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Abstract Ill-posedness for the compressible Navier—Stokes equations has been proved by Chen et al. [On
the ill-posedness of the compressible Navier—Stokes equations in the critical Besov spaces, Revista Mat.
Iberoam. 31 (2015), 1375-1402] in critical Besov space L? (p > 6) framework. In this paper, we prove
ill-posedness with the initial data satisfying

lleo = A1 <8, uoll _1 <é.

3 _1
oD 2
B, Bg |

To accomplish this goal, we require a norm inflation coming from the coupling term L(a)Au instead of
u - Vu and construct a new decomposition of the density.
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1. Introduction

The purpose of this article is to study the Cauchy problem for the barotropic
Navier—Stokes equations:

0 p +div(pu) =0,

0;(pu) +div(pu Qu) — uAu— A+ u)Vdivu + VP =0, (1.1)

(p(0, x), u(0, x)) = (po(x), uo(x)),
where (f,x) e Rt xR3, p e R, u = (u', u?, u?) € R3 stand for the density and the velocity
field, respectively, P = P(p) represents the scalar pressure. The constants u and A are
viscosity coeflicients satisfying

uw>0 A4+2u>0.

It is easy to check that the solution (p, 1) is scaling invariant under the transformation

(s, u3) = (P(A2t, Ax), Au(A*t, Ax)). (1.2)
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We say a function space is critical means that the corresponding norm is scaling invariant
under the transformation (1.2).

In [22], Nash proved the local existence and uniqueness of (1.1) for the smooth initial
data without vacuum. Matsumura and Nishida [21] showed the global existence with the
small initial data near equilibrium. It is Xin’s work [28] that showed any non-zero smooth
solutions of the full compressible Navier—Stokes (i.e., (1.1) coupling with temperature
equation) will blow up in finite time provided the initial density admits the compact
support. We also refer to [23] and [24] for the blow-up criteria. For the existence of global
weak solutions, we refer to the books [14], [20] and the recent breakthrough paper [25]
and references therein.

In a seminal paper [9], Danchin obtained the global well-posedness for (1.1) in the
critical hybrid Besov space by applying Fourier analysis method, which is motivated
by the work of Fujita and Kato [15] on the incompressible Navier—Stokes. One can
see [3, 5, 6, 1012, 18, 27, 30] for the local and global well-posedness. More precisely,
Chen et al. [6] and Charve and Danchin [3] proved the global well-posedness in the
hybrid Besov space, the high frequence of which is in L? (p > 3) framework allowing
a class of highly oscillating initial velocity like sin(Z)¢(x), while the authors in [18]
and [30] obtained the associated results with large oscillating initial density. Later,
Wang et al. [27] got the global well-posedness for a new class of large initial data allowing
both highly oscillating initial density and velocity.

Seemingly, (1.1) is locally well-posed for the initial data satisfying

.3 R
(po—p,uo) € B, | x B,
see e.g., [8, 11, 13]. So we want to know whether ill-posedness can be proved under p > 6.
Thanks to the work [7] by Chen-Miao—Zhang, one can see that a norm inflation happens
under the initial data satisfying

p <6,

le—=pll 3 +luoll 3, <1
B p

3

PPJ B p.l

However, their way does not suit the initial velocity in L® framework. Motivated by this,
1

here we prove the ill-posedness under ug € Bﬁ_ 15 . Our main result reads as follows:

Theorem 1.1. Let p be a positive constant and p > 6. For any § > 0, there exists initial
data (po, ug) satisfying
loo—pll 3 <8, luoll 1 <38

Bp,] Bﬁ,l

such that a solution (p, u) to the system (1.1) satisfies
t > -
flu( )“B;l% >3

for some 0 <t <§.

Remark 1.2. In general, the larger space one consider, the easier one proves the
ill-posedness. Comparing with the incompressible Navier—Stokes equations in L%
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framework (see, e.g., [2, 17, 26, 29]), here we can get ill-posedness for the compressible
Navier—Stokes equations in smaller Besov space due to the more complex structure.

Remark 1.3. We obtain norm inflation with the initial velocity in L® framework, the proof
of which is different from the previous work [7] (see the following comments). However, we
do not know whether the initial density can be extended to L° framework. This question
remains open.

Now, let us make some comments on the idea and the difficulty. The proofs of the main
result in the present work and [7] are based on the idea of Bourgain and Pavlovié [2] (see
p. 2235), that is, the norm inflation comes from the first approximate, while the associate
norm of other terms are sufficiently small.

(1) In [7], the norm inflation comes from the analysis of nonlinear term u - Vu which
seems so hard to adapt to the L® framework. Our idea is taking into account the
coupling term L(a)Au (see the §3 for the definition of L(a)) and then norm inflation

happens with ug € B6 12 and ag € B

(2) To get the norm inflation, except we use a decomposition of the velocity like [7],
we shall construct a new decomposition of density, which makes our proof more
complex especially when we show the corresponding estimate of K(a)Va (see the
§ 3 for the definition of K (a)), see Step 4 in §3.3.

This paper is organized as follows:

In §2, we provide some lemmas and the definitions of some spaces. In §3, we prove

Theorem 1.1. Precisely, we give firstly a new form (i.e., (3.2)) of (1.1), and then in §3.1,

we choose the initial data and give some estimates of the corresponding norm. In § 3.2, we

obtain norm inflation by the analysis of U;. §3.3 devotes to the analysis of U,, while we

close the proof of Theorem 1.1 in § 3.4. In the Appendix, we give the proof of Lemma 2.8.
Let us complete this section by describing the notations we shall use in this paper.

Notations. For A, B two operator, we denote [A, B] = AB — BA, the commutator between
A and B. In some places of this paper, we may use L” and B, , to stand for LP(R3) and

B, ,(R3), respectively. The uniform constant C, which may be different on different lines,
while the constant C(-) means a constant depends on the element(s) in bracket. (c;);jez
will be a generic element of I'(Z) of norm < 1, and we also write Zjez lejl < 1.

2. Preliminaries

In this Section, we give some necessary definitions, propositions and lemmas.
The fractional Laplacian operator |[D|* = (—A)2 is defined through the Fourier
transform, namely,

DI f(E) = £ F (&),

where the Fourier transform is given by

f) = / e Ef(x)dx, or F(f)E) = f e™ f(x) dx.
R3 R3
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Let € = {€ € R3, % <&l € %}. Choose a nonnegative smooth radial function ¢ supported
in € such that .
D@ g =1, &eRN\(0).

J€EZ
We denote ¢; = 0(2778), h = F~ ¢, where F~! stands for the inverse Fourier transform.
Then the dyadic blocks A; and §; can be defined as follows

aif =e@D)f =29 [ h@iyra-ydy 57 = Y Mt
R k<j—1
One easily verifies that with our choice of ¢
AjAf =0 if|j—kl =2 and A;j(Si—1fAxf)=0 if|j—k|=5.
Let us recall the definitions of the Besov space and Chemin—Lerner type space [4].
Definition 2.1. Let s € R, (p,q) € [1, 00]?, the homogeneous Besov space Bz’q(RS) is

defined by
3 3 3.
By R = {f € SR If Iy es) < 00},

where

Y 2 U AGfIN e | o for 1< g < o0,
113y, ey = § \iez e

sup 2| A fllpp sy, for g = oo,
JEZ

and &'(R3) denotes the dual space of SR3) ={f e SRY); B“f(O) =0;Va € N3
multi-index} and can be identified by the quotient space of §'/P with the polynomials
space P.

For the definition of &'(R%), see [16, Appendix A.1].

]?eﬁnition 2.2. Lets € R, (p,q,r) € [1,00]%,0 < T < co. The Chemin-Lerner type space
L} BS (R%) is defined by

Ly By (R = (f € & ®Y): £l gy (zo) < o).

where

D 2YIA I, sy |+ for1<q <o,
||f||1:9‘Bizq(R3) = JEZ
sup 2% ||Ajf||L{”er(R3), for g = oo.
JEL

It is clear that L}.BS , = L7 B3 .
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Let us introduce the homogeneous Bony’s decomposition.
uv = Tyv+ Tyu + R(u, v),
where
T,v = ZSj_luAjv, Tyu = Z AjuSj_1v, Ru,v)= Z Ajuﬁjv,
JEL JEL jez

here Aj = Aj_l +Aj+Aj+1.

The following propositions provide Bernstein type inequalities and the standard
estimate of heat equation in order.

Proposition 2.3. Let 1 < p < g < oo. Then for any B,y € N>, there exists a constant C
independent of f, j such that

(1) If f satisfies .
supp | C {€ € R : €| < K27},
then . s
||8Vf||Lq(R3) < C2]|V|+J(;—§)”f”Lp(R3)'
(2) If f satisfies
supp f C (€ € R : K127 < ] < Kp2)
then

Il r@ey < €270 sup (107 £l 1o m3)-
[Bl=ly]

The standard estimate of heat equation reads:

Proposition 2.4. [I] Let T >0, s€R and 1 <r <oo. Assume that ug € Bf,l and
2

L Ls—242
fe L[;B:1 P If u is the solution of the heat equation

ou — wAu = f,
u(0, x) = up(x),

with u > 0, then Yp1 € [p, 0], we have

1
1 < s . .
i IIMIIip1 A S C(IIMOIIB.“ + ”f”Z" ,s2+g) (2.1)

T “r1l TBr,l

Lemma 2.5. [1] Let T >0, s >0 and 1 <r, p < 00. Assume that F € Wl[()sg+3’°°(R) with
F(0) =0. Then we have

IEP gz g, < CA+If e 21 Nz gs - (2:2)
The Kato—Ponce estimate can be given by
Lemma 2.6. [19] Let s >0, 1 < p,r < oo, then
178135 ey < C{IANim oy I8l iy oy + glin @ lelzg o} (2.3)

1 1 1 1 1
< < = = — _ = = —.
where 1 < p1,r; < 0o such that = o + 7 = + 5
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For the readers’ convenience, we refer to [1] for more details.
Thanks to the above Bony’s decomposition and Bernstein inequalities, we can obtain
the following product estimates.

Lemma 2.7. Let

1 <s,51,8,5i1,852 <00, 3<r<oo, 3<qg<6, |al=1,

-—=—4+—=—+—, i=12,
s S1 52 Si1 $i2
3 3
—4+->1, pp>6
Po
Then the following estimates hold:
(a)
. o s .
||fg||£ST .’331 < C(II;_%’IILATHLOQIIfIIESTnBE1 +19 g||LT21L°°||f||1:“TZBEI“’>’ (2.4)
(b)
3, <C 511 7 0o ; ; 3 ; 2.5
1781, -1 < (ufuLTl.L el 317+ ”f”L;z'Bﬁfz”g”i?éff3) (2.5)
, . 0. ,
(c)
Ifell s <CIAL. 2 ligll, 3 (2:6)
LrB,, L'TIB,Z)O,I Ly B,
In particular, we have
Ifgl. s <CIfIl_, 3 llglh 3., (2.7)
L;BZI L;BZI L;Bgl

Proof. (a) Using Bony decomposition and Young’s inequality for series, we have
1A Te fllr + 18R 9l < €Y ISk-tgllz | Acfllr
lk—jl1<4
+C Y lAcglloll Ac Il
k>j-3

Cligle= > IAkflLr

k>j—4
_j3 j—k)2 k2
< C2r gl Y 2VTRRT A Sl

k=j—4

_;3
< Cei2777 gl fI 5
BV

r,

N

And by Bernstein’s inequality, one can get

1A;Trgllr < C Y ISk fllrllAcgllzes
lk—jl<4
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<C Y 270 Argll ool S £l

lk—jl<4
< Cla%gllee Y 27NNy fllir
lk—jlI<4
.3 . 3 3
< C2Ir %l Y 2UTORRRGTD s f
lk—j|<4
< Ce2707 9%l £ s JERmt

rl
where we have used
| >1, r>3
and
127518, fllLr llirzy = IIfIIBv , §<0,

Adding the above estimates, then multiplying 2/7 and summing over j € Z, applying
Hélder’s inequality to resulting estimate can yield the desired result (2.4).
(b) Similarly, we have

1A Trglr + 18T fllr < C D WSioafllexldiglir+ D ISkagller Ak f e
lk—jl<4 [k—jlI<4

.3 . 3 3
< 2G| fle | ] 2UTOGTDR G A e
lk—jl<4

C N3 3_
+ Y 2UTRGDRGD s ey
lk—jlI<4

< Ce 277GV il gl i

r,l

Let = = % + %, then % > 1. By Bernstein’s inequality,

r

i(3_3 ~
18R 9l < €270 3™ A fAegllen

k=j-3
33 ~
< 2T N A Sl I Aigllr
k=j-3
3 (32— 3_ ~
< €2/ 3 AT G A f i Brgllee
k>j-3
_3 G k)(i—l)
< YDA 5 lgl, s 220
Bl’o' r,l k>j-3
< Cej2 0P ] alel

POI r,l

Following the same lines as the upper estimate of (2.4) leads the estimate (2.5).
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3 3
(¢) (2.6) can lead to (2.7) if we choose r = g and use B;’l > B[f(‘;,l. For the proof of (2.6),
indeed, By (2.8) and

i(1—3
IA;R(f Ol < Cei27 02N FI 5 Ngl s,
B, B
Po-1 ’
X 3
together with B Ifg | = L can imply the desired result. O

To meet the requirement in our proof, we also need some estimates of the following
generalized transport equation, the proofs of which will be given in the Appendix.

Lemma 2.8. Let T >0, pg > 6 and g € (3,6). If B is the solution of the generalized
transport equation

0 B+u-VHB—Bdivu = f,
B(0, x) = Bo(x),

then we have

(a)
Bl ree < CUBollLoe +1f MLy o) exp{CHVUll L) oo} (2.9)

(b)

Bl 5 < C(I%oll 2t IBllegrelull IS 3 )eXp{CIIVMII s }§ (2.10)
L Bq_1 LTBq,l LTBq,l ] 0

TBq.l T pg,1

(c)

1Bl s <C<|I‘Boll_s +II _3>€XP{C||VM|| ,3}- (2.11)
) BP0 L1 gPo 1 pPo

o0
LT B[’0~1 Po-1 T pp.1 LTBpO,I

Remark 2.9. The limitation of the parameters like ¢ and pg in Lemmas 2.7 and 2.8 can
be easily relaxed. To make the following proof clear, we only focus on some special scope.

3. Proof of Theorem 1.1
Firstly, we need to get a new form of system (1.1). Let

- P'(p(1
A=ja+Grpvdy, K@ =8P @ =

and i = £, A = %, § = L4 2ji. then we can rewrite (1.1) as follows:

9

=
>

ora+u-Va+divu(l+a) =0,

&h—vAh = —|D|"" div(u - Vu + L(a)Au+ K (a)Va),
5Q—pAQ = —|D| " curl(u - Vu + L(a) Au),

(a(0, x), h(0, x), (0, x)) = (ao(x), ho(x), QLo(x)),
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by introducing the new unknowns
a=2_1, h=|D"divu, Q=D ' curlu
0
leading to
u=—|D|"'Vh+|D|" curl Q.
The above can also be seen in [7]. Let b = L(a), then we can rewrite (3.1) as follows:

ob+u-Vb+ (1 =>b)divu =0,
8h —vAh = —|D|" " div(u - Vu + b Au + K (b)Vb),

3.2
Q2 —aAQ = —|D|" curl(u - Vu + b Au), (3.2)
(b(0, x), h(0, x), (0, x)) = (bo(x), ho(x), QL0(x)),
. B
where bg = L(agy), K(b) = Pl(l"’). By Duhamel principle, we have
—- t - ~
h(t,x) = e”A’ho—/ "2 DI div(u - Vu + b Au + K (b)Vb) dx,
0
— t —
Q(t,x) = e“A'QO—/ MO8 DI eurl(u - Vu + bAu) dr.
0
Denote
Uo(t) = —|D|72V div(e”™ ugp) + | D|>curleurl(e”* ug),
Ui(t) = —|D|"'Vhi+|D|™ curl 4,
Us(t) = —|D|"'Vhy+|D|™" curl s,
where
t -
hy = —|D|—1div/ "D by AUp) d,
0
t —
Q) = —|D|_lcur1/ DA (py AUY) dt,
0
! — ~
hy = —|D|! div/ "TOMF 4 u-Vu+ K (b)Vb) dr,
0
t —
Q = —|D|™! curl/ HTOME 4 u - Vu)dr,
0
with
F1 = by A(U; + U>) + b1 Au.
Now, we can decompose u and b as
u(t, x) = Uo(t, x) + Ui (1, x) + Ua(z, x)
and
b(t, x) = bo(x) + b1 (t, x)
where by (t, x) satisfies the generalized transport equation
0tb1 +u-V(bg+b1)+ (1 —by—by)divu =0, (3.3)
b1(0,x) =0. '
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3.1. The choice of initial data

Let C(N) = 22( 2D for some 0 < € < 2(— — —) and p > 6, where N > 0 determined

later is a sufﬁmently large constant leading to C( v < 1. We construct the initial data
(bg, ug) as follows

(&)—# 3 2755 (£(& — 2%er) + f (£ +2%er))
0 C(N)k ~ 1 1)),

m 23 2k 2%¢1),0,0
(&) = C(N)k%) (fE —2%en) + f(E+2%e), 0,0),

where e; = (1,0, 0) and f is a smooth, radial and nonnegative function in R3 satisfying
p_ 1 fril<t,
~ |0 for |&| > 2.
It is clear that by and ugp are real valued function and real vector-valued function,
respectively. One can also check the following estimates hold, i.e.,

C
bollpe < ——, b < —, | < —— 3.4
llbollL ) I O”Bp%l ) lluoll 6,17 cn (3.4)
and
PNE=p) CoNGI+1)
bollps < ————, pl L ————, 3.5
Iolls;, <~y Mollg, < ey (3.5)
with (r, 1) € [1, 00]% and s > %, s > —%. In fact, one has
~ Cliflip c
b < b < <
1bolloe < llboll 11 V) )
and N+1 N+1
+ +
”f”LI’ CN
b 25 Ajb <cC
I o||B31 D 2 Abolle <C Y e S
P Jj=99 Jj=99

and other terms can be bounded similarly.
Next, a lemma is given.

Lemma 3.1. Let p > 6. Then there exist some positive constants q, po, €, €1 satisfying

3 3 5 3
l<—4+— < -——+3e—3¢,

g po 4 2p
3 1 3
— <-4+ —+2e—€1,po < (6,p),
po 4 2p (3.6)
3 3 3 .
0<2¢ <2 n -2 2 (5-2) r2es

<le<l2¢i<mmny-——, - | =-—— € €.
! 2 p3\2 p
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Remark 3.2. We give the following explanations of the limitations in (3.6). Let
T =272049N “then we have

3._3
N(%—;‘i‘z)

Tz—<<1<:>i <1+i+26—61,

C(N) po 4 2p
TN G+ 303 3
W<<l<=>c—l<z—5+26—el,
PG 0
W<<1<:p0€(6,p),
S PATANTR A 3 3 5 3

IE <<1<:>;+%<Z—5+36—361.

As a matter of fact, we assume the conditions on the right hand side of (3.7) to ensure

the conditions on the left hand side which are required in our proof. Furthermore, we use

%—i— % > 1 (with (3.7) leads 2¢; < 4¢€ and 2¢; < %(% - %) + 2¢) to ensure some product

estimates like (2.6). The choice of C(N) needs 2¢; < % — %, while € < €] ensures the norm
inflation of U; (see the end of §3.2).

Lemma 3.1 can be proved easily, here we use the following example in this article:

1/1 3 1/1 3
€ = — 5 ) 61:_ ~ -
4\2 p 3\2 p

and

This ensures that

1 3
————2¢ ). 3.8
(2 p 61) (38)
3.2. The large lower bound of U;

Let G/ be the j-th component of the vector G. Thanks to the choice of the initial velocity
Uy = (u(l), 0, 0), we have

AUy = (A + (A + )V div) (—| D| 72V div(e"® ug) + | D|2curleurl (e ug))
= (A +22)Vdiv(e"*ug) + (A — V div) (e* u), (3.9)
where
(AUQ)' = (A +20)07 ("2 uf) + (35 + 83) (e uy),
(AUQ)? = (A +20)3132(" u) — 181 2™ ), (3.10)
(AU)’ = (A +2/2)d193(e"> ug) — 10103 (€™ ).
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One can also get a new form of U; given by

t [ _
Uy =-— / MmO Rby AUy dT +|D| 72V div / ("R — MDY (b AU) d.
0 0

_1
Due to B6 [ = B~ we have

OOOO’

IDON 4 > el Ol > el Ol

61

> ¢ ¢<295>U3<s)de‘ > |Bi| - |Bal,
where
= fw(zgswﬂ,.(s)ds, i=1,2
with .
Ulll :/ eﬂ(l—r)AbO(AUO)ldr
0
and

t - -
U}, = |D|7%9; div / (e"U7DA _ HU=D8) (py AU) d.
0
Now, we give the estimates of B;.

e The estimate of Bs. _
Let & = (§1.&. &). Using div(AUp) = 81 (AUp)' + > 8;(AUp)", one can split B, into
i=2,3
two parts, that is,

By = - / ¢<295)|s|2 / (e PN _ (=G0 F (o (AUG)) d d

+ 3 [on /0 (e HU=DIEF _ o= RU=DIEP) 7 (o (AU e d

2
i=2,3 4
= By + Bx.

Applying (3.10), one gets
By = Bai1 + B,

where
B =~ +20) [ <p(29§)|§|2 / (e T0=DNER _ (=RU=DIER) Fpo a2 (P07 uby) dr d
and
Boip = —,1/ (2%) é|2/ (e DR _ o= =)ER) F (b (32 + 92) (AT u )} d d.

Using the constrcture of by and ug, we can obtain

Elnt
B = g 3 9 [ oo Dlaenac. e dedn.

2
k=100 €l
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where

AE 0, k) = (& —n—2) fn+2%) + f(E —n+2%e) f(n—2er)
and
t
At E. 1) = f (e~ U=DIEP _ o=Rl—D)IER),~TInPe g

0
For the estimate of A(t, &, n), by Taylor’s expansion e¢* = Zr>0 ’;—:, using || &~ 2% and
€] < 1, one obtain
eVt _ p=tlER bt _ —jurlEl?

B(IE12 =10l IEI? —DIn|?

when 722V < 1. This implies that

Boy = —< XN: 2+ 5) / / 0w nPe@e U iae, . k) de dn
C(N)? = R ’

A(t, &, 1) = = O(?n%),

which leads

> N 24N(§—2)
Bl < = 3 2M6H) = thz—zp (3.11)
CN™ 5o ()
Similarly,
N 200 4 2
c 13 &7 (n3 +n3)
b= 2 200 [ f Oy 2B . b de dy
k=100
following
5_3
cr22NGaTy)
B < ——— 3.12
[B212| V)2 (3.12)
Combining with (3.11) and (3.12), we have
caVGp
[B21| < (3.13)

C(N)?
Using (3.10) again, we have
Bay = Bay1 + By,

where
oot _ _
3221 — ()_\_'_2'11) Z f¢(29§)|$;_|§-21/ (e—l)(l—f)|§|2_e—M(I—T)\E\z)f(boalal_evA‘L'u(l))d.[d%-
i=2,3 0
and
oot _ _
By =—i1 ) / ¢(29€)2% / (e UDIER _ o= G=)ER) 7 (b3 0™ ul) d d.
— 0

The upper bound of Bjp; is smaller than Bj;; since nonlinear term F (boalazeru(l))
and ]—'(boalage“mué) contain one helpful derivative 9; less than ]-'(boalze"mu(l)).
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In fact, we have

Ct
C(N)?

N
> Zk(f‘?)/fwz%)mum(s,n,k)dsdn

k=100

[Byi| <

Ct 3_3 CtzN(%’%)
< Sy b 2T
C(N)? C(N)?

following
2

NG-2

B < Cr2
221 X C(N)2 .
Together with (3.13) leads

9_3 3_3
c2VeTy ey

|Ba| < IGE + CVE

e The estimate of By.
Applying (3.10), then

t -
B = / 0(2%) / e FDKP F(bo(AU)") dt d& = B + Bia.,
0
where

t - -
By = Gi+2j0) / 0(2%) /0 ¢~ R=DER Fipon2 (P00 1) dr d,

o _
B, = ﬂ/(p(29s)/ e—M(l—f)|f|2f{b0(322+a32)(evAtu(1))}dT dE.
0
Thanks to the choice of the initial data, we have

By = —c / f o) bo(E — My ul () A1 (E. 1. 1) dE d.

where ,
A1) = / ¢~At=DIER=3IlT 4o
0

By simple computation and using Taylor’s formula yields that
t
A1, n. 1) = fﬁw/ e AER=VIT g
0
et _ p—itlEl

g2 — In|?
t+ 0@ ),

when 122V < 1. So we can get

N
Bl > s 2 2470 [ [eoniue b deay

k=100
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c? & yas
con 2 290 [ [e@entmPae o dsay

2
CIN)™ 5o
N 2 N
ct k(3-3) Ct k(2-3)
> Z 272 ) — ——— Z 272 p
2 2
CN* S CN* 5o
VG o2NGp) 315
~ C(N)Y  C(N) (3.15)

Since there is no helpful derivative in the nonlinear term F {190(822 + 832)(e‘_’At u(l))} of Bj»,
it is easy to bound Bj; as follows

N
Ct k(l,l)// 9
|Bia| < > 24T P(2°E)AE, 0, k) dE dn

C(N)? k=100

crVGp)
C(NY?

together with (3.15) and choosing N such that C272V < £ yields that

X ’

2e2VG7D c22NGY

Bi| > |By1| — |B12| > - 3.16
|Bi| = |Bi1] — | B2l 3C(V)? CIN (3.16)
Therefore, by setting
t=Tp:=2"21+N (3.17)
with 0 < € < €], we have 12?2V < 1, and combining with (3.14) and (3.16) follows
3 9_3 3_3
2:02VG7D  c22NGD NG
Il 1 2> 5~ 2
By ? 3C(N) C(N) C(N)
NG—3)
> M — EzzN(Gl—G). (318)
2C(N)2 2

3.3. The analysis of U;

In this Subsection, we split the analysis of Uj into several steps. Let 0 < T < Tp. In step

1, we give firstly some estimates of Uy; In step 2, the estimate of ||u - Vu]| 3_, is given;
1L g
T%¢g,1

Step 3 devotes to the estimate of ||(bo A(U; + Us), b1 Au)|| R In step 4, we show the

LTB;{1
estimate of |K (b)Vb|| 3_,. In step 5, we conclude the analysis of U>.
L]TBq‘l
Step 1: Some estimates of Uy. Let (p, po, q) be given as in (3.6). Firstly, by using 2.1,
(3.4) and (3.5), we give some estimates on Uy as follows:

3N
A77, -~ C22
1 ADoll o1 < €22V ol < S,
1
, , craVety)
1Wollyis, < CTluollzy, < e, s >0,
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SN
IV2Usll 1 10 < CT2N ol < iy
and
CcTHNGHD
1Uoll ) o2 <T2||U0|| 2 S CT2||M0|| 3 \T
B! Ly, Bl (N)

Now, we give the estimates of U;. By |Iglize < C|Igll.1 and Young’s inequality, we have
Y rell,oo],

T
l o~ l —
10y Lo < TrIUI gt < T'/ 1boAUoll 1 dT
0

CTH-%Z%N
C(N)?
By (2.1), the Kato—Ponce estimate (2.3), (3.4) and (3.5), we have

141 —
< T lboll 1 AU oo 1 <

1ol s UL s

TBql TBq,l

1 1
T2 <||U1|| ERvI N LY ) < CT2 b AU
2B L

3
1 pd
T q.1 TBq,l TBq,l

1
< CT2<||bO||L°°||U0|| 3,4V Uoll Lt po< liboll 3
}‘qul qql
cT32VG+Y)
S C(N)?
Similarly, we also have
3 5
ULl ULl < crizmTd
1 st 3 S ——F—
F Ly, €N
Step 2: The estimate of |u-Vul RNy This estimate can be split into nine terms. By
LyB]
the product estimate (2.6), we have
CTZN(§+%+1)
IUo-VUoll 3, < ClUoll ||U0|| 3 S — 5
LITB‘;[J 1 LTBpOl qu,I C(N)2
cr2N Gt
1Uo-VUIl 3., < ClUoll ||U1||~ 3 S —— 55—,
Ly BY L%Bpo1 g7 C(N)
3
1Uo- VU < CllUoll 10l < S )IIU l
0- VU2 3 S 0 Al S =102l s
L%‘qu.l TBpol L qu.l C(N) %'Bq,l
CT22N(3+;—0+3)
IUL-VUoll 3, < ClULl s [Woll. 3 € ———5—
LhEl! LTBPO o3BT C(N)3
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cT3N Gt
UL -VULll 3, < CIIULI - 5 ULl 3 < 7) ,
LyB], L, L3B7 C(N)
CT2 2N( TR
UL - VU, | 3o < it ||U2|| ERES W”Uﬂhz 3,
LB LTBpol 1387 (N) 287
cT2N G 3 43)
(U2-VUoll 3, < ClIVUoll 3 U2l . 5_, <—||U2||~ D
LrBg, B LB, cw) LBy,
crigN it
[1U2- VULl 5, < CIVUIL = s 102l 3 S —— 55— 02 5.,.
VBT LITBP’;QI LEB], C(N) LEB),
By (2.7),
U - VU2|| 3 <Clual* ;.
Bql L%qul
Adding the above estimates, we have
CT2N(3+%+”
lu-Vull 5, < —2+C||U2|| 3
LyB]| C(N) B!
TN (1l (3.19)
C(N) Prpai T i) |
q, q,

Step 3: The estimate of ||(bo AUy + Us), b1 Au)|| _,- Thanks to the product estimate

3
L%'qu.l
(2.6), one can get

3. 3.5
T NG+2-343)
lbo AUl 3, < Cliboll - 3 ULl 3., < 3 )
LyBY| L¥BY, LLB] C(N)
Crahed
b1 AUl s, < Clball . 3 Ul 3, < —————1b1ll 5,
LLB!, LyBlo, LLB! C(N) Lpilo,
cT3NGHD
1LV AU s < Clibll . s UL - 5y S ———=—bill 5,
Lyl L;OBP’OQI LLB!| C(N) i8] 0
161 AU || L3 S Clbyll 3 (1% R oTE
LTB‘Ivl L?’OBpOO,I LTBq,l
By (2.5),
6o AU || gt < C(IIbolleIIUzll ,+1+T||b0|| f+2||U2|| .31)
YBql 7 ql p0| Bql
P 2)“(uUu A )
< s 2l s )
C(N) TBq"1 LB
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Combining with these estimates leads

[ (bo A(Uy + Ua), blAu)IlLl 3

TBq,l
_crh’eraTd c”N('i’_z”)“(uU || sl )
S + 2 3., + U2 3
cwy! cm T R
+ cra™it o1l + 1102l 61l (3.20)
— ol s ol sgllodll o s )
C) L(;OBpl:)ql IT qr{l L%QB;:)O.I
Step 4: The estimate of |K (b)VDb|| 3_,. Denote
L;B;l
V(1) := (1+ bl L)
Using (2.6), and applying (2.2) yields
IK®) =DV 5 < CIK®G) =1 5 bl 3
LB, LITBI,OOJ LEB,
S CUO|bIl - s bl 3
L‘TB;;‘{I LB,
<CTTOIbI 5 1Bl 5.
L%CBP()OJ L%OBII-I
Hence,
IK®)VBI 5 < IKG) =DV 5 +TIbll 3
LITBq‘{1 LITB;{1 L‘}°Bq‘{l
< CTQT(¢)<1+||b|| 3 )llbllm.;
L{;"OB]?O,I L7 By
< cm<z>(1+||bon R L ><||bo|| 3+l ||~w,;)
poOJ L%OBPOOYI Bq.l Ly Bq.l
o VG NG=3) )
S CTYU@) | 1+ + 1151 3
C(N) C(N) LEB),
< CTi0() "y byl (3.21)
< 2U) | ——— t+ b1 3 .
C(N) LEB],

To achieve the goal of this step, we need to bound [|b1]|_ 3 , which is proved in the
LYB q‘{ |
following lemma.

Lemma 3.3. Let us consider (3.3), then the following estimates of by hold:

(1)

3N

Wil < C 22
g S €\ enn2

+ ||VU2||LITLOO) exp(CIIVull 1 o). (3.22)
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(2)

cr2¥G+y 2% VGt
+ U
C(V) (C<N)2 C(N) )” 2y

1

IIblll_Oo ERIN
LT

Bq,l

L% T 1221 I (17 P eXp{CIIVuII
Lep9 1 pq 1 pq 1

T “q.1 LTBq,l

‘% } (3.23)

VB LLB

Proof of Lemma 3.3. (1) From (2.9) in Lemma 2.8, we have

po,l

T
D11 3o Lo S/ 1@ Vbo, (bo — Ddiva) || dt exp(C[Vull 1 o)
0
Simple computation yields

||u~Vbo||L1TLoo < ||U0-Vb0||L1TLoo+|IU1 -VbollLITLoo+I|U2~Vb0||L1TLoo

3 3 7 3
cr2Vam») NGy - "
V)2 + NP +T2||VbgllLee|| 2||L2TLoo

X

cr2VGp TNy U
CV)e + c) 102112 o

~

and

b0 — Ddivall 1 oo < (1+ b0l Vull 1 o

<cfi4-2 r2¥ + VU
= c(N) ) \Cc(N)2 2epre

3N

CT22
C(N)?

Combining with the above estimates yields (3.22).
(2) From (2.10) in Lemma 2.8, we can get

~

+ IVl -

il 3 < C(||b1||L<;OLoo||u|| s+ Vb, (o= Ddiva)| )
L¥BY, Ly B}, LyB),

T Tq.
X exp(C||Vu|| 3 ) (3.24)
LLB"0

T % po.1

By the Kato-Ponce estimate (2.3) and (2.4), we can obtain

CTZN(%—%+%)
Uo-Vboll 3 <CIIUoll 3 [IVbollLee + U0l p1 ;o IVDOll 3 | € =Frmr—,
Y 1 »d T q CN)
LTBq,l LTBq,l Bq,l
CT22N(%7%+%>
NUL-Vboll 3 <CUIULI 3 [IVbollLee + ULl 1o VEONl 3 ) € =g,
1 pa 1 pa T q C(N)
LTBq,l LTBq,l Bq,l
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and

1
1U2-Vboll | 5 < C(T2||Vb0||L°°||U2||~2 3 +T||V2b0||Lw||U2||~m_3l>

1 LB, LT B,
3
< CT%W_”(HU || U )
< ————— 02l 5, ol 5 )
C(N) LyBl, F:X8

Inserting the above estimates into (3.24) implies

= .a\u

Ll
TB

3 3,3
cr2VG3tD  criaNi-3

cN? TTem

llu- Vol

Ll
T

S

.1

<I|U2I|~ N o 1%
B L¥B/, 2

3
q
LTBq.]

). (3.25)

= e\w

Using the product estimate (2.4) again,

l(bo — Ddivull 3 < Cldivull 3 +bodivull 3
L]T qq,l LlTqu,l LlTqu,l
< C<||M|| Cant lboll oo lluel| 341 +T2||Vb0||L°°||u|| 3 )
TBq,l LTBq,] Bq,l
< Cllul ST
S Cllull s+ —————lull__ 3
B CN) LiB/,
< —CT2N(2+ ! <|IU I (1% > (3.26)
S 2 +]+ ol 3 ). .
C(N) LLB] L3B]

Combining the above estimates with (3.22) in (3.24) follows the desired result (3.23). O
Now, we continue (3.21). Thanks to (3.23), we have

TiVG—» (i TiNGED

IKBVL] 5, < CV(0) + + Il s
LLB! : C(N) C(N)? C(N) LITBq‘{;rl
<|IU2|| 3 + 102]| 1 .3+1)
T Bql LTBq.l
3 2
+ THU2fI” 5 pexpl| ClU2| Ry (3.27)
Ly B, LB,

Step 5: The estimate of U2l 3, and ||b1]| 3 . Adding the above estimate (3.19),

LTqul L;OBpol

(3.20) and (3.27), one gets

102l 5y < Clu-Vull 3 +ClgAT +UDI | 5

LTBq,l LTBq,l LTBq,l
+CllbyAull 5 +C||K(b)Vb|| 3,
Tqul Tqu,l
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cT32 NG+ —3+3) TZN(%_%H)H
< B(1) +C
C(N)3 C(N)
cT2V G+
1020l 3., + U2 3_ )+—Ilb1|| X
( TBq l+] Tqu.l ] C(N) LOOB

S Y PO LY B 1P O (7Y

LTBq,l LT Bpool LTBql L B +1
X eXP<CI|UzI| L3+ 1) (3.28)
TBql
For the estimate of ||by]| 3, from (2.9) in Lemma 2.8, we have
L%OBlj’O‘{,

bl 5 < Cll(u'Vbo, (bo— Ddivul| s ) eXP(CIIVMII 3 )
joop Po 1 3P0 LLBT0

LT JZ ! LTBpO.l Pl
Like (3.25) and (3.26), we have
cr2V i) criaNi-p
lu-Vboll 5 < + (||U2|| 3+ 0 3)
LyBI0, C(N)? C(N) ixB) 3879,
and
, cr2V it
o= Ddival 5 <W +C(I02l s+ s ),
LTBpO,l LT Po-1 LTBpO,l
respectively. Hence, we get
3 3
T2N(%+ )
b1l E3 <C T+I|U2|| 2o 2 sy fexpl ClIO20E - sy -(3.29)
L%QB,; 1 ( ) TBql TBq-l lT poo,l
3.4. Proof of Theorem 1.1
Let us keep the definition of Ty (see the §3.2) in mind. Denote
Xpo=lol s Y=l IO
LC}OBPOO,] L¥B/, LyB,,
and
5
. 0 T) X o< u T2 + ) T22N( +* *+§)
=:supyf € (0, : + Y7 < + ,
1 p 0, To T+Yr e N

where M is a large enough positive constant, which will be determined later on. The
definition of Ty can be seen in (3.17). Assume that 71 < Tp. For all T < T, we have

V() < (L+ llboll L + 151l 1)* < 2
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provided that X7 is small enough (In fact, we assume that the below (3.32) holds, so Xr
is small enough, and then U (¢) < 2, which is absorbed by the constant C in the following
text.) Thanks to the above estimates, we have VT € (0, Ty),

Xr <C TZN(%J%) Y 3.30
TS W'F T ( . )
and
3_3 3_3 3.3
Yr < CTZZN( + + )+C TZN(pO p+2)+1 +Xr+Yr | Yr+ CT2N(;+§)X
T < C(N)3 c) T T|Yr c) T
< 1Y 2C T%ZN(%JF%i%JF%) CTZN(%JF%) X 3.31
S5 T+ CN)? + cw) T> (3.31)
where we have set N such that
3_3 3.3 3_3
72"~ +1+M T2N(1’0+2)+T22N( Tt < (33
C(N) C(N) C(N)3 ’ '
Equation (3.31) yields
Y. <4CT22N( +% ;+%) 2CTZN(%F%)X 3.33
T X C(N)3 + C(N) T- ( . )

Multiplying (3.33) by 2C, and adding to (3.30), choosing N such that

3.3
4C2T2N(5+7) 1

we get

7N (=3 ngN(§+pi0—%+%)

cay T oy

1
X7+ Y7 < EXT+8C2

This implies that

3 3.5
+ 3) N( +50 p+§)

T2 n T22
C(N) C(N)3

X7+ Yr < 16C?

One can see from Lemma 3.1 and Remark 3.2 that the above requirement of N (3.32)
and (3.34) can be met. If we choose M = 32C?, and then a contradiction is obtained. So
we have T = Ty via using the continuation arguments. That is VT < Ty, we have

3 3.5
+ 3) N( +50 p+§)

T2 T22

X7+ Yy <32C?
T+Yr c) + CN)?
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Now, we can get

llu(To)l 5 z Uil s = <||U0(To)|| 1 +HIUATo)l ,%)
61 B6.l B6,l BS,I
N(Z+3) NG+a—243)
> fzzN(El—é)_L_ 20?2 T2 ™ * + r32
2 C(N) C(N) C(N)3

> fzzN(el—e).
8

Thanks to the choice of € and €, see (3.8) in §3.1, we can conclude the proof of
Theorem 1.1.
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Appendix

In this Section, we prove three estimates in Lemma 2.8.

Proof of Lemma 2.8(a). Let p > 2, integrating by parts, we have

1d 1
B, < ——/u-V|%|P+/divu|%|p+ff%|%|”—2
pdt P

< ptl -
TIIVMIILMII‘BIIU + £l IBIIT,

Dividing ||‘B||€;l on the both sides of the above inequality, then let p — oo, we get

d
77 1Bl < IVulizelBllzeo + 1l

With Gronwall’s lemma leads the desired result (2.9). O
Proof of Lemma 2.8(b). Denote

t
(B1(1). /(1)) = (B. f)exp | —2 /0 IVull s dr,

Po-1

where A is a large enough constant, which will be set later. So we have

0B + Al Vul| pi%)»—{-bhv%)\—%)»divu:f)\.
BP0

ro-1
By a standard process, we have
1d
5E||Aj%xll o FAIVull s 1ABT, < CUVull |l AjBallze + 1A, u- V1Bl La

1-’0,1

+ 1A (B diva)llze + 1A, fill Lol A B0,
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Dividing ||Aj%x||qL;1 on the both sides, integrating in time (0, t), we obtain

t
A8l +X/ IVull s [|A;jByllLedz
0 BP0

Pl

t
/ V] 2 1A BallLe dt 4+ 11[Aj, u-VIBill 11
0

ro-1

+ 1A;Badivill g + 148, fillp) e

i3
Then multiplying 2’¢ and summing over j € Z, using Kato-Ponce estimate (2.3) and the
commutator estimate (see, [1, Lemma 2.100])

i3
> 274 |[A, u-VIBLe < C||Vul ||sB||3
jez Bpo,l By
yields
B2 ;H/ IVull s 1Bl s dr
pO,] ql
/nwn |%A|| 3 AT Bl s FIAI
51 B qu
ql L; q.1 L; q.1

Choosing A = 4C, so we can absorb the first term on the right hand side of the above

inequality and then obtain the desired inequality (2.10). O
3

Proof of Lemma 2.8(c). Using Kato—Ponce estimate and B ro | <> L%, we have

1B div u| ERES S CIBI s (IVul

B

ro-1 po,l B]70 1

Following the same idea as the upper estimate of Lemma 2.8(b), one can get the desired
result (2.11). O
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