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‘We prove the existence of positive radial solutions to a class of semipositone
p-Laplacian problems on the exterior of a ball subject to Dirichlet and nonlinear

boundary conditions. Using variational methods we prove the existence of a solution,
and then use a priori estimates to prove the positivity of the solution.
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1. Introduction

We study positive, radial solutions to equations of the form

—Apu = AK(|z|)f(u), x € §2,
u=0, |z|=r, (1.1)
u—0, |z|]— oo,
and
—Apu =K (|z|) f(w), =z € 82,
g—:; +é(uw)u=0, |z|=r, (1.2)
u—0, |z]— o0,

where A > 0 is a parameter,

Apw =V - (|VwP~2Vw),
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p > 1is the p-Laplacian, and 2, = {x € RY | |z| > rg, 79 > 0, N > p}. We assume
that the reaction term f: [0,00) — R is a non-decreasing, continuous function such
that

(F1) there exist A, B € (0,00) and ¢ € (p — 1,00) such that A(s? — 1) < f(s) <
B(s?+1) Vs > 0 (which implies that f is p-superlinear at infinity);

(F2) f(0) < 0 (semipositone); and

(F3) there exists 6 > p such that for s sufficiently large, sf(s) > 0F(s), where

:/Osf(t)dt

The weight K : [rg,00) — (0,00) is a continuous function such that
(K1) there exists u € (0,(N —p)/(p— 1)) so that K(r) < 1/rN*# for r > 1, and
(K2) K(r) is decreasing on [R, o) for some R > 1.

When analysing (1.2), we further assume that é: [0,00) — (0,00) is continuous.
Here Ou/0n is the outward normal derivative.

Applying the change of variables ¢ = |z| and t = (¢/ro)®~N)/(P=1) transforms
(1.1) and (1.2) to the boundary-value problems

—(pp(u")) = An(t) f(u), te€(0,1),
w(0) = 0 = (1), } (D)
and
—(¢p(u)) = An(t) f(u), te€(0,1),
u(0) =0, (NL)
dp(u' (1)) + c(u(1))gp(u(l)) = 0,

respectively, where ¢,(s) = |s|P~2s,

— 1 P

and ¢(s) = (ro(p — /N p)E(s))"~
Conditions (K1) and (K2) imply that

heL'(0,1)NnC(0,1] and h= inf h(t)>0
t€(0,1]

Note that if one assumes that @ > (N —p)/(p—1), then h € C[0,1] and is a simpler
case to study. Here we allow pu < (N — p)/(p — 1), which may result in h being
singular at t = 0.

Now let

o(s) = / D)y (1) dt.
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We will assume that ¢(s) satisfies the growth condition:
(C1) for 6 satisfying (F3), we have ¢(s)s? < fg(s) for s sufficiently large.

By a solution u to problem (D) (or (NL)), we mean a u € C'[0,1] and ¢,(u’) €
Wh1(0,1) satisfying (D) (or (NL)).
We will establish the following results.

THEOREM 1.1. Assume that (F1)-(F3) and (K1), (K2) hold. Then (D) has a pos-
itive solution for A\ =~ 0.

THEOREM 1.2. Assume that (F1)-(F3), (K1), (K2) and (C1) hold. Then (NL) has
a positive solution for A =~ 0.

In order to make use of variational techniques, we extend the functions f and c
to all of R by setting f(s) = f(0) and ¢(s) = ¢(—s) for s < 0.

REMARK 1.3. Let f(s) = s? — 1 and ¢(s) = s + 1, n > 0. Then, choosing 6 =
i(n+p+q+1), f satisfies (F1)-(F3) and c satisfies (C1).

REMARK 1.4. Given the extension of f(s) = f(0), s <0, (F1) implies that
f(s) < B(|]s|?+1) VseR.
Furthermore, we note that (F1) implies that there exists constant A; > 0 such that
Ay (sTT —1) < F(s) Vs >0,
and constant By > 0 such that
F(s) < By(]s|"™ +1) VseR.
Similarly, if f satisfies (F3), then there exists a constant 6 > 0 such that
sf(s) > 0F(s) — 0 Vs>0.

Finally, (C1) combined with the extension c(s) = ¢(—s), s < 0, implies that there
exists 01 € R such that 6; < g(s) —c(s)|s|P for all s € R since g is an even function.

For a rich history of the study of existence results for the case of the Laplacian and
the p-Laplacian operator with Dirichlet boundary conditions on bounded domains,
see [2,4-6,8-11,15-17]. In all of these works the authors studied equations of the
form

—Apu=Af(u) in £,
u=>0 on 012,

where (2 is a bounded domain in RY (including the cases in which 2 is a ball or an
annulus). Assuming that f € C[0,000), f(0) < 0 and f has p-superlinear growth at
infinity, they discussed the existence of a positive solution for A =~ 0. Recently, when
p = 2, Dhanya et al. [13] proved the existence of a positive radial solution when (2 is
the region exterior to a ball. Their study also included the case in which a nonlinear
condition (as in (1.2)) was satisfied on the inner boundary (i.e. the boundary of
the ball). The focus of this paper is to extend this result for all p > 1. In [13], the
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Dhanya et al. used variational methods (the mountain pass theorem) combined with
the properties of the Green function. In the p-Laplacian case (when p # 2), the help
of a Green function is unavailable, which necessitates a deeper analysis. Extending
recent ideas from [11] to the case of boundary-value problems with singular weights
as well as to boundary-value problems with nonlinear boundary conditions, we
establish our results in this paper.

In § 2 we recall the mountain pass theorem and an important property (the (ST)
property) of the p-Laplacian operator. In §3 we prove theorem 1.1 and in §4 we
prove theorem 1.2.

2. Preliminaries
We will use the mountain pass theorem, as in [3], which is stated below.

THEOREM 2.1 (mountain pass theorem). Let X be a Banach space and let J €
CL(X;R) satisfy the following:
(I) (Palais—Smale condition) any sequence {u,} C X such that J(uy,) is bounded
and J'(uy) — 0 as n — oo possesses a convergent subsequence,
(I1) J(0) =0,
(III) there exist a, R > 0 such that J(u) > o V|ul|x = R, and
(IV) there exists v € X such that ||v]|x > R and J(v) < 0.

Furthermore, let
I':={yeC([0,1]; X): v(0) =0, v(1) = v},

and
¢ = inf J(y(1)).
¢:i= inf max (v(®)

Then ¢ is a critical value of the functional J.

In order to apply the mountain pass theorem, we employ several Banach spaces,
W, (0,1), C[0,1], C*[0,1] and L*(0, 1), each equipped with the usual norms, ||-||1 ,,
|l lloos || - [lcr and || - ||s, respectively. We also recall that WP (0, 1) is compactly
embedded in C[0,1], which implies the existence of a constant k& > 0 such that
ulloe < k|lull1p for every u € WyP(0,1) (see [1]).

Finally, we recall the concept of the (S1) condition (see [7]). The proof of the
following proposition can be found in [14].

PROPOSITION 2.2 ((ST) property). Let W: WHP(0,1) — [0,00) be defined by

1 1
lI/u:f/ o' P de.
(u) p0| |

Then W' exists,
1

(W' (u),v) = |u/ P20’ de,

and if u, — u and limsup,_, (¥ (un),u, — u) < 0, then u, — u strongly in
Whe(0,1).
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3. Proof of theorem 1.1
Let J: W)"*(0,1) — R be defined by

1 /1 1
J(u) = f/ (u')?Pdz — )\/ hF (u)dz. (3.1)
PJo 0
The second term in the definition of .J is well defined since Wy (0,1) < C[0,1]
and

< A|Rli max  |F(s)|, where M} = ||u]|co-

—Mi<s<My

‘)\/01 hF(u) d

Furthermore, the map J is continuously differentiable and

1 1
(J'(u),v) = / Ju' [P~ 20/ da — )\/ hf(uyvdz Yo e WyP(0,1).
0 0
Clearly, the first term of J’ is well defined. The second term is well defined since

W,y?(0,1) < C[0,1] and the extended function f € C(R). Indeed, to show that .J’
is a continuous map, let us show that

Ly (v) :=/0 hf(u)vdx

is continuous for any v € W,?(0,1).

Let € > 0 be given. Since the extended function f is continuous, there exists
91 > 0 so that for every ¢1,t2 € R such that |[ta —t1] < 01, |f(t2) — f(t1)] < e/E||h]|1-
Choose § = 61/k so that when ||u; — ug||1,, < d, we have ||u1 — uz|loo < d1. Then
for any fixed v € Wy*(0,1) with |jv]|;, < 1,

|Lam—men=LAhuwn—ﬂW»mm
<1;Mﬂm)—fWﬂMdex

1
<@Ahuwo—ﬂwnm

! €
< k/ h dz
o KllAllh
=c

for all u1,ug with ||us — ua|l1,, < d. Hence,

[Luy = Luy | = sup  {|Lu, (v) = Lu, (v)[} < e
lollap<1

Therefore, J is C.
We will first establish the existence of a solution for (D) using the mountain pass
theorem and then prove that the solution thus obtained is positive.

LEMMA 3.1. The critical point u € Wy P(0,1) of (3.1) is a solution of (D).
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Proof. If w is a critical point of (3.1), then

/ dp(u'(s))0v'(s)ds = )\/ h(s)f(u(s))v(s)ds Yv e C°0,1].
0 0

Using integration by parts, we then have,

/0 (pp(u/(s))" + Ah(s) f(u(s)))v(s)ds =0 Vv € C5°[0,1].

Hence, (¢p(v/(2))) = —Ah(z)f(u(z)) almost everywhere in (0,1). But since f is
continuous, u € C[0,1] and h € C(0,1), so (¢,(v'(x))) = —Ah(z) f(u(z)) holds for
every x € (0,1). Furthermore, since h € L'(0,1), f is continuous and u € C|[0, 1],
we have that (¢,(u))’ € L1(0,1), i.e. ¢p(u’) € WH1(0,1).

Let 2o € (0,1) so that u/(zp) = 0. Then

ww) = 0" (= [ b)) as ).

For z € (0, 1], h is continuous on [z, x], and therefore, —/\f;0 h(s)f(u(s))ds is also
continuous. Since ¢,; ! is also continuous, we find that v’ is continuous.
For z = 0, we have that

i /() = T g7 (—A [ ) sts) ds)

exists since ¢, ! is a continuous function and h € L*(0,1). Hence, v € C*[0,1]. O

3.1. Existence of a mountain pass solution
In the following theorem, we establish the existence of a mountain pass solution.
THEOREM 3.2. Assume that (F1)-(F3) and (K1), (K2) hold. Then, for A ~ 0, the

hypotheses of the mountain pass theorem are satisfied, and there exists a solution
uy to (D).

In order to prove theorem 3.2, we first prove several lemmas. Throughout the
calculations to follow, we let r =1/(¢ + 1 — p).

LEMMA 3.3. The map J satisfies the Palais-Smale condition (see theorem 2.1(I)).

Proof. First, we wish to show that any sequence {u, } satisfying the hypotheses of
theorem 2.1(I) must be bounded. Assume to the contrary that {u,} is a sequence
such that J'(u,) — 0, there exists some M > 0 such that |J(u,)| < M Vn > 1,
and ||uy|1,, — o0. Then consider the quantity

0.J (un) = (J'(n), un)

[[un]

)

1p
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where 6 > p is chosen as in (F3). Taking the limit as n — oo, we see that

lim 0J(upn) — (J' (un), un)

n—00 [[nll1,p

:0’

since J(uy,) is bounded and J'(u,) — 0. Also, we can write
0 1
0.0(tn) — (7" (tn), 1) = ( - 1) / ()P da
0

p
—)\/O BOF (un) — f(un)n) da.

Note that when u,, > 0, 0F (uy,) — f(un)un < 6 and when u,, < 0,

OF (un) — f(un)un = O0u, f(0) — f(0)uy,
= (0= 1)f(O)un.

Hence,

HJ(un) — <J/(un)7 un>

9 L \A o .
> (1) [ hr s = 3kl = 20 = 1O s

p

> <Z - 1> lunllf , = AONIA — Ak(O — ) (0)][[unll1,pllAll1-
But by dividing both sides through by |lu,||1,, and taking a limit as n — oo, we get
a contradiction. Hence, {u,} is bounded in W,?(0,1), and therefore there exists a
subsequence, call it again {u,}, that converges weakly in VVO1 '?(0,1) and strongly
in C[0, 1.

Since u,, — u strongly in C[0, 1], we have

1
lim hf(un)(ty —u)dz — 0.

n—oo 0

Furthermore, since {u,} is a Palais—-Smale sequence, J'(u,) — 0. Therefore, since
u, —u is bounded in W;?(0,1), we obtain
lim (J'(up), un — u) — 0.

n— oo

Hence,
1
(T () i — ) + )\/ B f ()t — 1) e = (B (1), 1y, — 1) > 0.
0

Therefore, by the (S™) property, u, — u strongly in WO1 '7(0,1), and so J satisfies
theorem 2.1(I). O

LEMMA 3.4. There exists X > 0 and u € Wy'(0,1) such that if X € (0,)), then
J(u) <0.
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Proof. Let v; € W, *(0,1) be such that [Jv|1, = 1, v1(z ) > 0 Vz € (0,1) (which
implies that v; € LI1(0,1)), and let ¢; = (2/pA1h||v1||q+1) . Then, for s = c; A7,

1 1
J(svy) = %/ ((sv1) )P dz — )\/ hF(sv1)dx

——AAl/ h(sT 0T — 1) da

; — MisT oy |25 + AR

AT o
= cf( » — )\hAlc‘{Jrl P (qJFl)’Ul”Zii) + )\Athnl (32)

Now, substituting in our choice of ¢;, we have

ATTP 2
- Al—“q*l)) + Al
p p

o) <
1 2
= Cf)\rp( _ )\lr(q+1p)> + ML ||R|)
p p
AT Tp +)\A1||h||1
c”
=\~ TP( + )\1+”’A1||h||1)

Hence, choosing A < (p||hll1A1c;?) /(4P we see that for all A € (0, ) there
exists s* (for example, s* = ¢1(A/2)~") such that J(u) < 0 for u = s*v;. O

LEMMA 3.5. There exist 7 € (0,¢1) and A > 0 such that if |jull1, = TA™", then
J(u) = co(TAT)P for all X € (0, ), where co = 1/4p.

Proof. Let ||ull1,, = TA™", where 7 > 0 is to be chosen later. Then

—r\p 1
J(u)—(T/\)—)\/O hF(u)dx

> (Tir)p —AB /Olhlulwdm — AByhl

> Wp’“)p — By [[Bfly Julli = ABy Ay

> (TA;T)p — KBy Al 45 = ABy )

- (TA;)p — KB [Af (PA ) — ABy ],

>\~ rp<2 —\Frrp, |h||1>
p

where 7 < min{(1/2pBi||h|[1k9t1)1/", ¢} has now been chosen. Taking
A = 7P/ 0F2) (4p By || b))~V AP,
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we have

J(u) = corP AP

for all X € (0, 5\), which proves the claim. O

3.1.1. Proof of theorem 3.2

We have already established that J € C'(W,?(0,1); R). Observe that J(0) = 0
and by lemmas 3.3-3.5, for A < min{\, A}, we have satisfied hypotheses (I)~(IV)
of the mountain pass theorem (where we note that the choice 7 < ¢; in lemma 3.5
is sufficient to ensure that ||v]|x > R in hypothesis (IV)). Hence, there exists a
solution uy to (D).

REMARK 3.6. To show the simple existence of a mountain pass solution (not nec-
essarily positive) to (D), we may choose |ul|1,, sufficiently small and quickly get
the desired result. However, this solution likely has negative values and therefore
does not make sense in the context of problem (1.1) since f(s) is only defined for
s > 0.

3.2. Positivity of solution

Let uy be the mountain pass solution to (D), as in theorem 3.2. We first establish
two a priori bounds on u) that are necessary for establishing positivity.

LEMMA 3.7. Let uy be as in theorem 3.2. Then there exist an My > 0 and A>0
such that

MoA™" < lunloo
for all X € (0, ).
Proof. Recall that

J(uy) = ™A for X € (0, N),

0> F:= in}%F(s) > —oco and f(s)s < B(|s|7™ +|s]) Vs € R.
s€

Letting

P
I

_ p\1/(1+7D) N
p 1

we have that

1 1
)\/ hf(ux)ux dx:/ [ul\ [P dz
0 0

1
= pJ(uy) —&-p)x/ hF(uy)dz
0

peaT? AT — p| |||l A
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for A € (0,\). We further note that

1
coTPATTP )\/ hf(ux)uydx
0
1
< B)\/ R(Jux9 4 uy|) dz
0

1
A / B(llua ]l + [fuslloo) da
0

<B
< BA|A[l(uallit + flualloo),

so that for A < A < (2B||hf1cy '772) "/ A+72) | |luy]lo > 1. We also have that

1 1
A/ hf(uA)u,\dng)\/ R(Jua]9 4 |uy|) dz
0 0

1
< BA / h([lur | + [[un]loo) da
0

< 2BA[|R |1 lux[lZE, (3.4)

since ||ux|loo = 1. We combine (3.3) and (3.4) and take My = (co7?/2B||h]|;)"/ @+
to complete the proof. O

LEMMA 3.8. Let uy be as in theorem 3.2. Then there exist c3 > 0 and \* > 0 such
that

luallf ), < esA™"
for all A € (0, 1%).

Proof. Let 27 = {z € [0,1] | ux(z) > 0} and 2~ = [0,1]\ 27. Since u, is a critical
point of J, and using remark 1.4,

1
||uA||’1”p:pJ(u>\)+p)\/ hF(uy)dz —|—p)\/ hF(uA)dx—p)\/ hF(uy)dz
0

1 -
- 0

_p,\/ ) h(u”;(o) + 2) da
= pJ(uy) + pA (1 — ;) / ~ hux f(0) da — pA /Q, hg dz

At 0
+%/ huxf(%\)dx+p>\§”h||1
0

< pJ(un) + pAELFO) IRl 2 [|ux

v g
o Dl + pAZ Rl (35)
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On the other hand, by the mountain pass characterization of uy,

J(ux) < max{J(sv1)}

sP .
+1 +1
cmge{ T ait a0
as in (3.2). Let

sP -
p(s) == o AAlsqﬂthngﬁ + My ||A|1,

so that by solving p/(s) = 0 we find that p(s) is maximized when s = KA\~", where
K = (Ai(g+ Dhfor|351) 7
Hence, if A < 1, then A\™™ > A, and therefore

0 _ o= 0
pJ@u>+¢menhhszA?A”’—pAAlth“A“q“nwn@i$+Ap<A1+-9>nhh

_ . 6
< KPAT™P — pA RK TN oy |41 + A”’p(Al + 0) 2R

_ . ] B
< (Kp — pALRK T oy || 41] +p<A1 + 0) |h||1>>\ P
= A\7TP, (3.7)
where

_ _ n 0
c3 = K?P _pAlhK(H_lHUl”Zii —|—p<A1 + 0) ||hH1

By lemma 3.7, if A < min{\, (k/My)~*/"}, then
1 My . _,
luxlli,p = %HU/\”oo > 7)\ =z 1.

From (3.5) and (3.7), we have that
allually , < OAJullrp + A"
fora=1—p/0 > 0 and b= pk|f(0)|||h||s > 0. Since ||ux|1, > 1,
allurly, < bAluxllY, + AT

Hence, if
Ao __0-p
2o 20pk|f(0)[l|Al+’
then
(@ =bA)[Jually ), < EA™",
which implies that
%a”u,\H’l”p < G3ATTP,

The lemma is proven taking cg = 2¢3/a and

. k —1/r e_p }
M=mindl A [(—) P L 0
{ <M0> 20pk| f(O)[[|A |1
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3.2.1. Proof of theorem 1.1

We prove the theorem by contradiction. Suppose that there exists a sequence
{(Nj,ua;)}52, € (0,1) x C'0,1] of mountain pass solutions to (D), as in theo-
rem 3.2, such that A\; — 0 and m({z € (0,1) | uy,(x) < 0}) > 0. Let w; =
ux, /|lua, ||oo- Then we have

f(/U’)\j)

u, |15

_(¢p(w;‘))/ = \jh

By (F1) and lemmas 3.7 and 3.8,

I3 f (g ), 11571 < A B(lu, 157577 + u, 1557)
S NBEY uy, It7 + My 7P A7)
<

A Beg(\ AT, (3.8)
where ¢4 = max{(c3k)'/", My "}. Hence, we observe from (3.8) that
I\ f(un,)lun, [157] < Bea + Begh; 0P
< Beg + BC4)\?/(q+1_p)
< 2Bey (3.9)

for A; sufficiently small. Hence, X; f (ux, (z))||u, [|357 converges to a limit, z; (z), for
every x € [0, 1]. Furthermore, since Aj[juy,||35? — 0 as j — oo, and f is bounded

from below,
. 1—
21(a) = lim Ay f(uy, (@) s, 157
> lim —X[f(0)[[lux, [ls”
Jj—o0
=0.
Therefore,

Nih(@) fux, (@))llux, 57 = h(z)21(2) =: 2(z) Vo € (0,1],
and z(z) > 0 Yz € (0,1].
Let z; € (0,1) be a maximum of w;(x). Then
Su(ugle) = [ oyl ds
= [ b, (), 17 s

By (3.9), this implies that |¢,(w}(z))| < 2Bey|hlly Vo € [0,1], and therefore
|w’(x)] < (2Bcy||h||1)Y P~ vz € [0,1]. By the Arzela—Ascoli theorem, this implies
that there exists w € C[0,1] such that w; — w in C[0, 1].

Meanwhile, again by (3.9), we have that [X;h(x)f(ux, (2))|lux, |57 < 2Besh(x)
Va € (0,1]. Since h € L'(0,1), by the Lebesgue dominated convergence theorem,

https://doi.org/10.1017/50308210517000452 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210517000452

Positive solutions for a p-Laplacian problem 421

we may choose a subsequence uy; with z; — xo such that

[ s ol I as = [ nsztsas = [ e as

o, ( / () F s, (5))llus, 157 ds> = gy ( / * ) ds),

and therefore

/Ot ¢§1(/:j Ajh(S)f(uAj(8)> [Jux; 157 ds) dz — /Ot ¢;1(/:0 Z(s)d5> A,

Therefore, we see that w;(t) — fot ¢, ([ 2(s) ds) do = w(t), and hence

x

= ot ([ A6t (o 157 )
R (b;l(/tzoz(s) ds)

= /()

Hence,

for all ¢t € [0, 1].

Hence, —(¢p(w')) = z > 0 with w(0) = 0 = w(1). Since ||w;|lcc = 1, w # 0.
Hence, since w is concave, w > 0 in (0, 1), w'(0) > 0, and w’(1) < 0. Since w; — w
in C'[0,1], we have w;(z) > 0 for all z € (0,1) for j sufficiently large. Hence,
uy,(x) > 0 for all z € (0,1) for j sufficiently large, which implies that m({z €
(0,1);ux,(z) < 0}) = 0 for all j sufficiently large, which is a contradiction. Hence,
there exists some A such that (D) has a positive solution for all A € (0, A).

REMARK 3.9. Note that since we now have a positive solution to (D), by reversing
the earlier change of variables, we have a positive radial solution to (1.1) on (2.

REMARK 3.10. By lemmas 3.7 and 3.8, we have
c3
lwslle < 37

where we note that c3 and M are independent of A, and therefore independent of j.
In the case in which h € C[0,1] (that is, p > (N —p)/(p—1)), [12, proposition 3.7]
implies that the sequence {w;}52; is uniformly bounded in Cy 210, 1] for some 3 €
(0,1). We could then conclude that w € CHP7[0,1] for some 5* € (0, 8). This makes
the proof simpler when h € C/0, 1].

4. Proof of theorem 1.2

We begin by establishing the appropriate variational formulation of the problem.
Let W := {u € W?(0,1) | u(0) = 0}. Then W is a Banach space with the induced
norm of W1P(0,1). Let E be defined on W as

E(u) = J(u) + g(u(1)), (4.1)
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where J(u) is as before. Once again, the compact embedding of W?(0,1) into
C[0,1] implies that E is well defined.

Since we have already established that .J is a C'! functional, we need only show
that H(u) := g(u(1)) is C'. Fix u € W so that for any v € W, (H'(u),v) =
g’ (u(1))v(1). It is clear that the function g(s) as previously defined is continuously
differentiable, and furthermore, since pointwise evaluation is a continuous operation,
we may conclude that H’(u) is a continuous functional on W. Hence, E(u) is a C*
functional as it is the sum of two C! functionals.

PROPOSITION 4.1. Let

1 1 1/p
aw = ([ 1rass [ ppas)
0 0

be the norm induced on W as a subspace of W1P(0,1), and let ||u|| = (fol |u'|P dx)t/P
on W. Then || - || is equivalent to || - ||w on W.

Proof. Let uw € W. Then clearly, ||u| < ||u|lw. Furthermore, applying Jensen’s

inequality, we have
1 1 T
/ |u(m)|pdx:/ / u'(s)ds
0 o 1Jo
1 T p
g/ (/ |u’(s)ds) dx
0 0
1 1 p
g/ (/ u’(s)|ds> dz
0 0
1 1
</ / o (5)[P ds d
o Jo

1
= / [u(s)|P ds,
0
which implies that

1 1 1/p 1 1/p
ullw = </ \u|pdx+/ |u'|de) < (2/ |u’|”dx> — 2U/|[y.
0 0 0

Hence, || - || is equivalent to || - ||y on W. O

p

dx

By proposition 4.1, we may continue our analysis using

1 1/p
|u||w</ |u’|pdx> .
0

LEMMA 4.2. The critical point w € W of (4.1) is a solution of (NL).

Proof. If w is a critical point of (4.1), then

1 1
/0 Gp(u (8))0'(s)ds + ¢’ (u(1))v(1) = )\/0 h(s)f(u(s))v(s)ds Vv e C;°[0,1].
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Using integration by parts and the fact that v(1) = 0, we have that

/0 (6p(u'(5))" + Ah(s)f(u(s)))v(s)ds =0 Vv € C5°[0,1].

As in the proof of lemma 3.1, we have that (¢p(u/'(2))) = —Ah(z)f(u(z)) Vo €
(0,1), ¢p(u') € WH1(0,1), and u € C[0,1].

Clearly, u(0) = 0 since u € W. Let C = {v € C*°[0,1] | v(0) = 0}. Then since
C C W and u is a critical point of (4.1),

/ o ()0 () ds + gf (u(1))o(1) = / h(s)f (u(s))v(s)ds Vo e C.

Hence, using integration by parts,

¢p(u/(1))v(1)—/0 (6p('(5))) v(s) ds + g (u(1))v(1)
= /\/0 h(s)f(u(s))v(s)ds Vv e C,

which implies that, for all v € C,
(¢p(u'(1)) + c(u(1)p(u(1)))v(1) = ¢p(u'(1))v(1) + g'(u(1))v(1)

:/0 ((6p('(5)))" + A(s) f (u(s)))v(s) ds
=0

since (¢p(u'(x)))" + Ah(z)f(u(z)) = 0 almost everywhere in (0,1). Since v(1) is
arbitrary, we may conclude that ¢,(u'(1)) + c(u(1))dp(u(1)) = 0, and therefore the
boundary conditions are satisfied. O

4.1. Existence of a mountain pass solution

Again, our goal will be to establish the existence of a mountain pass solution.

THEOREM 4.3. Assume that (F1)-(F3), (K1), (K2) and (C1) hold. Then, for \ =
0, the hypotheses of the mountain pass theorem are satisfied and there ezists a
solution uy to (NL).

We again establish several lemmas that will help to prove the theorem.
LEMMA 4.4. The map E satisfies the Palais—Smale condition (see theorem 2.1(I)).

Proof. As before, we first wish to show that any sequence {u,} satisfying the
hypotheses of theorem 2.1(I) must be bounded. Assume to the contrary that {u,}
is a sequence such that E'(u,) — 0, there exists some M > 0 such that |E(u,)| <
M Vn > 1, and ||lup|lw — oo. Then, choosing 6 > p satisfying (F3) and (C1), we
note that ,

lim OFE (un) — (E'(un), un)

n—oo [[een |

=0.
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Also note that

OB (un) = (E'(un), un) = (0T (un) = (J' (tn), tn)) + (09(un(1)) = c(un(1))(un(1))")

0 _
>(p—1)mm%—AWMh

= Ak(O = DI O)l[wnllw |22 + 61

by combining the earlier estimate on 6.J(uy) — (J'(uy), un) with (C1). But this
implies that

OF (uy) — (E' (up), un)

0= lim
n—oo l[wnllw
= (00— Dl = AL~ AR~ DIFO) |l + 6y
n—o0 [[un [[w
= OO’

which is a contradiction. Hence, {uy} is bounded in W and therefore contains a
subsequence that converges weakly in W and strongly in C10, 1].
Since u,, — u strongly in C]0, 1], we have

1
lim hf(un)(un —u)dz — 0.

n—oo 0

Furthermore, since {u,} is a Palais-Smale sequence, E’(u,,) — 0. Therefore, since
U, — u is bounded in W, we obtain

lim (E'(uy), un — u) — 0.

n— oo

Finally, we note that
c(un(1)) - dp(un(1)) - (un(1) —u(l)) =0

since u,, — u strongly in C0, 1] implies pointwise convergence and ¢, ¢, are both
continuous functions. Hence,

(E' (un), un —u) + )‘/ hf(un)(un — u) dz
0
—c(un(1)) - dp(un(1)) - (un(1) —u(l)) = (W' (un), un — u)
— 0.

Therefore, by the (ST) property, u, — u strongly in W, and so F satisfies theo-
rem 2.1(1). O

The following two lemmas are analogous to lemmas 3.4 and 3.5 presented in the
Dirichlet case, and rely heavily on the estimates there.

LEMMA 4.5. Let u and X > 0 be as in lemma 3.4. Then, for A € (0,\), E(u) < 0.

Proof. Choose v; € W)**(0,1) C W as in the proof of lemma 3.4. Then E(sv;) =
J(sv1) + g(sv1(1)) = J(svy) since v1(1) = 0 and g(0) = 0. The conclusion follows
from lemma 3.4. O
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LEMMA 4.6. Let 7 € (0,¢1) and let cz,;\~ > 0 be as in lemma 3.5. Then if ||u]|lw =
TAT", E(u) = co(tA™T)P for all A € (0, ).

Proof. Since g(s) > 0 Vs € R, we have that E(u) > J(u). From lemma 3.5, J(u) >
ca(TAT)P for all A € (0, ). This completes the proof. O

4.1.1. Proof of theorem 4.3

Again, E € CY(W}*(0,1),R), E(0) = 0 and, by lemmas 4.4-4.6, for A <
min{\, A\} we have satisfied hypotheses (I)~(IV) of the mountain pass theorem.
Hence, there exists a solution uy to (NL).

4.2. Positivity of solution

To follow the same argument as in the proof of theorem 1.1, we need two lemmas,
as before.

LEMMA 4.7. Let uy be as in theorem 4.3. For My > 0 and A >0 as in lemma 3. 7,
MoA™" < Jualloo
for all X € (0, ).

Proof. Using the same notation as in the proof of lemma 3.7, since u) is a solution
to (NL) we have that

A / hf(ux)uy dz = / i [P i+ e (1)) (r (1)) r (1)

— pJ(ux) + pA / B (uy) da + c(ux (1)) [ur (1)]?

peaA™"? = pl F[[|A] A

>
= AP (4.2)

for A € (0, ). The conclusion follows from the argument in the proof of lemma 3.7.
O
LEMMA 4.8. Let uy be as in theorem 4.3. There exist C3 > 0 and A* > 0 such that
[uallfy < CsA™™
for all A € (0, 4%).

Proof. Since uy is a critical point of E and using remark 1.4,

laalfy = pEGo) + 97 | BF()da oA | BF(us) de = pa(un(1)

' _
) huxf(O)dCC-l-p)\/O h(“%“” + 2) dz

—pA . h(u”(;(o) + z> dz — pg(ux(1))

< pE(uy) +p>\/
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) -
= pE(uy) +p)\<1 - 0) / hux f(0) dz — p)\/ hg dz

A 0
+ 22 [ s fun) i+ pAZI — pyfun(1)
0
< PE(ux) + pARFO) Al s lw + Zllualfy

B efun(1)6, (un(1)us (1) + AT Al — pglanr(1)

p 0
= pE(ux) + pARLFO) IRl fuxllw + Flluly +pAZlIR]

+ B (eun (1)ur()]” ~ Bg(ux(1))
fi

p 0
< pB(us) + AR SO Al sl + sl +pAT Il ~p % (4.3
Finally, if we choose A < (|§1\/M0)_1/7"p, then —0; < MoA™"?, so that
P p P é él
luallyy < pE(ux) +pAK[fO)[lIAllluxliw + Slluallyy +pAG IR =P
P 0 M\~"P
< PE(ur) + pARIF(O) IRl l[uallw + Glluxly + AR +p 09 :
(4.4)
By the mountain pass characterization of uy,
B(u) < max{ B(s1))
= max{.J(sv1)}
sP -
+1 +1
< { 2 - Al + Al (45)

by (3.2).

Now, note that the inequality (4.5) is identical to the inequality (3.6), except
that the functional J has now been replaced by the functional E. Hence, we may
conclude from (4.5) that

d -
PE(ux) +p)\§||h||1 <A, (4.6)
where ~
~ = 5= 0
C3 KppAlth+1||v1|gii+p(A1+9)|h||1

as in lemma 3.8.
Hence, following the proof of lemma 3.8, we may combine (4.3) and (4.6) to

observe that
allux[[fy < WA |luxllw + C3A™"P
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for a =1—p/0 > 0, b = pk|f(0)||[h]1 > 0 and C3 = & + pMy/f. Now, choosing
A < a/2b and taking Cs = 2C3/a, we may follow the proof of lemma 3.8 to conclude
that

lulliy < CsA™"

for all A € (0, A*), where

. A |9}|)‘1/’“P 0—p }
A" =min<1,\, | — ST (- O
{ (Mo 20pk| £ (0)[[| A1

4.2.1. Proof of theorem 1.2

We again prove the theorem by contradiction. Suppose that there exists a se-
quence {(\j,ux;)}52; C (0,1) x C*[0,1] of mountain pass solutions to (NL), as in
theorem 4.3, such that \; — 0 and m({z € (0,1) | uy,(z) < 0}) > 0.

Let wj = uy, /[|ux, ||oo. Then

(Gplu) = Ahm,

w;(0) =0,
bp(wj(1)) + c(un, (1)) ¢p(w;(1)) =0,
and, as in the proof of theorem 1.1, w; — w strongly in C[0, 1] with w satisfying

_(¢p<wl))/ =z, xE€ (Oa 1)7
w(0) =0, (4.8)

x € (0,1),
(4.7)

where L = lim; o uy, (1).

Since ||wj||se = 1, w # 0. Furthermore, since z > 0 and ¢(L) > 0, w is concave and
satisfies the nonlinear boundary condition at = 1 so that w’(0) > 0, w'(1) < 0,
w(l) > 0, and w > 0 in (0,1). The conclusion follows from the same argument as
in the proof of theorem 1.1.
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