
Proceedings of the Royal Society of Edinburgh, 140A, 737–752, 2010

Infinitely many solutions for a Dirichlet problem
involving the p-Laplacian

Gabriele Bonanno
Department of Science for Engineering and Architecture
(Mathematics Section), Engineering Faculty,
University of Messina, 98166 Messina, Italy
(bonanno@unime.it)

Giovanni Molica Bisci
PAU Department, Architecture Faculty,
University of Reggio Calabria,
89100 Reggio Calabria, Italy
(gmolica@unirc.it)

(MS received 11 May 2009; accepted 12 October 2009)

The existence of infinitely many solutions for an autonomous elliptic Dirichlet
problem involving the p-Laplacian is investigated. The approach is based on
variational methods.

1. Introduction

The purpose of this paper is to establish infinitely many solutions for the following
autonomous elliptic Dirichlet problem:

−∆pu + q(x)|u|p−2u = λf(u) in Ω,

u = 0 on ∂Ω,

}
(Dq,f

λ )

where Ω is a non-empty bounded open subset of the Euclidean space (RN , | · |),
N � 1, with boundary of class C1, ∆pu := div(|∇u|p−2∇u) with p > N , f : R → R

is a continuous function, q ∈ L∞(Ω) with ess infx∈Ω q(x) � 0 and λ is a positive
real parameter.

More precisely, under some hypotheses on the behaviour of the potential of the
nonlinear term at infinity, the existence of an interval Λ such that, for each λ ∈ Λ,
problem (Dq,f

λ ) admits a sequence of pairwise distinct weak solutions is proved (see
theorem 3.1).

Moreover, replacing the conditions at infinity of the potential by similar con-
ditions at zero, the same results hold and, in addition, the sequence of pairwise
distinct solutions uniformly converges to zero (see theorem 3.4).

As an example we now present a special case of our results.
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738 G. Bonanno and G. Molica Bisci

Theorem 1.1. Let f : R → R be a continuous non-negative function. Set

F (ξ) :=
∫ ξ

0
f(t) dt

for every ξ ∈ R,

σ(N, p) := inf
µ∈ ]0,1[

1 − µN

µN (1 − µ)p
, τ := sup

x∈Ω
dist(x, ∂Ω),

m :=
N−1/p

√
π

[
Γ
(

1 +
N

2

)]1/N(
p − 1
p − N

)1−1/p

|Ω|1/N−1/p,

(where Γ denotes the Gamma function) and κ := τp/mp|Ω|σ(N, p). Assume that

lim inf
ξ→+∞

F (ξ)
ξp

< κ lim sup
ξ→+∞

F (ξ)
ξp

. (1.1)

Then, for each

λ ∈
]

σ(N, p)
pτp lim supξ→+∞ F (ξ)/ξp

,
1

mpp|Ω| lim infξ→+∞ F (ξ)/ξp

[
,

the problem
−∆pu = λf(u) in Ω,

u = 0 on ∂Ω,

}
(D0,f

λ )

admits a sequence of pairwise distinct positive weak solutions.

Results of the existence of infinitely many solutions for the problem

−∆pu = f(u) in Ω,

u = 0 on ∂Ω,

}
(D0,f

1 )

are obtained, for instance, in [2, 4, 5].
As pointed out in remark 3.9, the results contained in [2] are a consequence of

ours and, moreover, some examples, where we can apply our theorems while the
results in [2] cannot be applied, are given (see remark 4.2 and examples 4.1 and 4.3).
In addition, we observe that in [4], Omari and Zanolin assume that

lim inf
ξ→+∞

F (ξ)
ξp

= 0 and lim sup
ξ→+∞

F (ξ)
ξp

= +∞,

which are conditions that imply our key assumption (see (1.1) and condition (ii) of
theorem 2.1), when the nonlinear term f is non-negative.

We emphasize that when q ≡ 0 our theorems and the results in [5] and [4] are
mutually independent (see theorem 1.1, example 4.1 and remark 4.2). The paper
is organized as follows. In § 2 we recall some basic definitions and our abstract
framework, while § 3 is devoted to infinitely many solutions for the Dirichlet problem
(Dq,f

λ ). Finally, in § 4, some examples and applications are presented.
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2. Preliminaries

Our main tool is the following critical points theorem obtained in [1]. This result
is a refinement of the variational principle of Ricceri [7].

Theorem 2.1 (Bonanno and Molica Bisci [1, theorem 2.1]). Let X be a reflexive
real Banach space, let Φ, Ψ : X → R be two Gâteaux differentiable functionals such
that Φ is strongly continuous, sequentially weakly lower semicontinuous and coercive
and Ψ is sequentially weakly upper semicontinuous. For every r > infX Φ, put

ϕ(r) := inf
u∈Φ−1(]−∞,r[)

(supv∈Φ−1(]−∞,r[) Ψ(v)) − Ψ(u)
r − Φ(u)

and

γ := lim inf
r→+∞

ϕ(r), δ := lim inf
r→(infX Φ)+

ϕ(r).

Then we have the following.

(i) For every r > infX Φ and every λ ∈ ]0, 1/ϕ(r)[ , the restriction of the func-
tional Iλ := Φ − λΨ to Φ−1( ] − ∞, r[ ) admits a global minimum, which is a
critical point (local minimum) of Iλ in X.

(ii) If γ < +∞, then, for each λ ∈ ]0, 1/γ [, the following alternative holds: either

(a) Iλ possesses a global minimum, or

(b) there is a sequence {un} of critical points (local minima) of Iλ such that
limn→+∞ Φ(un) = +∞.

(iii) If δ < +∞ then, for each λ ∈ ]0, 1/δ [, the following alternative holds: either

(a) there is a global minimum of Φ which is a local minimum of Iλ, or

(b) there is a sequence {un} of pairwise distinct critical points (local min-
ima) of Iλ which weakly converges to a global minimum of Φ, with
limn→+∞ Φ(un) = infX Φ.

Consider the following autonomous elliptic Dirichlet problem:

−∆pu + q(x)|u|p−2u = λf(u) in Ω,

u = 0 on ∂Ω,

}
(Dq,f

λ )

where Ω is a non-empty bounded open subset of the Euclidean space (RN , | · |),
N � 1, with boundary of class C1, ∆pu := div(|∇u|p−2∇u), with p > N , f : R → R

is a continuous function, q ∈ L∞(Ω) satisfies

ess inf
x∈Ω

q(x) � 0 (2.1)

and λ is a positive real parameter.
As usual, W 1,p

0 (Ω) is the closure of C∞
0 (Ω) with respect to the norm

‖u‖∗ =
( ∫

Ω

|∇u(x)|p dx

)1/p

.
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A function u : Ω → R is said to be a weak solution of (Dq,f
λ ) if u ∈ W 1,p

0 (Ω) and∫
Ω

|∇u(x)|p−2∇u(x)∇v(x) dx +
∫

Ω

q(x)|u(x)|p−2u(x)v(x) dx

= λ

∫
Ω

f(u(x))v(x) dx

for every v ∈ W 1,p
0 (Ω). We are interested in the existence of infinitely many solu-

tions for the problem (Dq,f
λ ). The main objective is to use the abstract theorem 2.1.

Set

k := sup
{

maxx∈Ω |u(x)|
‖u‖∗

: u ∈ W 1,p
0 (Ω), u �= 0

}
.

Since p > N , one has k < +∞. For our goal it is enough to know an explicit upper
bound for the constant k.

In this connection, it is well known [8, formula (6b)] that by setting

m :=
N−1/p

√
π

[
Γ

(
1 +

N

2

)]1/N(
p − 1
p − N

)1−1/p

|Ω|(1/N)−(1/p), (2.2)

where Γ denotes the Gamma function and |Ω| is the Lebesgue measure of Ω, we
have k � m (equality occurs when Ω is a ball). Moreover, we put

(u, v) :=
∫

Ω

|∇u(x)|p−2∇u(x)∇v(x) dx

+
∫

Ω

q(x)|u(x)|p−2u(x)v(x) dx for all u, v ∈ W 1,p
0 (Ω)

and consider in W 1,p
0 (Ω) the norm

‖u‖ :=
( ∫

Ω

|∇u(x)|p + q(x)|u(x)|p dx

)1/p

,

which is equivalent to the usual one.
Since, by hypothesis p > N , W 1,p

0 (Ω) is compactly embedded in C0(Ω̄) and, in
particular, we have

‖u‖∞ � m‖u‖ (2.3)

for every u ∈ W 1,p
0 (Ω).

3. Main results

Define

σ(N, p) := inf
µ∈ ]0,1 [

1 − µN

µN (1 − µ)p
,

and consider µ̄ ∈ ]0, 1 [ such that σ(N, p) = (1 − µ̄N )/µ̄N (1 − µ̄)p.
Moreover, let

τ := sup
x∈Ω

dist(x, ∂Ω). (3.1)

Simple calculations show that there is x0 ∈ Ω such that B(x0, τ) ⊆ Ω.
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Furthermore, set

κ :=
τpµ̄N

|Ω|mp(µ̄Nσ(N, p) + ‖q‖∞τpgµ̄(p, N))
, (3.2)

where m is given by (2.2),

gµ̄(p, N) := µ̄N +
1

(1 − µ̄)p
NB(µ̄,1)(N, p + 1)

and B(µ̄,1)(N, p + 1) denotes the generalized incomplete beta function defined as
follows:

B(µ̄,1)(N, p + 1) :=
∫ 1

µ̄

tN−1(1 − t)(p+1)−1 dt.

We also denote by

ωτ := τN πN/2

Γ (1 + N/2)

the measure of the N -dimensional ball of radius τ , where Γ is the Gamma function
defined by

Γ (t) :=
∫ +∞

0
zt−1e−z dz for all t > 0.

Finally, set

A := lim inf
ξ→+∞

max|t|�ξ F (t)
ξp

, B := lim sup
ξ→+∞

F (ξ)
ξp

,

λ1 :=
1

pB

(
σ(N, p)

τp
+ ‖q‖∞

gµ̄(p, N)
µ̄N

)
, (3.3)

λ2 :=
1

mppA|Ω| . (3.4)

Our main result is the following result.

Theorem 3.1. Let f : R → R be a continuous function. Put

F (ξ) :=
∫ ξ

0
f(t) dt

for every ξ ∈ R and assume that

(i) infξ�0 F (ξ) � 0,

(ii) lim inf
ξ→+∞

max|t|�ξ F (t)
ξp

< κ lim sup
ξ→+∞

F (ξ)
ξp

, where κ is given by (3.2).

Then, for every λ ∈ ]λ1, λ2 [, the problem (Dq,f
λ ) admits a sequence of weak solutions

which is unbounded in W 1,p
0 (Ω).
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Proof. Our aim is to apply theorem 2.1(ii). To this end, fix λ ∈ ]λ1, λ2 [ and denote
by X the Banach space W 1,p

0 (Ω) endowed with the norm

‖u‖ :=
( ∫

Ω

|∇u(x)|p + q(x)|u(x)|p dx

)1/p

.

Set Φ : X → R and Ψ : X → R defined as follows:

Φ(u) :=
‖u‖p

p
and Ψ(u) :=

∫
Ω

F (u(x)) dx,

where

F (ξ) :=
∫ ξ

0
f(t) dt

for every ξ ∈ R.
By standard arguments, we have that Φ is Gâteaux differentiable and sequentially

weakly lower semicontinuous and its Gâteaux derivative is the functional Φ′(u) ∈
X∗, given by

Φ′(u)(v) = (u, v)
for every v ∈ X.

Moreover, Ψ is a Gâteaux differentiable sequentially weakly upper continuous
functional whose Gâteaux derivative is given by

Ψ ′(u)(v) =
∫

Ω

f(u(x))v(x) dx

for every v ∈ X. Hence, the weak solutions of (Dq,f
λ ) are exactly the solutions of

the equation
Φ′(u) − λΨ ′(u) = 0.

Now, let {cn} be a real sequence such that limn→+∞ cn = +∞ and

lim
n→+∞

max|t|�cn
F (t)

cp
n

= A.

Put rn = cp
n/mpp for all n ∈ N. Taking (2.3) into account, we have maxt∈Ω |v(t)| �

cn for all v ∈ X such that ‖v‖p < prn. Hence, taking into account that ‖u0‖ = 0
and ∫

Ω

F (u0(x)) dx = 0,

where u0(x) = 0 for all x ∈ Ω, for all n ∈ N we have

ϕ(rn) = inf
‖u‖p<prn

(
1

rn − (‖u‖p/p)

(
sup

‖v‖p<prn

∫
Ω

F (v(x)) dx −
∫

Ω

F (u(x)) dx

))

� 1
rn

sup
‖v‖p<prn

∫
Ω

F (v(x)) dx

� |Ω| 1
rn

max
|t|�cn

F (t)

= |Ω|mpp
1
cp
n

max
|t|�cn

F (t).
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Therefore, since from assumption (ii) one has A < +∞, we obtain

γ � lim inf
n→+∞

ϕ(rn) � |Ω|mppA < +∞.

Setting Iλ := Φ(u) − λΨ(u) for all u ∈ X, we claim that the functional Iλ is
unbounded from below. Let {ζn} be a real sequence such that limn→+∞ ζn = +∞
and

lim
n→+∞

F (ζn)
ζp
n

= B. (3.5)

For each n ∈ N, define

wn(x) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 if x ∈ Ω \ B(x0, τ),

ζn

τ(1 − µ̄)
(τ − |x − x0|) if x ∈ B(x0, τ) \ B(x0, µ̄τ),

ζn if x ∈ B(x0, µ̄τ).

We can prove that

‖wn‖p =
∫

Ω

|∇wn(x)|p dx +
∫

Ω

q(x)|wn(x)|p dx

� ζp
nωτ

[
1 − µ̄N

τp(1 − µ̄)p
+ ‖q‖∞gµ̄(p, N)

]
.

Indeed,∫
Ω

|∇wn(x)|p dx =
∫

B(x0,τ)\B(x0,µ̄τ)

ζp
n

τp(1 − µ̄)p
dx

=
ζp
n

(1 − µ̄)pτp
(|B(x0, τ)| − |B(x0, µ̄τ)|)

=
ζp
nωτ

(1 − µ̄)pτp
(1 − µ̄N )

and∫
Ω

q(x)|wn(x)|p dx =
∫

B(x0,µ̄τ)
q(x)ζp

n dx

+
∫

B(x0,τ)\B(x0,µ̄τ)

q(x)ζp
n

(1 − µ̄)pτp
(τ − |x − x0|)p dx

� ‖q‖∞ζp
n

( ∫
B(x0,µ̄τ)

dx +

∫
B(x0,τ)\B(x0,µ̄τ)(τ − |x − x0|)p dx

(1 − µ̄)pτp

)

= ‖q‖∞ωτζp
ngµ̄(p, N).

The last equality holds owing to

Ip :=
∫

B(x0,τ)\B(x0,µ̄τ)
(τ − |x − x0|)p dx

= NωττpB(µ̄,1)(N, p + 1). (3.6)
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The easiest way to compute this integral is to go through a general polar coordinates
transformation.

Let

x1 = ρ cos θ1,

xj = ρ cos θ1 cos θ2 · · · cos θj−1 sin θj , j = 2, . . . , N − 1,

xN = ρ cos θ1 cos θ2 · · · cos θN−1,

for ρ ∈ [µ̄τ, τ ], θj ∈ ]−π/2, π/2], j = 1, . . . , N − 2 and θN−1 ∈ ]−π, π].
The Jacobian of this transformation is given by

dx1 · · · dxN = ρN−1
{ N−1∏

j=1

| cos θj |N−j−1
}

dρ dθ1 · · · dθN−1.

Hence,

Ip =
( ∫ τ

µ̄τ

(τ − ρ)pρN−1 dρ

)( ∫ π

−π

dθN−1

) N−2∏
j=1

∫ π/2

−π/2
| cos θj |N−j−1 dθj .

Now
N−2∏
j=1

∫ π/2

−π/2
| cos θj |N−j−1 dθj =

N−2∏
j=1

Γ ((N − j)/2)Γ ( 1
2 )

Γ ((N − j + 1)/2)

and, taking into account the fact that

N−2∏
j=1

Γ ((N − j)/2)Γ ( 1
2 )

Γ ((N − j + 1)/2)
=

NπN/2−1

2Γ ( 1
2N + 1)

,

an easy computation gives (3.6).
At this point, bearing in mind theorem 3.1(i), we infer that∫

Ω

F (wn(x)) dx �
∫

B(x0,µ̄τ)
F (ζn) dx = µ̄NωτF (ζn) for all n ∈ N.

Then

Φ(wn) − λΨ(wn) � ζp
nωτ

p

[
1 − µ̄N

τp(1 − µ̄)p
+ ‖q‖∞gµ̄(p, N)

]
− λµ̄NωτF (ζn),

for every n ∈ N.
If B < +∞, let

ε ∈
]

1
λB

{
σ(N, p)

pτp
+ ‖q‖∞

gµ(p, N)
pµN

}
, 1

[
.

By (3.5), there exists νε such that

F (ζn) > εBζp
n for all n > νε.
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Moreover,

Φ(wn) − λΨ(wn) � ζp
nωτ

p

[
1 − µ̄N

τp(1 − µ̄)p
+ ‖q‖∞gµ̄(p, N)

]
− λµ̄NωτεBζp

n

= ζp
nωτ µ̄N

(
σ(N, p)

pτp
+ ‖q‖∞

gµ̄(p, N)
pµ̄N

− λεB

)
for all n > νε.

Taking into account the choice of ε, we have

lim
n→+∞

[Φ(wn) − λΨ(wn)] = −∞.

If B = +∞, let us consider

M >
1
λ

{
σ(N, p)

pτp
+ ‖q‖∞

gµ̄(p, N)
pµ̄N

}
.

By (3.5), there exists νM such that

F (ζn) > Mζp
n for all n > νM .

Moreover,

Φ(wn) − λΨ(wn) � ζp
nωτ

p

[
1 − µ̄N

τp(1 − µ̄)p
+ ‖q‖∞g(p, N)

]
− λµ̄NωτMζp

n

= ζp
nωτ µ̄N

(
σ(N, p)

pτp
+ ‖q‖∞

gµ̄(p, N)
pµ̄N

− λM

)
for all n > νM .

Taking into account the choice of M , in this case we also have

lim
n→+∞

[Φ(wn) − λΨ(wn)] = −∞.

Due to theorem 2.1, the functional Iλ admits an unbounded sequence of critical
points, and the conclusion is proven.

Remark 3.2. In our context, the functionals Φ and Ψ are strongly continuous and
Φ is convex, while theorem 2.1 coincides with [7, theorem 2.5], so the existence of
infinitely many solutions for the problem (Dq,f

λ ) can be obtained by applying [7,
theorem 2.5].

Among the consequences of theorem 3.1 we point out the following result.

Corollary 3.3. Let f : R → R be a continuous function. Assume that theo-
rem 3.1(i) holds. Furthermore, assume that

(i)

lim sup
ξ→+∞

F (ξ)
ξp

>
1
p

(
σ(N, p)

τp
+ ‖q‖∞

gµ̄(p, N)
µ̄N

)
,

(ii)

lim inf
ξ→+∞

max|t|�ξ F (t)
ξp

<
1

mpp|Ω| .
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Then the problem

−∆pu + q(x)|u|p−2u = f(u) in Ω,

u = 0 on ∂Ω,

}
(Dq,f

1 )

possesses a sequence of weak solutions which is unbounded in W 1,p
0 (Ω).

Now we present our other main result. First, put

A∗ := lim inf
ξ→0+

max|t|�ξ F (t)
ξp

,

B∗ := lim sup
ξ→0+

F (ξ)
ξp

,

λ∗
1 :=

1
pB∗

(
σ(N, p)

τp
+ ‖q‖∞

gµ̄(p, N)
µ̄N

)
, (3.7)

λ∗
2 :=

1
mppA∗|Ω| . (3.8)

We have the following theorem.

Theorem 3.4. Let f : R → R be a continuous function. Assume that

(i) infξ�0 F (ξ) � 0,

(ii) lim inf
ξ→0+

max|t|�ξ F (t)
ξp

< κ lim sup
ξ→0+

F (ξ)
ξp

, where κ is given by (3.2).

Then, for each λ ∈ ]λ∗
1, λ

∗
2 [, problem (Dq,f

λ ) possesses a sequence of pairwise distinct
weak solutions which strongly converges to zero in W 1,p

0 (Ω).

Proof. Arguing in the same way as in the previous result and applying theo-
rem 2.1(iii) instead of theorem 2.1(ii), the conclusion is obtained.

Remark 3.5. Assumption (ii) in theorem 3.1 and condition (ii) in theorem 3.4
could be replaced, respectively, by the following more general statements.

(i) There exist two sequences {an} and {bn} such that

0 � an <

(
µ̄N/pm

(
σ(N, p)

τp
+ ‖q‖∞

gµ̄(p, N)
µ̄N

)1/p

ω1/p
τ

)−1

bn (3.9)

for every n ∈ N and limn→+∞ bn = +∞ (respectively, limn→+∞ bn = 0) such
that

A1 < κ|Ω| lim sup
ξ→+∞

F (ξ)
ξp

,

(
respectively, A1 < κ|Ω| lim sup

ξ→0+

F (ξ)
ξp

)
,

where κ is given by (3.2) and

A1 := lim
n→+∞

|Ω| max|t|�bn
F (t) − µ̄NωτF (an)

bp
n − mpap

nωτ [σ(N, p)/τp + ‖q‖∞gµ̄(p, N)/µ̄N ]µ̄N
.
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We now consider the case involving the conditions on the potential at infinity. If

λ ∈
]
λ1,

1
mppA1

[
and rn =

bp
n

mpp

for all n ∈ N, we have

ϕ(rn) = inf
‖u‖p<prn

sup‖v‖p<prn

∫
Ω

F (v(x)) dx −
∫

Ω
F (u(x)) dx

rn − ‖u‖p/p

�
sup‖v‖p<prn

∫
Ω

F (v(x)) dx −
∫

Ω
F (wn(x)) dx

rn − ‖wn‖p/p

�
mpp(|Ω| max|t|�bn

F (t) − µ̄NωτF (an))
bp
n − mpap

nωτ [σ(N, p)/τp + ‖q‖∞gµ̄(p, N)/µ̄N ]µ̄N
,

by choosing

wn(x) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if x ∈ Ω \ B(x0, τ),
an

τ(1 − µ̄)
(τ − |x − x0|) if x ∈ B(x0, τ) \ B(x0, µ̄τ),

an if x ∈ B(x0, µ̄τ)

for each n ∈ N.
Therefore, since, from assumption (i) in remark 3.5, one has A1 < +∞, we obtain

γ � lim inf
n→+∞

ϕ(rn) � mppA1 < +∞.

From this point, arguing as in the proof of theorem 3.1, we prove the theorem.
Similar considerations ensure the existence of infinitely many weak solutions for

our problem when the hypotheses on the potential at zero are verified.

Remark 3.6. Condition (i) of remark 3.5 is more general than condition (ii) in
theorem 3.1 (respectively, condition (ii) of theorem 3.4). In fact, we obtain theo-
rem 3.1 (respectively, theorem 3.4) from (i) of remark 3.5 by choosing an = 0 for
every n ∈ N.

Remark 3.7. If we assume that f : R → R is a continuous non-negative function,
then theorem 3.1 and its consequences and variants guarantee infinitely many pos-
itive weak solutions. In fact, let u0 be a weak solution of problem (Dq,f

λ ). Arguing
by a contradiction, assume that the set A = {x ∈ Ω : u0(x) < 0} is non-empty. Put
v̄(x) = min{0, u0(x)} for all x ∈ Ω. Clearly, v̄ ∈ W 1,p

0 (Ω) and we have∫
Ω

|∇u0(x)|p−2∇u0(x)∇v̄(x) dx +
∫

Ω

q(x)|u0(x)|p−2u0(x)v̄(x) dx

= λ

∫
Ω

f(u0(x))v̄(x) dx,

that is,∫
A

|∇u0(x)|p dx +
∫

A

q(x)|u0(x)|p dx = λ

∫
A

f(u0(x))u0(x) dx. (3.10)
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Therefore, we have

0 �
∫

A

|∇u0(x)|p dx +
∫

A

q(x)|u0(x)|p dx � 0.

Hence, u0 = 0 in A, and this is absurd.
Now, taking into account that −∆pu0 + q(x)|u0|p−2u0 � 0 (in the weak sense)

and u0 � 0 in Ω, the strong maximum principle [6, theorem 11.1] ensures that
either u0 ≡ 0 or u0 > 0 in Ω.

Otherwise if we assume f(0) = 0, then theorem 3.1 and its consequences and
variants guarantee infinitely many non-negative weak solutions. In fact, assuming,
without loss of generality, that f(u) = 0 for all u � 0 and arguing as before, we
again obtain (3.10). Therefore,

0 �
∫

A

|∇u0(x)|p dx +
∫

A

q(x)|u0(x)|p dx = 0,

which, again, is absurd. Hence, u0 � 0 in Ω.

Remark 3.8. Theorem 1.1 is an immediate consequence of theorem 3.1, taking
remark 3.6 into account.

Remark 3.9. We point out that the results contained in [2] are direct consequences
of the main theorems. Indeed, as an example, if {an} and {bn} are two sequences
of real numbers satisfying the assumptions in [2, theorem 1.1], we have

bn

an
> ω1/p

τ µ̄N/pm
σ(N, p)1/p

τ
,

definitively. Moreover, an easy computation ensures that

|Ω| max|t|�bn
F (t) − µ̄NωτF (an)

bp
n − mpµ̄Nωτ (σ(N, p)/τp)ap

n
→ 0, n → +∞.

Therefore, substituting condition (ii) with (i) of remark 3.5, theorem 3.1 ensures
that problem (D0,f

1 ) admits a sequence of weak solutions which is unbounded in
W 1,p

0 (Ω).

4. Examples and applications

In this section we present some examples and applications of our results.

Example 4.1. Assume that p ∈ N and 1 � N < p. Let q0 be a non-negative real
constant and set

an :=
2n!(n + 2)! − 1

4(n + 1)!
, bn :=

2n!(n + 2)! + 1
4(n + 1)!

for every n ∈ N.
Let {gn} be a sequence of non-negative functions such that

(i) gn ∈ C0([an, bn]) such that g(an) = g(bn) = 0 for every n ∈ N;
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(ii)
∫ bn

an

gn(t) dt �= 0 for every n ∈ N.

For instance, we can choose the sequence {gn} as follows:

gn(ξ) :=

√
1

16(n + 1)!2
−

(
ξ − n!(n + 2)

2

)2

for all n ∈ N.

Define the function f : R → R as follows:

f(ξ) :=

⎧⎪⎨
⎪⎩

[(n + 1)!p − n!p]
gn(ξ)∫ bn

an
gn(t) dt

if ξ ∈
+∞⋃
n=1

[an, bn],

0 otherwise.

We have ∫ (n+1)!

n!
f(t) dt =

∫ bn

an

f(t) dt = (n + 1)!p − n!p

and
F (an) = n!p − 1, F (bn) = (n + 1)!p − 1

for every n ∈ N.
Hence,

lim
n→+∞

F (bn)
bp
n

= 2p, lim
n→+∞

F (an)
ap

n
= 0.

Therefore, we can prove that

lim inf
ξ→+∞

F (ξ)
ξp

= 0 and lim sup
ξ→+∞

F (ξ)
ξp

= 2p.

Then,

0 = lim inf
ξ→+∞

F (ξ)
ξp

<
2pτpµ̄N

|Ω|mp(µ̄Nσ(N, p) + q0τpgµ̄(p, N))

= κ lim sup
ξ→+∞

F (ξ)
ξp

.

By theorem 3.1, for each

λ >
1

p2p

(
σ(N, p)

τp
+ q0

gµ̄(p, N)
µ̄N

)
,

the problem
−∆pu + q0|u|p−2u = λf(u) in Ω,

u = 0 on ∂Ω,

}
(Dq0,f

λ )

possesses a sequence of weak solutions which is unbounded in W 1,p
0 (Ω).
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Now let f∗ : R → R be the positive and continuous function defined as

f∗(ξ) = f(ξ) + 1 for all ξ ∈ R,

where f is given by (4.1).
Clearly,

lim inf
ξ→+∞

F ∗(ξ)
ξp

= 0 and lim sup
ξ→+∞

F ∗(ξ)
ξp

= 2p.

Hence, again due to theorem 3.1 for each

λ >
1

2pp

(
σ(N, p)

τp
+ q0

gµ̄(p, N)
µ̄N

)
,

the problem
−∆pu + q0|u|p−2u = λf∗(u) in Ω,

u = 0 on ∂Ω,

}
(Dq0,f∗

λ )

is a sequence of weak solutions which is unbounded in W 1,p
0 (Ω).

Remark 4.2. Recently, as pointed out in § 1, in [4] the existence of infinitely many
weak solutions of the Dirichlet problem (D0,f

1 ) is studied. More precisely, Omari
and Zanolin show their result under the following key assumption:

lim inf
ξ→+∞

F (ξ)
ξp

= 0

and

lim sup
ξ→+∞

F (ξ)
ξp

= +∞. (4.1)

Clearly, in this case, the potential F in example 4.1 does not satisfy condition (4.1).
Hence, we cannot apply [4, theorem 1.1] to our problem (Dq0,f

λ ) even in the case
when q0 = 0. On the other hand, we cannot apply [2, theorem 1.1] to (Dq0,f∗

λ ),
since one of the key assumptions is that function f is non-positive in suitable real
intervals. Note also that the function f is not positive for all sufficiently large ξ.
Hence, in this example, [3, corollary 3.1] fails.

Example 4.3. Let Ω be a non-empty bounded subset of the Euclidean plane R
2.

Moreover, letting q0 be a non-negative real constant, put

a1 := 2, an+1 := n!(an)4/3 + 2

for every n � 1 and S :=
⋃

n∈N
]an+1 − 1, an+1 +1 [. Define the continuous function

f : R → R as follows:

f(t) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(an+1)4 exp
{

1
(t − (an+1 − 1))(t − (an+1 + 1))

+ 1
}

× 2(an+1 − t)
(t − (an+1 − 1))2(t − (an+1 + 1))2

if t ∈ S,

0 otherwise,
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for which we have

F (ξ) =
∫ ξ

0
f(t) dt

=

⎧⎨
⎩(an+1)4 exp

{
1

(ξ − (an+1 − 1))(ξ − (an+1 + 1))
+ 1

}
if ξ ∈ S,

0 otherwise,

and F (an+1) = (an+1)4 for every n ∈ N. Hence,

lim sup
ξ→+∞

F (ξ)
ξ3 = +∞.

Setting yn = an+1 − 1 for every n ∈ N, we obtain max|ξ|�yn
F (ξ) = (an)4 for every

n ∈ N. As

lim
n→+∞

max|ξ|�yn
F (ξ)

yn
3 = 0,

one has

lim inf
ξ→+∞

max|t|�ξ F (t)
ξ3 = 0.

Hence,

lim inf
ξ→+∞

max|t|�ξ F (t)
ξ3 = 0 < κ lim sup

ξ→+∞

F (ξ)
ξ3 = +∞.

Then, for each λ > 0, the problem

− div(|∇u|∇u) + q0u = λf(u) in Ω,

u = 0 on ∂Ω,

}

possesses a sequence of weak solutions which is unbounded in W 1,3
0 (Ω).

Remark 4.4. In [2, theorem 1.1] Cammaroto et al . assume that

lim sup
ξ→+∞

F (ξ)
ξp

< +∞.

Example 4.2 shows that this condition is not necessary.
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