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Abstract

We study the iteration of transcendental self-maps of C*:= C\ {0}, that is, holomorphic
functions f : C* — C* for which both zero and infinity are essential singularities. We use
approximation theory to construct functions in this class with escaping Fatou components,
both wandering domains and Baker domains, that accumulate to {0, oo} in any possible way
under iteration. We also give the first explicit examples of transcendental self-maps of C*
with Baker domains and with wandering domains. In doing so, we developed a sufficient
condition for a function to have a simply connected escaping wandering domain. Finally,
we remark that our results also provide new examples of entire functions with escaping
Fatou components.
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1. Introduction
Complex dynamics concerns the iteration of a holomorphic function on a Riemann sur-
face S. Given a point z € §, we consider the orbit of z under f, which is the sequence

given by its iterates f"(z) = (f o o f)(2), and study the possible behaviours as n tends
to infinity. We partition S into the Fatou set, or stable set,

F(f):= {z €S : (f")nen is a normal family in some neighbourhood ofz}

and the Julia set J(f):= S\ F(f), where the chaotic behaviour takes place. We refer to
each connected component of F(f) as a Fatou component of f.If §C @, f:8S—>Sis
holomorphic and C \ S consists of essential singularities, then conjugating by a Mdobius
transformation, we can reduce to one of the following three cases:

1 S= C:=Cu {oo} and f is a rational map;
(il) S =C and f is a transcendental entire function;
(iii) S =C*:=C\ {0} and both zero and infinity are essential singularities.

We study this third class of maps, which we call transcendental self-maps of C*. Such maps
are all of the form

f(2)=7"exp(g(2) + h(1/2)). (11
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where n € Z and g, h are non-constant entire functions. We define the index of f, denoted
by ind( f), as the index (or winding number) of f(y) with respect to the origin for any
positively oriented simple closed curve y around the origin; note that ind( f) =n in (1-1).
Transcendental self-maps of C* arise in a natural way in many situations, for example,
when you complexify analytic circle maps, like the so-called Arnol’d standard family:
Jup(@) =zeePEVI2 0 <a <2, B =0 [Fag99]. Note that if f has three or more
omitted values, then, by Picard’s theorem, f is constant and, consequently, a non-constant
holomorphic function f : C* — C* has no omitted values. The book [Mil06] is a basic ref-
erence on the iteration of holomorphic functions in one complex variable. See [Ber93] for a
survey on transcendental entire and meromorphic functions. Although the iteration of tran-
scendental (entire) functions dates back to the times of Fatou [Fat26], Radstrom [Rad53]
was the first to consider the iteration of transcendental self-maps of C*. An extensive list of
references on this topic can be found in the thesis [Mar16].
We recall the definition of the escaping set of an entire function f,

I(f):={zeC : f"(z) > coasn— 0o},

whose investigation has provided important insight into the Julia set of entire functions. For
polynomials, the escaping set consists of the basin of attraction of infinity and its boundary
equals the Julia set. For transcendental entire functions, Eremenko [Ere89] showed that
I(HNI(f)#D, J(f)=01(f) and the components of 1(f) are all unbounded. If f is a
transcendental self-map of C*, then the escaping set of f is given by

I(f):={zeC" : w(z, ) S{0, co}},

where w(z, f) is the classical omega-limit set w(z, f) :=(),oy {f*(2) : k > n} with the
closure being taken in C. In [Mar18], we studied the basic properties of I ( f) for transcen-
dental self-maps of C* and introduced the following notion. We define the essential itinerary
of a point z € I (f) as the sequence e = (e,) € {0, oo} defined by

Lo @i,
" oo, i If1@1> 1,

forall n € Ny := N U {0}. Then, for each sequence e € {0, oo}, we consider the set of points
whose essential itinerary is eventually a shift of e, that is,

L(f)={zel(f): I, keNy, VneNy, |f"@)|>1< e, =00}

Observe that if e, e’ € {0, oo} satisfy 0" (e) = 0" (') for some m, n € Ny, where o is the
Bernoulli shift map (we say that e and ¢’ are equivalent), then I,(f)=1,(f) and, oth-
erwise, the sets I,(f) and I.,(f) are disjoint. Hence, the concept of essential itinerary
provides a partition of 7(f) into uncountably many non-empty sets of the form 7,(f)
for some e € {0, oo} . In [Mar18], we also showed that, for each e € {0, co}™, we have
L(f)NJ(f)#9, J(f)=0I(f) and the components of ,( f) are all unbounded in C*,
that is, their closure in C contains zero or infinity. We say that U is an escaping Fatou
component of f if U is a component of F(f)NI(f).

As usual, the set of singularities of the inverse function, sing( f —1), which consists of the
critical values and the finite asymptotic values of f, plays an important role in the dynamics
of f.In [FM17] we studied the class

B* := { f transcendental self-map of C*: sing( f~') is bounded away from 0, 0o},
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which is the analogue of the Eremenko—Lyubich class B considered in [EL92]. We proved
that if f € B*, then I(f) C J(f) or, in other words, functions in the class 3* have no
escaping Fatou components.

In this paper, we are concerned with transcendental self-maps of C* that have escaping
Fatou components. By normality, if U is a Fatou component of a transcendental self-
map fof C*and UNI(f)#W,then U C I(f). Moreover, note that every pair of points in
an escaping Fatou component U have, eventually, the same essential itinerary, and hence we
can associate an essential itinerary to U, which is unique up to equivalence. We mentioned
before that 1,( f) N J(f) # ¥ for each sequence e € {0, oo} (see [Mar18, Theorem 1-1]).
Therefore it is a natural question whether for each e € {0, oo}, there exists a transcendental
self-map of C* with a Fatou component in 7, ( f).

For both transcendental entire functions and transcendental self-maps of C*, escaping
Fatou components can be classified into the following two kinds: let U be a Fatou compo-
nent of f and denote by U, n € N, the Fatou component of f that contains f"(U), then we
say that:

(i) U is a wandering domain if U,, N\ U, = ¢ for all m, n € N such that m # n;
(i1) U is a Baker domain (or a preimage of it) if U C I (f) and U is (pre)periodic, that
is, Upym = U, for some p e N, the period of U, and m =0 (m > 0).

Note that not all wandering domains are in /(f). For instance, Bishop [Bisl$5,
Theorem 17-1] constructed an entire function in the class B with a wandering domain
whose orbit is unbounded but it does not escape.

The first example of a transcendental entire function with a wandering domain was given
by Baker [Bak63, Bak76] and was an infinite product that had a sequence of multiply
connected Fatou components escaping to infinity; see [BRS13] for a detailed study of the
properties of such functions. For holomorphic self-maps of C*, Baker [Bak87] showed that
all Fatou components, except possibly one, are simply connected, and hence this kind of
wandering domains cannot occur. Further examples of simply connected wandering domains
of entire functions are due, for example, to Herman [Bak84, Example 2] or Baker [Bak84,
Example 5-3].

Baker [Bak87] also constructed the first holomorphic self-map of C* (which is entire)
with a wandering domain that escapes to infinity. The first examples of transcendental self-
maps of C* with a wandering domain are due to Kotus [Kot90], where the wandering
domain accumulates to zero, infinity or both of them. In the same paper, Kotus also con-
structed an example with an infinite limit set (by adapting the techniques from [EL92]).
Mukhamedshin [Muk91] used quasiconformal surgery to create a transcendental self-map
of C* with a Herman ring and two wandering domains, one escaping to zero and the other
one to infinity. Finally, Baker and Dominguez [BD98, Theorem 6] gave an example of a dou-
bly connected wandering domain that is relatively compact in C* and all of whose images
are simply connected and escape to infinity.

In our notation, all the previous examples of wandering domains of transcendental self-
maps of C* had essential itinerary e € {o0, 6, @}, where eje; .. ¢e,, p €N, denotes the
p-periodic sequence that repeats eje, . ..e,. The following result provides examples of
transcendental self-maps of C* that have a wandering domain with any prescribed essen-
tial itinerary e € {0, oo} Observe that, in particular, we obtain functions with wandering
domains whose essential itinerary is not necessarily a periodic sequence.

https://doi.org/10.1017/50305004119000409 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000409

268 D. MARTI-PETE

THEOREM 1-1. For each sequence e € {0, oo} and n € Z, there exists a transcen-
dental self-map [ of C* such that ind(f)=n and the set 1,(f) contains a wandering
domain.

The other type of escaping Fatou component is a Baker domain. The first example of a
transcendental entire function with a Baker domain was already given by Fatou [Fat26]:
f(z)=z+ 1+ e *. See [Rip08] for a survey on Baker domains.

A result of Cowen [Cow81] on holomorphic self-maps of the unit disc D whose Denjoy—
Wolff point lies on 9D led to the following classification of Baker domains by Fagella and
Henriksen [FHO06], where U/f is the Riemann surface obtained by identifying points of U
that belong to the same orbit under f:

(i) a Baker domain U is hyperbolic if U/f is conformally equivalent to the finite
cylinder {z € C : —s <Im z < s}/Z for some s > 0;
(i) a Baker domain U is simply parabolic if U/f is conformally equivalent to the one-
sided infinite cylinder {z € C : Im z > 0}/Z;
(iii) a Baker domain U is doubly parabolic if U/f is conformally equivalent to the two-
sided infinite cylinder C/Z.

Note that this classification does not require f to be entire and is valid also for Baker
domains of transcendental self-maps of C*. Konig [Kon99] provided a geometric character-
isation for each of these types (see Lemma 3-2). It is known that if U is a doubly parabolic
Baker domain, then fj; is not univalent, but if U is a hyperbolic or simply parabolic Baker
domain, then fjy can be either univalent or multivalent. Several examples of each type had
been constructed and recently Bergweiler and Zheng completed the table of examples by
constructing a transcendental entire function with a simply parabolic Baker domain in which
the function is not univalent [BZ12, Theorem 1-1].

The only previous examples of Baker domains of transcendental self-maps of C* that the
author is aware of are due to Kotus [Kot90]. She used approximation theory to construct
two functions with invariant hyperbolic Baker domains whose points escape to zero and
to infinity respectively. The following theorem provides functions with Baker domains that
have any periodic essential itinerary e € {0, 0o}" and, in particular, Baker domains whose
points accumulate to both zero and infinity.

THEOREM 1-2. For each periodic sequence e € {0, co}™° and n € Z, there exists a trans-
cendental self-map f of C* such that ind( f) =n and 1,(f) contains a hyperbolic Baker
domain.

Remark 1. We observe that our method can be modified to produce doubly parabolic
Bakers domains as well. However, the construction of simply parabolic Baker domains using
approximation theory seems more difficult.

We also give the first explicit examples of transcendental self-maps of C* with wandering
domains and Baker domains. They all have the property that in a neighbourhood of infinity
they behave like known examples of transcendental entire functions with wandering domains
and Baker domains.

Example 1-3. The following transcendental self-maps of C* have escaping Fatou
components:
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(i) the function f(z)=zexp (sin z/z+2m/ z) has a bounded wandering domain that
escapes to infinity (see Example 2-1);

(i1) the function f(z) =2z exp(e’Z / z) has an invariant hyperbolic Baker domain that
contains a right half-plane and whose points escape to infinity (see Example 3-3).

It seems hard to find explicit examples of functions with Baker domains and wandering
domains with any given essential itinerary, but it would be interesting to have a concrete
example of a function with an escaping Fatou component that accumulates to both zero and
infinity. It also seems difficult to find explicit examples of functions with simply and doubly
parabolic Baker domains.

We remark that in order to show that the function from Example 1-3 (i) has a simply con-
nected escaping wandering domain we introduced a new criterion (see Lemma 2-2) which
is of more general interest.

Let f be a transcendental self-map of C*, then there exists a transcendental entire
function f such that exp o f = f oexp; we call f a lift of f. If the function f has a wan-
dering domain, then f has a wandering domain, while if f has a Baker domain, then f has
either a Baker domain (of the same type) or a wandering domain; see Lemmas 2-4 and 3-4.

It is important that in both Theorems 1-1 and 1-2 we can choose the index of the function
since, for example, if ind( f) # 1, then f does not have Herman rings. In [Mar] the author
compares the escaping set of f with that of a lift f of f according to ind( f).

Finally, observe that our constructions using approximation theory can also produce
holomorphic self-maps of C* of the form f(z) =2z" exp(g(z)), with n € Z and g a non-
constant entire function. In particular, they can provide new examples of transcendental
entire functions with no zeros in C* that have wandering domains and Baker domains.

Structure of the paper. In Sections 2 and 3 we prove that the functions from Example 1-3
have the properties that we state. In Section 4 we introduce the tools from approximation
theory that we will use in Sections 5 and 6 to construct functions with escaping wan-
dering domains and Baker domains respectively. Theorem 1-1 is proved in Section 5 and
Theorem 1-2 is proved in Section 6.

Notation. In this paper No:=NU {0} ={0, 1, 2, ... } and, for zg € C and r > 0, we define
D(zo,r):={z€C : |z—z0|<r} and H,:={ze€C : Rez>r}.

We will also use D := D(0, 1).

2. Explicit functions with wandering domains

As mentioned before in the Introduction, the author is not aware of any previous explicit
examples of transcendental self-maps of C* with wandering domains nor Baker domains as
all such functions were constructed using approximation theory.

Kotus [Kot90] showed that transcendental self-maps of C* can have escaping wandering
domains by constructing examples of such functions using approximation theory. Here we
give an explicit example of such a function by modifying a transcendental entire function
that has a wandering domain.

Example 2-1. The function f(z) =zexp (sin Z/z4+2m /z) is a transcendental self-map
of C* which has a bounded wandering domain that escapes to infinity (see Figure 1).
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Fig. 1. Phase space of the function f(z) = z exp(sin z/z + 27 /z) from Example 2-1. The grey sets are
wandering domains. On the right, the wandering domains for large values of Re z.

Baker [Bak84, Example 5-3] (see also [RS08, Example 2]) studied the dynamics of
the transcendental entire function f(z) =z +sinz+ 2 that has a wandering domain
containing the origin that escapes to infinity. Observe that the function f from Example 2-1
satisfies that

f(@)=z4sinz+27 +0(1) asRez— 400 (2-1)

in a horizontal band defined by [Im z| < K for some K > 0.

We first prove a general result which gives a sufficient condition that implies that a func-
tion has a bounded wandering domain (see Figure 2) using some of the ideas from [RS08,
Lemma 7(c)]. Given a doubly connected set A C C, we define the inner boundary, 9;,,A,
and the outer boundary, doy A, of A to be the boundary of the bounded and unbounded
complementary components of A respectively.

LEMMA 2-2. Let f be a function that is holomorphic on C*, let M be an affine map, let
A be a doubly connected closed set in C* with bounded complementary component B, and
let C C B be compact. Put

A,:=M"(A), B,:=M"(B) and C,:=M"(C), forneNy,
and suppose that:

(i) A,UB, CC*forneNy;
(ii) the sets {B,},en, are pairwise disjoint;
(i) f(9inAn) € Cyy1 forn € No;
(Av) [ (QouAn) € C*\ (A1 U Byyy) for n € No.

Then f has bounded simply connected wandering domains {U,},cn, such that

omA, CU, and 0U,CA,, forneN,.

In order to prove this lemma, we first need the following result on limit functions of
holomorphic iterated function systems by Keen and Lakic [KL03, Theorem 1].
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Fig. 2. Sketch of the construction in Lemma 2-2.

LEMMA 2-3. Let X be a subdomain of the unit disc . Then all limit functions of any
sequence of functions (F,) of the form

F,:=f,0fi10---0fhof), forneNlN,

where f, : D — X is a holomorphic function for all n € N, are constant functions in X if and
only if X #D.

We now proceed to prove Lemma 2-2.

Proof of Lemma 2-2. Since f(B,) € C,.; C B,;, the iterates of f on each set B, omit
more than three points and hence, by Montel’s theorem, the sets { B, } <, are all contained in

F(f). For n € Ny, let U, denote the Fatou component of f that contains B,. We now show
that the functions

Dp(z) :=M*(f(2), forkeN,

form a normal family in U, for all n € Ny.

Suppose first that the Fatou components {U, },cn, are not distinct. Then there are two sets
B, and B,,, with m € Ny and p > 0 which lie in the same Fatou components U,, = Uy, p.
Then, since f”(B,,) € B+, and B, — 0o as n — oo, U,, must be periodic and in / ( ), and
hence a Baker domain.

Let z,, € B,, and let K be any compact connected subset of U,, such that K 2 B,,. Then
by Baker’s distortion lemma (see [Mar18, Lemma 6-2] or [Mar16, Lemma 2-22] for a proof
of the version of this result that we use here), there exist constants C(K) > 1 and ny € Ny
such that

I @I < CE)Iff@m)l, forzeK, k= no.

Since M, and hence M~*, is an affine transformation, M~* preserves the ratios of
distances, so

|4 (2)| = IM~*(f* @) < CEIM ([ za)| = C(K)z, |,

where 7/, € B, satisfies M*(z),) = f*(z,,). Hence the family {®;}ic, is locally uniformly
bounded on U,,, and hence is normal on U,,,.
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Suppose next that the Fatou components {U, },cy, are disjoint. In this case we consider
the sequence of functions

ou(2) = M~ TV (F(M*(2))),  fork e Ny,
which are defined on U, for n € Ny. Then
Di(2) = (g1 07 0@ 09) @) =M (f*(2),  fork eN. 22)
Since the Fatou components {U, },en, are pairwise disjoint and
F4U) S Upia,
we deduce that
XU N By =9,
and hence
& (U)NB,. =0, fork,neNy.

Thus {®y }xen, 18 normal on each U,, by Montel’s theorem, as required.
Now take n € Ny, and let {®y;};cn, be a locally uniformly convergent subsequence of
{®s}ren, On B,. Note that

M*(B,)=B,.x so  f(M"(B,)) S Cpirpi
and hence, for k € Ny,
o (B) =M~V (f(M*(B,)) € M~V (Cripir) = C.

We now apply Lemma 2.3, after a Riemann mapping from B, to the open unit disc D, to
deduce from (2-2) that there exists «, € B, such that, for all z € U,

Dy (z2) >, as j— oo.

To complete the proof that U, is bounded by d,, A, for all n € N, suppose to the contrary
that there is a point zg € do A, that lies in U, for some n € N. Let y € U, be a curve that joins
2o to a point z; € B,. Since y is compact, ®;, (y) — « as j — oo which contradicts the fact
that f*(y) N o Anix # @ for all k € N (this follows from the hypothesis that f (3, A,) €
(Ay11 U B,y for n € Ny). Thus, 0U, € A, for all n € N, and so the proof is complete.

We now use Lemma 2-2 to show that the function f from Example 2-1 has a bounded
wandering domain that escapes to infinity along the positive real axis.

Proof of Example 2-1. The transcendental entire function g(z) = z + sin z has superattract-
ing fixed points at the odd multiples of . For n € Ny, take B, := D((2n + 1)z, r) and
C,:=D((2n+ 1)m, r/2) for some r > 0 sufficiently small that g(B,) € C, and put

R,:={zeC : |Rez— (2n+ )x| <37/2, [Imz| < 3}.

It follows from a straightforward computation that g(0R,,) € R¢ for all n € Ny (see Figure 3).
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Fig. 3. The rectangle R¢ and its image under g(z) = z + sin z.

Then, by (2-1), there exists N € Ny such that f(B,) € C,4 and f(9R,) € R, for all
n > N. Thus, we can apply Lemma 2-2 to f with M(z) =z+ 27 and A, := R, \ B, for
n > N and conclude that the function f has wandering domains U, that contain B, and

whose boundary is contained in R,.

The next lemma relates the wandering domains of a transcendental self-map of C* and a
lift of it.

LEMMA 2-4. Let f be a transcendental self-map of C* and let f be a lift of f. Then, if
U is a wandering domain of f, every component of exp~'(U) is a wandering domain of f
which must be simply connected.

Proof. By aresult of Bergweiler [Ber95], every component of exp~! (U) is a Fatou compo-
nent of f. Let Uy be a component of exp~' (U) and suppose to the contrary that there exist
m, n € Ny, m # n, and a point zg € f’”(Uo) N f”(Uo). Then, there exists points z;, 2o € Uy
such that

() =exp f™(z1) =expzo =exp f"(z2) = f"(e?).

Since e*', e € U, this contradicts the assumption that U is a wandering domain of f. Hence
U, is a wandering domain of f .

Finally, by [Bak87, Theorem 1], the Fatou component U is either simply connected or
doubly connected and surrounds the origin. Since the exponential function is periodic, taking
a suitable branch of the logarithm one can show that the components of exp~! (U are simply
connected.

Remark 2. Observe that the converse of Lemma 2-4 does not hold. If f is a transcendental
self-map of C* with an attracting fixed point zy and A is the immediate basin of attraction

of zo, then there is a lift f of f such that a component of exp~!(A) is a wandering domain.
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If a transcendental self-map of C* has an escaping wandering domain, then we can use
the previous lemma to obtain automatically an example of a transcendental entire function
with an escaping wandering domain.

Example 2-5. The transcendental entire function f (z) = z + sin(e®) /e* + 2 /e*, which is
a lift of the function f from Example 2-1, has infinitely many grand orbits of bounded
wandering domains that escape to infinity.

3. Explicit functions with Baker domains

We now turn our attention to Baker domains. As we mentioned in the Introduction, Baker
domains can be classified into hyperbolic, simply parabolic and doubly parabolic according
to the Riemann surface U/f obtained by identifying the points of the Baker domain U that
belong to the same orbit under iteration by the function f. Konig [Kon99] introduced the
following notation.

Definition 3-1 (Conformal conjugacy). Let U be a domain and let f: U — U be ana-
lytic. Then a domain V C U is absorbing (or fundamental) for f if V is simply connected,
£ (V) C V and for each compact set K C U, there exists N = N such that f¥(K) C V. Let
H:={ze€C : Rez> 0}. The triple (V, ¢, T) is called a conformal conjugacy (or eventual
conjugacy) of f in U if:

(a) V is absorbing for f;

(b) ¢:U — Qe {H, C} is analytic and univalent in V;
(c) T:Q — Qisabijection and ¢ (V) is absorbing for T’;
(d) ¢(f(2)=T (@) forzel.

In this situation we write f ~T.
Observe that properties (b) and (d) imply that f is univalent in V. Konig also provided

the following geometrical characterisation of the three types of Baker domains [K6n99,
Theorem 3] (see Figure 4).

LEMMA 3-2. Let U be a p-periodic Baker domain of a meromorphic function f in which
J"" — oo and on which f? has a conformal conjugacy. For zo € U, put

£ D7 (z0) = " (20)
dist( f"7(z0), 9U)

Then exactly one of the following cases holds:

Ch=0Cy (Z()) =

(a) U is hyperbolic and f? ~ T\(z) := Az with A > 1, which is equivalent to
cpn>c forzpeU, neN, wherec=c(f)>0;
(b) U is simply parabolic and [P ~ T,(z) := z £ i, which is equivalent to

liminfc, >0 forzoe U, but inf limsupc, =0;
n—00 20€U 500

(¢) U is doubly parabolic and f? ~ T3(z) :== z + 1, which is equivalent to

lim ¢, =0, forzpeU.

n—00
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H C
(a) U hyperbolic (b) U simply parabolic (c) U doubly parabolic

Fig. 4. Classification of Baker domains with their absorbing domains.

Fig. 5. Phase space of the function f>(z) =2z exp(e~%/z) from Example 3-3. The grey set is the hyperbolic
Baker domain of f>, and the different shades of grey indicate the number of iterates required for a point to
enter an absorbing right half-plane. On the right, a zoom of a neighbourhood of zero.

We now give a family of explicit examples of transcendental self-maps of C* with a
hyperbolic Baker domain.

Example 3-3. For every A > 2, the function f;(z) = Az exp(e °/z) is a transcendental self-
map of C* which has an invariant hyperbolic Baker domain U in which points escape to
infinity (see Figure 5). The Baker domain U is simply connected and contains both zero and
infinity in its boundary. The function f; is not univalent on U.

Proof of Example 3-3. We will prove that the function f; maps the right half-plane
H, :={z € C : Rez > 2} into itself and for z € H, Re f,'(z) = 400 as n — oo, so H is
contained in an invariant Baker domain of f;. More precisely, we will show that there is a
constant C > 1 such that

Re f;.(z) = A(Rez -Re exp(e™/z) —Imz-Im exp(e_z/z)) >(C-Rez forzeH,.
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To that end, we need to estimate the following quantities:

Re exp(e™?/z) =exp(Ree ?/z) cos(Ime~?/z), 11
Im exp(e*/z) =exp(Re e %/z) sin(Ime~%/z). G

First, observe that

o2
< o for z € H,, (3-2)
z

and e72/2 < 0.07. Thus, it follows from (3-1) and (3-2) that

e*Z

Z

Re exp(e%/z) > exp(—e2/2) cos(e 2/2) > 0.93,

e

2\ e? 0.15
[Im exp(e */z)| < exp (—) £ 22
Izl / 1zl lzl

It is then easy to check that
Re f.(2) > A(O.93 Rez — 0.15) > 0.85LRez, forzeHy,

and so f; (H,) C H,, as required.

Let U be the Baker domain of f; containing H,. Observe that U contains the positive
real line (see Figure 5). This follows from the fact that for x > 0, e™*/x > 0 and there-
fore f;(x) > Ax > x, so f}'(x) = 400 as n — oo. Note that f; is not univalent in U as the
positive real axis contains a critical point. Let zo € U. Then, dist( f;'(zo), dU) < | £} (z0)|
for n € N. Since Re f}'(z9p) — +00 as n — 0o, we have

1 (z0) = f(z0) = (b — 1) f{!(z0) +0(1)  asn — oo,
and therefore there exists ny € N such that

£z = £l = DI o)l +o(h) A1
dist( £} (z0), 9U) ~ £ o)l 2

Thus, there exists 0 <c(f;) <(A—1)/2 such that ¢, >c(f,) for all neN and, by
Lemma 3-2, the Baker domain U is hyperbolic.

Finally, observe that the negative real line is invariant under f;, so (—oo, 0) N U = .
Since doubly connected Fatou components must surround zero, U is simply connected. This
concludes the proof of the properties of Example 3-3.

= for all n > ny.

LEMMA 3-4. Let f be a transcendental self-map of C* and let f be a lift of f. Then,
if U is a Baker domain of f, every component Uy, k € 7, of exp~'(U) is either a (preimage
of a) Baker domain or a wandering domain of f . Moreover, if Uy is a Baker domain, then
Uy is hyperbolic, simply parabolic or doubly parabolic if and only if U is hyperbolic, simply
parabolic or doubly parabolic, respectively.

Proof. By [Ber95], every component of exp~!(U) is a Fatou component of f. Moreover,
since exp (1 (f)) C I( f ), Uy is either a Baker domain, a preimage of a Baker domain or
an escaping wandering domain of f.

Suppose that U has period p > 1 and U, is periodic, then the Baker domain U has
period ¢ with p | g. Let (V, ¢, T) be a conformal conjugacy of ¢ in U. Note that although
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U may be doubly connected, the absorbing domain V is simply connected. Then V.9, T)
is a conformal conjugacy of f¢ in U;, where V is the component of exp~' V that lies in U,
and ¢ = ¢ o exp. Thus, the Baker domains U and Uy are of the same type.

As before, we use Lemma 3-4 to provide examples of transcendental entire functions with
Baker domains using the explicit examples of transcendental self-maps of C* with Baker
domains that we studied.

Example 3-5. For every A >2, the transcendental entire function f)\(z)zln)»—l-z+
exp(—e® — z), which is a lift of the function f; from Example 3-3, has an invariant
hyperbolic Baker domain that contains the real line.

4. Preliminaries on approximation theory

In this section we state the results from approximation theory that will be used in
Sections 5 and 6 to construct functions with wandering domains and Baker domains, respec-
tively. We follow the terminology from [Gai87, Chapter IV], and introduce Weierstrass and
Carleman sets. Recall that if ' C C is a closed set, then A(F) denotes the set of continuous
functions f : F — C that are holomorphic in the interior of F.

Definition 4-1 (Weierstrass set). We say that a closed set F C C is a Weierstrass set in C
if each f € A(F) can be approximated by entire functions uniformly on F’; that is, for every
& > 0, there is an entire function g for which

|f(z) —g@)| <e, forallzeF.

The next result is due to Arakelyan and provides a characterisation of Weierstrass sets
[Ara64]. In the case that F C C is compact and C\ F is connected, then it follows from
Mergelyan’s theorem [Gai87, Theorem 1 on p. 97] that functions in A(F) can be uniformly
approximated on F by polynomials.

LEMMA 4-2 (Arakelyan’s theorem). A closed set F C C is a Weierstrass set if and only
if the following two conditions are satisfied:

(K) @ \ F is connected,
(K,) C\ F is locally connected at infinity.

If in addition both the set F and the function f € A(f) are symmetric with respect to
the real line, then the approximating function g can be chosen to be symmetric as well (see
[Gaul3, Section 2]).

Sometimes we may want to approximate a function in A( f) so that the error is bounded
by a given strictly positive function ¢ : C — R, that is not constant, and £(z) may tend to
ZEro as 7 — o0.

Definition 4-3 (Carleman set). We say that a closed set F € C is a Carleman set in C if
every function f € A(F) admits tangential approximation on F by entire functions; that is,
for every strictly positive function ¢ € C(F), there is an entire function g for which

|f(z) —g(@)| <e(z), forallzekF.
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It is clear that Carleman sets are a special case of Weierstrass sets and hence conditions
(Ky) and (K,) are necessary. Nersesyan’s theorem gives sufficient conditions for tangential
approximation [Ner71].

LEMMA 4-4 (Nersesyan’s theorem). A closed set F is a Carleman set in C if and only if
conditions (K), (K») and

(A) for every compact set K C C there exists a neighbourhood V of infinity in C such
that no component of int F intersects both K and V,

are satisfied.

Note that there is also a symmetric version of this result: if the set F and the functions f
and ¢ are in addition symmetric with respect to R then the entire function g can be chosen
to be symmetric with respect to R [Gaul3, Section 2].

In some cases, depending on the geometry of the set F' and the decay of the error
function &, we can perform tangential approximation on Weierstrass sets without needing
condition (A); the next result can be found in [Gai87, Corollary, p.162].

LEMMA 4-5. Suppose F C C is a closed set satisfying conditions (K;) and (K;) that lies
in a sector

Wy :={z€C : |argz| < a/2},

for some 0 < a < 2m. Suppose £(t) is a real function that is continuous and positive fort > 0
and satisfies

+0o0o
/ =9 og §(1)dt > —o0.
1

Then every function f € A(F) admits e-approximation on the set F with ¢(z) = £(|z|) for
zeF.

5. Construction of functions with wandering domains

To prove Theorem 1-1, we modify Baker’s construction of a holomorphic self-map of C*
with a wandering domain escaping to infinity [Bak87, Theorem 4] to create instead a tran-
scendental self-map of C* with a wandering domain that accumulates to zero and to infinity
according to a prescribed essential itinerary e € {0, oo} and with index n € Z.

Proof of Theorem 1-1. We construct two entire functions g and / using Nersesyan’s theorem
so that the function f(z) = z" exp (g (z) +h(1/ z)), which is a transcendental self-map of C*,
has the following properties:

(i) there is a bi-infinite sequence of annuli sectors {A,, },ez\(0y that accumulate at zero
and infinity and integers s(m) € Z \ {0}, for m € Z \ {0}, such that f(A,,) C Asum)
forall m € Z;

(i1) the discs By :=D(2,1/4) and B_:=1/B, = D(32/63,4/63) both map strictly
inside themselves under f, f(By) Cint By and f(B_) Cint B_;

(iii) there is a bi-infinite sequence of closed discs {B,,}uez\(0p With f(B,,) Cint By, if
m>0,and f(B,) Cint B_, if m <O.
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Fig. 6. Sketch of the construction in the proof of Theorem 1-1.

Here s(m):=m(w~'(m)+1) and the map 7 :N— Z\ {0} is an ordering of the sets
{A,}men according to the sequence e; that is, (k) is the position of the kth component
in the orbit of the wandering domain. More formally, we define

#{leNy : eg=o00forl <k}+1, ife, =00,
7(k) = (5-D
—#leNy : e,=0forl <k} —1, ife, =0,
for k € N (see Figure 6).

By Montel’s theorem, the domains {A,, },ucz:\(0}> {Bm}mez\joy and B, B_ are all contained
in the Fatou set. Since f(B,) Cint B, the function f has an attracting fixed point in B,
and the sets {B,,},en are contained in the preimages of the immediate basin of attraction of
this fixed point. Likewise, the sets { B_,, },,cny belong to the basin of attraction of an attracting
fixed point in B_. Observe that in order to show that A; is contained in a wandering domain
that escapes following the essential itinerary e we need to prove that every A,, is contained
in a different Fatou component.

Now let us construct the entire functions g and / that satisfy that the function given by
f)=7"exp (g () +h(1/ z)) has the properties stated above. Note that in this construction
log z denotes the principal branch of the logarithm with —7 <argz <mw.Let0 < R <7/2
and set, for m > 0, define

Api=1z€C 1 —R<arg(@) <R, ky < |2] <kne*},
By = D((kn 1 — kn)/2, 1/8),

where k,, is any sequence of positive real numbers satisfying that for m € N, k,,> 5/2 and
kmy1 >k +1/4. We define A_,, :=1/A,, and B_,, :== 1/B,, for all m € N. Note thatlog A,,
is a square of side 2R centred at a point that we denote by «,, € R. Hence, log A,, contains
the disc D(a,,, R) for all m € Z \ {0}. The set

F:=DUB., U U(AmUBm)
m=>0
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which consists of a countable union of disjoint compact sets is a Carleman set.

Let 6,,6_ > 0 be such that |[w —In2|<d, and |w —In32/63|<§_ imply, respectively,
that [e” —2| < 1/8 and |e” —32/63| <2/63. Let K :=min{R/4, 6+/4}. By Lemma 4.4,
there is an entire function g that satisfies the following conditions:

|g(z) — aspmy —nlogz| < R/4, ifzeA, withm >0,

|g(z) —In2—nlogz| <8,/4, ifze| |B,UB,,

m>0
lg(x)] < K, if z e D.

Similarly, there is an entire function / that satisfies the following conditions:

|h(z) — ag—m) —nlog(l/z)| < R/4, if ze A, withm > 0,

|h(z) —In32/63 —nlog(l/z)| <d_/4, ifze U B, UB,,
m=>0

lh(z)| < K, if zeD.

Therefore, since the sets B__ and A,,, m <0, are contained in D and the sets B, and A,
m > 0, are contained in C \ D, the function log f(z) = g(2) + h(1/z) + n log z satisfies

| log f(2) — asom| < R/2, if z€ A, withm #£0,
|log f(z) —In2| <38./2, ifze| ) BaU B,
m=>0

|log f(z) —In32/63| <6_/2, ifze| JB.UB,

m<0

and hence f has the required mapping properties.

Finally, note that this construction is symmetric with respect to the real line and hence all
Fatou components of f that intersect the real line will be symmetric too. Thus, since tran-
scendental self-maps of C* cannot have doubly connected Fatou components that do not sur-
round the origin [Bak87, Theorem 1], the Fatou components containing the sets {A,, },uez\(0)
are pairwise disjoint and A, is contained in a wandering domain that lies in 7, ( f).

6. Construction of functions with Baker domains

In this section, we construct holomorphic self-maps of C* with Baker domains. The
construction is split into two cases: first, we deal with the cases that the function f is a
transcendental entire or meromorphic function, that is, f(z) =z" exp(g(z)) where n € Z
and g is a non-constant entire function (see Theorem 6-3), and then we deal with the case
that f is a transcendental self-map of C*, thatis, f(z) = z" exp(g(z) + h(1/z)) where n € Z
and g, h are non-constant entire functions (see Theorem 1-2). For transcendental self-maps
of C*, we are able to construct functions with Baker domains that have any given periodic
essential itinerary e € {0, oo},

To that end, we use Lemma 4-5 to obtain entire functions g and, if necessary, 4 so that the
function f has a Baker domain. After this approximation process, the resulting function f
will behave as the function 7T (z) = Az, A > 1, in a certain half-plane W. We first require the
following result that estimates the asymptotic distance between the boundaries of log W and
log T, (W) C log W.
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22

< |z

2 2X

Fig. 7. Definition of the function §(r).

LEMMA 6:-1. Let W={z€C:Rez>=2} and, for » > 1, let T;(z) =Xiz. For r >0,
let §(r) denote the vertical distance between the curves d log W and d log T, (W) C log W
along the vertical line V, :=={z € C:Rez=r}. Then §(r) ~2(A — 1)e™" as r — +o0.

Proof. Since logz =In |z| + i arg(z), the quantity §(r) equals the difference between the
arguments of the points z;, zo with Imz; > 0, k € {1, 2}, where the vertical lines dW and
oT (W) intersect the circle exp V, of radius e¢” (see Figure 7).
Since arg z;, arg z; — /2 as r — +00, we have
2 2\ T 2 T 2 20 —1)
d(r)=arccos — —arccos —~ | —-—— )|z —— |=——,
e’ e’ 2 e 2 e e’
as r — 400, as required.
Given N € N and a periodic sequence e = ¢pe; - - - ey_; € {0, oo}, let p, g € N denote
p=ple) =#keNy : ¢g =00 fork < N}, 61
qg=q(e):=#keNy : e =0fork <N},

so that p +¢ = N. We want to construct a holomorphic function f:C* — C* with an
N-cycle of Baker domains that has components U™, 0 <i < p, and U;O’ 0<i <gq,in which

fix — o0 and f‘?]’{,' — 0 locally uniformly as n — oo.

In the case that zero is not an essential singularity of f, then ¢ =0 and N = p. Note that the
closure of a Baker domain in C may contain both zero and infinity.
For p e Nand X C C*, we define

X = {zeC": P € X, |argz| <m/p}.

In order to construct a function with an N-periodic Baker domain that has p components
around zero or infinity, we will semiconjugate the function 7; that we want to approximate
in the half-plane W by the pth root function:

T,
wW—2 > w
z”T zP
JW —— JW.

T,

Next we look at the effect of this semiconjugation on the function §.
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LEMMA 6-2. Let W and T,, A > 1, be as in Lemma 6-1. For p € N and \ > 1, define
the function T, ,(z) := YT (zP) on IW and, forr >0, let §,(r) denote the vertical dis-
tance between the curves 9 log {’/W and 0 log TM,(W) Clog \"/W along the vertical line
V,:={zeC:Rez=r}. Then §,(r) ~2(L — 1)e " /p asr — 4o0.

Proof. The function z — z” maps the circle of radius e” to the circle of radius e”” while the
function z — {/z divides the argument of points on that circle by p, so

5,(r) = 5(pr)’
p

and hence, by Lemma 6-1, §,,(r) ~2(A — 1)e™""/p as r — +00.

In the following theorem, we construct transcendental entire or meromorphic functions
that are self-maps of C* and have Baker domains in which points escape to infinity. These
functions are of the form f(z) =z" exp(g(z)) where n € Z and g is a non-constant entire
function.

THEOREM 6-3. For every N €N and n € Z, there exists a holomorphic self-map f
of C* withind( f) = n that is a transcendental entire function, if n > 0, or a transcendental
meromorphic function, if n < 0, and has a cycle of hyperbolic Baker domains of period N.

Proof. Let wy :=e*/N and define
Vin :=w%vN Wg(C\ﬁ, forO0<m < N,

where W is the closed half-plane from Lemma 6-1. We denote by V the union of all V,, for
O0<m<N,and let R:=R_,if Nisodd, or R:={z€C* : argz=n(1—-1/N)}, if N is
even. Then put

d :=min{(¥2 — 1)/3, dist(V, R)/4} (6-2)
and define the closed connected set
B:={zeC : dist(z, V) >d and dist(z, R) > d}, (6-3)

which satisfies B’ := D(1, d) C int B (see Figure 8).

Observe that the closed set F':= B U V satisfies the hypothesis of Lemma 4-5; namely
C \ F is connected and C \ F is locally connected at infinity, and F € W, with o = 27. We
now define a function g on F:

. log(a)’,\’frl ‘N/)L(z/a)’,ﬁ)"’)—nlogz, forzeV,, 0<m<N,
g(2):= (6-4)
—nlog z, forz € B,

where we have taken an analytic branch of the logarithm defined on C* \ R and hence on F'.
Then g € A(F).
For r > 0, we define the positive continuous function

e(r) :=min{d’, k- "D, p=V+hy (6-5)
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Fig. 8. Sketch of the construction in the proof of Theorem 6-3 with N=3. The sets B and V,,,, 0 <m < N,
are shaded in grey.

where the constant d’ > 0 is so small that |e* — 1| < d for |z] <d' and the constant k > 0
is so large that, for all z € log T, (W) with Re z <k, the disc D(z, k=™ *1) is compactly
contained in log W and, moreover, if §y () is the function from Lemma 6-2, then

e(r) <éy(n(rr)), forr >k, (6-6)
which is possible since
20 —1)
Sn(In(ar)) ~ NN AT +00.
Since ¢ satisfies
~+00 +00
/ S3PIne@r)dt=C —(N+1)/ 3—/2dr> —00
1

for some constants C € R and r{ > ry, by Lemma 4-5 (with o =27), there is an entire
function g such that

Ig(z) —&(@)| <e(lz]), forallzeF. (6-7)
We put

f(2):=2"exp(g(2)) =" exp(8(2)) exp(g(z) — §(2)). (6-8)

By Lemma 6-2 and (6-4-6-7), f(V,,)) CV, 1 forO<m <N — 1 and f(Vy_;) €V} and, by
(6-:2-6-7), f(B) € D(1, d). Hence each set V,, is contained in an N-periodic Fatou com-
ponent U,, for 0 <m < N and B is contained in the immediate basin of attraction of an
attracting fixed point that lies in B’. It follows that the Fatou components U, are all simply
connected.

To conclude the proof of Theorem 6.3, it only remains to check that the Fatou compo-
nents U,,, 0 <m < N, are hyperbolic Baker domains. Due to symmetry, it suffices to deal
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with the case m =0. Let zo € Uy. Since V, C U, is an absorbing region, we can assume
without loss of generality that z, € V and |zo| is sufficiently large. For n € N, let

€ i=g(f" " (20)) — &(f"" (20)).
which, by (6-7), satisfies
leal <e(1 /"' (@)), asn— oc.

For n € N, define

C,:= l_[ exp €, = exp Z €k,

0<k<n 0<k<n

which represents the quotient f"(zo)/ (z” exp(gf(zo))). Using the triangle inequality, we
obtain

Cil<exp Y lal<exp Y e/ o). (69)

0<k<n 0<k<n

Next, we are going to show that |C, | is bounded above for all n € N. To that end, we find a
lower bound for | f¥(z)| for k € N assuming, if necessary, that |zy| = ry is sufficiently large.
Put K := (¥A —1)/2> 0. Then |C;| > 1/K for ry > 0 sufficiently large and, by (6-8) and
(6-4),

N

v v
|f(Z0)| = \/X|Z()||C1| = 7}’0 = rop,

with p:= ¥/A/K > 1. Hence, by induction and the symmetry properties of the sets V,,,
0<m<N,

| f*(z0)| = *ry,  fork eN. (6-10)

In particular, zo € I(f) so, by normality, the periodic Fatou components U,,, 0 <m < N,
are Baker domains. We deduce by (6-9), (6-5) and (6-10) that |C,| < €5 for all n € N, where
S < 400 is the sum of the following geometric series

© 1 1 & 1 k MN+1
S:= = = .
; (,u,kro)NH N+1 Z <,U«N+1> ré\/-i—l(MNH _ 1)

To k=0

Next we use the characterisation of Lemma 3-2 to show that the Baker domains are
hyperbolic. For n € N, define

| F PN (20) — ™ (20)]
dist(f"¥ (zo), 8U)

Cp=¢u(20) =
‘We have

an(ZO) - CnN Y )"nNZéV = CnN)\.nZ(), forn e N,
and therefore

Lf N @o) = SN (@o)| ~ Cood (A = Dlzol.  asn— oo,
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where Co :=1im,_ o, C,. Also, dist( f"V(zo), dUy) <e5A"|z9| and hence if we define
c: =X —1)/2 >0, wehave c,(z9) > c for all n € N. Thus, by Lemma 3-2, the Baker domain
U, is hyperbolic. This completes the proof of Theorem 6-3.

Finally we prove Theorem 1-2 in which we construct a function f that is a transcendental
self-map of C* with ind( f) =n that has a cycle of hyperbolic Baker domains in 7,(f),
where e is any prescribed periodic essential itinerary e € {0, oo},

Proof of Theorem 1-2. Let N € N be the period of e and let p, ¢ € Ny denote, respectively,
the number of symbols 0 and co in the sequence egpe; . . . ey_1, where p + g = N; see (6-1).
We modity the proof of Theorem 6-3 to obtain a transcendental self-map of C* of the form

f@) =7"exp(g()z" ' + h(1/2)/zV

that has a hyperbolic Baker domain U in I.(f), where the entire functions g, 2 will be
constructed using approximation theory.

We start by defining a collection of p sets {V,>°}o<m<p, Whose closure in C contains
infinity. Put w, := ¢*"/? once again and define

Voo ::a)’p"v" W CC\ D@, p), forO<m<p,

where W is the half-plane from Lemma 6-1 and p := 1 + (V2-1) /6. We denote by V, the
union of all V,>°, 0 <m < p.

As before, we define a set B, that will be contained in an immediate basin of attraction
of f and put R =R_, if pis odd, or R, ={z€C* : argz=n (1 — 1/p)}, if p is even.
Then, let

dso ::min{(«N/E —1)/6, dist(Vy, Ry)/4},
and define the closed connected set

By :={z€C : dist(z, V) > ds and dist(z, Rs) = dso} \ D(O, p),

which compactly contains the disc B, := D((1 + ¥/2)/2, (¥/2 — 1)/6). Finally, we define
the disc D := D(0, 1/p), which is contained in 1. We will construct the function g by
approximating it on the closed set F, := V,, U Bs, U D, which satisfies the hypothesis of
Lemma 4-5; namely @ \ F is connected and @\ F is locally connected at infinity, and
Fy € W, with o =27 (see Figure 9).

Similarly, we define a set By and a collection of ¢ unbounded sets {V }o<,,-, by using
the same procedure as above, just replacing p by ¢, and then, if V; is the union of all V?,
0<m<gq, weput Fy:=VyU By U D. The Fatou set of the function f will contain all the
sets V>, 0 < m < p, and all the sets \7,2 :=1/V?, 0<m < g, which are unbounded in C*.

In order to define the functions g € A(F,) and he A(Fy), we first introduce some nota-
tion to describe how 2 and / map the components of V,, and V,, respectively; we use
the same notation as in Theorem 1-1. Let 7 : {0, ... , N — 1} > {—¢q, ..., —1,1,..., p}
denote the function given by, for 0 <k < N,

#{leNy : e =o0oforl <k}+1, if ey = 00,

(k)=
—#eNy : eg=0forl <k} —1, ife =0.
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Fig. 9. Sketch of the construction of the entire function g in the proof of Theorem 1-2 with e = coco00c0.
The sets D, B, and V,5°, 0 < m < p, are shaded in grey.

m

The function 7 is an ordering of the components of V., U 1/V; according to the sequence e.
Suppose that V is the starting component; that is, V = VOO, ifeg=0,and V = Vj°,if ey = 0.

Then
f"(V) c Vi, fmk) >0,
T V0% ifTk) <O.
Forme{—q,...,—1,1,..., p}, we define the function

s(m):=n(@ "(m)+1 (mod N)),

which describes the image of the component V°, if m > 0, and ‘7,2 , if m <0, so that the

function f to be constructed has a Baker domain that has essential itinerary e. More formally,

forO0<m < p,
N Vs 1fs(m) >0,
fE et 2 '
st(m), if s(m) < 0;
and, for0 <m < ¢,
F70) < Vil ifs(=m) >0,
TV Ly i s(=m) <.

We now give the details of the construction of the entire function g from the function
g€ A(Fy).Forze V™, 0<m < p, we put

(1og ()™ ofaz/wp)r) = nlogz) /241, if som) >0,
<log <a);,<m> / p/x(z/wyg)z’) _nlog z) /2N if s(m) <0,
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N : ‘ / B
S / /
~\\\- ’ , f / f
- /
S /7 N
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4 By
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\\Bo L}/ 6 ’ ‘
\ f :

\
\

! =LA

Fig. 10. Sketch of the construction of the function f in the proof of Theorem 1-2 with e = coco0000.

for z € Bso, we put $(z) := (log(1 + (/2 — 1)/2) —nlog z)/zV*! and, for z € D, we put
8(2) := 0, where we have taken an analytic branch of the logarithm defined on C*\ R,
and hence on V,, U B, (see Figure 10). Then ¢ € A(F,). For r > 0, we define the positive
continuous function &4, by

€oo(r) :=min{d),, k;N*V, rmWFDY@rN ),

where the constant d/ > 0 is so small that |e* — 1| <d for |z| <d., and the constant
koo > 0 is so large that, for all z € log T, (W) with Re z < ko, the disc D(z, kZ™*P) is
compactly contained in log W and, moreover, if , (r) is the function from Lemma 6-2, then

eoo(r) - 2PN T < Sy (In(Ar)),  forr = koo,

which, as before, is possible since

1) n(Az ~ T, asr — +o0.
N N}\.NIN s

Since e, satisfies
+00
/ r32 In ey (r)dt > —o0,
1

by Lemma 4-5 (with « = 27), there is an entire function g such that
E0o(|2]), for z € Voo U By,

1g(2) —g(@)] < { (6-11)
1/2, for z € D.

Similarly, we can construct an entire function A that approximates a function h e A(Fy)
so that the function
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f(2):=7"exp(g(2)Z" ' +h(1/2)/zN

= 2" exp(8(2)z" ) exp(h(1/2)/zV ) -
-exp((g(2) — 8(2))z2V ) exp((h(z) — h(z2))/zV ")

has the desired properties. Note that if z € Voo U By, then 1/z € D and if 1/z € Vy U By,
then z € D. Thus, h(1/z) =0 for z € Vo, U B, and

1h(1/2)/2V " + (8(2) — 82N + (h(z) — h(2)) /2"
<O+ 1/QIzIN) + 1/QIzIN ) = 1/|z|V+!

for z € Voo U B4.
Finally, a similar argument to that in the proof of Theorem 6-3 shows that these Fatou
components are hyperbolic Baker domains; we omit the details.
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