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We deal here with a mixed (hyperbolic—elliptic) system of two conservation laws
modelling phase-transition dynamics in solids undergoing phase transformations.
These equations include nonlinear viscosity and capillarity terms. We establish
general results concerning the existence, uniqueness and asymptotic properties of the
corresponding travelling wave solutions. In particular, we determine their behaviour
in the limits of dominant diffusion, dominant dispersion or asymptotically small or
large shock strength. As the viscosity and capillarity parameters tend to zero, the
travelling waves converge to propagating discontinuities, which are either classical
shock waves or supersonic phase boundaries satisfying the Lax and Liu entropy
criteria, or else are undercompressive subsonic phase boundaries. The latter are
uniquely characterized by the so-called kinetic function, whose properties are
investigated in detail here.

1. Introduction

Consider the following system of two conservation laws in one space dimension
arising in nonlinear elastodynamics:
01 — dzo(w) = Bor(b(w)dzv) — ady(a(w)dy(a(w)dw)),

1.1
oyw — 0zv = 0. (1.1)

Here, v € R and w > —1 represent the velocity and the deformation gradient
of some solid material or fluid, respectively. The viscosity function b(w) and the
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capillarity function a(w) are assumed to be smooth and bounded below by some
positive constants by and ag, respectively,

b(w) =2 by >0, a(w)=ap>0 forallw>—1. (1.2)

The parameters 3, a > 0 measure the relative strengths of the viscosity and capil-
larity terms in the material.

The stress function ¢ depends on the material under consideration; for materials
undergoing phase transformations, a typical shape is determined by the following

conditions:
wo” (w) >0 forallw #0, o (0)<0,
limla(w) = —00, lirf o' (w) = +oo. (1.3)

As a consequence of (1.3), outside some interval (w.,w*) defined by
o' (we) = o' (w*) =0, with —1 < w, <0< w*,

equation (1.1) forms a hyperbolic system of partial differential equations, having
two real and distinct wave speeds, —c(w) and c¢(w), where ¢ is the sound speed,
defined by

c(w) :=+/o'(w) forallw € (—1,w,] U [w*, c0).

Throughout, we restrict our attention to values in the hyperbolic region H_ U H,
where

H_ = (—1,w.], Hy = [w*, 00).
Equations (1.1) arise in continuum physics in the following ‘variational form’,

01t — 0, X (W, Wy, Wz ) = B4 (b(w)dzv),
dpw — dpv =0,

where the stress X is defined from the following nonlinear internal energy,
e(w,wy) = e(w) + 2aX(w)w?,
where A\(w) is a positive function and e(w) is a smooth function. Precisely, we have

Y(w, We, Weg) = ﬁ(w,wm) — (ﬁ(w,wr)> = ' (w) + LN (w)w? —a(A(w)wy),.

ow Owy .

Setting o(w) = € (w) and a(w) = /A(w) yields exactly the model (1.1) under
consideration.

This paper is the second part of a series (see [3,4]) devoted to travelling solutions
associated with diffusive-dispersive conservation laws. We search for solutions of
the system (1.1) depending only on the variable y := z — At for some speed A
and connecting two constant states at infinity. Precisely, a travelling wave solution
y+— (v(y),w(y)) satisfies

My 4+ o(w)y = —B(b(w)vy), + a(a(w)(a(w)wy)y)y,}

(1.4)
Awy + vy = 0.
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It is also required that
vy (y), wy(y), wyy (y) — 0 when |y| — oo,

v(y) = v—-, w(y) — w— wheny— —o0, (1.5)
(

v(y) = vy, w(y) —» wy when y — 4oo0,

where v_, w_, v4, wy are given constants. To describe the travelling wave solutions,
we set
Vg ‘= V—, Wy ‘= wW-—

and we search for all of the right-hand states (v4,w4 ) that can be attained through
a travelling wave initiating at (vg,wp). By integration of (1.4) over some interval
(—o0,y] and using (1.5), we obtain

A(v = o) + o (w) — o(wn) = ~Ab(w)v, + aa(w)(a(w)wm} 1.6)
Aw —wp) +v—vg =0. .

This is a system of second-order ordinary differential equations.
We point out that the shock speed A is determined by the Rankine-Hugoniot

relation
AMw —wp) +v—v9 = Av —wvg) + o(w) —o(wg) =0,
hence
L [[C) o) gy g,
o’ (wo) if w = wo.

Indeed, this follows immediately by letting ¥y — oo in (1.6) and using (1.5). Obvi-
ously, A must be real, which implies that (o(w) — o (wo))(w — wp) = 0.

Observe that we can eliminate the variable v in (1.6) and derive an equation in
w only,

—\2(w — wp) + o(w) — a(wp) = ABb(w)w, + aa(w)(a(w)wy),. (1.8)

Setting z = a(w)w,, we reformulate (1.8) in the form of a first-order system in two
variables w and z,

a(w)wy = z,

b(w) (1.9)

aa(w)zy = _)‘ﬂa(w)z + g(w7)‘) - g(w()a )‘)a

with a right-hand side given by
g(w,\) := o(w) — Nw.
The boundary conditions (1.5) now read

wy(y), 2y(y) — 0 when [y| — oo,
w(y) = w—, z(y)—0 wheny— —o0, (1.10)
w(y) = wy, 2(y) —0 wheny — +o0,

https://doi.org/10.1017/50308210500001773 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001773

548 N. Bedjaoui and P. G. LeFloch

Our objective in this paper is to establish general existence and uniqueness results
concerning the travelling wave solutions of (1.9), (1.10) for viscosity and capillarity
functions and stress functions satisfying solely (1.2), (1.3). We are also interested in
investigating their asymptotic behaviour in the viscosity dominant and capillarity
dominant limits.

Recall that the existence of travelling wave solutions was established by Shearer
and Yang [24] in the case of the cubic stress function

o(w) = ww?—1) for all w (1.11)

and for constant viscosity and capillarity a(w) := b(w) := 1 for all w. Importantly,
it was observed therein that some of the trajectories of the system do not satisfy
the standard Lax and Liu entropy conditions, and correspond to (undercompressive)
subsonic phase boundaries. By definition, the propagating discontinuities associated
with such travelling waves have fewer incoming characteristics than observed with
classical compressive waves.

Subsonic propagating phase boundaries (for hyperbolic—elliptic systems), as well
as non-classical undercompressive shock waves (for hyperbolic but non-genuinely
nonlinear systems), have drawn a lot of attention in recent years. For references,
see [1,2,4,13,14,16-18,24-30]. In particular, the importance of the so-called kinetic
relation in characterizing propagating phase transitions was recognized by Abe-
yaratne and Knowles [1,2] and Truskinovsky [29,30]. The mathematical formu-
lation of the kinetic relation is due to LeFloch [17]. Hayes and LeFloch [13,14]
extended the concept of kinetic relation to general (strictly hyperbolic, but not
genuinely nonlinear) systems of conservation laws and determined kinetic functions
numerically [15]. See also [18,19,30] for further background material and references.
Related works can be found in [6-9,11,12,20-23|.

Our main results are as follows.

(1) The existence of subsonic phase boundaries and of the corresponding kinetic
function are established by relying on the approach of the authors in [3].

(2) The existence and properties of the classical shocks and supersonic phase
boundaries are also established.

(3) These results provide a description of the shock curve generated by the model
(1.1)—(1.3).

(4) Moreover, asymptotic properties of the kinetic function (small speeds, large
amplitude, vanishing viscosity, vanishing capillarity) are determined.

Furthermore, some examples of systems will be studied for which some important
parameters or functions can be determined explicitly. The case when only the vis-
cosity is taken into account is covered by our analysis (by letting o = 0).

An outline of this paper follows. In § 2, we state our main results concerning the
kinetic function (theorem 2.3), the shock curve (theorem 2.4) and the asymptotic
properties (theorem 2.5). In §3, we prove the main existence results relying on
some of the results in [3]. Section 4 is devoted to asymptotic properties of the
kinetic function. Finally, in § 5, we treat a few examples for which explicit formulae
are available.
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2. Statements of the main results

Throughout the paper, we sometimes first disregard the constraint that the speed
defined in (1.7) be real, and, next, enforce this condition by restricting the interval
of values under consideration. We begin by discussing some general properties of
the solutions of (1.9).

By definition, an equilibrium point is a pair (w, z) for which the vector field in
the right-hand side of (1.9) vanishes. Clearly, z = 0 for such a point and we can
focus on the component w. In view of (1.3), if a left-hand state wy and a speed A
are fixed, there exist at most three equilibria w (including wy itself) satisfying

g(w,A) = g(wo, A). (2.1)
Assume first in the presentation that
wo > w*

and that the speed remains in the range where three equilibria exist (precise condi-
tions being introduced below). Denote them by wa, w1 and wy, with the convention
that

-1 <wse < wp < wp. (2.2)

Observe that one (at most) among the points wy and w; may well be in the elliptic
region. We want to study the system (1.9), (1.10) for a fixed left-hand state wq, by
using the speed A or the right-hand states wy = w; or w4 = wo as parameters.
Throughout this paper, for definiteness, we focus our attention on waves propagat-
ing to the right, that is,

A>0.

We will need some notation concerning the graph of the function o. In view
of (1.3), for any w # 0, there exists a unique line passing through the point of the
graph with coordinate w and being tangent to the graph at some other point, whose
coordinate is denoted by ?(w) # w. In other words, we have

ow) —o t1’(1)
() — 20 = o ()

pr—T for allw # 0, w > —1. (2.3)

Note that we!(w) < 0 and, by continuity, ©?(0) = 0. Thanks to (1.3), the map
¢ 1 (=1,00) — (—1,00) is monotone decreasing and onto, and so is invertible. Tts
inverse function, denoted by ¢!, satisfies

o(w) = o™ (w))
w— o~ (w)

o'(w) = for all w # 0, w > —1. (2.4)

For each wg > —1, we also set

A (wp) = \ o' (¥ (wo)), A~ (wg) = /o’ (wo).

Loosely speaking, for each fixed wy, these values are lower and upper bounds,
respectively, among all shock speeds A in (1.7). More precisely, this makes sense
only in the intervals where the speeds A (wg) and A~%(wg) are real, i.e. only if
0 (wp) € (wy,w*) and wg ¢ (w., w*), respectively.
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Defining first the speed by

A= Awp, w) = w — W

o’ (wp) if w = wy,

consider then the function
H(wg,w) :/ (9(s, Mwo,w)) — g(wo, AMwo, w)))ds, w,wy € (—1,00). (2.5)
wo

Multiplying (1.8) by w, and integrating over R, we obtain the following result.

LEMMA 2.1. If there exists a travelling wave solution of (1.9), (1.10) connecting
w_ = wq to some w4 = w, then, necessarily,

H(U)O,U)) 2 H(U)O,U)O) = 07
where the inequality is strict if w # wo and 3 > 0.

LEMMA 2.2. There exists a function ¢°_ : (—1,00) — (—1,00), strictly monotone
decreasing and onto, such that, for all wg > 0 (and, similarly, for wy <0),

¢ ™8 (wo) < o (wo) < @ (wo)

and

H(wg,w) =0 and w#wo if and only if w= > (wo).
Moreover, for all wg > 0 and all w, we have
H(wg,w) >0 if and only ifcpboo(wo) <w < wp.

Geometrically, the function @boo corresponds to the ‘equal-area’ condition (the
line connecting wg to w cuts the graph of ¢ in two equal areas). Observe that ¢°_
is its own inverse; indeed, °_ o ¢’ = id.

Combining the above two lemmas, we deduce, for instance, that if there exists a
travelling wave connecting wg > w* to w, then

% (wo) < w < wy.

Among these travelling waves, some correspond to classical shock waves (w = w*)
and supersonic phase boundaries (w < wy), which satisfy the standard Liu entropy
condition, that is, for which the line connecting wy to w does not intersect the
graph of o (except, of course, at the end points),

w € [~ Hwo), wo)- (2.6)

On the other hand, by definition, subsonic phase boundaries satisfy

w € (2 (wo), ™ (wp)]. (2.7)
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Based on the function ¢’ , we also define a unique function ¢f_ by the two
conditions (here, wy # 0)
o(wo) — o(phe(wo)) _ o(wo) — (2 (wn))
@ﬁoo(wo) # @boo(wo), r = b
wo — Pao(wo) wo — @2, (wo)

Let us also set Ao (0) = 0 and, for wy # 0,

rewt0) = \/ o(wo) — o (¢ (w0))

wo — @boo(wo)

(as long an the quantity under the square-root is non-negative), which is the maz-
imal admissible speed for the range of right-hand states w comprised between
o (wp) and ¢?(wp), at least. Recall that \f(wy) is a lower bound for the speeds.

To clearly express the constraint that the speed must be real, we introduce the
monotone increasing one-to-one function

* o~

@ [0 we] U [w*, W] — [0F, we] U [w*, W]

by
w# P(w), o(w)=oc(P(w)) with g(w*)=w" and G(w,) = W,.

In other words, ¢(w) is connected to w by a stationary phase boundary. Observe
that ¢ is its own inverse; indeed, ¢ o ¢ = id. A wave connecting the left-hand state
wp to some right-hand state w satisfies the condition

if wg € [w*,w,), then w ¢ (P(w),w,],

which precisely excludes imaginary speeds. Now, the so-called Mazwell states,
w < 0 < w, are uniquely defined as the intersection points of the monotone func-
tions ¢’ and @, as follows:

Polw) =w,  Pw) =T

Modulo some trivial rescaling, the travelling trajectories depend only upon the

ratio
0= va

B

To state our result, for each left-hand state wg, we define the 2-shock set generated
by equations (1.9), (1.10) by

S2(wp) := {w | there is a travelling wave satisfying (1.9), (1.10),
with w_ = wp and wy = w}.

When searching for travelling wave solutions, one first identifies all of the states
w4 = we associated with subsonic phase boundaries.

THEOREM 2.3 (The kinetic function). Consider the travelling wave solutions of
(1.9), (1.10) under the assumptions (1.2), (1.8) and for a given diffusion-dispersion
ratio § = \/a /B € [0,00). There exists a continuous kinetic function

90% : [E,OO) - (_Lw*)a

https://doi.org/10.1017/50308210500001773 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001773

552 N. Bedjaoui and P. G. LeFloch
which satisfies

Pl (wo) < p5(wo)

2.8
©2o(wo) < @3(wo) 28)

cph(wo) for all w € [u?*,oo),}

<
< @(wo)  for all wy € [w, W]

For each right-hand side w € [w, o0), there exists a (unique) subsonic phase bound-
ary connecting the left-hand state wg to the right-hand state cp%(wo).

The function cp% completely characterizes the dynamics of the subsonic phase
boundaries. Of course, a kinetic function can also be defined on the interval (—1,w]
with similar properties. In view of theorem 2.3, a function

902 : [w7oo) - (_1300)
can be uniquely characterized by the two conditions

o(wo) — o(h(wo))  o(wy) — (2 (wo))

= (2.9a)
wo — cpg(wo) wo — @%(wo)
and
cph(wo) < cpg(wo) <wy for wg > w. (2.99)
Observe that (2.8) and (2.9) also imply
#h(wo) < (wo) < w. (2.10)

THEOREM 2.4 (The 2-shock curve). Under the same assumptions as in theorem
2.3, we have (tacitly excluding all states in the elliptic interval (wy, w™*))

b # —
U
$2(wg) = {@§(wo)} U (p5(wo), wo]  for wo >, B (2.11)
[w™*, wq] for wg € (w*,w].
THEOREM 2.5 (Asymptotic properties).
(1) There exists a continuous function
K1 (=1,0%) U (0, +00) = [0,00),  wy = &*(wp),
such that
p3(wo) = @ (wo),  provided 5r*(wo) < 1, (212)
/@h(wo) — 400 as wy — Ws. .

(2) For each w > W, we have

O3 (wo) — @’ (wg)  as & — 0.

The function ! can also be defined on the interval (—1,@*). The proofs of the
above results will be given in §3 below. Further asymptotic properties will be
discussed in § 4.
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3. Existence of travelling waves

We will rely on the observation that system (1.9) formally reduces to the (scalar)
model studied in [3], provided the following transformation is applied, in which the
index s refers to the ‘scalar case’,

A=A, AB = B, (3.1)
with obvious notation. Indeed, using (3.1), equation (1.8) transforms into
o(w) — o(wg) — As(w — wo) = Psb(w)wy + aa(w)(a(w)wy)y. (3.2)

The existence and properties of the travelling wave solutions of (3.2) were investi-
gated in [3]. However, one source of difficulty in applying [3] is the fact that the
diffusion parameter s in (3.2) depends on the shock speed (8s = A(3). Another new
feature is the fact that the speed A\? = )\, must remain non-negative, a condition
that need not hold in the scalar case.

First of all, without loss of generality, we take

a(w) = 1.

(Use the change of variable y — £(y) with d§ = a(w) dy and redefine the viscosity
accordingly.) By a straightforward rescaling of the travelling wave, we can also
assume that

a=1.

Hence system (1.9) becomes

zy = —ABb(w)z + g(w, X) — g(wo, )\)} (3:3)

Define the function
G (ws wp, \) = / (95, A) — g(wo, V) ds. (3.4)
wo

Observe that §,,G(w;wp,A\) = 0 if and only if (2.1) holds, i.e. if and only if w is
an equilibrium point. Recall that to each wy and speed A (in some interval) we
associate (see (2.1), (2.2)) two other equilibria w; and wa.

LEMMA 3.1. Given wg > w* and XA > 0 in the interval
\e (A¥(wo), A% (wo))  if wo > 1w,
(0, \"8(wp)) if wo € (w*,Wy),
the function J(w) := G(w,wgy, A) satisfies
J'(w) <0 for all w < wy or w € (wy,wp),
J'(w) >0 for all w € (w2, w1) or w > wo.

Moreover, if
wo), A (wo))  if wo = W,
(Oa)‘oo(wO)) waO € (w7 w*)a

>

m
—
>
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we have
J(wo) =0 < J(wa) < J(w1).

If A = Ao (wp), then
J(U)O) = J(U)Q) =0< J(U)l)

If A € (Moo(wo), A\ %(wy)), then
J(w2) < 0= J(wy) < J(w1).
Observe that the functions G and H are related in the following way:
G(w;wo, A) = H(wp,w) if and only if A = A(wg, w). (3.6)

In view of lemma 2.1, we must have H(wqg,w) > 0 for the existence of a travelling
wave connecting wg to w. Thus, from lemma 3.1,

if there exists a trajectory connecting wy to wa,

[N (wo), Ao (wo)]  if wo > s, (3.7)

then A\ €
o {[07 Aco (U)O)] if wo € (w,’lj)*)

Fix a propagation speed A > 0 and a left-hand state wy > w™*, and search for trajec-
tories connecting wq to the associated equilibrium wy introduced in §2. According
to our earlier discussion in §2 and to (3.7), we can conclude that

ws € [Pl (wo), 9% (wo)], A € [\ (wp), Aeo(wp)]  if wo > b, } 35)
wa € [P’ (wo), $(wo)], A € [0, Aoo(wo)] if wo € (W, w.);

conditions to be assumed throughout this section.
On the other hand, the eigenvalues of system (3.3) at the equilibrium point are
found to be

= 5(=BAb(w) + V/B2A2b(w)? + 4(0" (u) — A2)).
Specifically (for 5 # 0), we set

o' (w) — A2
w(w, A, B) = %ﬂkb(w)(—l —4/1+ 4ﬂ2()\2)—b(w)2>’
(3.9)
o' (w) — A2
w(w, A, B) = %ﬂkb(w)(—l +4/14+ 4ﬂ2()\2)—b(w)2>
LEMMA 3.2 (Equilibrium points). Fiz some state wg and speed A and let w be any
equilibrium point.
If o' (w)— A2 > 0, then w is a saddle point having two real eigenvalues, u < 0 < Ti.
If o'(w) — X\* < 0, then Re(p) and Re() are both negative and w is ‘referred to
as a stable point. Furthermore, if 3°A?b(w)? + 4(co’(w) — A?) > 0, then w corre-
sponds to a stable node with two real negative eigenvalues p < < 0. Otherwise,
if B2b(w)? +4(o’(w) — X\?) > 0, w is a stable spiral with two complex conjugate
eitgenvalues with negative real parts.

In view of the transformation (3.1), (3.2) given above, and using the results of
existence of non-classical trajectories derived in [3], we obtain the following result.
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THEOREM 3.3 (Existence of subsonic phase boundaries). Given two states wg > W
and we < wy, corresponding to a (real) propagation speed A, also satisfying

A=

o(ws) ~owo) {(/\“(wo)a/\oo(wo)] if wo > .,
w9 — Wy [0, )\OO(’U)Q)] Zf wo € (E,u?*),

there is a unique diffusion 8 = B(wg,ws) = 0 such that wy can be connected to wo
by a travelling wave solution of (3.3).

LEMMA 3.4. Define
A = {(wo, w2) € Hy X H_ | wo =W, wo satisfies (3.8)}
and consider the function
A 3 (wp, we) — Bwy, ws),

which associates the (unique) value B such that there is a travelling wave connecting
wq to wy (theorem 3.5).

Then, for each fized wo > W, B(wo, we) s a strictly monotone increasing function
of wa, mapping the interval given by (3.8) onto some interval [0, 3% (w)), where the
upper bound B%(wo) is finite if wo > Wy, but BH(wg) = 00 if wo € (W, 1Wx).

Following the terminology in [3], the value $%(wy) is called the critical diffusion
at wp. Subsonic phase boundaries leaving from wy exist only when 8 < 3%(wyg).

Proof. Based on the transformation (3.1) and with an obvious notation, we have

ﬂs(wo,wg) = )\(’U)Q,’U)Q)ﬂ(’ll)(),’lUQ). (310)

Fixing wg > w, let wy and w) be two reals in the interval given by (3.8) with
wy < wh, associated with some speeds A and ), respectively. Then theorem 3.7
in [3] gives

Bs(wo, wa) < fBs(wo, ws).

On the other hand,
A> N >0,

and so, using (3.10), we conclude that
B(wo, wa) < B(wo,w)).

Now, since the functions wy — Gs(wo, w2) and wy — A(wp, ws) are increasing and
decreasing, respectively, and using the boundedness of these functions, we deduce
that (8 remains in an interval of the form (0,3%(wo)), where B%(wyg) is finite if
wo > Wy and [%(wy) = oo if wy € (T, Wy). O

In view of lemma 3.4, for all 3 < 3%(wy), there exists a unique subsonic travelling
wave of (3.3) connecting wg to some point wy = ¢’ (wo, 3) and associated with a
speed A = A(wp, 8). Equivalently, with the notation (3.1), A = As(fs, wg). The
proof of theorem 2.3 is then completed.

Note also that lemma 3.4 implies immediately statement (1) in theorem 2.5.
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We now discuss the proof of theorem 2.4 decomposed in the two lemmas below.
Given wg > w* and 8 > 0, we study the existence of the (classical and supersonic)
travelling waves of (3.3) connecting w_ = wq to w; = w;. Recall that the shock
speed A must lie in the interval (3.5).

LEMMA 3.5. If wg > W, then, for each 8 < 3%(wq) and each speed \ satisfying

MB,wo) < A< XN 8(wy), there exists a travelling wave connecting w_ = wq to
W4 = W1.

If wyg > ., then, for each = B%wq) and each speed N*(wo) < A < X% (wyp),
there exists a travelling wave connecting w— = wq to w4 = wi.

Proof. We first treat the case where wg > @ and 3 < %(wg). The region
(B, wo) < A < A f(wp) corresponds to the region \s(fs,wp) < As < AT f(wp). On
the other hand, the parameter s = 8\ = v/ s satisfies

ﬂs>ﬂ\/ ﬂs,U)O ﬂs Wo, ¢ wOaﬂ))'

Thus, in view of the monotonicity of the function wg +— Fs(wo, w2) and theorem 5.1
in [3] applied to (3.2), there exists a travelling wave connecting wq to wy.
Now, if wg > @, and § = (%(wp), then, for all \f(wg) < As < A~ (wp), we have

= BVAs = B5(wo)V/As = 8% (wo)\/ Ni(wo) = B (wo).

Applying again theorem 5.1 in [3], there exists a travelling wave of (1.9), (1.10)
connecting wg to w;. O

LEMMA 3.6. If

. {(/\“(wo),/\(wo,ﬂ)) if wo > o, (3.11)

(O?)\(w(]aﬂ)) Zf wo € (w,’lj)o),
then there is no travelling wave connecting w—_ = wy to w4 = wy.

Proof. The proof is similar to the one of the previous lemma. Suppose that
B < % wp). Then the interval given by (3.11) corresponds to the interval

N {()\E(wo),)\s(ﬂs,wo)) if wo > d,
° (O?)\S(ﬂS?wO)) if wo € (w7w0)7

and the parameter S5 = v/ \; satisfies

ﬂS < ﬂ\/ ﬂsawo ﬂs Wo, ¢ wOaﬂ)) < ﬂS(U)Oan)-

The proof is completed by relying on the monotonicity of the function wy, —
Bs(wo, we) and on theorem 5.2 in [3] applied to (3.2). O

4. Asymptotic properties of the kinetic functions

This section is devoted to deriving various asymptotic properties of the kinetic
function.
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THEOREM 4.1. For each 3 > 0, the kinetic function wy — ¢©°(wo, 3) defined above
on the interval (w,+00) can be extended by continuity up to wy = W by setting
O3 (W) = w. Moreover, it is differentiable at this point and

o' (w)

(w,B) = —= >0. (4.1)

o' (w)

S
5’(1)0

Hence the kinetic function is strictly monotone increasing in a neighbourhood
of wy = w, but is not globally monotone. Indeed, for large values of w, we have
lim,y— 400 " (wp, B) = —1, while —1 < w = 4,0%(@).

Proof. The kinetic function is immediately extended by continuity in view of the
inequalities 0 < A(wo, 8) < Aso(wp), in which A (wp) — 0 as wy — w. Consider
now the implicit relation relating wy and ¢”(wo, ), that is,

a(¢" (wo, B)) — a(wo) — Mwo, B)2(¢’ (wo, B) — wo) = 0. (4.2)

By differentiating equation (4.2) with respect to wg, we obtain

(0’ (¢ (wo, B)) = Alwo, ﬂ)Q)g—i(wo, B)
= o' (un) ~ Ao, B ~ 2\(u, B)(& (o 8) ~ wo) 3o (w0, 6). - (43)
On the other hand, the inequalities
A(@, B) = Aoo(W) = 0 < Mwo, B) < Ao (wo)
for wy > w clearly imply that 6\ /dwo(w, B) is finite and
0< ;—Ui\o(w, ) < ?\TOZ(E).
By letting wy — w in (4.3), we obtain (4.1). O

THEOREM 4.2.

(1) The critical diffusion is bounded below as follows (for all wo > W),

(a0 wa) e VG (9 (wo) — G(wy))
FHwo) 2 L) = ) (D(wn) — Do)’ Y

where D'(w) = d(w) and G was defined in (3.4).

(2) In particular, suppose, for instance, that o' (w) ~ Aw?~! asw — +o0, o(w) =
o(d’(w)) as w — —1 and d(w) < dps, where A and dy; are positive constants
and v > 1. Then we have

1 v—1

lim inf 3 >/ —. 4.5
aiminf 5(wo) = 25 21 (4.5)

Proof. We will rely on equation (1.9) written in the phase plane (w, z),

dz

oW = — X (wo) B (wo)d(w) z(w) + g(w, A*(wp)) — g(wo, Ni(wo)).  (4.6)

z(w)
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We fix some values wy > @ and § = f%wg) and consider the trajectory
2 = z(w) connecting wo to we = ¢ (wp). The maximal negative value of the function
w — z(w) is achieved at some point w3 € (wa, wg). So we have

23 1= z(w3) = — max |z(w)].
Integrating (4.6) over the interval [wo, ws], we get
w3
12— M) o) [ |a(w)ld(w) dw = Glus) - Glus).

Since G(ws) — G(ws) < 0, we deduce that
%Z?Q, < A (wp) B (wo)| 23|(D(ws) — D(wy))

< A¥(wo) B (wo) |23 |(D(wo) — D(w2)). (4.7)
In other words, we have the following upper bound for the maximal value z,:
23] < 205 (wo) B (wo ) (D(wo) — D(w2)). (4.8)

Next we integrate (4.5) again, but now on the interval [wa, wy],
0 < G(wz2) — G(wg)
— Nw0)(uwo) [ stw)ldw) du (49)
< A (wo) B (wo )| 23] (D (wo) — D(ws)). (4.10)
Combining (4.8) and (4.10), we conclude that

B3 (wo) = T (wo),
which establishes the first item of the theorem.

To prove the second claim, we observe that
1

2T (wg)? =
(wo) o’ (wa)d3;(wo — wo

)2/ O(U(w0)+a’(w2)(w—w0)—U(w))dw. (4.11)

On the other hand, wg and wy = cp“(wo), by definition, are related by
o(wg) — a(wg) — o (wy) (wy — wy) = 0. (4.12)

When wo — +00, we also have wy = % (wy) — —1. By contradiction, if o(ws) and
o’ (wy) remain bounded, then (4.12) would imply o(wg) ~ cwg, which contradicts
our assumption that o’ (wg) ~ Aw?~! with v > 1. Therefore, for all wy large enough,
we deduce from (4.12) that

olwg) A 4

~ =], 4.13
o~ S (4.13)

We now estimate the right-hand side of (4.11),

o' (wg) ~

/wo(a(wo)+a’(w2)(w—w0)—U(w))dw > /Owo(a(w0)+a’(w2)(w—w0)—U(w))dw.
- (4.14)
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By using (4.13) and the behaviour of o when w — +00, we get

/0 O(U(wg) + 0’ (w2)(w — wp) — o(w)) dw

1 2 ng
~ O'(’U)O)U)O - 50’ (’U)Q)’U)O - Am
L = DAwg (4.15)
29(v+1)
Finally, combining (4.15), (4.14), (4.13) and (4.4), we obtain (4.5). O

COROLLARY 4.3. Under the asymptotic assumptions made in theorem 4.2, there
exists a constant C' > 0 such that, for oll B < C and for all wg > W, there
is a (unique) subsonic phase boundary comnecting wgo to some right-hand state

w2 = (pb(wOaﬂ)'

5. Examples of kinetic functions

This section focuses on a class of polynomial stress-functions (see (5.1) below). On
one hand, in theorem 5.1, the critical diffusion introduced in our analysis in §3
is determined explicitly. On the other hand, in the cubic case, following Shearer
and Yang [24], we explicitly compute the kinetic function. We reformulate Shearer
and Yang’s result in a convenient form by relying on the framework introduced
in § 2. For simplicity, the condition lim,,_, 1 o(w) = —o0 is no longer imposed and
problem (1.9), (1.10) is considered on the real line, that is, w € R.
Consider the polynomial stress function

opn(w) =wlw ™t =k, y>1, k>0. (5.1)
It satisfies the scaling property
oo~ (tw) =700 4(w), t>0, (5.2)
which is the key to proving the following result.

THEOREM 5.1. Consider the stress function (4.1) and constant diffusion and dis-
persion a(w) = b(w) = 1. Then the corresponding critical diffusion ﬂi,,y(wo) (for
wo > Wy) 18 given by

WO
VA(Dywo) =T = k%

where C and D., are positive constants depending on 7y only. In particular, D is
the positive solution D of

B (wo) = C, (5.3)

(y=1)DY +~4D" ' —1=0.
For instance, theorem 5.1 implies that, for all

&

\ /'YDy(v_l)
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model (1. 9) admits no subsonic phase boundames leaving from wy € (3, w(ﬁ)’ +00),
where ﬁk is the inverse function of ﬁk o

k232 1/(y=1)
'YD'y(’y_l)ﬁQ _ 02> '

5500 =

Proof. Given the function oy, and wg > ., one sees easﬂy that wo = @¥(wo) is
independent of k. We want to determine the viscosity 8 = ﬁk ,Y(wo) for which wyq
can be connected to wy = ¢’ (wy). Rewrite equation (1.8) in the form

0%, (w2) (w = w0) + Ty (W) = Ty (w0) = AL (w0) B (wo)wy + awyy.  (5.4)

For v > 1 fixed, we set
Bi = M., (wo)B, (wo), (5.5)
so that
— 0 (W2) (W — wo) + op (W) — gy (wo) = ﬁiwy + Qwyy. (5.6)

Our main observation is that for all w € R
— 0 (W2) (W —wo) + 0k (W) — O (wo) = —0 -, (w2)(w —wp) + 00 (W) — o, (w0),

which, in view of (5.6), implies
B = 5. (5.7)

Consider now the transformation w — @ = w/wo and set ¢ = ¢ . In view of
the scaling property (5.2), we have

o(w) = wgo(w),
and (5.6) becomes
—o' (W) (0 — 1) + o(®) — (1) = wy " (Biaby + aibyy). (5.8)

(v=1)/2

By the transformation y — & := yw, , the last equation becomes

—o" () (B — 1) + o(@) — 0(1) = BEwl ™2 + aiiee. (5.9)

On the other hand, the parameter wy = wy/wg = ¢’ (wg)/wo is a negative con-
stant independent of wy; it is the (unique) negative solution of

|x|’y +1 ~y—1
— =z . 5.10
S =l (5.10)
We deduce that ﬁiwél_ﬂﬂ is a constant C independent of wy, i.e.
8 = w2, (5.11)
Finally, using (5.5), (5.7), (5.11) and the expression of o} _ (w2), we obtain (5.3). O

Consider next the case v = 3 and k = 1 of the cubic function

o(w) = ww? - 1).
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From the definitions in § 2, we find

—u&zw*z%, u?*z—u?*:%, —w=w=1.
We also consider the following functions (defined on the intervals of interest only):
o (w) = —sw if we (—o0,—2/V3]U[2/V3,+00),
P(w) = —L(w+ V4 —3w?) ifwe (-2/V3,-1)U(1,2/V3).

We also have
M(w) = 3w2 -1 forw € (—o0,—2, V3] U [2/V3, +00),
A w) = V3w? — 1, o w) = —2w
and
o(w)=—w,  Ph(w)=0,  A(w)=Vuw? -1

First, we exclude the area 0 < wy < 1 for which the condition
AN(wp) = \/3wd — 1 < A < \JwE =1 = oo (wp)
is impossible.

For wg > 1 and X such that

Vaiwd —1< A <y/wi—1,

there exist exactly two solutions we < w1 < 0 (plus wg) of the cubic equation

o(w) — a(wo)

A= =w2—|—w0w—|—w(2)—1,

w — Wo

given explicitly by

wi=3(—wo+ /402 =303 +4),  w=—4(wo+ /402~ 3ud +4). (5.12)

To derive the kinetic function, we start from the equation in the phase plane
(w, 2),
dz
az(w)@(w) + BAz(w) = (w —wp)(w — w1 ) (w — wa). (5.13)
(This is possible from the monotonicity of the non-classical travelling waves, estab-
lished in [3].) For simplicity in the notation, we take e = 1. Then, following [24],

the travelling wave is sought in the (parabolic) form z(w) = M (w — wp)(w — wa).
After some simplification, we see that, necessarily, M = 1/\/5 and

w 1 3
ﬂ)\:M(U)O""U)Q)_Ml: —<M+M>U)1= —E’U)l.

Using the expressions (5.12) for w; and wo, we arrive at an explicit relation between
the diffusion, the left-hand state and the shock speed,

B = B(wg, \) := %(wo— \/4)\2—311)(2)4—4), (5.14)
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which is relevant as long as
N(wo)? = 3wi — 1 < N < wi — 1 = Moo (wp)*. (5.15)

One can also express the shock speed A in term of the left- and right-hand states.
Using (5.12) in (5.14), the diffusion is expressed as a function of wy and wo,

3 wo — VA4w?2 + dwows + wd
B im Bl ) 1= S 0 F Mty

= 5.16
2v2  Jw? + wowg + w3 — 1 (5.16)

This represents the diffusion for which two given states can be connected by a
subsonic phase boundary.

To describe the kinetic function, we fix some diffusion (recall that the capillarity
has been normalized to be 1) and we distinguish between two regimes.

First of all, considering equation (5.14), the range of 3 (for which a subsonic
phase boundary exists) is determined by letting the speed A\ vary in the relevant
interval given by (5.15). Precisely, we find that

3wo/\/2(3w2 —4) if wy > 2/V/3, (5.17)

b o
0<ﬂ<ﬂ(w0)-—{+oo if 1 <wo < 2/V3.

On the other hand, for j fixed in the range (5.17), we can inverse the relation (5.14)
and obtain the quadratic equation

(9 — 26%)A2 + 3v2BweA — 9(w2 — 1) = 0,

and so
3 Bwo— /(18 = 362w + 452 — 18 52 £ 0
A= Awp, 8) =49 V2 9 — 22 2 (5.18)
’U)Q—l/wg lfﬂQZ%
Using that wg + wi + we = 0, we also obtain
Wy = —Wy — W1 = —Wqo + %\/gﬂ)\
Finally, in the case 32 # %, the kinetic relation is found to be
>(wp, ) = 200 = ) = B/ (18 — 35%)wi +45° — 18
()0 ’U)(), L 2ﬂ2 _ 9
2v2
1<wo<ﬂ if 2 > 3,
when 662 —9 (5.19)
wg > 1 if 42 < 3.
Now, if 8% = £, we find that
1
¢’ (wo,2) := ——  when 1 < wp < V2. (5.19)
wo

Second, for values of the diffusion parameter for which (5.17) does not hold,
there is actually a connection between wy and ws = w; = —%wo (see [24] and the
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discussion on classical trajectories in § 3). In this case, the kinetic function is trivial,

2v203

o (5.20)

@b(wo,ﬂ) = —%wo when 32 > % and wqy >

Note that for all fixed 3 > %, the extension of the kinetic function defined

by (5.20) is continuous, but there is a discontinuity in its derivative at the point

2v23

wo = .
RN

Indeed, a simple calculation using the expression of ¢’ given by (5.19) and (5.20)
shows that, for 52 # %, the continuity of dy,, ©” would be equivalent to

48% — 245% + 27 =0,

which has two solutions, 32 = 2 and 3 = %, both outside the interval under

2
consideration.
In the case 3% = 9, by using (5.19') and (5.20), we get

lim_ 8, (wo, 8) = 3,
wo—V2"
which is different from
lim . dwogob(wo,ﬂ) = —%.

wo—V2

On the other hand, observe that the kinetic function (5.19), (5.20) is defined on
the whole interval wo > 1. Also note that, by continuity, thanks to (5.15), we can
take, for all fixed 8 > 0, ¢"(1,0) = —1.

Now, in all the cases, one easily checks that

Suwo’ (1,8) = 1 (5.21)

In addition, since ¢”(wq, ) > —%wo, we deduce that ¢°(-, 4) is not monotone.
More precisely, by considering the expressions of ¢° given in (5.19), the equation
Oao cpb(wo, () = 0 has one solution wy > 1 at most. Finally, by the arguments given
above, we deduce that the function (-, 3) is strictly monotone increasing in some
interval of the form (1,w(83)) and strictly monotone decreasing in (wg(53), +00),
where the value () only depends on .

Furthermore, we can check directly that, when § — oo,

b G(wo) = —3(w + V4 — 3w?) if 1 < wy < 2/V3,
¥ (wOaﬂ) - b 1 .
¥ (wo) = —5wo if wo > 2/V3
and

@b(wo,ﬂ) — cpboo(wg) = —wg when 8 — 0.
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