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Abstract Ill-posedness for the compressible Navier–Stokes equations has been proved by Chen et al. [On

the ill-posedness of the compressible Navier–Stokes equations in the critical Besov spaces, Revista Mat.
Iberoam. 31 (2015), 1375–1402] in critical Besov space L p (p > 6) framework. In this paper, we prove

ill-posedness with the initial data satisfying

‖ρ0− ρ̄‖
Ḃ

3
p

p,1

6 δ, ‖u0‖
Ḃ
−

1
2

6,1

6 δ.

To accomplish this goal, we require a norm inflation coming from the coupling term L(a)1u instead of

u · ∇u and construct a new decomposition of the density.

Keywords: Navier–Stokes equations; ill-posedness; Besov space

2010 Mathematics subject classification: Primary 35Q35; 35K55

1. Introduction

The purpose of this article is to study the Cauchy problem for the barotropic

Navier–Stokes equations:
∂tρ+ div(ρu) = 0,
∂t (ρu)+ div(ρu⊗ u)−µ1u− (λ+µ)∇ div u+∇P = 0,
(ρ(0, x), u(0, x)) = (ρ0(x), u0(x)),

(1.1)

where (t, x) ∈ R+×R3, ρ ∈ R, u = (u1, u2, u3) ∈ R3 stand for the density and the velocity

field, respectively, P = P(ρ) represents the scalar pressure. The constants µ and λ are

viscosity coefficients satisfying

µ > 0, λ+ 2µ > 0.

It is easy to check that the solution (ρ, u) is scaling invariant under the transformation

(ρλ, uλ) = (ρ(λ2t, λx), λu(λ2t, λx)). (1.2)

‡The original version of this article was submitted without an identified corresponding author. A notice
detailing this has been published and the error rectified in the online PDF and HTML copies.
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We say a function space is critical means that the corresponding norm is scaling invariant

under the transformation (1.2).

In [22], Nash proved the local existence and uniqueness of (1.1) for the smooth initial

data without vacuum. Matsumura and Nishida [21] showed the global existence with the

small initial data near equilibrium. It is Xin’s work [28] that showed any non-zero smooth

solutions of the full compressible Navier–Stokes (i.e., (1.1) coupling with temperature

equation) will blow up in finite time provided the initial density admits the compact

support. We also refer to [23] and [24] for the blow-up criteria. For the existence of global

weak solutions, we refer to the books [14], [20] and the recent breakthrough paper [25]

and references therein.

In a seminal paper [9], Danchin obtained the global well-posedness for (1.1) in the

critical hybrid Besov space by applying Fourier analysis method, which is motivated

by the work of Fujita and Kato [15] on the incompressible Navier–Stokes. One can

see [3, 5, 6, 10–12, 18, 27, 30] for the local and global well-posedness. More precisely,

Chen et al. [6] and Charve and Danchin [3] proved the global well-posedness in the

hybrid Besov space, the high frequence of which is in L p (p > 3) framework allowing

a class of highly oscillating initial velocity like sin(π
ε
)φ(x), while the authors in [18]

and [30] obtained the associated results with large oscillating initial density. Later,

Wang et al. [27] got the global well-posedness for a new class of large initial data allowing

both highly oscillating initial density and velocity.

Seemingly, (1.1) is locally well-posed for the initial data satisfying

(ρ0− ρ̄, u0) ∈ Ḃ
3
p
p,1× Ḃ

3
p−1
p,1 , p < 6,

see e.g., [8, 11, 13]. So we want to know whether ill-posedness can be proved under p > 6.

Thanks to the work [7] by Chen–Miao–Zhang, one can see that a norm inflation happens

under the initial data satisfying

‖ρ− ρ̄‖
Ḃ

3
p

p,1

+‖u0‖
Ḃ

3
p−1

p,1

� 1.

However, their way does not suit the initial velocity in L6 framework. Motivated by this,

here we prove the ill-posedness under u0 ∈ Ḃ
−

1
2

6,1 . Our main result reads as follows:

Theorem 1.1. Let ρ̄ be a positive constant and p > 6. For any δ > 0, there exists initial

data (ρ0, u0) satisfying

‖ρ0− ρ̄‖
Ḃ

3
p

p,1

6 δ, ‖u0‖
Ḃ
−

1
2

6,1

6 δ

such that a solution (ρ, u) to the system (1.1) satisfies

‖u(t)‖
Ḃ
−

1
2

6,1

>
1
δ

for some 0 < t < δ.

Remark 1.2. In general, the larger space one consider, the easier one proves the

ill-posedness. Comparing with the incompressible Navier–Stokes equations in L∞
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framework (see, e.g., [2, 17, 26, 29]), here we can get ill-posedness for the compressible

Navier–Stokes equations in smaller Besov space due to the more complex structure.

Remark 1.3. We obtain norm inflation with the initial velocity in L6 framework, the proof

of which is different from the previous work [7] (see the following comments). However, we

do not know whether the initial density can be extended to L6 framework. This question

remains open.

Now, let us make some comments on the idea and the difficulty. The proofs of the main

result in the present work and [7] are based on the idea of Bourgain and Pavlović [2] (see

p. 2235), that is, the norm inflation comes from the first approximate, while the associate

norm of other terms are sufficiently small.

(1) In [7], the norm inflation comes from the analysis of nonlinear term u · ∇u which

seems so hard to adapt to the L6 framework. Our idea is taking into account the

coupling term L(a)1u (see the § 3 for the definition of L(a)) and then norm inflation

happens with u0 ∈ Ḃ
−

1
2

6,1 and a0 ∈ Ḃ
3
p
p,1.

(2) To get the norm inflation, except we use a decomposition of the velocity like [7],

we shall construct a new decomposition of density, which makes our proof more

complex especially when we show the corresponding estimate of K (a)∇a (see the

§ 3 for the definition of K (a)), see Step 4 in § 3.3.

This paper is organized as follows:

In § 2, we provide some lemmas and the definitions of some spaces. In § 3, we prove

Theorem 1.1. Precisely, we give firstly a new form (i.e., (3.2)) of (1.1), and then in § 3.1,

we choose the initial data and give some estimates of the corresponding norm. In § 3.2, we

obtain norm inflation by the analysis of U1. § 3.3 devotes to the analysis of U2, while we

close the proof of Theorem 1.1 in § 3.4. In the Appendix, we give the proof of Lemma 2.8.

Let us complete this section by describing the notations we shall use in this paper.

Notations. For A, B two operator, we denote [A, B] = AB− B A, the commutator between

A and B. In some places of this paper, we may use L p and Ḃs
p,r to stand for L p(R3) and

Ḃs
p,r (R3), respectively. The uniform constant C , which may be different on different lines,

while the constant C(·) means a constant depends on the element(s) in bracket. (c j ) j∈Z
will be a generic element of l1(Z) of norm 6 1, and we also write

∑
j∈Z |c j | 6 1.

2. Preliminaries

In this Section, we give some necessary definitions, propositions and lemmas.

The fractional Laplacian operator |D|α = (−1)
α
2 is defined through the Fourier

transform, namely,

|̂D|α f (ξ) := |ξ |α f̂ (ξ),

where the Fourier transform is given by

f̂ (ξ) :=
∫
R3

e−i x ·ξ f (x) dx, or F( f )(ξ) :=
∫
R3

e−i x ·ξ f (x) dx .
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Let C = {ξ ∈ R3, 3
4 6 |ξ | 6 8

3 }. Choose a nonnegative smooth radial function ϕ supported

in C such that ∑
j∈Z

ϕ(2− jξ) = 1, ξ ∈ R3
\{0}.

We denote ϕ j = ϕ(2− jξ), h = F−1ϕ, where F−1 stands for the inverse Fourier transform.

Then the dyadic blocks 1 j and S j can be defined as follows

1 j f = ϕ(2− j D) f = 23 j
∫
R3

h(2 j y) f (x − y) dy, S j f =
∑

k6 j−1

1k f.

One easily verifies that with our choice of ϕ

1 j1k f = 0 if | j − k| > 2 and 1 j (Sk−1 f1k f ) = 0 if | j − k| > 5.

Let us recall the definitions of the Besov space and Chemin–Lerner type space [4].

Definition 2.1. Let s ∈ R, (p, q) ∈ [1,∞]2, the homogeneous Besov space Ḃs
p,q(R3) is

defined by

Ḃs
p,q(R

3) = { f ∈ S′(R3); ‖ f ‖Ḃs
p,q (R3) <∞},

where

‖ f ‖Ḃs
p,q (R3) =



∑
j∈Z

2sq j
‖1 j f ‖qL p(R3)

 1
q

, for 1 6 q <∞,

sup
j∈Z

2s j
‖1 j f ‖L p(R3), for q = ∞,

and S′(R3) denotes the dual space of S(R3) = { f ∈ S(R3); ∂α f̂ (0) = 0; ∀α ∈ N3

multi-index} and can be identified by the quotient space of S ′/P with the polynomials

space P.

For the definition of S′(R3), see [16, Appendix A.1].

Definition 2.2. Let s ∈ R, (p, q, r) ∈ [1,∞]3, 0 < T 6∞. The Chemin–Lerner type space

L̃r
T Ḃs

p,q(R3) is defined by

L̃r
T Ḃs

p,q(R
3) = { f ∈ S′(R3); ‖ f ‖L̃r

T Ḃs
p,q (R3) <∞},

where

‖ f ‖L̃r
T Ḃs

p,q (R3) =



∑
j∈Z

2sq j
‖1 j f ‖qLr

T L p(R3)

 1
q

, for 1 6 q <∞,

sup
j∈Z

2s j
‖1 j f ‖Lr

T L p(R3), for q = ∞.

It is clear that L̃r
T Ḃs

p,r = Lr
T Ḃs

p,r .
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Let us introduce the homogeneous Bony’s decomposition.

uv = Tuv+ Tvu+ R(u, v),

where

Tuv =
∑
j∈Z

S j−1u1 jv, Tvu =
∑
j∈Z

1 j uS j−1v, R(u, v) =
∑
j∈Z

1 j u1̃ jv,

here 1̃ j = 1 j−1+1 j +1 j+1.

The following propositions provide Bernstein type inequalities and the standard

estimate of heat equation in order.

Proposition 2.3. Let 1 6 p 6 q 6∞. Then for any β, γ ∈ N3, there exists a constant C
independent of f, j such that

(1) If f satisfies

supp f̂ ⊂ {ξ ∈ R3
: |ξ | 6 K2 j

},

then

‖∂γ f ‖Lq (R3) 6 C2 j |γ |+ j ( 3
p−

3
q )‖ f ‖L p(R3).

(2) If f satisfies

supp f̂ ⊂ {ξ ∈ R3
: K12 j 6 |ξ | 6 K22 j

}

then

‖ f ‖L p(R3) 6 C2− j |γ | sup
|β|=|γ |

‖∂β f ‖L p(R3).

The standard estimate of heat equation reads:

Proposition 2.4. [1] Let T > 0, s ∈ R and 1 6 r 6∞. Assume that u0 ∈ Ḃs
r,1 and

f ∈ L̃ρT Ḃ
s−2+ 2

ρ

r,1 . If u is the solution of the heat equation{
∂t u−µ1u = f,
u(0, x) = u0(x),

with µ > 0, then ∀ρ1 ∈ [ρ,∞], we have

µ
1
ρ1 ‖u‖

L̃
ρ1
T Ḃ

s+ 2
ρ1

r,1

6 C
(
‖u0‖Ḃs

r,1
+‖ f ‖

L̃ρT Ḃ
s−2+ 2

ρ
r,1

)
. (2.1)

Lemma 2.5. [1] Let T > 0, s > 0 and 1 6 r, ρ 6∞. Assume that F ∈ W [s]+3,∞
loc (R) with

F(0) = 0. Then we have

‖F( f )‖L̃ρT Ḃs
r,1

6 C(1+‖ f ‖L∞T L∞)
[s]+2
‖ f ‖L̃ρT Ḃs

r,1
. (2.2)

The Kato–Ponce estimate can be given by

Lemma 2.6. [19] Let s > 0, 1 6 p, r 6∞, then

‖ f g‖Ḃs
p,r (R3) 6 C

{
‖ f ‖L p1 (R3)‖g‖Ḃs

p2,r
(R3)+‖g‖Lr1 (R3)‖g‖Ḃs

r2,r
(R3)

}
, (2.3)

where 1 6 p1, r1 6∞ such that 1
p =

1
p1
+

1
p2
=

1
r1
+

1
r2

.
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For the readers’ convenience, we refer to [1] for more details.

Thanks to the above Bony’s decomposition and Bernstein inequalities, we can obtain

the following product estimates.

Lemma 2.7. Let

1 6 s, s1, s2, si1, si2 6∞, 3 < r <∞, 3 < q < 6, |α| > 1,
1
s
=

1
s1
+

1
s2
=

1
si1
+

1
si2
, i = 1, 2,

3
p0
+

3
r
> 1, p0 > 6.

Then the following estimates hold:

(a)

‖ f g‖
L̃s

T Ḃ
3
r

r,1

6 C
(
‖g‖L

s11
T L∞‖ f ‖

L̃
s12
T Ḃ

3
r

r,1

+‖∂αg‖L
s21
T L∞‖ f ‖

L̃
s2
T Ḃ

3
r −|α|

r,1

)
; (2.4)

(b)

‖ f g‖
L̃s

T Ḃ
3
r −1

r,1

6 C
(
‖ f ‖L

s11
T L∞‖g‖L̃

s12
T Ḃ

3
r −1

r,1

+‖ f ‖
L

s21
T Ḃ

3
p0
+2

p0,1

‖g‖
L̃

s2
T Ḃ

3
r −3

r,1

)
; (2.5)

(c)

‖ f g‖
L̃s

T Ḃ
3
r −1

r,1

6 C‖ f ‖
L̃

s1
T Ḃ

3
p0

p0,1

‖g‖
L̃

s2
T Ḃ

3
r −1

r,1

. (2.6)

In particular, we have

‖ f g‖
L̃s

T Ḃ
3
q −1

q,1

6 C‖ f ‖
L̃

s1
T Ḃ

3
q

q,1

‖g‖
L̃

s2
T Ḃ

3
q −1

q,1

. (2.7)

Proof. (a) Using Bony decomposition and Young’s inequality for series, we have

‖1 j Tg f ‖Lr +‖1 j R( f, g)‖Lr 6 C
∑
|k− j |64

‖Sk−1g‖L∞‖1k f ‖Lr

+C
∑

k> j−3

‖1k g‖L∞‖1k f ‖Lr

6 C‖g‖L∞
∑

k> j−4

‖1k f ‖Lr

6 C2− j 3
r ‖g‖L∞

∑
k> j−4

2( j−k) 3
r 2k 3

r ‖1k f ‖Lr

6 Cc j 2− j 3
r ‖g‖L∞‖ f ‖

Ḃ
3
r

r,1

.

And by Bernstein’s inequality, one can get

‖1 j T f g‖Lr 6 C
∑
|k− j |64

‖Sk−1 f ‖Lr ‖1k g‖L∞
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6 C
∑
|k− j |64

2−k|α|
‖∂α1k g‖L∞‖Sk−1 f ‖Lr

6 C‖∂αg‖L∞
∑
|k− j |64

2−k|α|
‖Sk−1 f ‖Lr

6 C2− j 3
r ‖∂αg‖L∞

∑
|k− j |64

2( j−k) 3
r 2k( 3

r −|α|)‖Sk−1 f ‖Lr

6 Cc j 2− j 3
r ‖∂αg‖L∞‖ f ‖

Ḃ
3
r −|α|

r,1

,

where we have used

|α| > 1, r > 3

and

‖2 js
‖S j f ‖L p‖lr (Z) ≈ ‖ f ‖Ḃs

p,r
, s < 0,

Adding the above estimates, then multiplying 2 j 3
r and summing over j ∈ Z, applying

Hölder’s inequality to resulting estimate can yield the desired result (2.4).

(b) Similarly, we have

‖1 j T f g‖Lr +‖1 j Tg f ‖Lr 6 C
∑
|k− j |64

‖Sk−1 f ‖L∞‖1k g‖Lr +

∑
|k− j |64

‖Sk−1g‖Lr ‖1k f ‖L∞

6 C2− j ( 3
r −1)
‖ f ‖L∞

 ∑
|k− j |64

2( j−k)( 3
r −1)2k( 3

r −1)
‖1k g‖Lr

+

∑
|k− j |64

2( j−k)( 3
r −1)2k( 3

r −1)
‖Sk−1g‖Lr


6 Cc j 2− j ( 3

r −1)
‖ f ‖L∞‖g‖

Ḃ
3
r −1

r,1

. (2.8)

Let 3
r1
=

3
p0
+

3
r , then 3

r1
> 1. By Bernstein’s inequality,

‖1 j R( f, g)‖Lr 6 C2 j ( 3
r1
−

3
r )

∑
k> j−3

‖1k f 1̃k g‖Lr1

6 C2 j ( 3
r1
−

3
r )

∑
k> j−3

‖1k f ‖L p0 ‖1̃k g‖Lr

6 C2 j (1− 3
r )

∑
k> j−3

2( j−k)( 3
r1
−1)2k( 3

r1
−1)
‖1k f ‖L p0 ‖1̃k g‖Lr

6 C2 j (1− 3
r )‖ f ‖

Ḃ
3
p0
+2

p0,1

‖g‖
Ḃ

3
r −3

r,1

∑
k> j−3

2( j−k)( 3
r1
−1)ck

6 Cc j 2 j (1− 3
r )‖ f ‖

Ḃ
3
p0
+2

p0,1

‖g‖
Ḃ

3
r −3

r,1

.

Following the same lines as the upper estimate of (2.4) leads the estimate (2.5).
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(c) (2.6) can lead to (2.7) if we choose r = q and use Ḃ
3
q

q,1 ↪→ Ḃ
3
p0
p0,1

. For the proof of (2.6),

indeed, By (2.8) and

‖1 j R( f, g)‖Lr 6 Cc j 2 j (1− 3
r )‖ f ‖

Ḃ
3
p0

p0,1

‖g‖
Ḃ

3
r −1

r,1

,

together with Ḃ
3
p0
p0,1

↪→ L∞ can imply the desired result.

To meet the requirement in our proof, we also need some estimates of the following

generalized transport equation, the proofs of which will be given in the Appendix.

Lemma 2.8. Let T > 0, p0 > 6 and q ∈ (3, 6). If B is the solution of the generalized

transport equation {
∂tB+ u · ∇B−B div u = f,
B(0, x) = B0(x),

then we have

(a)

‖B‖L∞T L∞ 6 C(‖B0‖L∞ +‖ f ‖L1
T L∞) exp{C‖∇u‖L1

T L∞}; (2.9)

(b)

‖B‖
L̃∞T Ḃ

3
q

q,1

6 C
(
‖B0‖

Ḃ
3
q

q,1

+‖B‖L∞T L∞‖u‖
L1

T Ḃ
3
q +1

q,1

+‖ f ‖
L1

T Ḃ
3
q

q,1

)
exp

{
C‖∇u‖

L1
T Ḃ

3
p0

p0,1

}
; (2.10)

(c)

‖B‖
L̃∞T Ḃ

3
p0

p0,1

6 C
(
‖B0‖

Ḃ
3
p0

p0,1

+‖ f ‖
L1

T Ḃ
3
p0

p0,1

)
exp

{
C‖∇u‖

L1
T Ḃ

3
p0

p0,1

}
. (2.11)

Remark 2.9. The limitation of the parameters like q and p0 in Lemmas 2.7 and 2.8 can

be easily relaxed. To make the following proof clear, we only focus on some special scope.

3. Proof of Theorem 1.1

Firstly, we need to get a new form of system (1.1). Let

A = µ̄1+ (λ̄+ µ̄)∇div, K (a) =
P ′(ρ̄(1+ a))

1+ a
, L(a) =

a
1+ a

,

and µ̄ = µ
ρ̄

, λ̄ = λ
ρ̄

, ν̄ = λ̄+ 2µ̄. then we can rewrite (1.1) as follows:
∂t a+ u · ∇a+ div u(1+ a) = 0,
∂t h− ν̄1h = −|D|−1 div(u · ∇u+ L(a)Au+ K (a)∇a),
∂t�− µ̄1� = −|D|−1 curl(u · ∇u+ L(a)Au),
(a(0, x), h(0, x),�(0, x)) = (a0(x), h0(x),�0(x)),

(3.1)
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by introducing the new unknowns

a =
ρ

ρ̄
− 1, h = |D|−1 div u, � = |D|−1 curl u

leading to

u = −|D|−1
∇h+ |D|−1 curl�.

The above can also be seen in [7]. Let b = L(a), then we can rewrite (3.1) as follows:
∂t b+ u · ∇b+ (1− b)div u = 0,
∂t h− ν̄1h = −|D|−1 div(u · ∇u+ bAu+ K̃ (b)∇b),
∂t�− µ̄1� = −|D|−1 curl(u · ∇u+ bAu),
(b(0, x), h(0, x),�(0, x)) = (b0(x), h0(x),�0(x)),

(3.2)

where b0 = L(a0), K̃ (b) =
P ′( ρ̄

1−b )

1−b . By Duhamel principle, we have

h(t, x) = eν̄1t h0−

∫ t

0
eν̄(t−τ)1|D|−1 div(u · ∇u+ bAu+ K̃ (b)∇b) dτ,

�(t, x) = eµ̄1t�0−

∫ t

0
eµ̄(t−τ)1|D|−1 curl(u · ∇u+ bAu) dτ.

Denote

U0(t) = −|D|−2
∇ div(eν̄1t u0)+ |D|−2curlcurl(eµ̄1t u0),

U1(t) = −|D|−1
∇h1+ |D|−1 curl�1,

U2(t) = −|D|−1
∇h2+ |D|−1 curl�2,

where

h1 = −|D|−1 div
∫ t

0
eν̄(t−τ)1(b0AU0) dτ,

�1 = −|D|−1 curl
∫ t

0
eµ̄(t−τ)1(b0AU0) dτ,

h2 = −|D|−1 div
∫ t

0
eν̄(t−τ)1(F1+ u · ∇u+ K̃ (b)∇b) dτ,

�2 = −|D|−1 curl
∫ t

0
eµ̄(t−τ)1(F1+ u · ∇u) dτ,

with

F1 = b0A(U1+U2)+ b1Au.

Now, we can decompose u and b as

u(t, x) = U0(t, x)+U1(t, x)+U2(t, x)

and

b(t, x) = b0(x)+ b1(t, x)

where b1(t, x) satisfies the generalized transport equation{
∂t b1+ u · ∇(b0+ b1)+ (1− b0− b1)div u = 0,
b1(0, x) = 0.

(3.3)
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3.1. The choice of initial data

Let C(N ) = 2
N
2 (

1
2−

3
p−2ε1) for some 0 < ε1 <

1
2 (

1
2 −

3
p ) and p > 6, where N > 0 determined

later is a sufficiently large constant leading to N
C(N ) � 1. We construct the initial data

(b0, u0) as follows

b̂0(ξ) =
1

C(N )

N∑
k=100

2−k 3
p ( f (ξ − 2ke1)+ f (ξ + 2ke1)),

û0(ξ) =
1

C(N )

N∑
k=100

2
k
2 ( f (ξ − 2ke1)+ f (ξ + 2ke1), 0, 0),

where e1 = (1, 0, 0) and f is a smooth, radial and nonnegative function in R3 satisfying

f =
{

1 for |ξ | 6 1,
0 for |ξ | > 2.

It is clear that b0 and u0 are real valued function and real vector-valued function,

respectively. One can also check the following estimates hold, i.e.,

‖b0‖L∞ 6
C

C(N )
, ‖b0‖

Ḃ
3
p

p,1

6
C N

C(N )
, ‖u0‖

Ḃ
−

1
2

6,1

6
C N

C(N )
(3.4)

and

‖b0‖Ḃs
r,1

6
C2N (s− 3

p )

C(N )
, ‖u0‖Ḃ

s1
r1,1

6
C2N (s1+

1
2 )

C(N )
, (3.5)

with (r, r1) ∈ [1,∞]2 and s > 3
p , s1 > −

1
2 . In fact, one has

‖b0‖∞ 6 ‖b̂0‖L1 6
C‖ f ‖L1

C(N )
6

C
C(N )

and

‖b0‖
Ḃ

3
p

p,1

6
N+1∑
j=99

2 j 3
p ‖1 j b0‖L p 6 C

N+1∑
j=99

‖ f ‖L p

C(N )
6

C N
C(N )

,

and other terms can be bounded similarly.

Next, a lemma is given.

Lemma 3.1. Let p > 6. Then there exist some positive constants q, p0, ε, ε1 satisfying

1 <
3
q
+

3
p0
<

5
4
−

3
2p
+ 3ε− 3ε1,

3
p0
<

1
4
+

3
2p
+ 2ε− ε1, p0 ∈ (6, p),

3
q
<

3
4
−

3
2p
+ 2ε− ε1, q ∈ (3, 6),

0 < 2ε < 2ε1 < min
{

1
2
−

3
p
,

1
3

(
1
2
−

3
p

)
+ 2ε, 4ε

}
.

(3.6)
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Remark 3.2. We give the following explanations of the limitations in (3.6). Let

T = 2−2(1+ε)N , then we have

T 2N ( 3
p0
−

3
p+2)

C(N )
� 1⇐⇒

3
p0
<

1
4
+

3
2p
+ 2ε− ε1,

T 2N ( 3
q+

3
2 )

C(N )
� 1⇐⇒

3
q
<

3
4
−

3
2p
+ 2ε− ε1,

T 2N ( 3
p0
+

3
2 )

C(N )
� 1⇐H p0 ∈ (6, p),

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
� 1⇐⇒

3
q
+

3
p0
<

5
4
−

3
2p
+ 3ε− 3ε1.

(3.7)

As a matter of fact, we assume the conditions on the right hand side of (3.7) to ensure

the conditions on the left hand side which are required in our proof. Furthermore, we use
3
q +

3
p0
> 1 (with (3.7) leads 2ε1 < 4ε and 2ε1 <

1
3 (

1
2 −

3
p )+ 2ε) to ensure some product

estimates like (2.6). The choice of C(N ) needs 2ε1 <
1
2 −

3
p , while ε < ε1 ensures the norm

inflation of U1 (see the end of § 3.2).

Lemma 3.1 can be proved easily, here we use the following example in this article:

ε =
1
4

(
1
2
−

3
p

)
, ε1 =

1
3

(
1
2
−

3
p

)
and

3
p0
=

1
4
+

3
2p
, ∀

3
q
∈

(
3
4
−

3
2p
,

5
6
−

2
p

)
.

This ensures that

2(ε1− ε) =
1
2

(
1
2
−

3
p
− 2ε1

)
. (3.8)

3.2. The large lower bound of U1

Let G j be the j-th component of the vector G. Thanks to the choice of the initial velocity

u0 = (u1
0, 0, 0), we have

AU0 = (µ̄1+ (λ̄+ µ̄)∇ div)(−|D|−2
∇ div(eν̄1t u0)+ |D|−2curlcurl(eµ̄1t u0))

= (λ̄+ 2µ̄)∇ div(eν̄1t u0)+ µ̄(1−∇ div)(eµ̄1t u0), (3.9)

where 
(AU0)

1
= (λ̄+ 2µ̄)∂2

1 (e
ν̄1t u1

0)+ µ̄(∂
2
2 + ∂

2
3 )(e

µ̄1t u1
0),

(AU0)
2
= (λ̄+ 2µ̄)∂1∂2(eν̄1t u1

0)− µ̄∂1∂2(eµ̄1t u1
0),

(AU0)
3
= (λ̄+ 2µ̄)∂1∂3(eν̄1t u1

0)− µ̄∂1∂3(eµ̄1t u1
0).

(3.10)
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One can also get a new form of U1 given by

U1 = −

∫ t

0
eµ̄(t−τ)1b0AU0 dτ + |D|−2

∇ div
∫ t

0
(eν̄(t−τ)1− eµ̄(t−τ)1)(b0AU0) dτ.

Due to Ḃ
−

1
2

6,1 ↪→ Ḃ−1
∞,∞, we have

‖U1(t)‖
Ḃ
−

1
2

6,1

> c‖U1(t)‖Ḃ−1
∞,∞

> c‖U 1
1 (t)‖Ḃ−1

∞,∞

> c
∣∣∣∣∫ ϕ(29ξ)Û 1

1 (ξ) dξ
∣∣∣∣ > |B1| − |B2|,

where

Bi =

∫
ϕ(29ξ)Û 1

1i (ξ) dξ, i = 1, 2

with

U 1
11 =

∫ t

0
eµ̄(t−τ)1b0(AU0)

1 dτ

and

U 1
12 = |D|

−2∂1 div
∫ t

0
(eν̄(t−τ)1− eµ̄(t−τ)1)(b0AU0) dτ.

Now, we give the estimates of Bi .

• The estimate of B2.

Let ξ = (ξ1, ξ2, ξ3). Using div(AU0) = ∂1(AU0)
1
+

∑
i=2,3

∂i (AU0)
i , one can split B2 into

two parts, that is,

B2 = −

∫
ϕ(29ξ)

ξ2
1
|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F(b0(AU0)

1) dτ dξ

+

∑
i=2,3

∫
ϕ(29ξ)

ξ1ξi

|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F(b0(AU0)

i ) dτ dξ

= B21+ B22.

Applying (3.10), one gets

B21 = B211+ B212,

where

B211 = −(λ̄+ 2µ̄)
∫
ϕ(29ξ)

ξ2
1
|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F{b0∂

2
1 (e

ν̄1τu1
0)} dτ dξ

and

B212 = −µ̄

∫
ϕ(29ξ)

ξ2
1
|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F{b0(∂

2
2 + ∂

2
3 )(e

µ̄1τu1
0)} dτ dξ.

Using the constrcture of b0 and u0, we can obtain

B211 =
C

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

ϕ(29ξ)
ξ2

1 η
2
1

|ξ |2
A(ξ, η, k)A(t, ξ, η) dξ dη,
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where

A(ξ, η, k) = f (ξ − η− 2ke1) f (η+ 2ke1)+ f (ξ − η+ 2ke1) f (η− 2ke1)

and

A(t, ξ, η) =
∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)e−ν̄|η|

2τ dτ.

For the estimate of A(t, ξ, η), by Taylor’s expansion ex
=
∑

r>0
xr

r ! , using |η| ≈ 2k and

|ξ | < 1, one obtain

A(t, ξ, η) =
e−ν̄t |η|2

− e−ν̄t |ξ |2

ν̄(|ξ |2− |η|2)
−

e−ν̄t |η|2
− e−µ̄t |ξ |2

µ̄|ξ |2− ν̄|η|2
= O(t2

|η|2),

when t22N < 1. This implies that

B211 =
C

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

O(t2
|η|2)ϕ(29ξ)

ξ2
1 η

2
1

|ξ |2
A(ξ, η, k) dξ dη,

which leads

|B211| 6
Ct2

C(N )2

N∑
k=100

2k( 9
2−

3
p ) =

Ct22N ( 9
2−

3
p )

C(N )2
. (3.11)

Similarly,

B212 =
C

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

O(t2
|η|2)ϕ(29ξ)

ξ2
1 (η

2
2 + η

2
3)

|ξ |2
A(ξ, η, k) dξ dη

following

|B212| 6
Ct22N ( 5

2−
3
p )

C(N )2
. (3.12)

Combining with (3.11) and (3.12), we have

|B21| 6
Ct22N ( 9

2−
3
p )

C(N )2
. (3.13)

Using (3.10) again, we have

B22 = B221+ B222,

where

B221 = (λ̄+ 2µ̄)
∑

i=2,3

∫
ϕ(29ξ)

ξ1ξi

|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F(b0∂1∂i eν̄1τu1

0) dτ dξ

and

B222 = −µ̄
∑

i=2,3

∫
ϕ(29ξ)

ξ1ξi

|ξ |2

∫ t

0
(e−ν̄(t−τ)|ξ |

2
− e−µ̄(t−τ)|ξ |

2
)F(b0∂1∂i eµ̄1τu1

0) dτ dξ.

The upper bound of B22i is smaller than B211 since nonlinear term F(b0∂1∂2eν̄1τu1
0)

and F(b0∂1∂2eµ̄1τu1
0) contain one helpful derivative ∂1 less than F(b0∂

2
1 eν̄1τu1

0).
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In fact, we have

|B22i | 6
Ct

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

ϕ(29ξ)|η1|A(ξ, η, k) dξ dη

6
Ct

C(N )2

N∑
k=100

2k( 3
2−

3
p ) 6

Ct2N ( 3
2−

3
p )

C(N )2

following

|B22| 6
Ct2N ( 3

2−
3
p )

C(N )2
.

Together with (3.13) leads

|B2| 6
Ct22N ( 9

2−
3
p )

C(N )2
+

Ct2N ( 3
2−

3
p )

C(N )2
. (3.14)

• The estimate of B1.

Applying (3.10), then

B1 =

∫
ϕ(29ξ)

∫ t

0
e−µ̄(t−τ)|ξ |

2
F(b0(AU0)

1) dτ dξ = B11+ B12,

where

B11 = (λ̄+ 2µ̄)
∫
ϕ(29ξ)

∫ t

0
e−µ̄(t−τ)|ξ |

2
F{b0∂

2
1 (e

ν̄1t u1
0)} dτ dξ,

B12 = µ̄

∫
ϕ(29ξ)

∫ t

0
e−µ̄(t−τ)|ξ |

2
F{b0(∂

2
2 + ∂

2
3 )(e

ν̄1t u1
0)} dτ dξ.

Thanks to the choice of the initial data, we have

B11 = −c
∫ ∫

ϕ(29ξ)b̂0(ξ − η)η
2
1û1

0(η)A1(ξ, η, t) dξ dη,

where

A1(ξ, η, t) =
∫ t

0
e−µ̄(t−τ)|ξ |

2
−ν̄|η|2τ dτ.

By simple computation and using Taylor’s formula yields that

A1(ξ, η, t) = e−µ̄t |ξ |2
∫ t

0
e(µ̄|ξ |

2
−ν̄|η|2)τ dτ

=
e−ν̄t |η|2

− e−µ̄t |ξ |2

µ̄|ξ |2− ν̄|η|2

= t +O(t2
|η|2),

when t22N < 1. So we can get

|B11| >
ct

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

ϕ(29ξ)η2
1A(ξ, η, k) dξ dη
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−
Ct2

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

ϕ(29ξ)η2
1|η|

2A(ξ, η, k) dξ dη

>
ct

C(N )2

N∑
k=100

2k( 5
2−

3
p )−

Ct2

C(N )2

N∑
k=100

2k( 9
2−

3
p )

>
ct2N ( 5

2−
3
p )

C(N )2
−

Ct22N ( 9
2−

3
p )

C(N )2
. (3.15)

Since there is no helpful derivative in the nonlinear term F{b0(∂
2
2 + ∂

2
3 )(e

ν̄1t u1
0)} of B12,

it is easy to bound B12 as follows

|B12| 6
Ct

C(N )2

N∑
k=100

2k( 1
2−

3
p )
∫ ∫

ϕ(29ξ)A(ξ, η, k) dξ dη

6
Ct2N ( 1

2−
3
p )

C(N )2
,

together with (3.15) and choosing N such that C2−2N < c
3 , yields that

|B1| > |B11| − |B12| >
2ct2N ( 5

2−
3
p )

3C(N )2
−

Ct22N ( 9
2−

3
p )

C(N )2
. (3.16)

Therefore, by setting

t = T0 := 2−2(1+ε)N (3.17)

with 0 < ε < ε1, we have t22N < 1, and combining with (3.14) and (3.16) follows

‖U1(t)‖
Ḃ
−

1
2

6,1

>
2ct2N ( 5

2−
3
p )

3C(N )2
−

Ct22N ( 9
2−

3
p )

C(N )2
−

Ct2N ( 3
2−

3
p )

C(N )2

>
ct2N ( 5

2−
3
p )

2C(N )2
=

c
2

22N (ε1−ε). (3.18)

3.3. The analysis of U2

In this Subsection, we split the analysis of U2 into several steps. Let 0 6 T 6 T0. In step

1, we give firstly some estimates of U1; In step 2, the estimate of ‖u · ∇u‖
L1

T Ḃ
3
q −1

q,1

is given;

Step 3 devotes to the estimate of ‖(b0A(U1+U2), b1Au)‖
L1

T Ḃ
3
q −1

q,1

; In step 4, we show the

estimate of ‖K̃ (b)∇b‖
L1

T Ḃ
3
q −1

q,1

. In step 5, we conclude the analysis of U2.

Step 1: Some estimates of U1. Let (p, p0, q) be given as in (3.6). Firstly, by using 2.1,

(3.4) and (3.5), we give some estimates on U0 as follows:

‖ÂU0‖L∞T L1 6 C22N
‖û0‖L1 6 C2

5
2 N

C(N ) ,

‖U0‖L1
T Ḃs

q,1
6 CT ‖u0‖Ḃs

q,1
6 CT 2N (s+ 1

2 )

C(N ) , s > 0,
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‖∇
2U0‖L1

T L∞ 6 CT 22N
‖u0‖L∞ 6 CT 2

5
2 N

C(N )

and

‖U0‖
L̃2

T Ḃ
3
q

q,1

6 T
1
2 ‖U0‖

L̃∞T Ḃ
3
q

q,1

6 CT
1
2 ‖u0‖

Ḃ
3
q

q,1

6
CT

1
2 2N ( 3

q+
1
2 )

C(N )
.

Now, we give the estimates of U1. By ‖g‖L∞ 6 C‖ĝ‖L1 and Young’s inequality, we have

∀ r ∈ [1,∞],

‖U1‖Lr
T L∞ 6 T

1
r ‖Û1‖L∞T L1 6 T

1
r

∫ T

0
‖b̂0AU0‖L1 dτ

6 T 1+ 1
r ‖b0‖L1‖ÂU0‖L∞T L1 6

CT 1+ 1
r 2

5
2 N

C(N )2
.

By (2.1), the Kato–Ponce estimate (2.3), (3.4) and (3.5), we have

‖U1‖
L1

T Ḃ
3
q +1

q,1

+‖U1‖
L̃2

T Ḃ
3
q

q,1

6 T
1
2

(
‖U1‖

L̃2
T Ḃ

3
q +1

q,1

+‖U1‖
L̃∞T Ḃ

3
q

q,1

)
6 CT

1
2 ‖b0AU0‖

L1
T Ḃ

3
q

q,1

6 CT
1
2

(
‖b0‖L∞‖U0‖

L1
T Ḃ

3
q +2

q,1

+‖∇
2U0‖L1

T L∞‖b0‖
Ḃ

3
q

q,1

)

6
CT

3
2 2N ( 3

q+
5
2 )

C(N )2
.

Similarly, we also have

‖U1‖
L1

T Ḃ
3
p0
+1

p0,1

+‖U1‖
L̃2

T Ḃ
3
p0

p0,1

6
CT

3
2 2N ( 3

p0
+

5
2 )

C(N )2
.

Step 2: The estimate of ‖u · ∇u‖
L1

T Ḃ
3
q −1

q,1

. This estimate can be split into nine terms. By

the product estimate (2.6), we have

‖U0 · ∇U0‖
L1

T Ḃ
3
q −1

q,1

6 C‖U0‖
L̃2

T Ḃ
3
p0

p0,1

‖U0‖
L̃2

T Ḃ
3
q

q,1

6
CT 2N ( 3

q+
3
p0
+1)

C(N )2
,

‖U0 · ∇U1‖
L1

T Ḃ
3
q −1

q,1

6 C‖U0‖
L̃2

T Ḃ
3
p0

p0,1

‖U1‖
L̃2

T Ḃ
3
q

q,1

6
CT 22N ( 3

q+
3
p0
+3)

C(N )3
,

‖U0 · ∇U2‖
L1

T Ḃ
3
q −1

q,1

6 C‖U0‖
L̃2

T Ḃ
3
p0

p0,1

‖U2‖
L̃2

T Ḃ
3
q

q,1

6
CT

1
2 2N ( 3

p0
+

1
2 )

C(N )
‖U2‖

L̃2
T Ḃ

3
q

q,1

,

‖U1 · ∇U0‖
L1

T Ḃ
3
q −1

q,1

6 C‖U1‖
L̃2

T Ḃ
3
p0

p0,1

‖U0‖
L̃2

T Ḃ
3
q

q,1

6
CT 22N ( 3

q+
3
p0
+3)

C(N )3
,
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‖U1 · ∇U1‖
L1

T Ḃ
3
q −1

q,1

6 C‖U1‖
L̃2

T Ḃ
3
p0

p0,1

‖U1‖
L̃2

T Ḃ
3
q

q,1

6
CT 32N ( 3

q+
3
p0
+5)

C(N )4
,

‖U1 · ∇U2‖
L1

T Ḃ
3
q −1

q,1

6 C‖U1‖
L̃2

T Ḃ
3
p0

p0,1

‖U2‖
L̃2

T Ḃ
3
q

q,1

6
CT

3
2 2N ( 3

p0
+

5
2 )

C(N )2
‖U2‖

L̃2
T Ḃ

3
q

q,1

,

‖U2 · ∇U0‖
L1

T Ḃ
3
q −1

q,1

6 C‖∇U0‖
L1

T Ḃ
3
p0

p0,1

‖U2‖
L̃∞T Ḃ

3
q −1

q,1

6
CT 2N ( 3

p0
+

3
2 )

C(N )
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

,

‖U2 · ∇U1‖
L1

T Ḃ
3
q −1

q,1

6 C‖∇U1‖
L1

T Ḃ
3
p0

p0,1

‖U2‖
L̃∞T Ḃ

3
q −1

q,1

6
CT

3
2 2N ( 3

p0
+

5
2 )

C(N )2
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

.

By (2.7),

‖U2 · ∇U2‖
L1

T Ḃ
3
q −1

q,1

6 C‖U2‖
2

L̃2
T Ḃ

3
q

q,1

.

Adding the above estimates, we have

‖u · ∇u‖
L1

T Ḃ
3
q −1

q,1

6
CT 2N ( 3

q+
3
p0
+1)

C(N )2
+C‖U2‖

2

L̃2
T Ḃ

3
q

q,1

+
CT

1
2 2N ( 3

p0
+

1
2 )

C(N )

(
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

)
. (3.19)

Step 3: The estimate of ‖(b0A(U1+U2), b1Au)‖
L1

T Ḃ
3
q −1

q,1

. Thanks to the product estimate

(2.6), one can get

‖b0AU1‖
L1

T Ḃ
3
q −1

q,1

6 C‖b0‖
L̃∞T Ḃ

3
p0

p0,1

‖U1‖
L1

T Ḃ
3
q +1

q,1

6
CT

3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
,

‖b1AU0‖
L1

T Ḃ
3
q −1

q,1

6 C‖b1‖
L̃∞T Ḃ

3
p0

p0,1

‖U0‖
L1

T Ḃ
3
q +1

q,1

6
CT 2N ( 3

q+
3
2 )

C(N )
‖b1‖

L̃∞T Ḃ
3
p0

p0,1

,

‖b1AU1‖
L1

T Ḃ
3
q −1

q,1

6 C‖b1‖
L̃∞T Ḃ

3
p0

p0,1

‖U1‖
L1

T Ḃ
3
q +1

q,1

6
CT

3
2 2N ( 3

q+
5
2 )

C(N )2
‖b1‖

L̃∞T Ḃ
3
p0

p0,1

,

‖b1AU2‖
L1

T Ḃ
3
q −1

q,1

6 C‖b1‖
L̃∞T Ḃ

3
p0

p0,1

‖U2‖
L1

T Ḃ
3
q +1

q,1

.

By (2.5),

‖b0AU2‖
L1

T Ḃ
3
q −1

q,1

6 C
(
‖b0‖L∞‖U2‖

L1
T Ḃ

3
q +1

q,1

+ T ‖b0‖
Ḃ

3
p0
+2

p0,1

‖U2‖
L̃∞T Ḃ

3
q −1

q,1

)

6 C
T 2N ( 3

p0
−

3
p+2)
+ 1

C(N )

(
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

)
.
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Combining with these estimates leads

‖(b0A(U1+U2), b1Au)‖
L1

T Ḃ
3
q −1

q,1

6
CT

3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
+C

T 2N ( 3
p0
−

3
p+2)
+ 1

C(N )

(
‖U2‖

L1
T Ḃ

3
q +1

q,1

+‖U2‖
L̃∞T Ḃ

3
q −1

q,1

)

+
CT 2N ( 3

q+
3
2 )

C(N )
‖b1‖

L̃∞T Ḃ
3
p0

p0,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

‖b1‖
L̃∞T Ḃ

3
p0

p0,1

. (3.20)

Step 4: The estimate of ‖K̃ (b)∇b‖
L1

T Ḃ
3
q −1

q,1

. Denote

V(t) := (1+‖b‖L∞T L∞)
2.

Using (2.6), and applying (2.2) yields

‖(K̃ (b)− 1)∇b‖
L1

T Ḃ
3
q −1

q,1

6 C‖K̃ (b)− 1‖
L1

T Ḃ
3
p0

p0,1

‖b‖
L̃∞T Ḃ

3
q

q,1

6 CV(t)‖b‖
L1

T Ḃ
3
p0

p0,1

‖b‖
L̃∞T Ḃ

3
q

q,1

6 CTV(t)‖b‖
L̃∞T Ḃ

3
p0

p0,1

‖b‖
L̃∞T Ḃ

3
q

q,1

.

Hence,

‖K̃ (b)∇b‖
L1

T Ḃ
3
q −1

q,1

6 ‖(K̃ (b)− 1)∇b‖
L1

T Ḃ
3
q −1

q,1

+ T ‖b‖
L̃∞T Ḃ

3
q

q,1

6 CTV(t)
(

1+‖b‖
L∞T Ḃ

3
p0

p0,1

)
‖b‖

L̃∞T Ḃ
3
q

q,1

6 CTV(t)
(

1+‖b0‖
Ḃ

3
p0

p0,1

+‖b1‖
L∞T Ḃ

3
p0

p0,1

)(
‖b0‖

Ḃ
3
q

q,1

+‖b1‖
L̃∞T Ḃ

3
q

q,1

)

6 CTV(t)

1+
2N ( 3

p0
−

3
p )

C(N )

2N ( 3
q−

3
p )

C(N )
+‖b1‖

L̃∞T Ḃ
3
q

q,1


6 CT

3
4 V(t)

2N ( 3
q−

3
p )

C(N )
+‖b1‖

L̃∞T Ḃ
3
q

q,1

 . (3.21)

To achieve the goal of this step, we need to bound ‖b1‖
L̃∞T Ḃ

3
q

q,1

, which is proved in the

following lemma.

Lemma 3.3. Let us consider (3.3), then the following estimates of b1 hold:

(1)

‖b1‖L∞T L∞ 6 C

(
T 2

3N
2

C(N )2
+‖∇U2‖L1

T L∞

)
exp{C‖∇u‖L1

T L∞}. (3.22)

https://doi.org/10.1017/S1474748017000238 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748017000238


Ill-posedness for the compressible Navier–Stokes equations 847

(2)

‖b1‖
L̃∞T Ḃ

3
q

q,1

6

CT 2N ( 3
q+

3
2 )

C(N )
+C

(
T 2

3N
2

C(N )2
+

T 2N ( 3
q+

3
2 )

C(N )

)
‖U2‖

L1
T Ḃ

3
q +1

q,1

+ ‖U2‖
L̃∞T Ḃ

3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

+‖U2‖
2

L1
T Ḃ

3
q +1

q,1

 exp
{

C‖∇u‖
L1

T Ḃ
3
p0

p0,1

}
. (3.23)

Proof of Lemma 3.3. (1) From (2.9) in Lemma 2.8, we have

‖b1‖L∞T L∞ 6
∫ T

0
‖(u · ∇b0, (b0− 1)divu)‖L∞ dt exp(C‖∇u‖L1

T L∞).

Simple computation yields

‖u · ∇b0‖L1
T L∞ 6 ‖U0 · ∇b0‖L1

T L∞ +‖U1 · ∇b0‖L1
T L∞ +‖U2 · ∇b0‖L1

T L∞

6
CT 2N ( 3

2−
3
p )

C(N )2
+

CT 22N ( 7
2−

3
p )

C(N )3
+ T

1
2 ‖∇b0‖L∞‖U2‖L2

T L∞

6
CT 2N ( 3

2−
3
p )

C(N )2
+

CT
1
2 2N (1− 3

p )

C(N )
‖U2‖L2

T L∞

and

‖(b0− 1)div u‖L1
T L∞ 6 (1+‖b0‖L∞)‖∇u‖L1

T L∞

6 C
(

1+
1

C(N )

)(
T 2

3N
2

C(N )2
+‖∇U2‖L1

T L∞

)

6
CT 2

3N
2

C(N )2
+C‖∇U2‖L1

T L∞ .

Combining with the above estimates yields (3.22).

(2) From (2.10) in Lemma 2.8, we can get

‖b1‖
L̃∞T Ḃ

3
q

q,1

6 C
(
‖b1‖L∞T L∞‖u‖

L1
T Ḃ

3
q +1

q,1

+‖(u · ∇b0, (b0− 1)div u)‖
L1

T Ḃ
3
q

q,1

)
× exp

(
C‖∇u‖

L1
T Ḃ

3
p0

p0,1

)
. (3.24)

By the Kato–Ponce estimate (2.3) and (2.4), we can obtain

‖U0 · ∇b0‖
L1

T Ḃ
3
q

q,1

6 C
(
‖U0‖

L1
T Ḃ

3
q

q,1

‖∇b0‖L∞ +‖U0‖L1
T L∞‖∇b0‖

Ḃ
3
q

q,1

)
6 CT 2N ( 3

q −
3
p+

3
2 )

C(N )2 ,

‖U1 · ∇b0‖
L1

T Ḃ
3
q

q,1

6 C
(
‖U1‖

L1
T Ḃ

3
q

q,1

‖∇b0‖L∞ +‖U1‖L1
T L∞‖∇b0‖

Ḃ
3
q

q,1

)
6 CT 22N ( 3

q −
3
p+

7
2 )

C(N )3 ,
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and

‖U2 · ∇b0‖
L1

T Ḃ
3
q

q,1

6 C
(

T
1
2 ‖∇b0‖L∞‖U2‖

L̃2
T Ḃ

3
q

q,1

+ T ‖∇2b0‖L∞‖U2‖
L̃∞T Ḃ

3
q −1

q,1

)

6
CT

1
2 2N (1− 3

p )

C(N )

(
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L̃2

T Ḃ
3
q

q,1

)
.

Inserting the above estimates into (3.24) implies

‖u · ∇b0‖
L1

T Ḃ
3
q

q,1

6
CT 2N ( 3

q−
3
p+

3
2 )

C(N )2
+

CT
1
2 2N (1− 3

p )

C(N )

(
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L̃2

T Ḃ
3
q

q,1

)
. (3.25)

Using the product estimate (2.4) again,

‖(b0− 1)div u‖
L1

T Ḃ
3
q

q,1

6 C‖div u‖
L1

T Ḃ
3
q

q,1

+‖b0 div u‖
L1

T Ḃ
3
q

q,1

6 C
(
‖u‖

L1
T Ḃ

3
q +1

q,1

+‖b0‖L∞‖u‖
L1

T Ḃ
3
q +1

q,1

+ T
1
2 ‖∇b0‖L∞‖u‖

L̃2
T Ḃ

3
q

q,1

)

6 C‖u‖
L1

T Ḃ
3
q +1

q,1

+
CT

1
2 2N (1− 3

p )

C(N )
‖u‖

L̃2
T Ḃ

3
q

q,1

6
CT 2N ( 3

q+
3
2 )

C(N )
+C

(
‖U2‖

L1
T Ḃ

3
q +1

q,1

+‖U2‖
L̃2

T Ḃ
3
q

q,1

)
. (3.26)

Combining the above estimates with (3.22) in (3.24) follows the desired result (3.23).

Now, we continue (3.21). Thanks to (3.23), we have

‖K̃ (b)∇b‖
L1

T Ḃ
3
q −1

q,1

6 CV(t)

T
3
4 2N ( 3

q−
3
p )

C(N )
+

T
7
4 2

3N
2

C(N )2
+

T
7
4 2N ( 3

q+
3
2 )

C(N )

 ‖U2‖
L1

T Ḃ
3
q +1

q,1

+ T
3
4

(
‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

)

+ T
3
4 ‖U2‖

2

L1
T Ḃ

3
q +1

q,1

 exp
(

C‖U2‖
L1

T Ḃ
3
q +1

q,1

)
. (3.27)

Step 5: The estimate of ‖U2‖
L1

T Ḃ
3
q −1

q,1

and ‖b1‖
L̃∞T Ḃ

3
p0

p0,1

. Adding the above estimate (3.19),

(3.20) and (3.27), one gets

‖U2‖
L1

T Ḃ
3
q −1

q,1

6 C‖u · ∇u‖
L1

T Ḃ
3
q −1

q,1

+C‖b0A(U1+U2)‖
L1

T Ḃ
3
q −1

q,1

+C‖b1Au‖
L1

T Ḃ
3
q −1

q,1

+C‖K̃ (b)∇b‖
L1

T Ḃ
3
q −1

q,1
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6 V(t)

CT
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
+C

T 2N ( 3
p0
−

3
p+2)
+ 1

C(N )

×

(
‖U2‖

L1
T Ḃ

3
q +1

q,1

+‖U2‖
L̃∞T Ḃ

3
q −1

q,1

)
+

CT 2N ( 3
q+

3
2 )

C(N )
‖b1‖

L̃∞T Ḃ
3
p0

p0,1

+ ‖U2‖
L1

T Ḃ
3
q +1

q,1

‖b1‖
L̃∞T Ḃ

3
p0

p0,1

+‖U2‖
2

L̃2
T Ḃ

3
q

q,1

+‖U2‖
2

L1
T Ḃ

3
q +1

q,1


× exp

(
C‖U2‖

L1
T Ḃ

3
q +1

q,1

)
. (3.28)

For the estimate of ‖b1‖
L̃∞T Ḃ

3
p0

p0,1

, from (2.9) in Lemma 2.8, we have

‖b1‖
L̃∞T Ḃ

3
p0

p0,1

6 C‖
(

u · ∇b0, (b0− 1)div u‖
L1

T Ḃ
3
p0

p0,1

)
exp

(
C‖∇u‖

L1
T Ḃ

3
p0

p0,1

)
.

Like (3.25) and (3.26), we have

‖u · ∇b0‖
L1

T Ḃ
3
p0

p0,1

6
CT 2N ( 3

p0
−

3
p+

3
2 )

C(N )2
+

CT
1
2 2N (1− 3

p )

C(N )

(
‖U2‖

L̃∞T Ḃ
3
p0
−1

p0,1

+‖U2‖
L̃2

T Ḃ
3
p0

p0,1

)
and

‖(b0− 1)div u‖
L1

T Ḃ
3
p0

p0,1

6
CT 2N ( 3

p0
+

3
2 )

C(N )
+C

(
‖U2‖

L1
T Ḃ

3
p0
+1

p0,1

+‖U2‖
L̃2

T Ḃ
3
p0

p0,1

)
,

respectively. Hence, we get

‖b1‖
L̃∞T Ḃ

3
p0

p0,1

6 C

T 2N ( 3
p0
+

3
2 )

C(N )
+‖U2‖

L̃∞T Ḃ
3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

 exp
(

C‖U2‖
L1

T Ḃ
3
p0
+1

p0,1

)
. (3.29)

3.4. Proof of Theorem 1.1

Let us keep the definition of T0 (see the § 3.2) in mind. Denote

XT := ‖b1‖
L̃∞T Ḃ

3
p0

p0,1

, YT := ‖U2‖
L̃∞T Ḃ

3
q −1

q,1

+‖U2‖
L1

T Ḃ
3
q +1

q,1

and

T1 =: sup

t ∈ (0, T0) : XT + YT 6 M

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3

 ,
where M is a large enough positive constant, which will be determined later on. The

definition of T0 can be seen in (3.17). Assume that T1 < T0. For all T 6 T1, we have

V(t) 6 (1+‖b0‖L∞ +‖b1‖L∞T L∞)
2 6 2,
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provided that XT is small enough (In fact, we assume that the below (3.32) holds, so XT
is small enough, and then V(t) 6 2, which is absorbed by the constant C in the following

text.) Thanks to the above estimates, we have ∀T ∈ (0, T1),

XT 6 C

T 2N ( 3
p0
+

3
2 )

C(N )
+ YT

 , (3.30)

and

YT 6
CT

3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
+C

T 2N ( 3
p0
−

3
p+2)
+ 1

C(N )
+ XT + YT

 YT +
CT 2N ( 3

q+
3
2 )

C(N )
XT

6
1
2

YT + 2C
T

3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
+

CT 2N ( 3
q+

3
2 )

C(N )
XT , (3.31)

where we have set N such that

T 2N ( 3
p0
−

3
p+2)
+ 1

C(N )
+M

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3

� 1. (3.32)

Equation (3.31) yields

YT 6 4C
T

3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3
+

2CT 2N ( 3
q+

3
2 )

C(N )
XT . (3.33)

Multiplying (3.33) by 2C , and adding to (3.30), choosing N such that

4C2T 2N ( 3
q+

3
2 )

C(N )
<

1
2
, (3.34)

we get

XT + YT 6
1
2

XT + 8C2

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3

 .
This implies that

XT + YT 6 16C2

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3

 .
One can see from Lemma 3.1 and Remark 3.2 that the above requirement of N (3.32)

and (3.34) can be met. If we choose M = 32C2, and then a contradiction is obtained. So

we have T1 = T0 via using the continuation arguments. That is ∀T 6 T0, we have

XT + YT 6 32C2

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3

 .
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Now, we can get

‖u(T0)‖
Ḃ
−

1
2

6,1

> ‖U1‖
Ḃ
−

1
2

6,1

−

(
‖U0(T0)‖

Ḃ
−

1
2

6,1

+‖U2(T0)‖
Ḃ
−

1
2

6,1

)

>
c
2

22N (ε1−ε)−
C

C(N )
− 32C2

T 2N ( 3
p0
+

3
2 )

C(N )
+

T
3
2 2N ( 3

q+
3
p0
−

3
p+

5
2 )

C(N )3


>

c
8

22N (ε1−ε).

Thanks to the choice of ε and ε1, see (3.8) in § 3.1, we can conclude the proof of

Theorem 1.1.
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Appendix

In this Section, we prove three estimates in Lemma 2.8.

Proof of Lemma 2.8(a). Let p > 2, integrating by parts, we have

1
p

d
dt
‖B‖

p
L p 6 −

1
p

∫
u · ∇|B|p +

∫
div u|B|p +

∫
f B|B|p−2

6
p+ 1

p
‖∇u‖L∞‖B‖

p
L p +‖ f ‖L∞‖B‖

p−1
L p

Dividing ‖B‖
p−1
L p on the both sides of the above inequality, then let p→∞, we get

d
dt
‖B‖L∞ 6 ‖∇u‖L∞‖B‖L∞ +‖ f ‖L∞ .

With Gronwall’s lemma leads the desired result (2.9).

Proof of Lemma 2.8(b). Denote

(Bλ(t), fλ(t)) := (B, f ) exp

−λ
∫ t

0
‖∇u‖

Ḃ
3
p0

p0,1

dτ

 ,
where λ is a large enough constant, which will be set later. So we have

∂tBλ+ λ‖∇u‖
Ḃ

3
p0

p0,1

Bλ+ u · ∇Bλ−Bλ div u = fλ.

By a standard process, we have

1
q

d
dt
‖1 jBλ‖

q
Lq + λ‖∇u‖

Ḃ
3
p0

p0,1

‖1 jBλ‖
q
Lq 6 C(‖∇u‖L∞‖1 jBλ‖Lq +‖[1 j , u · ∇]Bλ‖Lq

+‖1 j (Bλ div u)‖Lq +‖1 j fλ‖Lq )‖1 jBλ‖
q−1
Lq .
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Dividing ‖1 jBλ‖
q−1
Lq on the both sides, integrating in time (0, t), we obtain

‖1 jBλ‖L∞t Lq + λ

∫ t

0
‖∇u‖

Ḃ
3
p0

p0,1

‖1 jBλ‖Lq dτ

6 C

∫ t

0
‖∇u‖

Ḃ
3
p0

p0,1

‖1 jBλ‖Lq dτ +‖[1 j , u · ∇]Bλ‖L1
t Lq

+ ‖1 j (Bλ div u)‖L1
t Lq +‖1 j fλ‖L1

t Lq

 .
Then multiplying 2 j 3

q and summing over j ∈ Z, using Kato–Ponce estimate (2.3) and the

commutator estimate (see, [1, Lemma 2.100])∑
j∈Z

2 j 3
q ‖[1 j , u · ∇]B‖Lq 6 C‖∇u‖

Ḃ
3
p0

p0,1

‖B‖
Ḃ

3
q

q,1

yields

‖Bλ‖
L̃∞t Ḃ

3
q

q,1

+ λ

∫ t

0
‖∇u‖

Ḃ
3
p0

p0,1

‖Bλ‖
Ḃ

3
q

q,1

dτ

6 C

∫ t

0
‖∇u‖

Ḃ
3
p0

p0,1

‖Bλ‖
Ḃ

3
q

q,1

dτ +‖Bλ‖L∞t L∞‖u‖
L1

t Ḃ
3
q +1

q,1

+‖ fλ‖
L1

t Ḃ
3
q

q,1

 .
Choosing λ = 4C , so we can absorb the first term on the right hand side of the above

inequality and then obtain the desired inequality (2.10).

Proof of Lemma 2.8(c). Using Kato–Ponce estimate and Ḃ
3
p0
p0,1

↪→ L∞, we have

‖B div u‖
Ḃ

3
p0

p0,1

6 C‖B‖
Ḃ

3
p0

p0,1

‖∇u‖
Ḃ

3
p0

p0,1

.

Following the same idea as the upper estimate of Lemma 2.8(b), one can get the desired

result (2.11).
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Bull. Soc. Math. France 90 (1962), 487–497.

23. Y. Sun, C. Wang and Z. Zhang, A Beale–Kato–Majda Blow-up criterion for the 3-D
compressible Navier–Stokes equations, J. Math. Pures Appl. 95 (2011), 36–47.

24. Y. Sun, C. Wang and Z. Zhang, A Beale–Kato–Majda criterion for three dimensional
compressible viscous heat-conductive flows, Arch. Ration. Mech. Anal. 201 (2011),
727–742.

25. A. F. Vasseur and C. Yu, Existence of global weak solutions for 3D degenerate
compressible Navier–Stokes equations, Invent. Math. 206 (2016), 935–974.

https://doi.org/10.1017/S1474748017000238 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748017000238


854 J. Chen and R. Wan

26. B. Wang, Ill-posedness for the Navier–Stokes equations in critical Besov spaces Ḃ−1
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