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Abstract

Let (X, Y) = (X;;, Y)n>1 be the output process generated by a hidden chain Z = (Z,);>1,
where Z is a finite-state, aperiodic, time homogeneous, and irreducible Markov chain.

Let LC, be the length of the longest common subsequences of Xi,..., X, and
Y1, ..., Y, Under a mixing hypothesis, a rate of convergence result is obtained for
E[LC,]/n.
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1. Introduction

Longest common subsequences are often a key measure of similarity between two strings

of letters. For two finite sequences (Xi, ..., X,) and (Y7, ..., Y,,) taking values in a finite
alphabet A, the object of study is LCS(X1, ..., Xu:Y1, ..., Yy), the length of the longest
common subsequences of Xi,...,X, and Yy, ..., Y, which is abbreviated as LC,, when

n=m. Clearly, LC, is the largest k such that there exist | <ij <---<ixr<nand 1 <j| <
-+ < jk <n with

X, =Y foralls=1,2,3,...,k.

For two independent words sampled independently and uniformly at random from the alphabet,
Chvatal and Sankoff [6] proved that lim,_, o E[LC,]/n = y* and provided upper and lower
bounds on y*. This was followed by Alexander [1], who obtained, for indpendent and
identically distributed (i.i.d.) draws, the following generic rate of convergence result:

ny* — Cy/nlogn <E[LC,] <ny*, (1.1

where C > 0 is an absolute constant.

From a practical point of view the independence assumptions, both between words and also
among draws, has to be relaxed as they are often lacking. One such instance is in the field
of computational biology where we compare similarities between two biological sequences.
In particular, alignments of those sequences need to be qualified as occurring by chance or
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Convergence of LCS in Markov models 559

because of a structural relation. One way to generate alignments is with a hidden Markov
model (HMM). The states of the hidden chain account for a match between two elements in
X and Y or for an alignment of an element with a gap. Given X and Y we can find the most
probable alignment using the Viterbi algorithm. This model is particularly useful when the
similarity between X and Y is weak. In this case standard methods for pairwise alignment
often fail to identify the correct alignment or test for its significance. With a hidden Markov
model we can evaluate the total probability that X and Y are aligned by summing over all
alignments, and this sum can be efficiently computed with the Forward algorithm. For more
information the reader is referred to [9, Chapter 4].

There are very few results on the asymptotics of the longest common subsequences in a
model exhibiting dependence properties. A rare instance is due to Steele [18], who showed the
convergence of E[LC,]/n when (X, Y) is a random sequence for which there is a stationary
ergodic coupling, e.g. an irreducible, aperiodic, positive recurrent Markov chain. The present
paper studies the longest common subsequences for strings exhibiting a different Markov
relation; namely, we study the case when (X, Y) is emitted by a latent Markov chain Z, i.e.
when (Z, (X, Y)) is a hidden Markov model. Note that this framework includes the special case
when (Z, X) and (Z', Y) are hidden Markov models, with the same parameters, while Z and
7' are independent. In this setting, mean convergence is quickly proved in Section 2. Then,
the main contribution is a rate of convergence result, obtained in Section 3, which recovers, in
particular, (1.1).

Throughout this manuscript the probability space (€2, F, P) is assumed to be rich enough
to consider all the random variables being studied.

2. Mean convergence

Recall that a hidden Markov model (Z, V) consists of a Markov chain Z = (Z,),>1 which
emits the observed variables V = (V,,),>1. The possible states in Z are each associated with a
distribution on the values of V. In other words, the observation V is a mixture model where
the choice of the mixture component for each observation depends on the component of
the previous observation. The mixture components are given by the sequence Z. Note also
that given Z, V is a Markov chain. For such a model the first easy result asserts the mean
convergence of LC),.

Proposition 2.1. Let Z be an aperiodic, irreducible, time-homogeneous, finite-state-space
Markov chain. Let |, P, and w be respectively the initial distribution, transition matrix,
and stationary distribution of Z. Let each Z,, n> 1, generate a pair (X,, Y,) according to
a distribution associated with the state of Z, i.e. let (Z, (X, Y)) be a hidden Markov model,
where X = (Xp)n>1 and Y = (Yp)u>1. Further, for all i > 1 and j > 1, let X; and Y; take their
values in the common finite alphabet A and let there exist a € A such that P(X; =Y;=a) >0

for somei>1andj> 1. Then
E[LC,] "

im =y,
n—o0 n

where y* € (0, 1].

Proof. If =, the sequence (X, Y) is stationary and therefore by superadditivity and
Fekete’s lemma or Kingman’s subadditivity theorem (see [19]) implies that

. E[LC,] E[LCk]
lim =sup =

n—o00 n k=1 k

*
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for some y* € (0, 1]. When pu # 7, a coupling technique will prove the result. Let Z be a
Markov chain with initial and stationary distribution 7 and having the same transition matrix
P as the chain Z. Assume, further, that the emission probabilities are the same for Z and Z, and
denote by (Z, (X, Y)) the corresponding HMM. Next, consider the coupling (Z, Z) where the

two chains stay together after the first time i for which Z; = Z;, and let 7 be the meeting time of
Z and Z. Next, and throughout, let X" := (X1, ..., X,), and similarly for Y, X™_ and Y.

Since LCS(X™;y™) — LCS()_((n) ;I_/(n)) <n, then for any K > 0,

|E[LCS(X(");Y(”)) _ LCS()_((n);Y(n))“
= [EILCSX ™) — LCSE™ ¥ ™)1 ]
+E[ILCSX™:;y™) — LeSE™ 7)1, ]|

<nP(t > K) + K + |[E[[LCSE (X™; ™) — LesK X701, ]|
<nP(t > K)+K, .1)

where LCSK(- ;-) is now the length of the longest common subsequences restricted to
the letters X; and Y; for i > K, noting also that when v <K, then LCSK(X™;y™) and

LCSKX™.7™) are identically distributed. If K € (mk, m(k + 1)], for some m >0, by an

argument going back to Doeblin [7] (see also [20]),

P(t > K)
<P(Zk # Zi, Zok # 2ok, - - -+ Zonk # Zonk)
=P(Z £ ZOP(Zok # 2ok | Zk #Z0) - - - Pk # Znk | Zim—1)k 7 Zim—1)k)
<(1—em!

<cak, (2.2)

where o = /T —€ €(0, 1) and ¢ =1/(1 — €)?. Therefore,  is finite with probability one.
Choosing K = /n yields P(t > K) + K/n — 0 and finally E[LC,]/n — y* as n — oo.

Clearly, E[LC,] < n; to see that y* > 0, note first that, by aperiodicity and irreducibility,
Pk > ¢ for some fixed k and € > 0, i.e. all the entries of the matrix Pk are larger than some
positive quantity €. Therefore, P(X| = Yi41) > p for some p = p(k, €) > 0. Now,

LCpy+1 > 1X1=Yk+1 + 1Xk+l:Y2k+l +ee 1X(n—1)k+l:Ynk+l’ (2.3)
and hence
np_ EILCu]
nk+1~ nk+1 °
Letting n — oo implies that y* € [p/(k+ 1), 1] C (0, 1], since p > 0. O

Remark 2.1. (i) Under a further assumption, we can show that y* > P(X; = Y}). Indeed,
assume that for all x, ye A,z€ S, PX;=x,Y;=y | Zi=2)=PX;=y,Yi=x | Z;=2)> 0,
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and let Z be started at the stationary distribution. Then, for any n > 2,

E[LC,] > E[LCy—21x,=y,.X,_1=Y,_1 ] + 2PXy =Y, Xy 1 =Y, 1)
+EB[LCy—21x,=y, x,_ 1 £Y,_; | + PXy #& Yy, X1 =Yu_1)
+E[LCy21x,2v,. %, =Y, ] + PXy =Y, Xy 1 Y1)
+E[LCy21x, 2y, X, 1 2Y, ] FPXy Y, Xp 1 Y1, Xy =Ys1)

> E[LCy—2] +P(X, =Y,) + P(Xy—1 = Y1)
=E[LC,2]+2PX1 =T)

by stationarity. Therefore, iterating, still using stationarity, and since E[LCp] =0 while
E[LCi]=P(X1 =Y1), it follows that for n > 2, E[LC,] > nP(X; = Y1). Finally,

y*>PXi=Y)= ) PX;=a)P(Y; =0,
acA

and this inequality is strict since Fekete’s lemma (see, e.g., [19]) ensures that y* =
sup, E[LC,]/n.

(i) Steele’s general result, see [18], asserts that Proposition 2.1 holds if there is a stationary
ergodic coupling for (X, Y). Such an example is when the sequences X and Y are generated by
two independent aperiodic, homogeneous, and irreducible hidden Markov chains with the same
parameters (and so the same emission probabilities). Indeed, at first, when the hidden chains Zy
and Zy generating respectively X and Y are started at the stationary distribution, convergence
of E[LC,]/n towards y* follows from superadditivity and Fekete’s lemma (see [19]). As
previously, y* > 0 since the properties of the hidden chains imply (2.3). Then, when the initial
distribution is not the stationary distribution, we can proceed with arguments as above. In
particular, let 71 and 7> be the respective meeting times of the chains (Zy, Zx) and (Zy, Zy),
and let Tt = max (1, 12). Then equation (2.1) continues to hold:

|E[LCS(X:Y) — LCSCX;Y)]| <nP(r > K) + K
<2nP(1; > K) + K. (2.4)

Taking K = +/n and noting the exponential decay of P(t; > K) finishes the corresponding
proof.

3. Rate of convergence

The previous section gives a mean convergence result; we now deal with its rate. Again, let
(X, Y) be the outcome of a hidden Markov chain Z with w, P, and 7 as initial distribution,
transition matrix, and stationary distribution respectively. In this section we impose the
additional restriction that the emission distributions for all states in the hidden chain are
symmetric (this is discussed further in Proposition 3.1 and in the Appendix): for all x, y € A
andallze S,P(X;=x, Y, =y | Zi=2)=PX; =y, Y; =x | Z; =z). Symmetry clearly implies
that the conditional law of X given Z and of Y given Z are the same since, for all x, y and z,

PXi=x|Zi=9=) PXi=xYi=y|Z=2=) PXi=y Yi=x|Z=2)
yeA yeA
=P(Yi=x| Z=2).

In turn this implies that X; and Y; are identically distributed.
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Moreover, we need to control the dependency between X and Y, and a way to do so is via
the B-mixing coefficient as given in Definition 3.3 of [5], which we now recall.

Definition 3.1. Let 7| and F; be two o-fields C F. Then the S-mixing coefficient associated
with these sub-o -fields of F is given by:

1 I J
BFI, Fa)i=sup ) | ) IP(Ai N B)) — PADP(B)],
i=1 j=1

where the supremum is taken over all pairs of finite partitions {Aq, ..., As} and {By, ..., By}
of QsuchthatA; € Fi,forallie{l,...,I},I>1and Bje Fp forallje{l,...,J},/J>1.

In our case the above notion of the S-mixing coefficient is adopted for the o -fields generated
by two sequences. Moreover, by [5, Proposition 3.21], for a fixed n > 1, and since X =
X1, ...,X,)and Y™ = (Y1, ...,Y,) are discrete random vectors,

B(n):= Bo(X™), o (Y™))

1
=§§:}:maw=mYW=w—PaW=mHﬂm=m,
ue A" ve A7

where o(X™) and o(Y™) are the o-fields generated by X™ and Y. Clearly X" and ym™
are independent if and only if B(n) = 0. Further, set 8* :=lim,,_, oc B(n), where the limit exists
since B(n) is non-decreasing in n and B(n) € [0, 1] (see [5, Section 5]).

Remark 3.1. (i) Another definition of the 8-mixing coefficient based on ‘past’ and ‘future’ is
often studied in the literature: see, for instance, [4, Section 2]. For a single sequence of random
variables S = (Sy)rez and for —oo <J <L < 00, let

Fr=0(Sk,J<k<L),
and for each n > 1, let

B :=sup /3(.7-"]_00, .7-'J°_fn)
JEL

In particular, [4, Theorem 3.2] implies that if S is a strictly stationary, finite-state Markov chain
that is also irreducible and aperiodic, 8, — 0 as n — oo. The mixing definition relevant to the
approach here is different and this limiting behavior does not follow. A further discussion of
the values of B(n) is included in Remark 3.3 (i).

(ii) One might also be interested to use the «-mixing coefficient, defined for o-fields S and T
as:

a(S, T)=2sup{|Cov(ls, 17)| : (S, T) €S x T}.
Suppose further that 7 has exactly N atoms. The following holds (see [4] and [3, Theorem 1]):
20(8, T) < B(S. T) < 8N) (S, T).

However, for this setting the number of atoms N will be |AJ", and since «(n):=
a(o(XM), o (Y™)) is increasing, a bound on B(n) using the inequality above is useless.
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The following rate of convergence is the main result:

Theorem 3.1. Let (Z, (X, Y)) be a hidden Markov model, where the sequence Z is an aperiodic
time-homogeneous and irreducible Markov chain with finite state space S. Let the distribution
of the pairs (X;, Y;), i=1, 2,3, ..., be symmetric for all states in Z. Then, for all n > 2,

Byt o o BE 2ot ( e ™) G

n

where o € (0, 1), ¢ >0 are constants as in (2.2) and C > 0. All constants depend on the
parameters of the model but not on n. Moreover, with the same a and c,

E[LC,] 1

AR —lu:n)<%+caﬁ>. 32)

A key ingredient in proving Theorem 3.1 is a Hoeffding-type inequality for Markov chains,

a particular case of a result due to Paulin [14], which is now recalled. It relies on the mixing
time t(¢) of the Markov chain Z given by

7(€) = min{r € N:dz(r) < €},
where B
dz(t):= max sup drv(L(Ziy: | Zi=x), L(Ziys | Zi=Y)),

L1<i=N—1 x yep,

and where dry(u, v) = % Y veq |(x) — v(x)] is the total variation distance between the two
probability measures p and v on the finite set 2.

Lemma 3.1. Let M :=(Mjy, ..., My) be a (not necessarily time-homogeneous) Markov chain,
taking values in a Polish space A = Ay X - - - X Ay, with mixing time t(€), 0 <e < 1. Let

o inf 2—€\2
Tmin = 200 T(6)<1 — e) ’
and let f: A — R be such that there is c € Rﬁ with | f(u) — f(v)| < Zf’zl ¢ily,2y,. Then, for
any t >0,

—27

PY(M) —Ef (M) = 1) < exp (——— ). (3.3)
Tmin Zf/:l ciz

For our purposes, the Hoeffding-type inequality used below follows directly from (3.3) once
we note that (Z;, X;, Yi)i>1 is jointly a Markov chain on a bigger state space. Let 7(€) be the
mixing time of this chain. Taking f to be the length of the longest common subsequences
of Xi,...,X,and Yy, ..., Y, we have c=((0, ...,0),(1,...,1) e R" x R, since f is a
function of Z, X, and Y whose values do not depend on Z. Letting A := \/Tmin/2, (3.3) becomes

2
P(LC, — EILC, Z ) < exp | 1] (3.4)
A*n

for all t > 0.

Remark 3.2. (i) When X and Y are generated by two independent hidden chains Z* and
ZY, the same reasoning yields (3.4), where now 7(e) is the mixing time of the chain
(Z})zfy Z,Il/y Xny Yn)nzl-
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(ii) The mixing time 7(¢) of (Z,, Xy, Yu)n>1 is the same as the mixing time 7(¢) of the chain
(Zy)n>1. Two proofs of this fact are provided in the Appendix.

Proof of Theorem 3.1. First, recall a result of Berbee [2] (see also [8, Theorem 1,
Section 1.2.1], [16, Chapter 5], and [11]), asserting that on our probability space,

which is rich enough, there exists Y*(":=(Y¥, ..., Y?), independent of (Z, X)™ =
((Zy, X1), - . ., (Zy, Xp)), having the same law as Y™ =(Y;, ..., Y,) and such that
P(Y"™ £ y*™)y = B(n), (3.5)

where B(n) = B(o((Z, X)™), o(Y™)) is the B-mixing coefficient of (Z, X)™ and Y. Note
also that if (¥;);>1 is stationary, then (Y{,...,Yy) and (Y7,..., Y7 ;) are identically
distributed for every £, k > 1, and that if (X*”, Y™) is symmetric, then so is (X", Y*™) where
X" =(Xj, ..., X,). Note finally that this implies that Y*™ is independent of both X and
ZM =(Z1, ..., Zy.

Next, fix k € N; the idea of the proof is to relate E[LCy;,] to E[LC>,]. For k =4, this is done
in the i.i.d. case in [15]. However, we wish to take k — oo and therefore follow arguments
presented for the i.i.d. case in [12]. Call (v, )= (v, ..., Vs, T1, ... T,) an r-partition with
k<r<[2kn/2n-—1)]if

Il=viswn=<---Zvyp=kn+1,
1:1151—2§~~§tr+1=kn+1,
i1 —v) + (i1 — 1) €{2n—1,2n}, forje[l,r—1],

Wrs1 = V) + (Tr41 — ) < 2n.

(3.6)

Let B,C . be the set of all r-partitions defined as above, and let

[2kn/(2n—1)]

Bin= U By,
r=k

If (v, 7) is an r-partition, then setting

.
LCin(v, 7)== LCSKyyr -, Koy 1Y - Yy 1)
i=1

we have:

LCp,= max  LCy(v, 7).
(v,7)eB(k,n)

Letviy1 —vi=n—m, tiy1 — i <n+mforme (—n,n)and 7; — v; = £. Then
E[LCS(Xy;, -+ s Xvpuy=13 Ve o ooy Yo 1]
=E[LCSX1, ..., Xn-m:Yer oo s Yernom_1)] (3.7)
<E[LCSX1, ... Xnem 3 Yoo Yo ) Lyt ysin |
+ min (n — m, n +m)P(Y* 2 y*km) (3.8)
<EILCS(X1, ..., Xn—m : Yis oo Y pme D] 4 nBkn). (3.9)

In the last expression the LCS is now a function of two independent sequences. Stationarity im-
plies (3.7), and LCS(X1, . .., Xy—m ; Yli*, e Y;Jrnerfl) <min (n — m, n+ m) leads to (3.8).
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The error term nB(kn) in (3.9) follows from an application of Berbee’s result (3.5). The same
properties also imply that

E[LCS(Xq, ..., Xn_m;Y;, ce, Ytjk+n+m71)]
=E[LCS(Xy, ..., Xn_m;Yik, ., Y;lk+m)]
<E[LCSX1, ..., Xn—m3Y1, - - o, Yuem)] + npkn), (3.10)
and
E[LCS(Xq, ..., Xn_m;Yz(, ce YZ+n+m71)]
=E[LCS(Xy, ..., Xn+n1;Yik, e, Y;lk_m)] 3.11)
<E[LCSXy—m+1s - - - » XonsYnamt1s - - -, You)l +nB(kn), (3.12)

where the symmetry of the distributions of X and Y* is used to get (3.11). Next, by the
superadditivity of the LCSs as well as (3.9), (3.10), and (3.12),

E[LCS(X\),a MR XU,'+171;YT[’ MR} YTH,lfl)]

1
=< E(E[LCS(XI, e Xnems Y1, o Yogm)]

+E[LCSXn—m+1s - - - » Xoni Yogme1s - - o, You)l + 2nB(kn)) + np(kn)
1
< _
-2
1
= EE[LC2n] + 2np(kn). (3.13)

(EILC2n] + 2np(kn)) + np(kn)

This inequality is key to the proof, since it yields an upper bound on E[LCy,(v, t)] in terms of
E[LC»>,], a quantity that does not depend on the partitioning (v, t). A similar result is central
to the proof of the rate of convergence in the independent setting [1]. However, independence
allows us to get (3.13) directly without the mere presence of or the need to introduce S-mixing
coefficients. Moreover, the approach here is more direct. Applying Hoeffding’s inequality and
summing over all partitions provide a relation between E[LCy,] and E[LC5,] which can be
used to get the rate of convergence. Indeed,

2kn
2n—1

BILCia(v, D) = L(EILCo] + dnfthn)) = 5[ 2 |(BILCa) 4 dnpiin.

In addition, for ¢ > 0,

Ir 2k
P(LCkn(v, n-3 bn - 1 W(E[ch,z] + 4nB(kn)) > tkn)

<P(LCiu(v, T) — E[LCin(v, T)] > tkn)
kn
A_2]’

§exp[—
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where the second inequality follows from Lemma 3.1. Next, note that

P(LCkn — % (Zj]il 1 ](E[chn] + 4nBkn)) > tkn)

> P(LCkn(v, ) — %(%W(E[wzn] T dnBlkn)) > tkn)
v, 7)eBy
2
<1Bialew [ - 5]

The above can be rewritten as:

P(l& H_l" 2kn “( E[LCy,]

tzkn]
> p—
kn kl2n—1 2n

+240m)) ) < Beal exp | — =]
Then, since LCy,, < kn,

E[Lck"] <t4 1{ 2kn “(E[chn] +2B(kn ))

kn kl2n—1 2n
+P( ]Sf" >t+%{2jlill—|%)
<t [t T (P apm) + 1Bl exo | - ikzn]. (3.14)

Next, a bound on | By ,| is obtained using methods as in [12]. Recall that k < r < [2kn/(2n —
1)1 and that By, = \2/*"" By, Now

(3.15)

1B | 52’—12n(”k+’1_ 1)_
, .

Indeed, the sizes of the partitions on the X side should sum to nk, which gives a factor of less

than ("k;"r] l) Also, for each choice of the first » — 1 elements of the partition on the X side we

have at most 2 choices on the Y side. The last interval can take at most 2n values, as per (3.6).
Recall Stirling’s formula (see [10]): forn > 1,

na—n /2nnel/(12n+l) < n! < nle™ " /27'[1161/]2".
Since in the end of the proof k — oo, this bound can be used in (3.15) to obtain:

(nk_,’_ r— l)nk+r71mel/12(nk+r71)
(r—1D(r— ])me]/l2(r71)+](nk)nkme]/IZ(nk)+l
(nk 4 r — 1)+~

(r — 1) =Y (nk)yrk

(1 nk \r—1 | 2 nk
<
=2n(1+.55) (145,)

n 2n12n+1
s )P )
san{l+nt m—1

B, | <2 '2n)

<2'n
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The last inequality in the above expression holds true since k < r < [2kn/(2n — 1)]. Then, for
|Bi.n| we get:

2nk
|Binl = (2L —k+2) max |By |
_ p :

k n 2,,1 2n—|—l
< 2)2'n(1 )" (
_<2n—1+ S G 211—1)

k
In <_2n—1 +2) rin2+Inn 2 2n+1
<exp (( T + In (2n) + In (2 1))nk>

nk nk 2n—1 n—
< ((lnk+ 2 oy 2 Sl @) +1 (2”+1)) k)
SOP\\ T M g YT )
Ink 4 m+1
- mK In2 Inn+In ( )) k)
—CXP((k+2n—1n +2n—1n nring, )"
<exp (10kInn),

where the last inequality holds for large &, in particular k > n, and since In (1 4+ x) < x for x > 0.

Let t =2A+/10y/Inn/n. Then

Byl exp ( ik”) < exp (10k In n) exp ( — %)

<exp (—30kInn).
Next, note that, as k — 00, E[LCy,/(kn)] — y* and that
1r 2kn 1, 2kn 2n
] 4 )~
kl2n—1 k\2n—1 2n—1

Recall also that 8* = lim;,_, oo B(n) = limk_, oo B(kn). Then (3.14) implies that

2n <E[LC2n]
2n—1 2n

E[LC 2n—1 /1
2n 2n

I 1
> % —28* — 244/10 n”—z—.
n

I
+25*) > % — 2410,/ =2, (3.16)

n

and, finally,

To get the result for words of odd length note that, by (3.16),

E[LCont1] _ EILCon]
2n+1 = 2n+1

-1 I 2
il (y*—2A\/10 ﬂ)— " g

“2n+1 2n+1
lnn 2
>y*—2B" —24V10 RETENE
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Of course, these last bounds are only of interest, for n large enough, if y* > 2*. Otherwise we
get the trivial lower bound 0 (see Remark 3.3 below). We are then left with slightly modifying
the constants to get (3.1). The extra term on the right-hand side in (3.1) accounts for the
difference in initial distributions (2.1).

The proof of the upper bound (3.2), where symmetry is not needed, follows by combining
Fekete’s lemma (see [19]) with (2.1) and (2.2). O

Remark 3.3. (i) Recall that the B-mixing coefficient S(n) is a measure on the dependency be-
tween (X1, ..., X,) and (Y1, ..., Yy). The bounds in Theorem 3.1 rely on 8* :=lim,,_, o (1),
which somehow quantifies a weak dependency requirement, and 8* # 0 unless the sequences
X and Y are independent. Note also that the lower bound in Theorem 3.1 is meaningful only
if 2™ < y*. Besides the independent case, there are instances for which this condition is
satisfied. For example, let X and Y both be Markov chains with L states and with the same
transition matrix P, where some rows of P are equal to (1, 1, 1, ..., 1)/L, i.e. such that there
exists a set of states £ such that the transition probability between each one of these states is
uniform. Let the initial distribution of X| be u with p(x) = 0 if x ¢ £ and assume that Y| = X|.
Then the sequence Y defined, for all n, via ¥; = Y; for i > 1, while Y; is distributed according
to 1, will be such that Y™ and Y™ have the same distribution. Moreover, for all n, Y™ and
X will be independent and P(Y" # Y™) > B(n), but P(Y"™ = Y") = P(Y; # Y1), which can
be made as small as desired for a suitable choice of w. Thus the lower bound in Theorem 3.1
holds and is meaningful.

(i1) There are instances when the lower bound in Theorem 3.1 is vacuous. Such a case is when
X; =Y, forall i > 1 and the X; are independent and uniformly distributed over the letters in .A.
Then it is clear that y* = 1, whereas we can show that

1
LA

and so 8* = 1. In this case the lower bound in (3.1) is a negative quantity.

Bmy=1-

(iii) Theorem 3.1 continues to hold for Markov chains with a general state space A. Indeed, the
Hoeffding inequality (3.4) is true when A is a Polish space. The exponential decay (2.2) holds
when A is petite, i.e. when there exist a positive integer ng, € > 0, and a probability measure
v on A such that P"0(x, A) > ev(A) for every measurable A and x € A, and where P"(x, A) is
the np-step transition law of the Markov chain (see [17, Theorem 8]).

When X and Y are generated by independent hidden Markov models the following variant
of Theorem 3.1 holds (for a sketch of the proof, see the Appendix).

Corollary 3.1. Let (Zx, X) and (Zy, Y) be two independent hidden Markov models, where the
latent chains Zx and Zy have the same initial distribution, transition matrix, and emission
probabilities. Then, for all n> 2,

BUC . [l 2 LI
Ryt -0y = —n—<1—1M:n)(ﬁ+ca )

where o € (0, 1), c > 0 are constants as in (2.2) and C > 0. All constants depend on the
parameters of the model but not on n. Moreover, with the same o and c,
E[LC,] _

<y +d- 1,L_,,)<% + caﬁ).
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As mentioned at the end of the proof of Theorem 3.1, the symmetry of the distribution of
(X;, Y;) is used only for proving the lower bound. Let

n—m n+m
h(n) = i i ; D).
()= max (2 D_PXiAY)+ Do P #m)
i=1 i=n—m+1

Then the following result holds.

Proposition 3.1. Let (Z, (X, Y)) be a hidden Markov model, where the sequence Z is an
aperiodic time-homogeneous and irreducible Markov chain with finite state space S. Then,
foralln>2,

E[LC,) . h) ., nn 2 1 i
syt - T 0p —C‘/T—;—(l—luﬁr)(\/—%—kca )

For a sketch of proof of this proposition, and some comments on A(n), we again refer the
reader to the Appendix.

Appendix A

First, as asserted in Remark 3.2 (ii), this appendix provides two proofs of the fact that the
mixing time t(€) of (Z,, X,;, Yn)n>1 is the same as the mixing time 7(¢) of the chain (Z,);>1.

Proof 1. let T= (Tn)nzl be a Markov chain with finite state space S. Each T; emits an
observed variable T; according to some probability distribution that depends only on the state
Ti. Let T = (T,)n>1 and assume T; € A, a finite alphabet. Note that (T, T) is a Markov chain;
let 7(€) be its mixing time, and let 7(¢) be the mixing time for the hidden chain T. Then

drv(L((Tige, Tige) | (Ti, T = (6, w)), LATir, Tid) | (T3 Ti) = (0, v))

1 ~ .
=3 Z [P((Titss Tivr) = (z, w) | (T3, Ti) = (x, u))—
(zzw)eSx A

—P(Tist, Tir) =z, w) | (T1, T)) = (3, V)]

1 ~ ~ ~ ~
=3 Y IP(Tipi=z | Ti=x)Pz—w) =PIy =z | Ti=y)P— w)|

(z,w)
1 el fnd ~ ~
=5 Z Pz—= W PTii=z| Tj=x) —PTiys =2z | T;=y)|
(z,w)
1 T fd ~ ~
= E Z IP(Ti+t=Z | Ti :x) _P(Ti+t=Z | Ti :y)|
ze$S

=drv(L(Tips | Ti=x), LTise | Ti=y)),

where P(z > w) = P(T; = w|T; = 2), i.g. the probability that a state with value z € S emits
w € A. By the definitions of 7 and T this last probability does not depend on i. Then
> wed P(z— w) = 1. Therefore, d(T,T)(t) =d;(t) and 7(€) = T(e). O

Proof 2. An alternative approach to proving the result of Remark 3.2 (ii) relies on coupling
arguments and was kindly suggested by D. Paulin in personal communications with the
authors. First, recall the following classical result [13, Proposition 4.7].
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Lemma A.1. Let u and v be two probability distributions on 2. Then
drv(u, v) =inf{P(X # Y):(X, Y) is a coupling of n and v}.

Moreover, there is a coupling (X, Y) which attains the infimum and such a coupling is called
optimal.

Let (7', T?) be an optimal coupling according to drv(L(T; | Ti=x), LT, | Ti=y)) fgr
some x, y € S, i.e. T! and 7% are Markov chains with the same transition probability as T,
Tg =X, TO2 =y, and

P(T! £TH = drv(L(T, | Ty =x), LT, | Ti=y)). (A.1)

Next, let Tt1 and Tl2 be respectively distributed according to the distributions associated with
Tt1 and th and be independent of all the other random variables. In addition, if for some 7 > 1,
T! =T?,then T! = T?. Then

P(T! £ TH =P(T}. T} # (T} T,
and by Lemma A.1, for any u, ve Aand any i > 1,
P(T}. T # (T2 TH)
> dv(L(Tipe Tiyo) | (T3 To) = (6 w), L(Tigs, Tive) | (T To) = (v, v)).
Together with (A.1), the above yields
drv(L(T | Ty =x, LT, | Ti =y) =

> drv(L((Tipr, Tiro) | (Ti Ti) = (6, ), LA Tiges Tiro) | (T3, To) = (v, v))).

Taking the sup over x, y, u, v gives E(T,T)(t) < ET(t).

For the reverse inequality, consider the optimal coupling (7', T'), (T2, T%)) according
to drv(L(Tr, Ty) | (Th, Th) = (x, w), LT, Ty) | (Th, T1) = (y, v))), for some x,y€S and

u, v e A. Then
P((T!. T # (T} T7) = dry (LT3, Ty) | (T, T) = (x, w), L(T,. Ty) | (T1, Ty) = (3. v))
(A.2)
and
P(T}. T}) # (T2, T}) = P(T} £T7).

However, by Lemma A.1, for any i > 1,

P(T} #T7) = drv(L(Tips | Ti=x), LTy | Ti=y)) (A3)
Taking the sup in (A.2), (A.3) gives d 7 1,(t) > d3(1), and then d,;. 1,(1) = d(0). O

Proof of Corollary 3.1. The Hoeffding inequality (3.4) holds as long as (Z,X,Y) is a
Markov chain. In addition, (X, Y) has to be symmetric (see proof of Proposition 3.1) in order
for (3.13) to hold. Again, one such setting is when X and Y are two independent HMMs
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with the same transition matrix for the latent chain and same emission probabilities. A rate
of convergence result then follows from arguments as in Section 3. The bound on By, is the
same, and there is a Hoeffding-type inequality for this model as per Remark 3.2 (i). One thing
that differs is the bound in (3.13). In the present case it is much easier to get. When started at
the stationary distribution, by stationarity, independence, and symmetry, we have:

LCS(XVis L] XUH,]—I;Y‘L'is L] Y‘L’,‘+1—l) S LCS(le ) Xn—my Yls L] Yn+m)
=LCSX1, ..., XnemsX1, ooy Yem)
1
= ELCZn'

In particular, there is no need to introduce mixing coefficients in this case (8 = 0). When the
hidden chains are not started at the stationary distribution we get an error as in (2.4). Then,
Theorem 3.1 holds but with constants depending on the new model. Moreover, this setting
reduces to the one where X and Y are independent Markov chains by letting each state of the
hidden chains emit a unique letter, which can further recover the i.i.d. case originally obtained
in [1]. O

Proof of Proposition 3.1. The symmetry of the distribution of (X,Y) is only used
to get (3.11), which implies that for any me{—n—+1,...,n—1}, LCS(X1, ..., Xn—m;
Yi,..., Yy4m) and LCS(X1, . . ., Xy+m; Y1, - . ., Yy—m) are identically distributed and bounded
above by half of LCy,. Such a result yields a comparison between E[LC3,] and E[LCy,],
leading as kK — oo to a lower bound on E[LC,,] involving y*. Without assuming symmetry,
the step (3.11) in obtaining (3.13) needs to be modified. One way to do so is to make use of the
Lipschitz property of the LCS to get the following estimate:

LCS(Xla LR ,anm;Ylv ] Yn+m)
=LCSX1, ..o Xnms Y1s ooy Vo) + (LCS(X, oo X Y1 ooy Yogm)
—LCSX1, - s Xy Y1, oo, Yem))

n—m n+m
SLCS(Yr, oo Yo X, oo X)) +2 Z Ix,2v, + Z 1x,2y..
i=1 i=n—m+1
Taking expectations, (3.13) becomes
1
E[LCS(XUla LR XU,'+1—1 ; Y‘El" R YtH»l_])] = E(E[chn] + h(n)) + Znﬂ(kn)a

where

n—m n+m
h(n) == max < ZP(X £Y) + Z P(X,»;éyi)).

me[—
i=n—m+1

This leads to a non-symmetric version of (3.1), namely

E[LC,] N [Inn  h(n) 1 1 -

This completes the proof. (]
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If h(n) = O(v/n In n) then the rate in (3.17) or (A.4) will be the same as in (3.1). Such will be
the case when (Z’, X) and (Z”, Y) are two independent hidden Markov models and Z = (Z’, Z")
is a coupling of the two latent chains such that if Z; =Z/" then Z{ =Z' for any j > i. Then,
(Z, (X, Y)) is a hidden Markov model where X; = Y; once the two latent chains have met, and,
by (2.2), h(n) = O(y/nlog n). However, h(n) can be much larger, e.g. of order n. A case in
point is when the X; and Y; are i.i.d. Bernoulli random variables with parameters 1/3 and
1/2 respectively. Then P(X; # Y;)) =P(X; =0,Y;=1)+PX;=1,Y;=0)=1/6 +2/6 =1/2,
foralli>1, and

n+m

<2 DIPXi£Y)+ Y PXi# Y,~)> = (2(n—m)1/2+ Q2m)1/2) =n.

i=1 i=n—m+1

Note also that when X =(X;);>1 and Y =(Y;);>1 are independent sequences of random
variables, the symmetry assumption is equivalent to X and Y being identically distributed.
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