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Bounded-size rules (BSRs) are dynamic random graph processes which incorporate limited
choice along with randomness in the evolution of the system. Typically one starts with the
empty graph and at each stage two edges are chosen uniformly at random. One of the two
edges is then placed into the system according to a decision rule based on the sizes of the
components containing the four vertices. For bounded-size rules, all components of size
greater than some fixed K > 1 are accorded the same treatment. Writing BSR(¢) for the
state of the system with |nt/2| edges, Spencer and Wormald [26] proved that for such rules,
there exists a (rule-dependent) critical time ¢, such that when ¢ < t, the size of the largest
component is of order logn, while for t > t., the size of the largest component is of order n.
In this work we obtain upper bounds (that hold with high probability) of order n% log*n,
on the size of the largest component, at time instants ¢, = t. —n~’, where y € (0,1/4). This
result for the barely subcritical regime forms a key ingredient in the study undertaken in
[4], of the asymptotic dynamic behaviour of the process describing the vector of component
sizes and associated complexity of the components for such random graph models in the
critical scaling window. The proof uses a coupling of BSR processes with a certain family of
inhomogeneous random graphs with vertices in the type space Ry x D([0,00) : Ny), where
D([0,0) : Ng) is the Skorokhod D-space of functions that are right continuous and have
left limits, with values in the space of non-negative integers Ny, equipped with the usual
Skorokhod topology. The coupling construction also gives an alternative characterization
(from the usual explosion time of the susceptibility function) of the critical time ¢, for the
emergence of the giant component in terms of the operator norm of integral operators on
certain L? spaces.

2010 Mathematics subject classification: Primary 60C05
Secondary 05C80, 90B15

1. Introduction

The classical Erdés—Rényi random graph can be thought of as a dynamic random graph
process on the vertex set [n] :={1,2,...,n}, where one starts with the empty graph
0, (the graph with n vertices and no edges) and at each discrete time step chooses
an edge uniformly at random and places it in the configuration. Let ER"(t) denote
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the state of the graph obtained after |nt/2| steps. For any graph G, let Ci(G) denote
the ith largest component and |C;(G)| its size (number of vertices). Classical results
[12, 11, 7] say that for fixed t < 1, the size of the largest component |C;(ER"™(z))| is
O(logn), while for ¢ > 1, |C;(ER"™(t))| ~ f(t)n. Here f(t) > 0 is the survival probability
of an associated supercritical branching process. For ¢t > 1, the size of the second largest
component |C>(ER™(t))| = O(logn). The largest component is often referred to as the
giant component.

There have been several works aimed at understanding the nature and emergence of
this giant as ¢ transitions from below to above t. = 1 [2, 17]. In recent years, motivated by
a question of Achlioptas, there has been significant interest in investigating more general
dynamical random graph models. The driving theme has been to understand the role
of limited choice along with randomness in the evolution of the network, in particular
the time and nature of the emergence of the giant component. The simplest such model
that has been rigorously analysed, referred to as the Bohman-Frieze process, can be
described as follows. Start with the empty graph at time t = 0. At each discrete time step,
choose two edges e, e, uniformly at random amongst all pairs of ordered edges. Place
edge e; = (v1,7) if both end points vy, v, are isolated vertices (components of size one);
otherwise use edge e».

Despite this conceptually simple modification of the standard Erd6s—Rényi random
graph process, a rigorous understanding of this process turns out to be non-trivial. Write
BF"(t) for the state of the system when we have placed |nt/2| edges. Bohman and
Frieze [5, 6] showed that there exists a time ¢ > 1 and ¢ € (0, 1) such that the size of the
largest component |C;(BF"™())| = o(n®). Thus this simple modification delays the time of
emergence of a giant component.

Spencer and Wormald [26] substantially refined and extended these results to the
context of all bounded-size rules (BSRs), which we now describe.

The bounded-size rule process {BSR(”)(t)},>o. Fix K > 0; this will be a parameter in the
construction of the process. Bounded-size rules treat all components of size greater than K
in an identical fashion. Let Qx = {1,2,...,K,@}. Conceptually w represents components
of size greater than K. Given a graph G and a vertex v € G, write C,(G) for the component
that contains v. Define

o) — { GG if [C(G) <K, )

@ if |C,(G)] > K.

For a quadruple of (not necessarily distinct) vertices vy, vy, v3,v4, write ¥ for the ordered

quadruple ¥ = (vy, v2,v3,04). Let ¢cg(0) = (cg(v1), cg(v2), cG(v3), cg(v4)). Fix F = Q}t. The set

F will be another parameter in the construction of the process. The F-bounded-size

rule(F-BSR) is defined as follows.

(a) At time k = 0 start with the empty graph BSRB") := 0, on [n] vertices.

(b) For k > 0, having constructed the graph BSR!", construct BSR;C'?rl as follows. Choose
four vertices & = (v1,v2, v3,v4) uniformly at random amongst all n* possible quadruples
and let ¢, (0) = cpsr, (D). If cx(?) € F then

BSR!"”, = BSR{" U (v1,02)
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else

BSR!", = BSR{" U (v3,04).

Mathematically it is more convenient to work with a formulation in which edges are
added at Poissonian time instants rather than at fixed discrete times. More precisely,
we will consider the following continuous-time version of the bounded-size rule process
{BSR(”)(t)}t>0. For every quadruple of vertices & = (v1,02,v3,04) € [n]*, let P; be a Poisson
process with rate 1/2n°, independent between quadruples. Note that this implies that the
rate of creation of edges is n* x 1/2n* = n/2. Thus we have sped up time by a factor
n/2 as in the above discrete-time construction. Start with BSR"(0) = 0,. For any t > 0
at which there is a point in P; for a quadruple & € [n]*, define

BSR"(1—) U (v1,02) if ¢ (¥) € F,

. (1.2)
BSR™(t—) U (v3,v4) otherwise,

BSR"(t) = {
where Cr,(lj) = cBSR(tf)(E)-

Two examples of such processes are the Erd6s—Rényi process (where K = 0, Qg = {w}
and F = {(w,w,w,w)}) and the Bohman-Frieze process (where K =1, Q¢ = {l,w} and
F ={(1,1, j5,ja) : j3,ja € Qk }). Spencer and Wormald [26] showed that every bounded-
size rule exhibits a phase transition similar to the Erdés—Rényi random graph process.
More precisely, write C")(t) for the ith largest component in BSR")(¢), and |Cf")(t)\ for the
size of this component. Define the susceptibility functions

Sty =>_lc" @), fork=1,2,.... (1.3)
i=1

Then [26] proves the following result.

Theorem 1.1 (Theorem 1.1 of [26]). Fix F € Q. Then for the random graph process
associated with the F-BSR, there exists a deterministic monotonically increasing function
52(t) and a critical time t. such that limyy, s2(t) = 00 and

S(t) L sp(t) asn— oo, foralltel0,t.).

For fixed t < t., ICY”(t)\ = O(logn), while for t > t,, \Cin)(t)| = Op(n).

Here we use 0, 0, © in the usual manner. Given a sequence of random variables {&,},>1
and a function f(n), we say that &, = O(f) if there is a constant C such that £, < Cf(n)
with high probability (w.h.p.), and we say that &, = Q(f) if there is a constant C such
that &, > Cf(n) w.h.p. Say that &, = O(f) if &, = O(f) and &, = Q(f). In addition, we say
that &, = o(f) if &/f(n) —> 0.

Thus, as ¢t transitions from less than ¢, to greater than ¢, the size of the largest
component jumps from size O(logn) to a giant component ®(n). The aim of this work
is to study the barely subcritical regime, i.e., to analyse the behaviour of the size of the
largest component at times t = t, — ¢, where ¢, — 0. The main result is as follows.
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Theorem 1.2 (barely subcritical regime). Fix F = Qf and y € (0,1/4). Then there exists
B € (0,00) such that

(logn)*
(te —1)*’

P{Icﬁ”)(t)l <B Ve <t — n"’} -1,

as n — 0.

As another consequence of our proofs, we obtain an alternative characterization
of the critical time for a bounded-size rule given in Theorem 1.3 below. Let X =
[0,00) x D([0,0) : Ny), where D([0,0) : Ny) is the Skorokhod D-space of functions that
are right continuous and have left limits with values in the space of non-negative integers,
equipped with the usual Skorokhod topology. Given a finite measure u on (X, B(X)) and
a measurable map k : X x X — [0,00) satisfying [, , K2(X, y)u(dx)u(dy) < oo, define the
integral operator KC : L*(X, u) — L*(X, u) as

Kf(x) = /X KV Wudy), e LX), xeX.

We refer to x as a kernel on X x X and K as the integral operator associated with (x, u).
We will show the following result.

Theorem 1.3 (characterization of the critical time). Fix F = QY. Then there exists a col-
lection of F-dependent kernels {k;};>0 on X x X and finite measures {y};>o on (X, B(X))
such that the integral operators K, associated with (i, 1;), t > 0, have the property that the
operator norms p(t) = ||IC;|| are continuous and strictly increasing in t. Furthermore, t, is
the unique time instant such that p(t.) = 1.

See Section 4.3 for a precise definition of x, and u,. We postpone the discussion of
the connection between the integral operators in Theorem 1.3 and the BSR processes to
Section 2.

1.1. Organization of the paper

The paper is organized as follows. In Section 2 we give a discussion of the main result.
Section 3 collects some notation used in this work. In Section 4 we introduce and analyse
certain inhomogeneous random graph processes associated with the BSR process. Finally,
in Section 5 we complete the proofs of Theorems 1.2 and 1.3.

2. Discussion

We now give some background, open problems and general discussion of the results in
this work.

2.1. Subcritical and supercritical random graphs

There has been considerable interest in understanding various properties of random graph
models in the barely subcritical and supercritical regime. See, for example, [22], [14] and
[15] for various results on complex network models such as the configuration model in the
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subcritical regime, [10] and [19] for structural properties of such graphs including mixing
times of the nearly supercritical Erd6s—Rényi random graph, [13] for an analysis of the
Hamming cube near the critical regime, and [8] for an extensive analysis of a general class
of the inhomogeneous random graphs. In recent years there has been significant effort
in understanding a special (non-bounded-size) rule called the product rule [1], where one
uses the edge that minimizes the product of the components at the end points. Simulations
in [1] suggest that the nature of the emergence of the giant component is different from
that observed for rules such as the Erdés—Rényi or Bohman—Frieze process. Conceptually
such rules tend to be harder to analyse, since one needs to keep track not just of vertices
in components up to size K for K < oo but for all K. There has been recent progress
in understanding such rules [23]. The subcritical regime for such processes has been
studied by Riordan and Warnke [24], who showed that there exists a critical time t. such

that, for t > t., the susceptibility function defined as in (1.3) satisfies Sy(t)/n L, o0 as
n — co. Furthermore, there exist functions {fx(*)}x>1 such that, for t < ., the proportion
of vertices in components of size k remains closely concentrated about fj(¢) as n — co.

For bounded-size rules, the only known results in the barely subcritical regime are in
the context of the Bohman—Frieze process in [18] and [3] (see also [16], where scaling
exponents for susceptibility functions in the Bohman—Frieze process were derived). Kang,
Perkins and Spencer [18] showed that for fixed ¢, the largest component in the Bohman—
Frieze process at time t. — ¢ satisfies |C;(BF"(t, — ¢))| = ©(log n/¢?). Bhamidi, Budhiraja
and Wang [3] obtained upper bounds when ¢ = ¢,, where ¢, — 0, and showed a result
analogous to Theorem 1.2 using the special structure of certain differential equations
associated with the Bohman—Frieze process.

2.2. Optimal scaling of the largest component in the subcritical regime

Note that for a fixed y € (0,1/4), at time t, = t. —n~’, Theorem 1.2 gives an upper bound
of Bn*(logn)*. One would expect, as suggested by Kang, Perkins and Spencer [18] for
the special case of the Bohman—Frieze process, that |C;(BF"(t,))| = ®(n* logn). It would
be interesting to see if the results in the paper can be refined to prove this result for
general bounded-size rules. In fact, Sen [25], using the connection of the bounded-size
rules to inhomogeneous random graphs established in this paper and in [3], proves a
version of Theorem 1.2 with the improved bound logn/(t. —t)* for the Bohman-Frieze
model for t < t. —n~" for y < 1/3. Extending this to all bounded-size rules appears to be
a challenging problem. The contribution of this paper is twofold.

(i) We establish bounds on the maximal component which are near-optimal up to (logn)3
factors all the way to t = t. — n7. This bound is good enough for one of our main goals,
which is to study the limit behaviour in the critical scaling window (see Section 2.3).

(i) We give a new characterization of the critical time as the first time when the operator
norm of the kernel controlling the associated inhomogeneous random graph is one. In
our future work we plan to use this characterization to study the supercritical regime
as well.
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2.3. Relevance to the critical regime

Theorem 1.2 plays a central role in the study of the asymptotics for bounded-size rules in
the critical window. More precisely, in [4] we establish the critical scaling window for all
bounded-size rules and show that all bounded-size rules lie in the same universality class
as the Erd6s—Rényi random graph process, in the sense that there is a t. > 0 such that
at time t. + A/n'/3 for fixed 1 € R, the sizes of maximal components C\(t. + /n'/3) scale
like n*?3 for any fixed i > 1, and furthermore the merging dynamics of these maximal
components can be described by Aldous’s multiplicative coalescent. In fact, in [4] we
study the joint asymptotic behaviour of sizes and surplus of maximal components, and
prove finite-dimensional convergence for multiple time instants {t. + 4;/ 3 j=1,...,m},
m > 1. Theorem 1.2 plays a crucial role in this analysis as follows. Direct proof of the
result by exploring the graph in a breadth-first manner turns out to be infeasible since,
unlike the Erdds-Rényi case, one does not have enough independence to prove scaling
limits for the associated breadth-first walks. The strategy is to study the entire dynamics
of the BSR processes in three steps.

(i) Barely subcritical regime. Study the behaviour of [C{"(t)], S(t) and S;() at time t =
t. —n~" for some fixed y € (0,1/3), and check that these quantities satisfy the regularity
conditions for component sizes in Proposition 4 of [2]. To treat the asymptotics of
surplus, additional regularity conditions need to be verified (see Theorem 5.1 and the
proof of Lemma 7.2 in [4]).

(ii) Modification of the BSR process. Consider two ‘modified processes’ (upper bound and
lower bound processes, BSRT and BSR™) which start at time t. — n’ with the same
configuration of component sizes as the original process BSR, but then evolve as
Erdés-Rényi random graph processes for t € [t —n~7,t. + An~'/3] and furthermore
with high probability BSR™(t) = BSR(t) =< BSR*(¢) for all ¢ in this interval. Using
Proposition 4 of [2], the regularity conditions of the initial state as established in
Step 1 and additional estimates, one can then prove the desired limit theorem for
both of the ‘modified processes’.

(iii) Control errors. By controlling errors between the original process and the two modified
processes, we then show that the original process has the same limit behaviour as
these two in the critical window.

The upper bound in Theorem 1.2 for |C§")(t)| in the subcritical regime plays a pivotal
role in step (i) of the above program as well as in studying the susceptibility functions
S>(t) and Si(t) at the entrance boundary of the critical scaling window. We refer the
interested reader to [4] for details.

2.4. Connection to the discrete-time system

We use the continuous-time construction given in terms of Poisson processes, as opposed
to the discrete-time construction, for mathematical convenience (see, e.g., the various
martingale estimates in Section 4). It is easy to show that in the continuous-time
construction, by time t, =t.—n~", the number of edges in the system is of order
nt, —n'=7 + O(\/ﬁ). Using this and the monotonicity of the process it is easy to check that
Theorem 1.2 holds for the discrete-time version as well.
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3. Notation

We collect some notation used throughout the rest of the paper. All unspecified limits

are taken as n — 0. We use — and — to denote convergence in probability and in
distribution respectively. Given a sequence of events {E,},>1, we say that E, occurs with
high probability (w.h.p.) if P{E,} — 1.

For a set S and a function g : § — R¥, we write

k
lgle = suplgi(s)l,
i—1 seS

where g = (g1,...,2k). For a Polish space S, we let BM(S) denote the space of bounded
measurable functions on S (equipped with the Borel sigma-field B(S)). For a finite set S,
|S| denotes the number of elements in the set. Ny is the set of non-negative integers. For
ease of notation, we shall often suppress the dependence on n and write, for example,
BSR(1) = BSR"(t). Recall the Poisson processes P; used to construct BSR(-) in the
Introduction. Let {F;},>0 be the associated filtration: F; = a{Ps(s) : s < t,¢ € [n]*}. We
shall often deal with {F;}-semi-martingales {J(t)};>o of the form

dJ(t) == aft) dt + dM(t), (3.1)

where M is a {F;} local martingale. We shall denote o = d(J) and M = M(J). For a local
martingale M(t), we shall write (M, M)(t) for the predictable quadratic variation process,
namely the predictable process of bounded variation such that M(t)> — (M, M)(t) is a
local martingale.

4. Inhomogeneous random graphs

Fix K > 0 and a general bounded-size rule F < Qf and recall that {BSR(t)},>o denotes
the continuous-time bounded-size rule process starting with the empty graph at ¢ = 0.
Note that the case K =0 corresponds to the Erdés—Rényi random graph process, for
which results such as Theorem 1.2 are well known. Thus, henceforth we shall assume
K > 1. We begin in Section 4.1 by analysing the proportion of vertices in components of
size i for i < K. As shown in [26], these converge to a set of deterministic functions which
can be characterized as the unique solution of a set of differential equations. We will
need precise rates of convergence for these proportions, which we establish in Lemma 4.2.
We then study the evolution of components of size larger than K in Section 4.2. Finally,
we relate the evolution of these components to an inhomogeneous random graph (IRG)
model in Section 4.3.

4.1. Density of vertices in components of size bounded by K
Recall from (1.1) that ¢;(v) = cgsr)(v), for v € [n]. For t > 0 and i € Qk, define
Xit)=1|{v e n] :c,(v) =i} and xi(t) = X;(t)/n. 4.1)

Following [26], the first step in analysing bounded-size rules is understanding the evolution
of X;(-) as functions of time as n — oo. Although [26] proves the convergence of X;(t) as

https://doi.org/10.1017/50963548314000261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000261

512 S. Bhamidi, A. Budhiraja and X. Wang

n — oo, we give a self-contained proof of this convergence with precise rates of convergence
that will be needed in the proof of Theorem 1.2. Our notation follows [26]. Note that
the BSR process changes values at the occurrence of points in the Poisson processes P;,
€ [n]*. We call each such occurrence a ‘round’, and call a round redundant if the added
edge in that round joins two vertices in the same component. Note that such rounds do not
have any effect on component sizes or on the vector X(t) = (X((¢), X2(t), ..., Xk (t), X5 (1)).
We will in fact observe that such rounds are quite rare. We now describe the effect
of non-redundant rounds on X(-). For }'E Q} and i € Qg, write A(}';i) for the change
AX(t) :== X;i(t) — Xi(t—) at an occurrence time t if the chosen quadruple & € [n]* satisfies
(D) = } and the round is not redundant. It is easy to check (see Section 2.1 of [26]) that
when j = (ji, jo. ja, ja) € F,

AGsi) =i (L jpmiy — Lgjmy — Lgjpmyy), for 1 <P <K,
A(j w) = ]lfjl+]2_gl(]1]lf]1<K? +]2]l ]2<K1)

with the convention j; + j» = w when the sum of ji, j, is greater than K, and j; + @ =
@+ ji = for all ji € Qg. For j = (ji, o, 3. ja) € F¢ one uses the second edge {v3,04}
and the expressions for A(}‘;i) are identical to the above, with (js, js) replacing (ji, j»).
Note that the corresponding change in the density X;(t) = X;(t)/n is given by A(]’;i)/n.
For j € Q% and t > 0, write

Then, for any set E < Qf, the set {& € [n]* : ¢;(?) € E} has the partition
{8 € :c(d) € E} = Uy, Q13 ).

Since each quadruple # € [n]* is selected according to the Poisson process P; with rate
1/2n3, the above description of the jumps of X;(-) leads to a semi-martingale decomposition
of Xx; of the form (3.1) with

AG:i A(j
aEn= Y ;{1 Do #camy+ S 2D ve, 0 2 c.0)
v (0)eF b:c(D)EF¢
i) A(j: i)
= i Z 2n4 + Z 2n4 - ) Z 2t o (1) = Cvz(t)}
v:c;(0)eF b:c (D)EF¢ v:c;(0)eF
A *';i
- Mg w=cam), (42)
bic(V)EFC
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where C,(t) := C,(BSR(¢)) denotes the component containing v in BSR(t). Note that

> -y AP

b:c(B)EF JEF 5€9Q(t;)

=Y AGH Y

jeF $€Q(15))
E :A(J )X} X)X, X},
jeF

One can treat the term

3 A(j; i)
L 2n#
v:c;(0)eF

similarly. For i € Qg, define the functions F; : [0, 1]¥+! — R mapping the vector

X = (X1,X2,..., XK, Xp) € REH
to
i 2 Z A le XjpXjiXjy + 2 Z A leszxh X+ (4.3)
Jjer jeFe
By (4.2) we have
[d(x:)(2) — F7(X(2))]
A(] i
Z e, =cop+ S 2 W) =Cu(0}.  (44)
e (D)EF vici(D)eF¢

Note that if}' € F and j; = j, = w, then A(}';i)

term above,

D AGC, (1) =Co(0} < D A DTG, (1) = Ciy (1), 1Cy, (1)] < K}

b:c(V)EF

where the last expression uses the fact that |A(}';i)|

b:c (0)EF

< 2K -Kn?,

applying a similar argument to the Zﬁ;c,(z«)e re term, from (4.4) we have

d(xi)(1) —

Note that x;(0) = 1, while X;(0)

the following system of differential equations for x(¢) :=

xi(t) = F{(x(1)),

. 1
Fi(x(1)] < P

i€ Qg,

2
(K*n® 4+ 2K*n®) = 2K

(Xj(l') ZjGQK)I
£>0, x(0)=(1,0,...,0),

These equations were studied in [26] and the following result was established.
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< 2K and a counting argument. By

(4.5)

= 0 for other i € Qg. From equation (4.5) one is led to

(4.6)


https://doi.org/10.1017/S0963548314000261

514 S. Bhamidi, A. Budhiraja and X. Wang

Theorem 4.1 (Theorem 2.1 of [26]). Equation (4.6) has a unique solution. For all i € Qg

and t > 0, x;(t) > 0. Furthermore, ) ;.o Xi(t) =1 and lim;_,, x5(t) = 1.

The paper [26] also showed that the functions X;(t) L, x;(t) for each fixed t > 0. We
will need precise rates of convergence for our proofs, for which we establish the following
result.

Lemma 4.2. Fix 6 € (0,1/2) and T > 0. There exist Cy,C, € (0,00) such that, for all n,

]P’<sup sup |x;(t) — xi(t)| > n_é) < Crexp(—Con'™%).
i€Qk s€[0,T]

Proof. Note that F}(-) is a Lipschitz function. Indeed, for x, % € [0, 1]¥+1,

[FX(x) = FF (&) < 4K (K + 1D* > |xi — Xi| <4K(K + 1)° sup |x; — Xil.

ieQk i€Qg

Write D(t) := supjcq, |Xi(t) — xi(t)] and M;(t) := M(X;)(t). Using (4.5), we get for all i € Qg
and t € [0, T]
t 2K2
1Xi(£) — xi(0)] < /0 |F7'(X(s)) — F(x(s)lds + T - -t |M;(1)]
t 2K2
<4K(K + 1)5/ D(s)ds+ T - —— + [Mi(1)].
0

Taking sup,cq, on both sides and using Gronwall’s lemma, we have

2TK?
sup D(t) < ( sup sup [Mi(1)| + ) AKEAPT,

te[0,T] (zeQK te[0,T]
Thus, for a suitable d; € (0, ),
]P’{ sup D(t) > n—é} < Z IP’{ sup |Mi(t)| > dln—o‘}. (4.7)

te[0,T] o te[0,T]

To complete the proof we will use exponential tail bounds for martingales. From
Theorem 5 in Section 4.13 of [20] we have that, for a square-integrable martingale
M with M(0) =0, |AM(1)| < ¢ for all ¢, and (M, M)(T) < Q, a.s., for some ¢, Q € (0,00),

IP’{ sup |[M(t)| > oc} < 2exp{— sup [ad. — Qy(4)] }, for all & > 0,
0T >0

where
e —1— )¢
c? '

p(4) =

Optimizing over A, we get the bound

IP’{ sup |M(t)| > oc} < Zexp{—a log(l + occ) + [O( - Qlog(l + ozc)] } (4.8)
0<I<T c 0) c 2 0
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In our context, note that for any i € Qk, |[AM;(t)| = |AX;(t)| < 2K /n. Also, the total rate
of jumps is bounded by n* - 1/2n*. Thus, for all i € Q, the quadratic variation process

T/2K\* nt 2K2T
<Mi,Mi>(T)</ () x%dr: .
0 n 2n° n

Taking o = dijn°,Q = 2K>T /n and ¢ = 2K /n in (4.8) completes the proof. O

4.2. Evolution of components of size larger than K

Let BSR*(¢) denote the subgraph of BSR(z) consisting of components of size greater than
K. In this section we will focus on the dynamics and evolution of BSR"(¢). Note that
BSR"(0) = 0, i.e., a graph with no vertices or edges. As time progresses, three distinct
types of events affect the evolution BSR"(t).

(1) Immigration. This occurs when two components of size < K merge into a single
component of size > K. We view the resulting component as a new immigrant into
BSR’(1). Note that the first component to appear in BSR”(¢) is an immigrant.

(2) Attachments. This occurs when a component of size < K gets linked to a component
of size larger than K. The former component enters BSR*(¢) via attaching itself to a
component of size larger than K.

(3) Edge formation. Two distinct components of size larger than K merge into a single
component via formation of an edge between these components. In this case, the
vertex set of BSR"(¢) remains unchanged.

We now introduce some functions that describe the rate of occurrence for each of the
three types of events. For iy,i, € Qx and (i1, i2) # (w,®w), let n- Ry ;,(t) denote the rate
at which two distinct components of size iy, ip merge; for (i1,i2) = (@, ), let n- Ry (1)
denote the rate at which an edge is added to two vertices in components of size greater
than K (these vertices may possibly be in the same component).

Thus, when iy # i, the rate n - R;, ;(t) is precisely

nRil.iz(t) =

2n?)™! Z X (0X 50X ()X, (0) + Z X (0X5(0X ()X 5,(0) |
jeF jeFe
Ui y={ivia} {sna={inin}

For i1,y € Q, define F}Y, : [0, 115+ S R as

Fj L (x) = ;( Z XjXj,Xj X, + Z leszxj3xj4). (4.9)
JEF {jr. o} ={iria} JEFe{jaja}=liria}
Thus when ij,i, € Qg and i; # i, we have R;, ;,(t) = F} ,(X(t)). The case i; =iy is more
subtle due to the possibly redundant rounds that link vertices in the same component.
When i; = i, = @, by definition, we still have Ry 5(t) = F5 ,(X(1)). When i =i =i <K
the rate of redundant rounds can be bounded by 1/2n* Kn?-2 =K, from which it
follows that

Ru0) ~ FY((0)] < -
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We now give expressions for the rates for the three types of events that govern the
evolution of BSR"(¢). The convention followed for the rest of this section is that for
i1,ir € Qk, i1 + i, = @ when the sum of is greater than K, and w +i; =i + @ = @ for
all iy € Q.

I. Immigrating vertices. For 1 <i < K, write n-a;(t) for the rate at which components
of size K + i immigrate into BSR”(¢) at time t. Using the above expressions for the rate
of merger of components of various sizes, we have a;(t) = >, ¢; i, <k 4, +i,=k +i Rir.ir(t) and
thus

* c K
aj(t) — > Fj(%(0)] <

1<isia <K iy +ia =K +i

< (4.10)

As before, the error is due to redundant rounds which can only occur for iy =i, =
(K +1i)/2 (and when (K +1i)/2 is an integer). Now define functions F¢ : [0, 1]5+! - R,
and a;(*) : [0,00) — [0,00) by

Fix) = > F,(x), a(t) = F(x(1), (4.11)
1<iib <K,
i +i=K+i
where x(t) is as in (4.6). Then (4.10) says that
sup [a; (1) — FA(x(0))| < K /n. 4.12)
t€[0,00)

Note that for any 6 < 1, the error term in (4.12) is o(n~?). Using this observation along
with the Lipschitz property of Fj,, we have from Lemma 4.2 that for any fixed T >0
and ¢ < 1/2,

IP’( sup sup |a; (t) — ai(t)] > n_‘5> < Cpexp(—Con'=2), (4.13)
1<i<K s€[0,T]
The constants Cy, C, here may be different from those in Lemma 4.2, but for notational
ease we use the same symbols.

II. Attachments. Fix 1 <i < K and a vertex v contained in a component in BSR*(¢).
For i <K, let ¢;(t) denote the rate at which a component of size i attaches itself to the
component of v through an edge connecting the former component to v. This rate can
be calculated as follows. First note that the total rate of merger between a component
of size i and a component in BSR*(¢) is nR, (X(t)) = nF;,(X(1)). Since there are Xy (¢)
vertices in BSR*(¢), each of which has the same probability of being the vertex through
which this attachment event happens, the rate at which a component of size i attaches to
v is given by nF; (x(1))/ Xy (t) = Fi, (X(t))/ X4 (t). Since x,, is a factor of F;' (x), ¢;(t) is a
polynomial in X(t). Define the functions F¢ : [0, 1]5*! — R and ¢;() : Ry — R, as

FEX) = F5 (%) /X0, €lt) = FEX(0)). (4.14)
Then c;(t) = F{(X(t)). Once again using Lemma 4.2, we get for any 6 < 1/2 and T > 0,

]P’( sup sup |c; (1) — ci(t)] > né) < Cyexp(—Con'™29). (4.15)
1<i<K s€[0,T]
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III. Edge formation. Let b*(t)/n denote the rate of creation of an edge between two
specified vertices {v1,v,} in BSR™(¢). Note that the total rate of creation of an edge in
BSR(t) is nRy 5 (t) = nFy ,(X(t)). Since such an edge is equally likely to be between any
of the X2(t) pairs of vertices in BSR*(t), we have that b*(t)/n = nF} ,(X(t))/X2(t) and
thus b*(t) = F2 ,(X(t))/x%(1). Define F* : [0,1]*! — R and b(-) : Ry — Ry as

Fb(x) := F3 (x)/x2 and b(t) = F°(x(t)). (4.16)

w

Once more it is clear that F’(x) is a polynomial and furthermore b*(t) = F(X(t)), so by
Lemma 4.2, for any 6 < 1/2 and T > 0,

IP’< sup |b*(t) — b(t)] > né) < Cyexp(—Con' ™29, (4.17)
s€[0,T]

Write a(t) := {ai(t)}1<i<x and e(t) := {ci(t)}1<i<x- We refer to (a, b, ¢) as rate functions. In
the proposition below we collect some properties of these rate functions. These properties
are easy consequences of Theorem 4.1.

Proposition 4.3.

(a) For all 1 <i< K and t > 0, b(t), a;(t), ci(t) > 0.
(b) We have

K K
all, ;= su ai(t) <1/2, ¢lle = su ci(t) € 1/2, bl :=supb(t) < 1/2.
2|, &?2 ) <172, lefw t;(?; (t) <172, |lbllo r>13() /

(c) lim,_o, b(£) = 1/2.
O

Proof. Part (a) follows from Theorem 4.1 and the definition of the functions. For (b)
observe that

K K
() = D F0) < 5 3 6 (0400, 05,0) = 3 {Z xm} -
i=1 i=1 ek ieQ

Statements on | ¢|«, ||/, follow similarly.

For (c), note that Fy _(x) > x# /2, since when all the four vertices selected are from
components of size greater than K, two components of size greater than K will surely
be linked. From Theorem 4.1, lim,_,., X,,(t) = 1, and thus limsup,_,., b(t) > x2(t)/2. The
result now follows on combining this with (b). U]

4.3. Connection to inhomogeneous random graphs

In this section we describe the inhomogeneous random graph (IRG) models that have
been studied extensively in [8], and then approximate BSR(t) by a special class of
such models. We will in fact use a variation of the models in [§8] which uses a suitable
weight function to measure the volume of a component. We begin by defining the basic
ingredients in this model. Let X be a Polish space, equipped with the Borel o-field B(X).
We shall sometimes refer to this as the type space. Let u be a non-atomic finite measure on
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X which we shall call the type measure on X. A kernel will be a symmetric non-negative
product measurable function x : X x X — R and a weight function ¢ : X — R will be a
non-negative measurable function on X. We call such a quadruple {X,p,«, ¢} a basic
structure.

The inhomogeneous random graph with weight function (IRG). Associated with a basic
structure {X,p, K, ¢}, the IRG model RG" (X, u,k, ¢) is a random graph described as
follows.

(a) Vertices. The vertex set V' of this random graph is a Poisson point process on the
space X’ with intensity measure np.

(b) Edges. An edge is added between vertices X,y € V with probability 1 A (k(x,y))/n,
independent across different pairs. This defines the random graph.

(c) Volume. The volume of a component C of RG™ (X, u, k, ¢) is defined as

voly(C) ==Y~ p(x). (4.18)
xeC
For the rest of this section we take
X = [0,00) x W where W = D([0,0) : Np). (4.19)

We first describe how, for each t > 0, BSR*(¢) can be identified with a random graph,
denoted by I'(t), with vertex set in X. Recall the three types of events governing the
evolution of BSR*(z), described in Section 4.2. Each component in BSR*(z) contains at
least one group of K + i vertices, i = 1,...,K, which appeared at some time instant s < ¢
in BSR*(+), as an immigrant. We denote the induced subgraph consisting of all immigrants
of BSR*(t) by Imm(t). Each component of Imm(t) corresponds to one immigrant. For a
component C < Imm(t), we let t¢ € (0,t] denote the instant this immigrant appears. For
each such C < Imm(t), we associate a path in D([0,0) : Ny), denoted by we, such that

0 when s < 1¢,
wel(s) == ¢ |Ac(s)] when te <s<t,
we(t)  when s > t,

where Ac(s) is a graph defined as follows. Let Att(s) be the subgraph of BSR*(s) obtained
by deleting all the edges formed in the ‘edge formation’ stage. Thus Att(s) consists of only
immigrants and attachments. Then A¢(s) is defined to be the component of Att(s) such
that C = A¢(s). Note that for C,C’ = Imm(t) and C # C’, we must have A¢(t) # A (1).

Then {(z¢, we) : C = Imm(¢)} is a point process on X'. Now we define the random graph,
I'(z), as follows. Let {(t¢,wc) : C = Imm(t)} be the vertex set. We form edges between any
two vertices (t¢, w¢), (tp, we) in I'(¢) if the two subgraphs Ac(t) and Ae(t) are directly
linked by some edge in BSR*(¢).

The sizes of components in BSR*(¢) are equivalent to the volumes of components in I'(¢),
where the volume of a component is defined next. For ¢t > 0, define the weight function
¢ 1 X — [0,00) as

Qi (X) = Pi(s,w) = w(t), x=(s,w) € X. (4.20)
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Note that by construction there is a one-to-one correspondence between the components
in BSR"(¢) and the components in I'(t). For a component Cy in BSR*(¢), let I¢, denote the
corresponding component in I'(t). Then we have

Col = vol, (I, (421)

Then the sizes of components in BSR*(¢) are equivalent to the volumes of components in
I'(1).

We will now describe inhomogeneous random graph models that approximate I'(t) (and
hence BSR’(¢)). Given a set of non-negative continuous bounded functions & = {u;}i<k, f8
and y = {yi}1<i<k on [0,00), we construct, for each t > 0, type measures x,(«, f5,7) and ker-
nels x(a, f,y) on X as follows. Fori=1,...,K and s € [0,00), let #5; denote the probability
law on D([s,0) : Np) of the Markov process {W(r)},e[so) With infinitesimal generator

K
(Aw)f)k) =D kpj)(f(k+ j)— f(k), f € BM(No), (4.22)
Jj=1
and initial condition W(s) = K +i. In words, this is a pure jump Markov process which
starts at time s at state K 4 i and then, at any time instant u > s, has jumps of size j at
rate y;(u). Let vy; denote the probability law on D([0,c0) : Ng) of the stochastic process
{W(F)}rg[()m), defined as

w(r)=w(r) forr>s, w(r)=0 otherwise. (4.23)

Now define the finite measure w(a, ,7) = u; as

K t
| e - > JEC ( /W f(u,w)v,,,,-<dw>> du, € BM(X). (4.24)
Next, define the kernel x;(a, f,7) = x, on X X X as

K(X,y) = ie((s, W), (r, W) = /0 w(u)w(u)p(u)du, x=(s,w),y= (@, w)eX. (4.25)

With the above choice of y;, k; and with weight function ¢, as in (4.20), we now construct
the random graph RG"™ (X, u,, k;, ¢;), which we denote by RG™ (a, £, 7)(t). We will refer to
the set of functions (a, 5,y) as above, as rate functions. These rate functions will typically
arise as small perturbations of the functions (a,b,c); thus in view of Proposition 4.3(b)
it will suffice to consider (a, f3,7) such that max{||e||s, [|flw, 7]} < 1. Throughout this
work we will assume that all rate functions (and their perturbations) satisfy this bound.

The following key result says that for large n, I'(¢) is suitably close to RG(a,b,c)(t),
where (a, b, ¢) are the rate functions introduced below (4.17). In order to state the result
precisely, we extend the notion of a ‘subgraph’ to the setting with type space X and weight
function ¢. For i = 1,2, consider graphs G;, with finite vertex set V; < X’ and edge set &;.
We say G is a subgraph of G,, and write G; = G; if there exists a one-to-one mapping
¥ : Vi — V>, such that

(1) p(x) < (P (x)), for all x € Vy,
(11) {Xl,Xz} S 81 1mphes {T(X]),‘P(Xz)} € 52.
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Lemma 4.4. Fix 6 € (0,1/2) and let ¢, =n~°, n > 1. For t > 0, define the set of functions
a™(t) = {(ai(t) — &) V Oh1cick,  a"(1) = {ai(t) + &nh1<ick

and similarly ¢~ (t),¢*(t) and b~ (t), b (t). Define the inhomogeneous random graphs (IRG)
with the above rate functions by

RG (1) :== RG(a~,b~,c)(t), RG*(t) := RG(a™,b",c)(t).

Then, for every T > 0 there exist C3,Cyq € (0,00), such that, for all t € [0, T], there is a
coupling of RG™(t), RG™(t) and T'(t) such that

P{RG™(t) = T'(t) = RG* ()} > 1 — C3exp{—Cyn'"?}.

Proof. The coupling between the three graphs is done in a manner such that I'(z) is
obtained by a suitable thinning of vertices and edges in RG™(t) and RG™(t) is obtained
by a thinning of I'(t). We will only provide details of the first thinning step. We first
construct the vertex sets V* and V* in RG™(t) and I'(t) respectively.

Let VT be a Poisson point process on X with intensity nu;", where i := w,(a®,b™,c").
For a fixed realization of VT, let (x],...,x%) denote the points in V*, with xj =
(s wi) and 0 <sf < s ---sf <t Write wh = (w/,...,w};). We now construct vertices
in the corresponding realization of I'(t) (denoted by {xi,...,xy,}), along with the
realizations of Xi(s), i € Qx, 0 <s <t which then defines (aj(s),b"(s),c}(s)), 0 <s<
t, j=1,...,K, as functions of X(s) = (Xi(s))ico, as in Section 4.2. For that, we will
construct functions w; : [0,f] > Np, 1 <j< N and X; :[0,7] - [0,1], i € Qx. We will
only describe the construction of w;,X; until the first time instant s € (0,7], when the

property
aj(s) < ajf(s), b'(s) <bT(s), c(s)<cf(s) forall 1 <k <K (4.26)

is violated. Let ¢ denote the first time that (4.26) is violated, with ¢ taken to be ¢ if the
property holds for all s € [0,t]. Subsequent to that time instant the construction can be
done in any fashion that yields the correct probability law for I'(¢). For simplicity, we
assume henceforth that ¢ = t. After obtaining the functions wj, X;, we set x; = (17, w;),
where 7; is the first jump instant of w; (taken to be +oo if there are no jumps) and
w; € D([0,00) : Np) is defined as w;(s) = wi(s)1jo,(s) + wi(t)1(t00)(s). The vertex set V" is
then defined as

Vo= {X1,...,xXn,} = {x] 17 <tji=1,...,N}.

We now give the construction of w(s) = (wi(s),...,wn(s)) and X(s) for s < t. Let {t;},
denote 0 =1y <t; <tp <- -+ <ty <t, the collection of all time instants of jumps of
{w}N, before time . Let i, denote the coordinate of w' that has a jump at time , and
denote the corresponding jump size by ji.. We set w(0) = 0, X;(0) = 0 for i # 1 and x;(0) =
1. The construction proceeds recursively over the time intervals (tx—1, 6], k=1,..., M + 1,
where ty;11 =t. Suppose that (w(s),X(s)) have been defined for s € [0,t;_1], for some
k > 1. We now define these functions over the interval (tx_1, t].
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Step 1: s € (t;_1, tx)- Set w(s) = w(t,_1). The values of X(s) over the interval will be given as
a realization of a jump process, for which jumps at time instant s occur at rates n - R;, ;,(s),
i,ip € {1,...,K}, iy + i» < K, where the function R; ;(s), given as a function of X(s) is
defined as in Section 4.2. A jump at time instant s, corresponding to the pair (iy,ip) as
above, changes the values of X to
- - i - o - i+ i
Xi () = X;,(s—) — e Xiy(8) = Xip(s—) — e Xiy+iy (8) = Xij4ip (s—) + ——
if i] 7é iz, and
- _ 2i _ _ 2i
% (8) = Xy (s7) = =5 Xyans) = X (5-) + =
n n
if iy = i;. The remaining X; are unchanged. The values of a;(s), b*(s), c; (s) are determined
accordingly.
Step 2: s = ;. Recall that w;(tx) — w; (ti—) = ji. We define wi(tx) = wi(tx—) for all i # i.
The values of w;, (tx) and X(tx) are determined as follows.
Case 1: w;"(t,—) = 0. In this case K + 1 < ji < 2K and ¢ is the first jump of w;". Define
for 1 <I <K, Qi) = ZLI R; j—i(tx—), where by definition R;; = 0 if / > K. Note that
Ok(K) = a.’;k(tk—). We set Qi(0) = 0. The values of w; (tx) and X(tx) are now determined
according to the realization of an independent uniform [0,1] random variable u; as
follows.

o If w > Qi(K)/aj (tx—), define (w; (tr), X(tx)) = (wi, (tx—), X(tx—)).
e Otherwise, suppose 1 < [, < K is such that
Ol — 1) < e < Q).
Then define w;, (tx) = ji, Xo(tk) = Xz (tk—) + jk/n and

l ik — 1 . .
X (te) = Xy, (tk—) — Ek, X - () = Xj—p (tk—) — ]ka, if I # jik — Ik,

- _ 2. .
X, (k) = Xp, (tx—) — P if [y = jix — k.
The values of all other x; processes at t; stay the same as their values at t;,—.

Case 2: wit(tk—) # 0. In this case 1 < jy < K. Once again, the values of w;, (t;) and X(tx)

)
are determined according to the realization of an independent uniform [0, 1] random
variable u;, as follows.

o If
wi, (t—)¢; (t—)
wi (te=)e) (=)

define (wj, (1), X(1x)) = (wi, (tx—), X(tx—))-
e Otherwise,

ug >

wi () = wi (=) + Jjio  Xj(t) = X, (k=) — j;k, Xo(tk) = Xo(tk—) + %,

and the value of all other x; processes stay the same as their value at #;,—.
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This completes the construction of (w(s),X(s)) for s € (t,_1, t] and thus by this recursive
procedure and our earlier discussion we obtain the vertex set

Vo= {X1,...,xN} = {X] 17 <ti=1,...,N},

which will be used to construct I'().

Having constructed vertex sets YV and V*, we now construct edges. For this we take
realizations of independent uniform [0, 1] random variables {u;;}i<i<j<s and construct
edge between vertices x;” and x; in V* if

1 t
wi< s /0 b (5w (w7 (5) ds.

This completes the construction of RG*(t). Finally, construct an edge between x; and Xj
if both vertices are in V" and

u; <1 —eXp{—i /Ot b* (s)wi(s)w;(s) ds}.

This completes the construction of I'(¢). By construction, I'(t) = RG(a™, b, ¢™)(t) on the
set ¢ = t. Also, from (4.13), (4.17) and (4.15) it follows that P(c < t) < C3exp{—Cyn'~2%}
for suitable constants Csz, C4. The result follows. ]

The following is an immediate corollary of Lemma 4.4.

Corollary 4.5. Fix T > 0. Then, for C3,C4 € (0,00) and t € [0, T], a coupling of RG™(t),
RG™(t) and T'(t) as in Lemma 4.4,

P{vols, (TR (1)) < voly,(Z] (1)) < volg (ZRE (1))} = 1 — Cyexp(—Can' %), (4.27)

where T1 (t) denotes the component in T'(t) with the largest volume with respect to the weight
function ¢,, and TRG (¢), IRC" () are defined similarly.

5. Proof of the main results

In this section we will complete the proof of Theorems 1.2 and 1.3. The proof of
Theorem 1.3 is given in Section 5.4, while the proof of Theorem 1.2 is given in Section 5.5.
Recall that Lemma 4.4 says that BSR* can be approximated by RG(a, b, ¢). Sections 5.2
and 5.3 analyse properties of integral operators associated with RG(a, f5,y) for a general
family of rate functions (e, 8, 7). We begin in Section 5.1 by presenting some results about
an IRG model RG™ (X, i, k, $) on a general type space X.

5.1. Preliminary lemmas

In this section we collect some results about the general IRG model RG" (X, i, k, ¢). Let
KC be the integral operator associated with (i, ), as defined in the Introduction. Recall
that the operator norm of X, denoted as ||XC|, is defined as

1Sl
K| = sup .
re2xepf20 112

(5.1)
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where, for f € L>(X, u),

12
Ifls = ( /X |f(x>|2u(dx)) .

Lemma 5.1. Fix (X, K, ¢). Denote the vertex set of RG"(X,u k,$)=RG™ by P,,
which is a rate nu Poisson point process on X. Let K be the integral operator associated
with (i, p). Suppose that |K|| < 1 and let A= 1— |K||. Let ZRS denote the component in

RG"™ with the largest volume (with respect to the weight function ¢). Then the following
hold.

1) If |l < 00 and ||kl < o0, then, for all m € N and D € (0,c0),
P{volys(ZRC) > m} < 2nD exp{—CA’m} + P(|P,| > nD), (5.2)

where C = (8] lloo(1 + 3l oo (X))~
(ii) For n > 1, let A, € B(X) be such that

g(n) = 8 sup |p(x)| (1 +3u(X)  sup IK(X,)’)I) < ©

XeA, (XY)EA, XAy
Then, for all m € N,

P{voly(ZRC) > m} < nu(AS) + 2nD exp(—A?m/g(n)) + P(|P,| > nD).

Proof. Part (i) was proved in [3] (see Lemmas 6.12 and 6.13 therein). We now prove (ii).
Consider the truncated version of RG"™ constructed using the basic structure {X, fi, &, (ES},
where i ;= ula, (i.e., the restriction of u to A,), &(x,¥) = x(X,y)1A,(x)14,(y) and ¢(x) =
¢(x)15,(x). Note that k[, < oo and |¢p|l, < oo. Let K denote the integral operator
associated with (&, ft). Clearly || < |K| and thus A = 1 — ||[K|| > A. Consider the natural

coupling between the truncated and original model by using the vertex set P, := P, N A,.
Write ZRC for the component with the largest volume in the truncated model. Then we
have

P{voly(ZR€) > m} < P{P, N A # 0} +P{P, = A, voly(ZRE) > m)
=P{P, N A # 0} + P{voly(ZRC) > m}
< (1 —exp{—nu(A})}) + 2nD exp{—A’m/g(n)} + P(|P,| > nD),

where the last inequality follows from part (i) and the fact that A < A. Ul

For the proof of the following elementary lemma we refer the reader to Lemma 6.5 in

(31.

Lemma 5.2. Let x, i’ be kernels on a common finite measure space (X, i), with the associ-
ated integral operators K, K’ respectively. Then:

(@) IKI < Ixllag = (fra €2 Y)(dx)u(dy))
(b) if ke < K, then ||| < K7,

1/2
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(c) |K —K'|| < |K|l, where K is the integral operator associated with (|x — x|, i).
For the proof of the following lemma we refer the reader to Lemma 6.18 of [3].

Lemma 5.3. Let [i,u be two finite measures on the space X. Assume ji < u and let g =
dii/du be the Radon—Nikodym derivative. Let & be a kernel on X x X, and define k as

K(X,y) == g(x)g(y)R(x,y), x,ye€X.

Let KC (resp. K) denote the integral operator on L*(X,u) (resp. L*(X,[i)) associated with
(x, ) (resp. (K, /1)).~HICHL2(W = Kl 2@y, where ||K| 2y (resp. |Kll2z) is the norm of the
operator KC (resp. K) on L*(u) (resp. L*(jt)).

We end this section with a lemma drawing a connection between the Yule process and
the pure jump Markov processes with distribution vy; that arose in the construction of
the inhomogeneous random graphs RG(a, 5,7): see (4.23). Fix j > 1 and recall that a rate
one Yule process starting at time t = 0 with j individuals is a pure birth Markov process
Y (¢t) with Y(0) = j and the rate of going from state i to i + 1 given by A(i) :=i. Also
recall from (4.19) that W denotes the Skorokhod space W := D([0, ) : Np).

Lemma 54. Fix 1 <i<K and s> 0 and rate functions a,5,y. Let {w(t)};>0 be a pure
jump Markov process with law vg; = vg;(a, f,7) as in (4.23).
(1) The process w™(t) := w(t/K ||y ll«)/K can be stochastically dominated by a Yule process
Y (+) starting with two particles (i.e., Y (0) = 2).
(ii) Fix t > 0, s € [0,t] and 1 < i < K. Then we have

/ Ww(D)]?vsi(dw) < 6K 22 KIle,
w

and for any A > 0 we have

Vvei(w(t) > A) < 2(1 — e Kl )A/2K,

Proof. (i) Note that under the law v,;, the process w satisfies w(u) =0 for u < s and
w(s) = K +i < 2K. Further, for times t > s, by (4.22), the jumps of the w can be bounded
as Aw(t) := w(t) — w(t—) < K at rate at most w(t)||y|l. The process w*(-) is obtained by
rescaling time and space for the process w(+). This is once again a pure jump Markov
process with jump sizes Aw*(t) < 1 which happen at rate at most one. Further, w*(0) < 2.
This immediately implies that this process is stochastically dominated by a Yule process
with Y (0) = 2. This completes the proof.

(i) We will use the result in part (i). Note that a Yule process starting with two individuals
at time t = 0 has the same distribution as the sum of two independent Yule processes
{Y](t)}g() and {Yz(t)}t>0 with Y1(0) = Y,(0)=1. Now fix t >0, s <tand 1 <i<K. Let
w(-) have distribution v;. From (i) we have

w(t) <a K- (Y1(K [y [l) + Y2 (2K [y [|0))- (5.3)

https://doi.org/10.1017/50963548314000261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000261

Bounded-Size Rules: The Barely Subcritical Regime 525

For simplicity write X; = Y{(tK||y]«) and X = Y2(tK ||y |«). Well-known results about
Yule processes [21, Chapter 2] say that the random variables X; and X, have a
geometric distribution with p := ¢~'Kl7l=_ The first bound in (ii) follows from the geometric
distribution and the fact

[ b OPrsta) < K3E[XG + X7
w
The second bound in (ii) follows from
vii({w(t) > A}) < 2P{X; > A/2K}.
This completes the proof. Ul

5.2. Some perturbation estimates for RG(a, b, c)
Recall that Lemma 4.4 coupled the evolution of I'(t) (equivalently BSR"(¢)) with two
inhomogeneous random graphs RG(a™,b,¢™)(t) and RG(a™,b,¢™)(¢), which can be con-
sidered as perturbations of RG(a,b,c)(t). The aim of this section is to understand the
effect of such perturbations on the associated operator norms. Throughout this section
X and ¢, are as in (4.19) and (4.20), respectively. Given the basic structure {X, u, i;, ¢, },
t > 0, associated with rate functions (e, #,7), we denote the norm of the integral operator
K, associated with (i, ¢;) as pi(a, f,7).

The following proposition, which is the main result of this section, studies the effect of
perturbations of (&, f,7) on this norm. For a K-dimensional vector v = (vy,...,vx) and a
scalar 0, v+ 0 and (v+ 0)" denote the vectors

(i +0,....,vxk +0) and (1 +0)",....(x +0)7),

respectively.

Proposition 5.5. For ¢ > 0, let
pi =platef+eyte) and po=plla—e) (e (y —e)),
where (&, B,7) are rate functions. Assume that
max{ |+ &llco, [ B +elleos |7 +€lloo} < 1.
For every T > 0, there is a Cs € (0,00) such that, for all ¢ >0 and t € [0, T],
max{|p, — p/l. lpe — pi [} < Cs e~ (—loge)”
U
The proof of Proposition 5.5 relies on Lemmas 5.6-5.10 below, and is given at the end of

the section. We analyse the effect of perturbation of 8, « and y separately in Lemmas 5.6,
5.8 and 5.10, respectively.

Lemma 5.6 (perturbations of ). Let (a, f,y) be rate functions and ¢ be be a non-negative
function on [0,00) with supy—., |p*(s) — p(s)| < &. Then

|pt(“’ ﬁaY) - pt(“y ﬁiY)' < C8,
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where C = 612K ||at||o,e*7 1.

Proof. Let (u;,x,) be the type measure and kernel associated with (e, 8,y). Note that a
perturbation in f only affects the kernel x, and not y,. Recall the representation of y; in
terms of probability measures {v,;,u € [0,7],i =1,...,K}. From Lemma 5.4(ii),

/ w(O)]*v,i(dw) < 6K2e*KIMl= for all u € [0,],i = 1,...,K. (5.4)
w

Let x{ denote the kernel obtained by replacing f by f? in (4.25). Since ||f — f%||c < &, we
have from (4.25) that

[rei(X,y) — K5 (X, ¥)| < s/tw(u)ﬁz(u) du < etw(t)w(t),
0

for He ® He a.c. (X, y) = ((S,W), (r; W))
By Lemma 5.2(a,c), we now have

1/2
‘pt(“r ﬁ: ’Y) - pt(“» ﬂsa '}7)‘ < (A |KI(X’ y) - Kf(X, y)|2d,u,(x) d/vtt(y)>

xX

12
< ( / (etw(D)W(0)dp(x) dut<y>>
XxX

K t
=gt ; /0 a(s) { /W [w(t)]zvs,i(dw)} ds

ettty - K - 6K 22K,

where the last inequality follows from (5.4). The result follows. ]

When « or y is perturbed, the underlying measure i, changes as well and thus one needs
to analyse the corresponding Radon—Nikodym derivatives. This is done in the following
two lemmas. We let {G,}o<s<eo denote the canonical filtration on D([0,00) : Ng). In the
following we use the convention that 0/0 = 1.

Lemma 5.7. Fix ¢ > 0 and let (a, ,7), (& f.7) be two sets of rate functions such that for
all 1 <i<Kand s >0,
i(s) —& < &(s) < ails),  and  yi(s) — & < Fils) < ils).

Fix t > 0 and let y, and fi, be the corresponding type measures on X. For (s,w) € X and
J = 1, let T} be the time of the jth jump of w(-) after time s (u, a.s.). Further, write A(u) =
w(u) — w(u—) for u > 0. Then there exists ey > 0 such that, for all ¢ € (0,¢), it <€ p and
Ta@(T))

7a@)(T)

X Hj:rj.gt
K

; K
x exp{— [ v {Z RS w(u)} du}.
s i=1

i=1

https://doi.org/10.1017/50963548314000261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000261

Bounded-Size Rules: The Barely Subcritical Regime 527

Proof. Fori=1,...,K, define finite measures u, il on X as

,ui(du dw) = a;(u)v,i(dw)lq(u) du, ﬁi(du dw) = &;(u)V,,i(dw)1pq(u) du,
where v,; is defined above (4.24) and 7,; is defined similarly on replacing y; with 5;. We
will show that

d‘js,k

forall 1<k <Kandse[0,T], ¥ <vsx and o
s,k

(W) = Li(w), (5.5)

where
Ta@)(T)) ' . 4
o= e (S ) xen{ =[S a0 = wwla. 50
G s i=1 i=1

The lemma is an immediate consequence of (5.5) on observing that u! and ,uf are mutually
singular when i # j, and the relation

K K
Ha :Z,Ulp B :Zﬂ;
i=1 i=1
We now show (5.5). From the construction of vy, it follows that there are counting
processes {Nj(u)}uefsq, i = 1,...,K, on W such that

K
w(u) = w(s) + Z iNi(u), foru € [s,t], a.s. vy (5.7)
i=1

and

M;(u) := Ni(u) — /u w(r)yi(r)dr under vgy (58)

is a {Gy }ue[s,) local martingale for u € [s, t].

From standard results it follows that L is a local martingale and super-martingale (see
Theorem VIT2 of [9]). In order to show (5.5), it suffices to show that {L!},c[sq is a
martingale. By a change of variable formula it follows that (see, e.g., Theorem A4.T4 of

oD

K
v b [(Filu)
=1+ §i=1j / L (y,- - 1) AMi(w), v e [s 1. (5.9)

In order to show that L! is a martingale, it then suffices, in view of (5.8), to show that
(see, e.g., Theorem IL.T8 in [9]), for all 1 <i <K,

/ [ / sz~w,»(u)—w(u)w(u)du}dvs,k(w)mo.
w s

Finally note that LY < e"®. Using Lemma 5.4(i) and standard estimates for Yule
processes, it follows that for ¢ sufficiently small,

sup sup / w(t)e™ Ddvg(w) < oo
w

se[0,] 1<k<K
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The result follows. L]
We will now use the above lemma to study the effect of perturbations in « on p.(a, f,7).

Lemma 5.8 (perturbations of «). Fix ¢ > 0. Let (o f3,7) be rate functions and let o° =
(o, ..., 0% ), where of are continuous non-negative bounded functions on [0, 00) such that, for
all1 <i<K and s € [0,T],

ai(s) — & < o (s) < oi(s).

Then, for every t > 0,

|pl(a’ﬁ’Y) _pl(“saﬁ’YN g C\/‘::’
where C = t||f]|s - 6K2e* KWl - 41K\ /| at] 0.
Proof. Let (u,x;) be the type measure and kernel associated with (e, f8,7y). Also, let pf
be the type measure associated with (a, 5,7). By Lemma 5.7,
dié Lok (S
it vy = Tk (S)
dpy oA(s)—K (S)
Using Lemma 5.2(a,c), Lemma 5.3, and the fact that |k,(X,y)| < t| S llow(t)W(t), 1 ® p; a.e.
(Xa y) - ((S’ W)a (Sa W)), we have

|pf(“’ﬁ:Y)_pt(“8aﬂaY)|
172
<</X n g(X)g(Y)—l2|Kz(x,y)2d;zz(x)dul(y))

<t|ﬁ|w</X VE(I8m) — 12w (0F(0) duu(x )dut(y>>
s of 2 1/2

tlﬁloodl(z / ( e E))—l) fxi(S)ocj(u)dsdu> . (510
i(8)ot;

i,j=1

g(s,w) = for (s,w) € [0,t] x W.

1/2

where

dy = sup sup / [w(t)| Vg,(dw)<6K2 2K 17l
s€[0,T] 1<i<K

and the last inequality follows from (5.4). In order to bound (5.10), note that

[V = \ [0y
= [Va (Vs - 5) + (/a0 - V) )
< 25(VaH(s) + Vastw)).

Plugging the above bound in (5.10) gives the desired result. ]

We will now analyse the effect of perturbations in y on p.(e, ,y). We need the following
preliminary truncation lemma.

https://doi.org/10.1017/50963548314000261 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000261

Bounded-Size Rules: The Barely Subcritical Regime 529

Lemma 5.9. For every T > 0, there exist Cg,C7, A € (0,00) such that, for any t € [0, T]
and rate functions (a, f5,7), the following holds. Let p;, i; be the type measure and kernel
associated with (a, ,7). For A € (0,00), define the kernel k4, as

KA,Z(X7 y) = KI(X7 Y)]l (w(t)<AW()<A}> where x = (Sa W)7 Y= (r> W) (51 1)

Then, for all A > Ay,
plice) — C667C7A < p(kay) < p(icy),

where p(x;) (resp. p(i4,)) denotes the norm of the operator associated with (ki pi;) (resp.
(KA,D ,Ut))'

Proof. The upper bound in the lemma is immediate from Lemma 5.2(b). We now consider

the lower bound. For the rest of the proof, we suppress the dependence of x;, k4, 4, on t.
Note that, from Lemma 5.2(a,c),

1/2
p() — p(ica) < ( /X X(K(X’ y) — K4(x,¥))*dp(x) du(Y))

1/2
< 2(/ (t] Bllow(O®(O)L{W(1) > A})*dp(x) du(y))
XXX

K K 1/2
<2t Bl <d1 ZZ/ ai(s)oj(u) ds du)
i=1 j=1 [0,¢] x[0,]
< 288l - tllatllo - V/d1, (5.12)
where
dy =/ [W(t)]zvs,i(dW)/ WO L (0> ) Vs.i(dW). (5.13)
w w

By (5.3), w(t) <4 K(X1 + X3), where X1, X, are independent and identically distributed
with geometric p = e K7l distribution:
[ B OP e
w

< KE[(X1 4+ X2)* Lix, 1,5 4/K)
= K’E[(X1 + X2 (Ijx, 4x,50x, 2500 + Lix 4x050.x0<x0))]
<4K’E [Xlzll{xl>A/2K} + X%“{XPA/ZK}]’

The above quantity can be bounded by

—2TK 7]
(1 — TR < dy eXp{_eKyA}

for some constant d,. The result now follows on using the above bound and (5.4) in (5.13)
and (5.12). U

Lemma 5.10 (perturbations of y). For every T > 0, there exists Cg € (0,00) and & € (0,1)
such that, for all t € [0, T] and rate functions (a, 3,7), the following holds. Suppose ¢ € (0, &y)
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and y* = (v%,...,7%), where v¢ are continuous, non-negative maps on [0, T] such that, for all
1<i<K,

yi(s) —e < yi(s) < yils), forall s€ [0, T].
Then

‘pt(“> ﬁ? 'J’) - pt(“aﬂ> ?8)‘ < CS\/;' : (_ log 8)2'

Proof. Let (1, k) (resp. (18, k%)) be the type measure and kernel associated with (a, $,7)
(resp. (a, f,7%)). By Lemma 5.7, for (s,w) € [0,¢] x W,

V) (7)) t £ £
Zﬂi (s,w) = II>1 <3}AI()1{T’<T}> X exp{—/ w(u) [Z yi(u) — Zyi(u)] du}.

i=1 i=1

Denote the right side as Li(w). Then, as in the proof of Lemma 5.7, it follows that
{L¥(W)}uelsq 15 @ {Gu}uels) martingale under vy for every k = 1,...,K. Fix 4 € (4, 0),
where Ay is as in Lemma 5.9, and let x4, be defined by (5.11). Similarly define «%,
by replacing k; with x? in (5.11). Denote the operator norm of the integral operators
associated with (4, ;) and (i, 7)) by pay(a, f,7) and pa.(a, f,7¢), respectively. Then,
by Lemmas 5.3 and 5.2(a,c),

|pA,[(a9 ﬂ) Y) - PA,t(“a ﬁa y‘)|
A dy ?
:ul( )

1/2
2
g (LXX d'ut S, w d (KA,z(X,Y)) d,ul(x) d.“z()’))

<A (5.14)

12
(Z /0 [ amw /wah/Lg(w)La(w)—1|2vs,,»(dw>vu,j(dm) .

i=1 j=1

L(u, W) — 1

Next, using the martingale property of L!, we have

/ [v/ LL(w)LL(w 1| Vs,i(dw)v, j(dW)
WxW
=2—2/ \/Lg(w)vs,i(dw)/ vV LL(w)vy j(dw)
<4- 2/ v/ Li(w)vsi(dw) — / vV LL(w)vy j(dw), (5.15)

where the inequality on the last line follows on observing that from Jensen’s inequality
the two integrals on the second line are bounded by 1 and using the elementary inequality
ar + ay < ajay + 1, for ay,a; € [0,1]. We will now estimate the two integrals on the last
line of (5.15) by using the martingale properties of {L!"},c[s;; and the representations (5.7)
and (5.9) in the proof of Lemma 5.7. For the rest of the proof we write LY as Lg(u). By
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an application of Ito’s formula, we have that for every k = 1,...,K, vy as.

K ¢ — e
VLs(t) =1 —Z/ 7VL2(”) (m - 1) dM;(u)
=175 !

Z(\/L(u ) Z/ VL) (%(Z)) 1>dN,~(u)

s<u<t

>/ ﬁ(ﬁ JEC Z/ (S ) e
:_;;/ m<m—1> dNi(u), (5.16)

where the second equality follows on observing that, for u € (s, ],

K
H]
VLW =3 VL) f/'fu;AN,(u)
i=1 !
As in the proof of Lemma 5.7, we can check that, for all ik,

/ { / VL) - 1) — i) )du}dvs,k<w)<oo,

and consequently the last term on the left side of (5.16) is a martingale. Denoting the
expectation operator corresponding to the probability measure vx on W by E,, we have

K ¢ R 2
Bl = 3 Fa [ V(|5 1) v
2
Z]Esk{ [ VE@ (B2 1) s a
2
22 / B | V(o) (5700 — v/ ) |
< % / Ke- Ey [\/Ls(u)w(u)}du

N

Ke
< Ke 1/2

t

<5 [ Bl B )
< % - (6K2e2TK Il 1/2,

where the last inequality follows from (5.4). Using the above bound in (5.14), we now have

1/2
104000 B.7) = pas(e Boy¥) StAZBlee -ty - [2K et(6K 22T ey 1/2]12,

du

Finally, by Lemma 5.9 we have

(e, B.v) — pela, B.y°) < |pa(a Boy) — pasle, By°) + 2Cee 7
< d1A%V? 4+ 2Cqe A,
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where

dy = tA%| Bl.o -t - [2KH(6K22TK ey 2] V2,
The result now follows on taking 4 = —log ¢ in the above display and taking &, sufficiently
small (in particular such that —log(gy) > Ao). ]

Now we combine all the above ingredients to complete the proof of Proposition 5.5.

Proof of Proposition 5.5. Using Lemmas 5.10, 5.6 and 5.8, we get

o — ol <lpila+eB+ev+8) —platef+ey)
+|pr(“+33ﬁ+333’)_Pt(“+8’ﬁ’7)‘ +|pr(“+£aﬁay)_pt(a’ﬁ"}))|
< Cgﬁl/z(— log 8)2 + die + dye'?,

where d; = 6T?K?*e*TK and d, = 24K3T?e*TX. A similar bound holds for |p; — p,|. The
result follows. U

5.3. Effect of time perturbation on p,
Throughout this section we fix rate functions (e, f,y). The aim of this section is to
understand the evolution of the operator norm p,(a, ff,y) as t changes. The main result of
the section is Proposition 5.11, which studies continuity and differentiability properties of
the function p(t) := pi(a, ,7), t = 0.

Proposition 5.11. Suppose that f(t) > 0 for t > 0 and liminf,_,, f(¢t) > 0. Then:

(1) p is a continuous strictly increasing function on Ry with p(0) = 0 and lim,_,., p(t) = oo,
(ii) there is a unique value t. = t.(a, f5,7) such that p(t.) = 1.
L]

The proof of the proposition relies on the following lemma and is given after the proof
of the lemma.

Lemma 5.12. Let 0 <ty <t < o0. Then

infy, <ugr, Bu)

tll Bl

Ity —t1] p(t1) < p(ta) — pltr) < [ta — t1] - 662K B0 | o] oK I,

Proof. Letting u := y;,, we have
172
Iplt2) — p(t1)] < < [ ey = P du(y)>
X

12

< (/ (| Blloow(t2)W(t2)] 2 — t1])*dp(x) d#()’))
XxX

<o —t1] - Bl - talle]os - 6K 222K

where the last inequality once again follows from (5.4). This proves the upper bound.
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Next note that, for u ® u a.e. (x,y) such that «; (x,y) # 0, we have

Ka(%Y) S22 W) (u)B(u) du
K (%,Y) ! w(u)w(u)p(u) du
S 14 w(t)W(t1) infy, <ugr, Bu) - (2 — 11)

w(t) W) B llott
Thus

infy, <us, B(u)

016 %W“

K, (X, y) = (1 +lt—t1]-

which from Lemma 5.2(b) implies

infy, <ugr, fu)

Bl
This completes the proof of the lower bound. U]

p(t2) — p(ty) = |t — t1] - p(ty).

Proof of Proposition 5.11. Since k9 =0, p(0) = 0 is immediate. Further, Lemma 5.12
shows that p is continuous and strictly increasing. Finally, since inf,_. f(t) > 0, there
exists 0 > 0 and a t* € (0,00) such that for all r > t*, f(t) > 6. From Lemma 5.12 we then
have, for t > t*,

. (t—1t")o
p(t) = p(t) > ———.
1Bl
This proves that p(t) — oo as t — oo and completes the proof of (i). Part (ii) is immediate
from (i). U]

5.4. Operator norm of RG(a,b,c) and critical time of BSR

In this section we will prove Theorem 1.3. Recall that by Lemma 4.4, for any fixed time
t, BSR"(r) (more precisely, I'(¢)) can be approximated by perturbations of RG(a, b, ¢)(t).
To estimate the volume of the largest component in RG(a, b, c¢)(t) we will use Lemma 5.1.
In order to identify suitable A, as in part (ii) of the lemma, we start with the following
lemma.

Lemma 5.13. Let (a,f8,7) be rate functions and let u, be the associated type measure. Fix
T > 0. Define A € B(X) as A = {(s,w) € X :w(T) < I} for | € R,. Then, for every | € R,

e TKIyle
te(A€) < 2T ||ef| - exp (_I2K>'

Proof. Note that

K t
Mm=2/mwmm<wwwwswmmw (517)
—1 JO

uel0,T] 1<i<K
By (5.3),
Vi AS) = vi({w :w(T) = 1)) < P(X) + X, > I/K) < 2(1 — e TKIll=)l/2K
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where X; are i.i.d. with Geom(e~T7l=) distribution. Using this estimate in (5.17), we have
ue(A) < el T - 2(1 — e TRIPI= ) 2K,
The result follows. U

We will now use the above lemma along with Lemma 5.1 to estimate the largest
component in RG"(a, f,7)(t). Recall the notation p;(a, §,7) from Section 5.2.

Lemma 5.14. Let (a, B,y) be rate functions and let IRC(t) denote the component with the
largest volume, with respect to the weight function ¢, in RG"(t) :== RG"(a, §,y)(t). Then,
for every t > 0 such that pi(a, f,y) < 1, there exists A € (0,00) such that

P(Vold,t(IFG(t)) > Alog*n) >0, asn— .

Proof. We will use Lemma 5.1(ii). Define
Ay = {(s,w) € X : w(t) < Blogn},

where B will be chosen appropriately later in the proof. Now consider the function g(n)
in Lemma 5.1(ii) with A, defined as above and (g, ¢, k) there replaced by (u, ¢y, k), where
(e, ;) 1s the type measure and kernel associated with (e, f5,7y). Note that

atxy) = [ B s d < 111050
and therefore
g(n) < 8Blogn(1 4 3u(X) - t|| f .. B> log? n). (5.18)
Writing m, = Alog*n, the bound in Lemma 5.1(ii) then gives
P(voly, (ZRE(8)) > my,) < np(AS) + 2np(X) exp(—A*Alog* n/g(n)), (5.19)
where A =1 — py(e, 8,y) > 0. Using Lemma 5.13 with [ = Blogn gives
np(AS) < ntlaf o - B K = o(1) (5.20)
for B > 2KeTl7l=, Now fix B > eT7l=</2K "and choose 4 large such that
np(X) exp(—A’Alog* n/g(n)) — 0
as n — oo. The result follows. Ul
Proof of Theorem 1.3. Fort > 0, let (i, x;) be the type measure and the kernel associated
with rate functions (a, b,c). We will prove Theorem 1.3 with this choice of (u;, k;). From
Proposition 5.11 we have that p(t) = p,(a,b,c) is continuous and strictly increasing in ¢
and there is a unique ¢, € (0,00) such that p(t.) = 1. It now suffices to show that (a) for

t < t., |Cy(¢)| (the size of the largest component in BSR’(¢)) is O(log* n), and (b) for t > t,
IC1 ()] = Q(n).
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First consider (a). Fix ¢t < t.. For ¢ > 0, define rate functions
(at, bt e =(a+d,b+3,c+9).

Since p(t) < 1, by Proposition 5.5, we can choose é sufficiently small that p,(a™,bT,¢*) < 1.
Let ZRG" (1) denote the component of the largest volume in RG™(t) := RG(a*t,b™,c™)(t).
From Lemma 5.14 there exists 4 € (0,00) such that

P(voly,(ZRE" (1)) > Alog*n) - 0, asn — oo,
Combining this result with Corollary 4.5, we see that
P(voly,(Z{ () > Alog*n) — 0, asn— oo,

where Z1 (¢) is the component with the largest volume in I['(¢). Part (a) is now immediate
from the one-to-one correspondence between the components in I'(r) and BSR"(¢) (see
(4.21)).

We now consider (b). Fix ¢t > ¢.. Then p(t) > 1. From Proposition 5.5 we can find 6 > 0
such that p,(a=,b~,¢7) > 1, where (a=,b,¢7) = ((a — &)™, (b — 8)*,(c — 8)). Let CRC ()
be the component in RG™(t) := RG"™(a~, b, ¢ )(t) with the largest number of vertices.
By Theorem 3.1 of [8], |CRS (¢)] = ©(n). Since voly, (CRE (1)) > |CRC (t)|, we have

voly, (ZRC (1)) = Q(n),

where ZRG (t) is the component with the largest volume in RG™(¢). Finally, in view of
Corollary 4.5, we have the same result with ZRC (t) replaced by ZI(t) and the result
follows once more from the one-to-one correspondence between the components in I'(¢)
and BSR*(z). O

5.5. Barely subcritical regime for bounded-size rules

In this section we complete the proof of Theorem 1.2. Throughout this section we
fix y € (0,1/4) and let ¢, =t. —n~". The main ingredient in the proof is the following
proposition.

Proposition 5.15. There exist B,C,N € (0,00) such that, for all n > N and all 0 < t < t,,

C B(logn)*
]P’{\an)(t” > m(n,t)} < ot where m(n,t) = (t((()%
|
Let us first prove Theorem 1.2 assuming the above proposition.
Proof of Theorem 1.2. Write 7 = inf{t > 0 : |C§")(t)\ > m(n,t)}, where
2B(log n)*
)= "2,
m(n, t) Ge— 12
Then
P{IC"(t)] = m(n, 1) for some ¢ < t,} = P{r < 1,). (5.21)
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Note that
fe=t}c |J Ev, (5.22)

v,v' €[n] v’
where, denoting the component in BSR(¢) that contains the vertex v € [n] by C"(t) and
its size by |C\"(¢)),
E™ = {max{|C" (t—),|CP(t=)[} < m(n,1);C™(t—) # C(1—)}
IC (=) + 1€ (t=)] = m(n,6)} ()€ (0) = (1)) (523)
Note that
P{CM (1) +1C1 (1) = mln,1)} < 2P{ICY"(6)] = m(n, )2} (5.24)
and, on the set, {max{|C"(1)|,|C"(t)]} < m(n, 1)}, the rate at which C"(¢) and C"(t) merge
can be bounded by
1 " 2m?(n, t
L g o < 20,
2n n

Combining this observation with (5.22) and (5.24), we have

th 2
Plr<u}< ) / P{'Ci'”<f>\+l<3£7”(t)|>m<n,t>}-2mTM‘”
0

v, €[n] v
lﬂ
<o / B{IC ()] > m(n, 1)/2} -
0

< 4nt, sup{m?(n, OP{|C"(t)] = m(n,1)}}

tglﬂ

= 0®n-n¥(logn)® - n=2) = 0(n" " (logn)®) = o(1),

dt

2m*(n, t)
n

where the last line follows from Proposition 5.15 and the fact that y < 1/4. Using the
above estimate in (5.21), we have the result. ]

We will need the following lemma in the proof of Proposition 5.15.

Lemma 5.16. Let
(a+a b+ac+) = (a + 5n7b + 5n7c + 5}’1)9

where 8, =n=2 and yy € (y,1/4). Let p"" = p,(at,b*,c*). Then there exists Co, Ny €
(0,00) such that, for all n > N,

PinH <1—=Co(te—1t) forall 0 <t<t,.

Proof of Lemma 5.16. From Proposition 5.5, there is a d; € (0,00) such that

P < pi(a,b,e) +din 0 log?n, for all ¢ < 1.
By Lemma 5.12 and since p, (a,b,¢) = 1, there exists d, € (0,00) such that

pia,b,e) <1 —dy(t.—t), forallt<t,.
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Thus, since y < 7, we have for some Ny > 0

P <1 = daie— )+ di(logm? < 1~ Rt — )
for all n > Ny and 0 <t < t. —n". The result follows. ]
Proof of Proposition 5.15. Recall the rate functions (a, b, c) introduced in Section 4.2.

Choose yo € (y,1/4) and let (a*,bT,c™) be as in Lemma 5.16. Fix t <t, and con-

sider the random graph RG"(a™,bt, ¢t)(t). From Lemma 4.4, we can couple I'() and
RG"(at,b*,c")(t) such that

P(I'(t) = RG™(a*t,bT,cT)(1)) > 1 — C3exp(—Cyn'~0), for all t € [0, T.

Recalling the one-to-one correspondence between components in BSR*(¢) and I'(¢), and
(4.21), for any m > 1 we have

P{IC" (1) > m} < P{voly,(ZRE" (1) = m} + Cs exp{—Can' =41}, (5.25)

where ZRG'(1) is the component of largest volume in RG™(a*, b*, ¢*)(1). From Lemma 5.16,
there is an Ny > 0 such that Aﬁ")’J’ =1—pa™,bt,c") satisfies

A" > Cot, —t), forall t < ty, n > Np. (5.26)

Using Lemma 5.1 and arguing as in equation (5.19), for all t € [0, T] and all m > 1 we
have

P{voly, (ZRE™ (1)) = m} < ndy exp{—(A""Vm/(dylog® n)} + dsn~?, (5.27)
where dy,d,,d; are suitable constants. Using (5.26) in (5.27), we get
P{voly,(ZRE" (1)) > m} < ndy exp{—da(t. — t)’m/log> n} + dsn™>.

The result now follows on substituting

B(logn)*
m=m(n,t) = =12
with B > 3/d4, in the above inequality. U]
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