;(£2), which are defined in the usual way,

N
W) = {1 eD@): 1= o= 32 with fo.fi € Ly(@)],
i=1 "

and similarly for W1 E;(£2), where one requires fo, fi € Ey;(£2). These spaces
are endowed with the quotient norm.
It is known that if {2 has the segment property, then the four spaces

(Wo Lt (92), Wo Er (2); W Ly (£2), W™ B (£2))

form a complementary system (cf. [6, §1]). This means that through the natural

pairing
a Ju
<u’f>:/guf0+2/98_x¢f“
=1

the dual of WiEn(f2) can be identified (algebraically and topologically) as
WL (£2) and the dual of WLE 5 (§2) as WLy (£2). In particular, Wa Ly (£2)
is a dual space.

Next we list some well-known properties of these spaces to which we will refer
repeatedly.

(a) m(u) € Lyz(2) if uw € Ep(2) (this is a consequence of the inequalities
M (m(u)) < um(u) < M(2u)). Moreover, for any N-function Q with Q < M
(i.e. that grows at infinity essentially less rapidly than M), the mapping
u — m(u) is continuous from FEy;(f2) into Lg(f2) (a consequence of theo-

rem 17.3 in [8]).
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(b) The mapping u € Ep(2) — M(u) € L(£2) is continuous (this a consequence
of the inequality

M (ug) < %M(Qu) + M(Q(uk —u)),
where ur — u in Ep(2)).

(c) If [, M(u) remains bounded, then u remains bounded in Ly/(£2) (this is a
consequence of the definition of the Luxemburg norm and of the inequality
M(u/t) < M(u)/t for t > 1).

(d) If uw € Ep(£2) and has compact support in {2, then the regularized function
ue — u in Ep(92) (cf. [3]).

(e) Poincaré’s inequality: ||ull,, 2)+[IVulllL,, () and [[Vull|L,, (o) are equivalent
norms in W{ Ly (£2) (cf. [6, corollary 5.8]).

Let us also recall the imbedding theorem of [3]. If

=M

. OrUN 0,

then W3 Ly (£2) C Ly (£2) continuously. Moreover, Wi Ly (£2) C Ep(£2), with
compact imbedding for any N-function P with P < M*. Here, M~! : Rt — R+
denotes the inverse of M and the N-function M* is the so-called Sobolev conjugate
of M. This function is defined by

‘M)

(M*)7H(t) = N

0

where it is assumed, without loss of generality, that

FM)

—t1+1/N < +00

0
If
=M

—t1+1/N < 400,

1
then WLy (2) C C(£2) with compact imbedding.

Note that, by lemma 4.14 in [6] (see also proposition 2.1 in [5]), M <« M* and
consequently Wi Ly (2) C Ep(£2) with compact imbedding, a property which will
be used repeatedly below.

4. Application to problem (1.3)

In this section we study the eigenvalue problem (1.3). It is assumed throughout
that m is as in § 1, that the bounded open set {2 has the segment property and that
p € L>=(92), with p™ £ 0.

By a solution u to (1.3) we mean a pair (\,u), with A € R and u € Wi Ly (£2),
such that m(|Vu|) € Ly;(£2), which satisfies

/m |Vul) |V | )\/me(u)v (4.1)
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for all v € W} Ly (£2). Note that the integral on the left-hand side makes sense
since m(|Vul) is required to lie in L;;(£2). The integral on the right-hand side also
makes sense by property (a) above.

For simplicity of notation, let us denote the complementary system

(Wo Lt (92), Wo Er (2); WLy (£2), W B (£2))

by (Ya YOa Za ZO)
Let us define

ﬂw:LMWW (4.2)

o) = [ picu) (4.3)

As in [5,10], our approach to problem (4.1) consists of minimizing f(u) on Y under
the constraint g(u) = u, ¢ > 0, given.

We have that the function f takes values in RU {+o0} and is clearly convex on
Y, with domf = {u € Y : [Vu| € L;(2)}. Since Y C Ep(02) C Lp(2), the
function g is real valued on Y.

THEOREM 4.1. For any p > 0, there exists ug € dom f, which minimizes f on'Y
under the constraint g(u) = p.

Proof. We first show that our minimizing problem is feasible, i.e. that
Ju € dom f with g(u) = p. (4.4)

This will clearly follow from property (b) if we show that there exists v € D(§2)
with g(v) < p and w € D(£2) with g(w) > p.

Clearly, v = 0 satisfies g(v) < p. Let us show how to construct w. Take K C 2
with cl K C 2, K of positive measure and p > 0 on K but not identically zero on
K. Next let » > 0 be such that

/ pM(rlg) > p,
2

where 1x denotes the characteristic function of K. Since the regularized function
(rli)e converges to rlg in Ep(£2) (cf. property (d)), by using property (b), the
existence of w follows.

The rest of the proof can now be adapted from [5,10]. We will, however, sketch
a slightly different argument, which will turn out to be useful when considering the
more general problem (1.5).

Since the minimization problem is feasible and since Y is the dual of Zj, the
conclusion of theorem 4.1 will clearly follow from the following three facts: (i) f is
a(Y, Zy) sequentially lower semicontinuous on Y; (ii) ¢ is sequentially continuous
on Y with respect to the o(Y, Zy) topology; and (iii) any minimizing sequence is
bounded in Y.

Fact (i) can be seen as a consequence of a well-known result from the calculus
of variations, which says that if a Carathéodory function h on £ x R¥ x R is
non-negative and convex with respect to its last variable, then [, h(z, u(z),v(x)) is
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sequentially lower semicontinuous with respect to the L' convergence of u and the
o (LY, L>°) convergence of v (cf. theorem 3.4 in [2]). Fact (ii) follows from the com-
pact imbedding Y C Ej/(£2) and property (b). Fact (iii) follows from properties (c)
and (e). This ends the proof of the theorem. O

THEOREM 4.2. Let > 0 and let ug € dom f be a minimizer of f on'Y under the
constraint g(u) = p. Then m(|Vugl) € Ly (£2) and ug solves (4.1) for some A € R.

As indicated in § 1, theorem 4.2, with p = 1, was derived in [10] by some ingenious
calculations based, among other things, on the implicit function theorem. We show
next that theorem 4.2 can be obtained by applying the Lagrange multiplier rule
stated in corollary 2.2. Theorem 4.2 (with p = 1) was also obtained in [4] and [5]
(using different approaches) under some additional assumptions on m (M and M
satisfy a Ay condition at infinity).

Proof of theorem 4.2. First we show that
g:Y - RisC!, (4.5)

with
(g'(u),v) = / pm(u)v  for u,v €Y.
7

Indeed, by the mean-value theorem,

g(u+ tv) = g(u)

:/ pm(u + 0v)v
t 7

for some 6 = 6(u,v,t,z), with 0 < |f] < |t|, where x is the integration variable.
Letting ¢ — 0, the conclusion (4.5) then follows from the imbedding theorem and
property (a) (where one can take, for instance, Q@ = M* when M* is defined, or Q
equal to any N-function with Q@ < M when M* is not defined).

Let us now verify that condition (2.7) from corollary 2.2 holds in our situation.
We note that proving the first part of (2.7) (the second part is proved similarly)
amounts to showing the existence of u; € dom f such that

/me(u())ul >/me(u0)u0. (4.6)

We have that pm(ug) # 0 (otherwise, pM (ug) = 0, which is impossible since p > 0).
So we can take K C {2, with cl K C {2 and meas(K) > 0, so that pm(ug) is # 0
and of one sign on K. For a suitable r € R, we then have

/me(uo)7"1K>/me(u0)u0.

Since, by property (d), the regularized function (rlk). converges to rlx in Ep(£2),
and since, by property (a), pm(ug) € Ly;(£2), the existence of u; € D(2) satisfy-
ing (4.6) follows from the preceding inequality.

The feasibility of our minimizing problem and the lower semicontinuity of f were
already verified during the proof of theorem 4.1. We are thus in a position to apply
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corollary 2.2. This yields the existence of A € R such that Ag'(ug) € 9f(ug), i.e.

/Q M(IVol) > /Q M(IVuol) + A /Q pm(uo) (v — o) (4.7)

for all v € Y. Now we claim that (4.7) implies
m(|Vuol) € Ly (2). (4.8)
Indeed, replacing v by ug + v in (4.7), 0 < € < 1, we obtain

1

= [ 010t + o)) = M (1Fual) > A [ pmlaa)o

and, by the mean-value theorem,

/ m(|V(ug + 6v)|) V(o + 9U)|Vv > )\/ pm(ug)v (4.9)
7 7

IV (ug + 6v)

for some 0 = O(ug, v, e, x) with 0 < 0 < e. Taking v = —ug in (4.9) gives

[ ma=o1vuiFul <2 [ pmiuoyuo
N N

Next, let ¢ — 0 and apply the Fatou lemma to find

/ m(|Vuol)[Vuo| < )\/ pm(ug)ug < +00,
2 2

which implies our claim (4.8) (since M (m(t)) = tm(t) — M (t) < tm(t)).
We now return to (4.9) and take v = w — ug with w € Y. Observe that, since
0<d<1,

m(|V(uo + 0(w —uo))|) < m((1 = 0)[Vuo| + 0|Vw|) <m(|Vuol) + m(|Vw)),

where, by (4.8), the choice of w and property (a), we have that the right-hand
side belongs to Ly;(£2). It follows that we can apply Lebesgue’s theorem in the
v = w — ug version of (4.9) when &£ — 0. In this way, We obtain

V’LL()
/Qm(|Vu0|) |Vu0|v(w —ug) = )\/me(uo)(w — up), (4.10)

which holds for all w € Yj. Since (Y,Yy; Z, Zp) is a complementary system, any
w € Y can be approximated in the o(Y, Z) sense by elements in Yy (cf. [6, §1]).
Consequently, using (4.8) again, equation (4.10) holds for all w € Y. The conclu-
sion (4.1) now follows by replacing w in (4.10) by ug £ v with v € Y. O

REMARK 4.3. Since f and g above are invariant by replacing u by |u|, the minimizer
in theorem 4.1 can be taken > 0. The eigenvalue A provided by theorem 4.2 is thus
a principal eigenvalue (i.e. corresponds to a non-negative eigenvector).

REMARK 4.4. Taking ug as a testing function in (4.1), one deduces that

)\/ pm(ug)ug > 0,
Q
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so that X is # 0 and has the same sign as [, pm(ug)uo. The lack of homogeneity
and the presence of the possibly indefinite weight p prevent the comparison of
S pm(ug)ug with the constraint [, pM(ug). In particular, it is not clear whether
the eigenvalue A constructed in the proof of theorem 4.2 is always greater than 0.
(This is clearly the case when m(t) = [¢t[P~! or when p > 0.)

REMARK 4.5. It was proved recently in [11] that problem (1.2) admits an infi-
nite sequence of eigenvalues going to +oco0. The argument in [11] involves Galerkin
approximations and Ljusternik—Schnirelman theory. It would be interesting to see
whether problem (1.3) with an indefinite weight admits a double sequence of eigen-
values going to +o0o and to —oo. A difficulty of the same type as that pointed out
in remark 4.4 may appear in this respect.

5. Application to problem (1.4)

The results of theorems 4.1 and 4.2 can be extended to problem (1.4), with the
same kind of proofs, as we will see in this section.

We will assume that m and §2 are as before and that b is a Carathéodory function
that satisfies some suitable growth condition related to the N-function M. When
the Sobolev conjugate M* is defined, this growth condition reads

|b(x,t)| < a(x) + P~ P(ct) (5.1)

for a.e. x € (2 and all t € R, where P is an N-function with P < M¥*,
0<a(x)€ Lp(f2), and ¢ > 0 is a constant. When the Sobolev conjugate M* is
not defined (i.e. when Y := W Ly (£2) is imbedded into C({2)), the growth condi-
tion on b(z,t) reads
bz, t)] < d(z)e(t) (52)
for a.e. x € 2 and all t € R, where 0 < d(z) € L'(£2) and e : R — R is continuous.
Note that, by the imbedding theorem and property (b), equation (5.1) implies
that b(-,u(-)) € Lp(§2) C L. (£2) for any v € Y. Similarly, equation (5.2) implies
that b(-,u(-)) € L'(£2) for any u € Y. Note also that (5.1) implies that the primitive

B(z,t) ::/0 b(z,s)ds

satisfies
|B(x,t)] < a(x)|t] + cP~H(P(ct))t] (5.3)

for a.e. z € 2 and all t € R (because P~! o P is increasing). On the other hand,
equation (5.2) implies, for B(x,t), an estimate similar to (5.2) (with another con-
tinuous function e). So, in any case, M* being defined or not, we deduce from the
imbedding theorem and property (b) that B(-,u(-)) € L*(§2) for any u € Y.

By a solution to (1.4), we mean a pair (A, u), with A\ € R and u € Wi Ly (£2),
such that m(|Vu|) € Ly (2) and

Vu
/Qm(|Vu|)WVv= )\/Qb(x,u)v (5.4)

for allv € WolLM(.Q). Note that, by the preceding observations, the integral on the
right-hand side makes sense.
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As in §4, our approach to problem (5.4) consists of minimizing

f) = [ MOVl
Q
on Y under the constraint
o) = [ Ble,w =y
Q

for some p € R. We will assume that this minimizing problem is feasible, i.e. that
1 is such that

Ju € Y with f(u) < 400 and g(u) = p. (5.5)

THEOREM 5.1. Let b(x,t) satisfy either (5.1) or (5.2), depending on whether M*
is defined or not. Assume the feasibility condition (5.5). Then the problem of min-
imizing f(u) on'Y under the constraint g(u) = u has at least one solution.

THEOREM 5.2. Assume, as above, conditions (5.1) or (5.2), and (5.5). If ug is a
minimaizer of f(u) on'Y under the constraint g(u) = p and if

b(x7u0) 7_é 07 (56)
then m(|Vugl) € Liz(£2) and ug solves (5.4) for some X € R.

Examples will be given at the end of this section that illustrate the role of assump-
tions (5.5) and (5.6), as well as that of the parameter p.

Some continuity properties of b(z,u) and B(z,u) will be needed in the proofs of
theorems 5.1 and 5.2.

LEMMA 5.3. If (5.1) holds, then the mapping u — b(-,u(:)) (respectively, u —
B(-,u(+))) is sequentially continuous from Y endowed with o(Y, Zy) into Lyz-(12))
(respectively, L*(£2)). If (5.2) holds, then the mappings v — b(-,u(-)) and u —
B(-,u(+)) are sequentially continuous from Y endowed with (Y, Zy) into L*(£2).

Proof. We will only deal with the mapping v — B(:,u(-)) under (5.1). The other
parts of the lemma can be derived by similar arguments. Let u; — w with respect
to Y, o(Y, Zy). The imbedding theorem implies that, for a subsequence, u; — u
in Ep(2) and a.e. in 2. Consequently, by property (b), P(ur) — P(u) and
P(cuy) — P(cu) in L' (£2). Here, P is the N-function and c is the constant appear-
ing in (5.3). It follows that there exists v,w € L!(£2) such that, for a further
subsequence, P(ug) < v and P(cu) < w a.e. in 2. Inequality (5.3) then implies

|B(z,us)| < a(x)P~ (v) + cP~ (w)P ™ (v), (5.7)

where P~1(v) € Lp(2) C Lp(£2) and P~ Y (w) € Lp(2) C Lp(£2). The conclusion
that B(z,ur) — B(z,u) in L'(§2) now follows from Lebesgue’s theorem. O

Proof of theorem 5.1. The existence of a minimizer follows from the three facts (i),
(ii) and (iii) appearing in the proof of theorem 4.1. Facts (i) and (iii) are verified
exactly as before, and fact (ii) is now part of lemma 5.3. O
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Proof of theorem 5.2. In order to apply corollary 2.2, we have to see that g : Y — R
is C! and that condition (2.7) holds. The fact that g is C!, with

(g'(u),v) = /Q b(xz,u)v for u,v €Y, (5.8)

follows by applying the mean-value theorem as in the proof of theorem 4.2 (one
should simply rely here on lemma 5.3 instead of property (a)). The verification of
the first part of (2.7) (the second part is proved similarly) amounts to showing the
existence of u; € dom f such that

/ b(x,up)u; > / b(z, uo)uo. (5.9)
[0 [0
It is here that assumption (5.6) is used, in order to adapt the argument by regu-
larization from the proof of theorem 4.2.

Corollary 2.2 thus provides the existence of A € R such that

/QM(|VU|)2/{2M(|Vu0|)—|—)\/nb(x,u0)(v—uo) (5.10)

for all v € Y. The rest of the proof of theorem 4.2 then carries over to the present
situation without any change. O

EXAMPLE 5.4. Let
b(z,t) = p(z)p(t),

where p € L®(2), pT 20, p : R — R is a functlon like the function m from
the introduction, with its primitive P(¢ fo s)ds verifying P < M*. (We are
assuming here that we are in the case Where M* is defined; if M* is not defined,
then no growth condition on P is needed.) The feasibility condition (5.5) then holds
for any p > 0. This can be verified by an argument of regularization as in the proof
of theorem 4.1. The assumption (5.6) is fulfilled for any p # 0. This can be verified
as in the proof of theorem 4.2. Theorems 5.1 and 5.2 thus apply for any p > 0.
Note that the problem of the present example with p = 1 and M, M verifying the
Ay condition at infinity was considered in [5].

EXAMPLE 5.5. Let b(z,t) satisfy (5.1) (or (5.2)) and assume that for some pg > 0,

JE C 2, with clE C {2 and meas(F) > 0, and 3s C R, with / B(z,s) > po.
E

(5.11)
The feasibility condition (5.5) is then satisfied for any p with 0 < p < pp. Indeed,
taking such a p, equation (5. 5) will follow from lemma 5.3 if we show the existence of
v € D(£2) with g(v fn z,v) < pand of w € D(£2) with g(v) = p. One can take
v = 0and construct w as in the proof of theorem 4.1 by regularization of the function
slp, where s and E are given by (5.11). The fact that B(x,(slg).) — B(x,slg)
in L1(£2) is used here and follows by an easy adaptation of the proof of lemma 5.3.
Let us now look at assumption (5.6). If we assume that, for a.e. x € 2,

|b(x,t)| is non-decreasing (respectively, non—increaSng)} (5.12)

for ¢ > 0 (respectively, ¢t < 0),
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then |B(z,t)| < |b(x,t)||t| for a.e. z and all ¢, and we deduce that assumption (5.6)
is fulfilled if p # 0. Consequently, under (5.11) and (5.12), theorems 5.1 and 5.2
apply for any p with 0 < p < po.

REMARK 5.6. Assumptions (5.5) and (5.6) in theorems 5.1 and 5.2 are usually
connected one with the other, as is seen in the preceding two examples.

6. Application to problem (1.5)

In this section we will see that the preceding approach can also be applied to
problem (1.5). As before, 2 is a bounded open subset of R with the segment
property.

Higher-order Orlicz—Sobolev spaces can be defined in a way similar to the first-
order spaces considered in § 3. We will only recall here some notation related to the
imbedding theorem of [3].

Let Cp be an N-function and suppose first the dimension N > 2. Changing the
values of Cy on a bounded subset of R, one can assume

1 1
Cy ()
/0 t1+1/N dt < 4o0.

If
> Gy (1)
t1+1/N

dt = +o0,
1

define a new N-function C; by

01_1(5) — ° C()_l(t)

t1+1/N dt.

Repeating this process, one obtains a finite sequence of N-functions Cy, C1,...,Cy,

where ¢ = ¢(Cy) is such that
> Cyha(t)
g—1 _
/1 ATI/N dt = +o0,

o Ot
/ q()dt<+oo.
1

t1+1/N

but

If N =1, we put q(Cp) =0.

The imbedding theorem then says the following. Let {2 be a bounded open
subset of RY and let M be an N-function. For n — ¢(M) < |a| < n, write
My = C,,_|q), starting as above with Cyp = M. Then (i) for n — ¢(M) < |a| < n,
the mapping u € WL (2) — D% € Ly, (2) is continuous and the mapping
u € W§Ly(2) — D € Ep(£2) is compact if P < M,; (ii) for |a| < n — q(M),
the mapping u € WLy (£2) — D%u € C(£2) is compact.

Some more notation will be needed. We write

€= (€a)jaj<n €R™ and 5= (ng)jsj<n—1 € RV,
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where N,, (respectively, N,_1) is the number of partial derivatives of order less
than or equal to n (respectively, n — 1) for a function on RY. For such a function u
on RY, £(u) (respectively, n(u)) denotes (D) q<n (respectively, (DPu)g<p—1)-

The following conditions will be imposed on the coefficients A, and Bg of the
differential operators A, B in (1.5).

Ay) Ay(x,€) and Bg(x,n) are Carathéodory functions on £2x RV and 2 x RN»-1,
B
respectively.

(A2) There exist an N-function M, N-functions M, for |a| < n—q(M) (note that,
for n — q(M) < |a| < n, the N-functions M,, that appear below are provided
by the imbedding theorem), a, € Ej;, for |a| < n and a constant ¢ such that,
for a.e. x € 2, all ¢ € RV and all |a| < n,

[ Aa(2,6)| < aal@) +c Y M M, (cE,).

[vI<n

(A3) There exist N-functions Pz with P3 < Mg for n —q(M) < || < n—1
(the N-functions M and Mg are those provided by (Az)), dg € Ep,(£2),
d € L' (), e € C(RNn-a-1) and a constant ¢ such that, for a.e. z € £2 and
all n € RV»-1 with components in RV»-«)-1 denoted by 7, if n — (M) <

Bl <n—1
B, )| < e(i) [dm) e Y Pﬂ—va(cnv)} ,
n—q(M)<|y[sn—1
and if |3] < n — q(M),
By, m)| < (i) [d(x) e Y Py(cnv)}

n—gq(M)<|y|[<n-1

(A4) There exist Carathéodory functions A(z,&) on 2 x RV and B(z,n) on
2 x RN»-1 derivable with respect to the components of £, 7, such that

Au(e,6) = 2= (2,6) and Bﬁ<x7n>=§—i<m>

0
a
for a.e. x € 2 and all £ € RV, p € RV»~1_ |a| < n and |B] < n — 1.

(As) For a.e. z € 2 and all £, & € RV,

3" (Aa(@,€) = Aal@, &) (€ — €)= 0

|a|<mn

(Ag) There exist functions b, € Ey; (£2) for |a| < n, b € L'(£2) and positive
constants di, do such that

3 Aalz, 66 > dy Z M(daéa) = Y ba(w)éa — b(x)

lafsn la|= lal<n

for a.e. x € 2 and all £ € RV,
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Here are some comments on the above conditions. (Ag) and (As) are standard
growth conditions in the study of quasilinear elliptic problems in Orlicz—Sobolev
spaces, while (Ag) is the corresponding coercivity condition (cf., for example, [6,7]).
The monotonicity condition (As) is equivalent to the requirement that A(zx,§) is
convex with respect to £ for a.e. z € §2. Note here that we can assume, without loss
of generality, A(x,0) = B(z,0) = 0, so that

Az, &) = / ZA (z, 88)Eq ds, (6.1)

|a|<n

(z,m) / Z Bg(z,sn)ng ds. (6.2)

O pl<n—1

It then follows from conditions (As), (As) and equations (6.1), (6.2) that A(z,¢)
and B(z,n) satisfy

[A@@,6)] < Y aa(@)l€al +¢ D MM, (cE,)|Ea], (6.3)

la|<n [v|<n
|| <

[B(,m| < e<ﬁ>[ S @l S Py Pyl
n—q(M)<|B|<n—1 n—q(M)<|y|<n—1
n—q(M)<|f|<n—1

+c Z P, (eny) + d(x)}
n—q(M)<|v|<n—1
(6.4)

(for another continuous function e on R¥n—an-1),
We will work in the framework of the complementary system (Y, Yy; Z, Zy), where

Y = WPLa (), Yo :=WIEN(RQ), Z:=W "Ly(), Zy:=W "Ey(fQ).

The following lemma is the analogue in the present setting of lemma 5.3. Its proof
involves the same type of arguments as that of lemma 5.3 and we will not detail it.

LEMMA 6.1. Assume (A1) and (A3). Then, for each 3 withn — q(M) < |3] <n—1
(respectively, |3] < n — q(M)), the mapping u — Bg(-,n(u(-))) is sequentially
continuous from Y endowed with o(Y,Zo) into Ly, (§2) (respectively, LY(92)).
Assume (A1), (A3) and (A4). Then the mapping u — B(-,n(u(:))) is sequentially
continuous from'Y endowed with o(Y, Zy) into L*(£2).

By a solution to (1. 5) we mean a pair (A, u), with A € R and u € WJ L (£2),

such that A, (-, &(u(+))) € Ly (£2) for |a| < n and
/ZA (z,&(u)) D% = / Z Bg(x,n(u))DPv (6.5)
la|<n 18|<n—1

for all v € WLy (£2). Note that, by the imbedding theorem and lemma 6.1, the
integral on the right-hand side is well defined. The integral on the left-hand side is
also well defined by the requirement that A,(-,&(u(-))) belongs to Ly; (£2).
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As in the previous sections, our approach to problem (6.5) consists of minimizing

fw) = [ Al g)
0
on Y under the constraint
o) = [ Blaf) = u
0
for some i € R. Note that, by the convexity of A,
2,6) > Y Aa(@,0)E, (6.6)

|a|<n

which implies that the convex functional f(u) is well defined on Y, with values in
R U {+oo}.
We will also assume that our minimizing problem is feasible, i.e. that u is such
that
Ju € Y with f(u) < +o0 and g(u) = p. (6.7)

THEOREM 6.2. Assume (A1)-(Ag) and (6.7). Then the problem of minimizing f(u)
on'Y wunder the constraint g(u) = p has at least one solution.

THEOREM 6.3. Assume again (Ay)-(Ag) and (6.7). If ug is a minimizer of f on
Y under the constraint g(u) = p and if

> (—1)PIDPBs(x,1m(u0)) £0 in D'(£2), (6.8)
[Bl<n—1

then Aa(-,&(uo(+))) € Lz (£2) for all |o] < m and ug solves (6.5) for some X € R.

Proof of theorem 6.2. The existence of a minimizer follows from the three facts
appearing in the proof of theorem 4.1. Fact (i) is proved by first applying theorem 3.4

of [2] to f(u) — Z|a|<n o(x,0)D*u (which is greater than or equal to 0 by (6.6))
and then observing that, by (Asz), Z|a|<n o(2,0) D%y is sequentially continuous
on Y endowed with U(Y Zy). Fact (i1) is part of lemma 6.1. It remains to verify
fact (iii), i.e. that any minimizing sequence uy is bounded in Y.

Let up € Y be a sequence such that f(ug) < C. Successively using lemma 6.4
below and (Ag), one deduces

dl/ l}: (3d2D%uy,) — /g;n (x 0))Do‘uk—/nb(x) < C.

This implies, by Young’s inequality and Poincaré’s inequality as given in lemma 5.7
of [6], that, for any r > 0,

d1/ S M(3dD%uy) <C+/ S M (Dauk>
Q|a|:n

lee| <m0

<ox [, T w25

|| =
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where C'= C(r) and C is some constant. Choosing r sufficiently large then yields
a bound on fn Zlalzn M (CoD%uy,) for some positive constant Cy. Applying once
more Poincaré’s inequality gives the conclusion that u remains bounded in Y. O

LEMMA 6.4. Assume (A1), (A4) and (As). Then

A,8) > Y 3Au(2, 308 + Y Aul2,0)én

lerl<n lal<n
for a.e. x € 2 and all £ € RN,

Proof. Write

Az, €) = /0 D (Aala,s8) — Aa(@,0))Eq ds + / > Aa(z,0)6qds

|la|<n 0 || <mn
and use (Aj). O

Proof of theorem 6.3. In order to apply corollary 2.2, we have to see that g : Y — R
is C! and that condition (2.7) holds. The fact that g is C! with

for u,v € Y follows by applying the mean-value theorem (and lemma 6.1), as in the
proof of theorems 4.1 and 5.1. The verification of the first part of (2.7) (the second
part is proved similarly) amounts to showing the existence of u; € dom f such that

/ Z Bg(z,n(uo))D u1>/ Z Bﬂxnuo)D (6.9)

|Bl<n—1 |Bl<n—1

It is here that assumption (6.8) enters, in order to find u; € D(£2) satisfying (6.9).
Clearly, by (6.3), such a function u; belongs to dom f.
Corollary 2.2 then provides the existence of A € R such that

[ Aty > [ A e r [ 3 Bawaw)Do—uw) (.10
2 2

|Bl<n—1

for all v € Y. We claim that ug belongs to the domain of our differential operator
A, i.e. that

Aa(z,&(uo)) € Ly, (£2) (6.11)
for all |a| < n (cf. definition (6.5) of a solution to (1.5)). To prove this claim, one

replaces v by ug + ev in (6.10) and uses the mean-value theorem as in the proof of
theorem 4.1 to obtain

/ZA (z,&(uo + 6v))D / Z Bs(2,n(ug))DPv (6.12)

lal<n 8|<n—1
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for some 0 = 0(ug, v,e,z), with 0 < 6 < €. One then takes v = —ug in (6.12) and
uses (As) and the Fatou lemma as ¢ — 0 to get

/ZA (z,&(ug))D%up < / Z Bg(x,m(u0)) D ug < +00. (6.13)

|al<n 18|<n—1

The end of the argument to derive (6.11) is now adapted from [6, remark 4.2].
One denotes by &£(ug)x(x) the N,-uple [D*ug(x)]k, where [D%ug(z)]x = D%up(x)
if |[D*ug(z)| < k and [D%uqg(x)]p = 0 if |D%ug(z)| > k. Let w = (wy) € IIEy;, . Tt
follows from (As) that

/ Z Aoz, E(u0)k)wa
|a|<n
Z An(,&(u0) k) [DYuok

|a|<n

/ZA (z,w) uok—|—/2A (z,w)

la|<n |la|<n

Using (6.13) and (Aj), one sees that the first integral in the right-hand side remains
bounded from above independently of k; the second integral in the right-hand side
also remains bounded independently of k, and the last one does not depend on k.
Consequently, each Aq(+,&(uo(+))x) remains bounded in Ljy; (£2) endowed with
o(Lyz. s Eum, ). The Banach-Steinhaus theorem then implies that Aq(-,&(uo(+))x)
remains bounded in Ly;_ (§2). Since Aq (-, {(uo(-))r) — Aa(-,&(uo(+))) a.e. in 2, we
conclude from theorem 14.6 in [8] that Ay (-, &(uo(+))) € Ly, (£2). Our claim (6.11)
is thus proved.

We now return to (6.12) and take v = w — yp with w € Yy. By (As), the
corresponding left-hand side,

> Aa(w, &(uo + 0(w — un))) D*(w — uo),
|| <m
is
greater than or equal to Z A (x,&(up))D¥(w — up)

lal<n

(which belongs to L'(£2) by (6.11)) and is

less than or equal to Z A (& (uo)) D (w — up)

|la|<n

(which belongs to L (§2) by (A5)). Consequently, Lebesgue’s theorem can be applied
when ¢ — 0, which yields

/ZA (z,&(ug))D*(w — ug) / Z Bg(2,m(uo))D? (w — ug)
lal<n BI<n—1

for all w € Yy. The proof that ug solves (6.5) can now be completed as in the proof
of theorem 4.2, by first deriving the above relation for all w € Y and then putting
w = ug £ v with v arbitrary in Y. O
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