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SUMMARY
In our previous work, a novel force control actuator, called
series damper actuator (SDA), has been proposed. This paper
proposes a general design procedure for the SDA system.
From design requirements, several key parameters of the
SDA plant can be determined. Based on these parameters,
the selection or design of the series damper and the motor
can be carried out. A case study is included to illustrate the
effectiveness of the procedure. As there could be more than
one feasible solutions from the procedure, the mechatronic
design quotient (MDQ) method can be adopted to select the
best solution from a feasible solution space.

KEYWORDS: Force control actuators; Series damper
actuators; Plant design; Design optimization; Mechatronic
design quotient.

1. Introduction
Force control is very important for robots, especially for those
that need to interact with unknown environments or human,
such as assembly manipulators, legged robots, haptic devices,
and tele-operation systems. Force control actuators have been
widely used to achieve low impedance and human friendly
actuation for robots.1−4 Pratt has proposed a type of force
control actuator, called series elastic actuator (SEA).5−7 The
key feature of this actuator is the presence of a series elastic
component between the motor and the load. The actuator’s
output force is achieved by controlling the deformation of the
elastic component (assume that its elastic property is known).

In our recent work, a novel force control actuator called
series damper actuator (SDA) has been proposed.8,9 Having
a similar topology as that of the SEA system, the SDA
system uses a damper as the series component. The actuator
output force can be indirectly controlled by controlling the
damper’s relative velocity, given the constitutive property of
the damper. The advantages of the SDA system include high
force fidelity, large bandwidth, high impact tolerance ability,
and large output range.

In our previous work, the SDA system has been modeled
and analyzed in detail. The controller design has also been in-
vestigated. In our patent application file,10 a rough hardware
design of the SDA system, including the system architecture,
the mechanical structure, etc., has been presented. However,
the selection process for the series damper and the DC motor
was not specified. Since a proper selection of the series
damper and the motor is necessary to ensure successful
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design of a SDA system, we need to devise a systematic
approach for the selection process. This paper aims to provide
a systematic design procedure for the SDA system especially
in terms of the series damper and motor selection. Given the
system performance requirements or parameters, the various
design parameters can be generated. These parameters enable
the designer to design or select appropriate components for
the system. In Section 2, the SDA system is introduced and
a general plant structure is also presented. In Section 3, the
selection/design steps for the damper and the motor are intro-
duced. In Section 4, the best motor is selected based on the
mechatronic design quotient (MDQ) method. Conclusions
and comments are presented at the end of this paper.

2. Series Damper Actuator
The SDA system incorporates a series damper instead of a
series elastic element between the driving actuator and the
load. The block diagram of a SDA system with motor being
the driving actuator is shown in Fig. 1. Such SDA system
typically has a control module and the following hardware
modules: a motor with appropriate gear transmission and a
damper. The system is designed to effectively control the
relative velocity in the damper to achieve the desired force
(given the damping coefficient of the damper). The damper
is assumed to be viscous and the damping force can be
expressed as follows:

f = BvD (1)

where B is the damping coefficient and vD is the relative
velocity between the input and output shafts of the damper.

System analysis has been done8 and it is shown that
SDA system has high force fidelity, large output range,
large system bandwidth, low output impedance, high impact
tolerance ability, etc. The SDA system uses a damper as the
series component and its system order is lower than that of
the SEA system. Hence, in general, SDA processes a larger
bandwidth compared to the latter.

Another advantage of SDA is that the damping coefficient
of the damper can be made variable by adopting an
appropriate damper design. For example, one possible
design is to adopt magneto-rheological (MR) fluid, which
has variable rheological property. The damping coefficient
can become a controlled variable, which can be adjusted
according to the environmental conditions.

For example, when high force and low force outputs
are required, the damping coefficient can be increased and
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Fig. 1. Schematic diagram of series damper actuator.

reduced, respectively, to yield corresponding feasible relative
velocity in the damper. This endows the system with higher
force fidelity at both high and low force range.

Furthermore, the series damper actuator has a distinctive
advantage of impact absorption due to the damper energy
dissipation characteristic. This characteristic is very import-
ant for walking robots, haptic devices, or robot manipulators
to protect them from damage when they are subjected to ex-
ternal impact. However, the dissipative characteristic results
in lower energy efficiency for SDA as compared to SEA.

The design of the SDA plant involves the determination
of the target design parameters followed by the selection
of the appropriate hardware modules: the motor (with gear
reduction) and the series damper. For the hardware selection,
the designer needs to consider a number of important issues.
For example, in selecting the motor, the bandwidth, the
maximum power, and the suitable gear reduction, should be
considered. As for the series damper, the range of the variable
damping coefficient, the bandwidth (if any), etc. should be
considered. The overall bandwidth of the plant should also
be checked. In this paper, a general design procedure which
incorporates these design considerations is introduced.

3. Component Selection for SDA System
In general, the SDA plant includes a series damper, a motor,
sensors, a motor driver, and a microcontroller. The SDA
hardware design should begin with the selection or design of
the series damper and the motor. It is because the selection
of the other hardware components, such as the sensors and
the motor driver, is usually dependent on the selected damper
and motor. Between the damper and the motor, the former
should be considered first, since the choices of the damper
are quite limited, while there are more choices for the motor.

The following are the key parameters from the design
specifications: (a) Maximum output force FL max; (b)
Maximum load velocity VL max; and (c) Minimum system
bandwidth ωmin. In the following subsections, these
parameters will be used to generate the design parameters
for the damper and the motor.

3.1. Damper selection
The series damper in the SDA system can either be linear or
rotary. The choice depends on whether the SDA system is
meant to deliver linear force or torque. There are also several
approaches to achieve the damping effect. The common
damper types include viscous damper, MR fluid damper,
electro-rheological (ER) fluid damper, eddy current damper,
powder clutch, etc.

The considerations for the damper may include the output
force, operating speed, damping coefficient, bandwidth, size,

Fig. 2. General model of SDA actuator plant.

weight, cost, etc. For the initial design consideration, the
operating speed, the damping coefficient, and the bandwidth
are considered.

Since the series damper is required to have a variable
damping coefficient, it is important to specify the desired
range of its damping coefficient. The minimum damping
coefficient is desirable to be as low as possible so that the
system can achieve good low force performance. For the
initial design purpose, the maximum damping coefficient
Bmax, the maximum damper relative velocity VD max, and the
minimum damper bandwidht ωD should be determined as
shown in the following steps.

Step 1. Maximum variable damping coefficient Bmax.
The maximum damping coefficient Bmax can be

determined by considering the desired efficiency for the
damper. The general model of the SDA plant, consisting of a
damper serially connected between the motor and the load, is
shown in Fig. 2, where fm is the motor output force, vm is the
motor output velocity, fL is the actuator output force (load
force), vL is the actuator output velocity (load velocity), and
B is the damping coefficient. When the SDA actuator system
operates under active mode, power will be transmitted from
the motor to the load through the series damper. The input
and output power for the damper can be expressed as follows:

Damper input power pm:

pm = fm · vm. (2)

Damper output power pL:

pL = fL · vL. (3)

Neglecting the inertia force of the damper, we have

fm = fL (4)

and from Eq. (1)

fL = BvD = B(vm − vL) (5)

where vD = vm − vL is the damper’s relative velocity.
From Eq. (5), vm can be expressed as follows:

vm = fL

B
+ vL. (6)
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Therefore, the efficiency η for the power transmitted through
the series damper is

η = pL

pm
= vL

vm
= vL

fL

B
+ vL

. (7)

From Eq. (7), B can be expressed as follows:

B = ηfL

(1 − η)vL
. (8)

In the SDA system, the maximum damping coefficient
Bmax typically corresponds to the maximum output force
FL max. And let us assume that when the actuator is generating
the maximum output force, the system is required to have
a certain efficiency ηm (0 < ηm < 1) at the maximum load
velocity VL max. The maximum damping coefficient Bmax can
then be computed using the above conditions as follows:

Bmax = ηmFL max

(1 − ηmax)VL max
. (9)

Step 2. Maximum damper relative velocity VD max.
The maximum damper relative velocity VD max is assumed

to be corresponding to the maximum output force FL max. Let
us also assume that the corresponding damping coefficient
is at the maximum value. The maximum damper’s relative
velocity VD max is

VD max = FL max

Bmax
. (10)

Step 3. Minimum damper bandwidth ωD.
With the damper relative velocity vD as the input and the

damping force fL as the output, the series damper has a
transfer function as follows:

GD(s) = FL(s)

VD(s)
. (11)

The bandwidth is the frequency, at which the system
frequency response (gain) has declined by 3 dB from its low-
frequency value.11

For a linear viscous damper whose constitutive equation
can be expressed as in Eq. (1)

fL = BvD (12)

where B is the constant damping coefficient. Therefore, the
transfer function for such a viscous damper is

GD(s) = FL(s)

VD(s)
= B. (13)

Since it is a zero-order system, the bandwidth is infinite.
However, this may not be true for some types of dampers
such as the MR fluid damper. To emulate a viscous damper
defined in Eq. (12), the MR fluid damper is controlled by a
linearization algorithm to produce damping coefficient B. [9]

This linearization process introduces some extra dynamics
into the series damper, such as the electromagnetic response
of the MR fluid. Therefore, the bandwidth of such virtual
viscous damper is lower than that of a real viscous damper.

To consider the bandwidth property of the virtual viscous
damper, a first-order model was used to represent the damper
dynamics 9:

GD(s) = FL(s)

VD(s)
= B

ωD

s + ωD
. (14)

where ωD is the high cut-off frequency or the bandwidth. In
this case, the bandwidth of the series damper should be large
enough so that the overall bandwidth of the SDA plant can
be achieved.

Statement 1: To ensure a minimum overall bandwidth ωmin

for the SDA plant, the damper’s bandwidth should satisfy the
following requirement:

ωD ≥ 1

0.64
ωmin. (15)

The proof of Statement 1 is included in Appendix A.
Equation (15) defines the minimum damper bandwidth for
the SDA system to achieve a certain overall bandwidth. The
damper bandwidth can be experimentally measured using
the frequency response method to ensure that it satisfies the
minimum requirement.

Now, the damper can be designed or chosen so that the
above three criteria, damping coefficient range, maximum
relative velocity, and minimum bandwidth, are fulfilled.
Furthermore, the other requirements such as size, weight,
and cost, if any, should also be satisfied. The damper’s heat
dissipation issue should also be considered especially if the
force-to-size ratio is quite high. Heat sink can be added, if
necessary.

3.2. Motor selection
A motor should be selected to match the damper selected
in the previous subsection. Let us assume that permanent
magnet DC motors are considered for the SDA system. For
such a motor, considerations must be given to the power,
speed, torque, bandwidth, size, weight, etc. A suitable gear
transmission device (harmonic drive, lead screw, etc.) may
have to be chosen as well, depending on the application.
The following are the steps used to select a suitable DC
motor based on the design requirements and selected series
damper.

Step 1. Maximum motor output velocity Vm max.
The maximum motor output velocity Vm max (after the gear

reduction, if any) can be calculated as follows:

Vm max = (1 + α)(VD max + VL max). (16)

where α (0 < α < 1) is a constant value to provide some
safety margin.

Step 2. Output power of motor Pm.
If the efficiency of the gear transmission is assumed to be

100% and the damper’s inertia force is negligible, the motor’s
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output force fm is equal to the actuator’s output force (load
force) fL. Hence, the required motor’s output power can be
computed as follows:

Pm = FL max · Vm max. (17)

Step 3. Selecting a motor based on the power requirement.
Here, we choose a motor which can deliver the required

output power. For motor efficiency consideration, the chosen
motor should have a maximum power roughly twice the
power requirement computed in the previous step.

Step 4. Gear reduction N .
After the motor is selected, the following motor parameters

can be obtained from the motor specifications: the maximum
rotor output torque Me max and the maximum rotor speed
ne max. These quantities will be used to determine the required
gear reduction.

The minimum gear ratio should be calculated based on the
required maximum motor’s output torque FL max

Nmin = FL max

Me max
(18)

while the maximum gear ratio can be calculated based on the
required maximum motor’s output speed Vm max

Nmax = ne max

Vm max
. (19)

We have to check and ensure that the calculated Nmax

should be larger than Nmin. If this is not true, the motor
selected is not suitable and an alternative motor should be
sourced (go back to Step 3). Otherwise, the suitable gear
reduction should be between Nmin and Nmax.

After the gearhead is selected, the efficiency problem
should be first checked to ensure that the output torque
still meets the design requirement by fulfilling following
relationship:

Me max · N · ηg ≥ FL max (20)

where N is the gear reduction and ηg is the efficiency of the
selected gearhead. If this not satisfied, the gearhead should
be changed, or we need to go back to Step 3 to select another
suitable motor.

Step 5. Motor’s bandwidth ωm′ .
The motor’s open loop (voltage input and velocity output)

bandwidth should be larger than the required value.
Statement 2: To ensure a minimum overall bandwidth ωmin

for the SDA plant, the DC motor (free end) bandwidth ωm′

should satisfy the following requirement:

ωm′ ≥ Jm + JD/N2

0.64Jm
ωmin (21)

where Jm is the motor’s inertia and JD is the damper’s input-
end inertia.

The proof of Statement 2 is included in Appendix B.
Equation (21) defines the minimal bandwidth requirement
of the DC motor. After the motor is selected, the motor

bandwidth should be tested. If Eq. (21) cannot be satisfied,
the motor and/or the gearhead should be changed.

Step 6. Motor rotor inertia Jm.
In the SDA system, the load is separated from the motor by

the series damper. The output shaft of the motor is connected
to the input end of the series damper. Therefore, for the
consideration of the inertia matching, the motor rotor inertia
Jm should not be too small compared to the damper’s input-
end inertia JD. If a gear reduction N is used to increase
the motor’s output torque, the damper’s input-end inertia
reflected onto the motor shaft will be reduced to JD/N2. For
most cases, the reflected input-end inertia of damper JD/N2

is much smaller than the motor rotor inertia Jm. If it is not
true, a larger gear reduction or a motor with a larger rotor
inertia should be used.

Step 7. Required maximum motor torque Fm max.
Neglecting the inertia and the frictional effect, the required

motor torque is given by

Fm max = FL max

N
. (22)

Check and ensure that Fm max ≤ Me max. Otherwise, go back
to Step 3 to change the selected motor.

Step 8. Required motor current Imax.
The motor current Imax required to generate the maximum

motor torque Fm max is given by

Imax = Fm max

km
(23)

where km is the torque constant of the motor.
Check and ensure that Imax is smaller than the motor-rated

current. Otherwise, go back to Step 3 to change the selected
motor.

Here, we have described how to select a suitable damper
and motor for the SDA system. The design procedure
may need several iterations before a satisfied plant can
be achieved. Furthermore, the SDA plant component
design/selection steps described above are dependent on the
design specifications. Different initial design specifications
or requirements may result in different design considerations
and, consequently, different design steps. But the general
steps described above can provide the basic idea and serve as
a guideline on how to design the SDA plant. They also allow
the designer to proceed to identify some specific design cases.

4. Case Study
An example of the SDA plant design is discussed in this
section. The initial design specifications are given in Table I.

Table I. Specifications for SDA plant design.

Actuator type Rotary
Maximum output force (FL max) 3 Nm
Maximum load velocity (VL max) 4 rad/s
Minimum system bandwidth (ωmin) 7 Hz
Across damper power efficiency (ηm) 0.5
Motor velocity margin factor (α) 50%
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Table II. Typical data of MRB-2107-3 MR brake.

Maximum torque 5.6 Nm
Damping coefficient varying 0 ∼ ∞ Nms (theoretically)

range (virtual)
Bandwidth 25 Hz
Maximum operating speed 1000 rpm (105 rad/s)
Input end inertia (JD) 1600 gcm2

Diameter 92.2 mm
Length 36.6 mm
Weight 1410 g
Operating temperature range −30◦C to 70◦C

Table III. Specifications of two suitable DC motor solutions.

Motor Solution 1 Motor Solution 2
(Faulbaber (Faulbaber

4490H024B) 3863A024C)

Nominal voltage 24 V 24 V
Output power 201 W 220 W
Weight (excluding 750 g 400 g

gear box)
Rotor inertia (Jm) 130 gcm2 110 gcm2

Speed up to 16,000 rpm 8000 rpm
Torque up to 191.8 mNm 110 mNm
Current up to 8.62 A 3.8 A
Gear reduction (N ) 23 43
Gear reduction 0.8 0.7

efficiency (ηg)

Following the design steps described in the last section,
an MR brake (MRB-2107-3, Lord Corporation) and a
DC permanent magnet motor (3863A024C, Faulhaber) are
chosen as the series damper and the motor, respectively,
for the SDA system. The specifications of the selected MR
fluid damper (MRB-2107-3) and the DC motor (3863A024C)
are shown in Tables II and III, respectively. A setup of the
designed SDA system was built which is shown in Fig. 3. In
this setup, besides the motor and the series damper, there are
two encoders mounted to measure the damper’s input and
output velocities, respectively. The relative velocity of the
damper is obtained from the difference between the velocity
readings from these two encoders. This SDA system has also
been tested and shown to achieve satisfied results as reported
in refs. [8, 9].

Fig. 3. Photograph of the designed series damper actuator plant.

The suitable motor is selected by using the previous
procedures. Since there are many motors from different
companies with different types, parameters, performances,
and costs, the choice is typically not unique. For example,
besides the mentioned Faulbaber 3863A024C (Motor
Solution 2), another motor Faulhaber 4490H024B (Motor
Solution 1) is also a suitable solution for the design
requirements as shown in Table III. Since the choice is not
unique, we need to establish a systematic approach to identify
the “best” choice. In the next section, a design optimization
tool is used for such a purpose.

5. Design Optimization Using Mechatronic Design
Quotient
As mechatronic system design typically involves many
issues, the process can be very complex. In this section, the
mechatronic design quotient proposed by de Silva 12,13 is ap-
plied to choose an optimal design from a set of feasible solu-
tions. For illustration purpose, it is applied to select the best
motor from a given set of feasible choices for our SDA design.
An MDQ approach typically includes the following steps:14

1. Identify the relevant MDQ issues including the under-
standing of the design goals; identifying the basic
performance, tasks, and requirements for the desired
system; and figuring out what issues come under multiple
design criteria.

2. Establish the MDQ aspects and quantify the requirements.
In this step, one should identify those criteria that are
considered to be very important in the design, such as cost,
reliability, bandwidth, weight, and size. After establishing
the MDQ aspects, the pertinent requirements have to be
quantified, and a table of target specifications should be
formed.

3. Establish a database for feasible designs. This step
identifies design solutions which would roughly satisfy
the basic performance requirements. All feasible solutions
together form a feasible solution space.

4. Assign MDQ indices Ii’s to each feasible solution. For
each MDQ aspect, there will be a corresponding design
index Ii for each solution. It is a measure of the degree
to which a particular design solution satisfies a design
aspect. Each MDQ index also includes a weighting factor
which indicates the importance of that particular aspect in
the overall design.

5. Compute the aggregate MDQ index. In this step, one
incorporates all individual design indices and associated
weighting factor to obtain the value of the overall MDQ
index. A final decision is made by selecting the design
with the highest MDQ value.

Following the steps described above, we apply the MDQ
for the motor selection. The motor selection for the SDA
system can be rather a complex issue. The key design criteria
used are size, weight, cost, bandwidth, and speed. The MDQ
procedure is illustrated in Fig. 4. The target specifications
have been quantified and tabulated in Table IV.

The next step is to find the information of available
commercial products and establish a database for the feasible
solution space. Selecting suitable motors for the solution
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Fig. 4. MDQ applied to the motor selection.

Table IV. Target specifications for motor selection.

Maximum size ø50 mm×200 mm
Maximum weight 1000 g
Maximum cost S$ 800
Minimum bandwidth 11 Hz
Minimum speed 6000 rpm

space should follow the steps described in the previous
section. For illustration purpose, only two suitable motor
candidates are identified and included in the feasible solution
space. The two suitable motors are Faulhaber 3863A024C
and 4490H024B as mentioned before. Then the solution
space with the various MDA aspects is shown in Table V.

These candidate solutions satisfy the five requirements
(MDQ aspects) to different extents. We assign one index
Imn to each MDQ aspect to indicate the degree to which a
particular solution satisfies it. m is an integer number from
1 to 5 representing these five MDQ aspects. n is an integer
number of 1 or 2 representing the two candidate motors of
the solution space. Furthermore, a weighting factor Wm is
assigned for each MDQ aspect. In this case, we assign W1 =
25%, W2 = 25%, W3 = 20%, W4 = 15%, and W5 = 15% to
indicate that the size and the weight are the most important
attributes, while the bandwidth and the speed are the less
important attributes. The weighting factors sum up to 100%.

The MDQ indices are assigned as shown in Table VI.
It is important to make sure that the relative performance
of each solution across each aspect is properly reflected
by the relative magnitudes of the indices. To compute the
aggregate MDQ index Mj for solution j , simply incorporate
all the design indices and weighting factors according to the

Table V. Solution database.

MDQ aspects Solution 1 Solution 2

Size ø44 mm×168 mm ø38 mm×107 mm
Weight 750 g 400 g
Cost S$584 S$434
Bandwidth 20 Hz 13 Hz
Speed 16,000 rpm 10,000 rpm

Table VI. MDQ indices values.

Solution Solution Maximum Weighting
Design index 1 (%) 2 (%) value Iim (%) parameter (%)

Size index (I1) 50 80 80 25
Weight index (I2) 40 80 80 25
Cost index (I3) 60 80 80 20
Bandwidth 80 65 80 15

index (I4)
Speed index (I5) 80 50 80 15
MDQ value (M) 73.13 91.56 N.A. N.A.

following equation:

Mj =
∑5

i=1 WiIij∑5
i=1 WiIim

. (24)

Note that 0 < Mj ≤ 100%. The results of the calculated Mj

are shown in the last row of Table VI.
The last step is to select the solution with the highest MDQ

value to be the best choice. Therefore, the second solution,
that is Faulhaber 3863A024C, is the best choice between the
two feasible motor solutions.

6. Conclusion
In this paper, a general design procedure for the SDA plant
has been presented. The procedure allows us to determine,
with given design requirements, the key parameters of the
SDA plant, such as the damping coefficient range, component
bandwidth, motor power, and gear ratio. Thereafter, the series
damper and motor can be selected or designed accordingly.
Based on these procedures, an experimental SDA system has
been successfully developed in the case study.

Note that it is impossible to devise a universal design
procedure for the SDA system. Different design cases may
have different requirements and initial conditions which
require different design procedures. Nevertheless, the design
procedures described in this paper can provide some basic
guidelines for the general SDA system design.

This paper also illustrated the use of the MDQ method to
identify the best choice of motors among a given feasible
solution set. In MDQ, the relative suitability of the candidate
solutions can be easily quantified. In fact, the application
of MDQ can be extended to the design of the whole SDA
system, rather than the motor selection only.
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Appendix A: Proof of the Statement 1
Statement 1: To ensure a minimum overall bandwidth ωmin

for the SDA plant, the damper bandwidth ωD should satisfy
the following requirement:

ωD ≥ 1

0.64
ωmin.

Proof: The model of the SDA plant and its block diagram
are shown in Fig. A1. In the SDA plant, a DC motor
(assuming armature control) is connected in series with
a damper. The motor’s input and output are the armature
voltage u and the motor velocity vm, respectively. Assume
that the load end is fixed, the damper’s input and output are
the motor velocity vm and the damping force f , respectively.
Gm(s), GD(s), and Gs(s) are the transfer functions of the
motor, damper, and SDA plant, respectively.

Fig. A1. (a) SDA plant model and (b) the block diagram of the SDA
plant.

The transfer function of the DC motor (armature control)
Gm(s) can be represented by a first-order model.11 And as
mentioned in Section 3, the transfer function of the damper
can also be expressed by a first-order model.9

That is

Gm(s) = Km
ωm

s + ωm
, (A 1)

GD(s) = B
ωD

s + ωD
(A 2)

where Km is the gain of the motor, ωm is the bandwidth of the
motor, B is the gain of the damper, and ωD is the bandwidth
of the damper.

Therefore, the transfer function of the SDA plant can be
written as

Gs(s) =Gm(s) · GD(s) =Km · B ωmωD

s2 + (ωm +ωD)s +ωmωD
.

(A 3)

Let ωs denote the bandwidth of the SDA plant. It can be
observed from Eq. (A 3) that, ωs is fully determined by ωm

and ωD. Now let us discuss the relationship between ωs, ωm,
and ωD.

Assume that

ω1 = max{ωm, ωD}, (A 4)

ω2 = min{ωm, ωD}. (A 5)

Then Eq. (A 3) can be rewritten as

Gs(s) = KmB
ω1ω2

s2 + (ω1 + ω2)s + ω1ω2
. (A 6)
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Fig. A2. Bandwidth of SDA plant (Gs) with different values of r .

Normalizing Eq. (A 6) by ω2
2 yields

Gs(S) = KmB
ω1/ω2

(s/ω2)2 + (1 + ω1/ω2)(s/ω2) + ω1/ω2

= KmB
r

S2 + (1 + r)S + r
(A 7)

where S = s/ω2, r = ω1/ω2 ≥ 1.
Based on the definition of the half-power bandwidth, the

bandwidth of the SDA plant, ωs, can be calculated from the
following equation:

|Gs(jωs)|
KmB

= 1√
2
. (A 8)

Solving Eq. (A 8) gives

ωs = ω2

√√
(r2 + 1)2 + 4r2 − (r2 + 1)

2
. (A 9)

When r = 1

ωs = ω2

√√
2 − 1 = 0.64ω2. (A 10)

The plot of ωs/ω2 versus r is as shown in Fig. A2. The
plot of the gain of Gs(S) [Eq. (A 7)] with different values of
r are as shown in Fig. A3. It can be seen from Fig. A2 that
as r increases, ωs approaches ω2. If r 	 1, that is ω1 	 ω2,
then ωs = ω2. With the decrease in r , the ratio of ωs over
ω2 will also decrease. The minimum value for ωs is 0.64ω2

when r = 1 or ω1 = ω2. Same results can also be observed
from Fig. A3 which contains bode gain plots of Gs(S) with
different values of r . From the plot, the bandwidth of Gs(S)
(the frequency where the gain drops to −3 dB) is observed
to increase from 0.64ω2 to ω2 with the increase in r .

Now, it can be concluded that the bandwidth of the SDA
plant ωs varies with r from 100% to 64% of ω2 where ω2

is the smaller value between the motor bandwidth ωm and
damper bandwidth ωD. Therefore, if the bandwidth of the

Fig. A3. Gain of SDA plant (Gs) with different values of r .

motor and the damper are both larger than 1
0.64ωmin, the

overall bandwidth of the SDA system ωs must be larger than
ωmin. Therefore, the sufficient condition for ωs ≥ ωmin is

ωm ≥ 1

0.64
ωmin and ωD ≥ 1

0.64
ωmin.

Hence, Statement 1 is proved.

Appendix B: Proof of Statement 2
Statement 2: To ensure a minimum overall bandwidth ωmin

for the SDA plant, the DC motor (free end) bandwidth ωm′

should satisfy the following requirement:

ωm′ ≥ Jm + JD/N2

0.64Jm
ωmin.

Proof: The DC motor (armature control) transfer function
can be written as 11

Gm(s) = Vm(s)

U (s)
=

kt
RaJ

s + kekt+Rab

RaJ

= Km
ωm

s + ωm
(B 1)

where b is the equivalent viscous coefficient reflected at the
motor shaft, J is the equivalent inertia reflected at the motor
shaft, ωm = ke kt+Ra b

Ra J
is the motor bandwidth.

In the SDA plant, the motor shaft is connected to the
damper input end via a gear reduction as shown in Fig. B1,
where bm is the rotor damping coefficient of the motor, Jm is
the rotor inertia, N is the gear ratio, JD is the series damper
input shaft inertia, and B (B ≥ 0) is the damping coefficient
of the series damper.

We have

b = bm + B/N2 (B 2)

J = Jm + JD/N2. (B 3)

Fig. B1. Motor connected with damper via a gear reduction of
ratio N .
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When the motor output end is free (without the connection
with the series damper), the motor bandwidth ωm′ can be
written as

ωm′ = kekt + Rabm

RaJm
. (B 4)

Since B ≥ 0, it can be written that

ωm

ωm′
=

kekt+Rab

RaJ

kekt+Rabm
RaJm

≥
kekt+Rabm

RaJ

kekt+Rabm
RaJm

= Jm

J
= Jm

Jm + JD/N2
.

(B 5)
Therefore,

ωm ≥ Jm

Jm + JD/N2
ωm′ . (B 6)

According to the conclusion made in Appendix A, the
motor bandwidth ωm should satisfy

ωm ≥ 1

0.64
ωmin. (B 7)

Therefore, combining Eq. (B 6), the sufficient condition
for Eq. (B 7) is

ωm′ ≥ Jm + JD/N2

0.64Jm
ωmin. (B 8)

Hence, Statement 2 is proved.
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