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1. Introduction

A compact space is called a Rosenthal compactum if it is homeomorphic to a pointwise
compact set of first Baire class functions on a Polish space. The study of this class
arose in connexion with Banach space theory, and particularly with Banach spaces not
containing ¢; [11]. We refer to the survey [7] for more information on the subject. Three
critical examples of non-metrizable Rosenthal compacta were identified in [14]: the split
interval (also known as double arrow space), the Alexandroff duplicate of the Cantor set
and the one-point compactification of the discrete set of size continuum. The two latter
spaces are not separable, but there is a natural way to supplement them with countably
many isolated points so that we obtain three separable nometrizable Rosenthal compacta
that form a basis:

Theorem 1. There exist three separable non-metrizable Rosenthal compact spaces such
that every separable non-metrizable Rosenthal compact space contains a homeomorphic

copy of one of these three.

First author supported by MINECO and FEDER (MTM2014-54182-P) and by Fundacién Séneca -
Regién de Murcia (19275/P1/14). Second author partially supported by grants from NSERC and CNRS.

https://doi.org/10.1017/51474748016000335 Published online by Cambridge University Press


mailto:avileslo@um.es
mailto:stevo@math.jussieu.fr
mailto:stevo@math.toronto.edu
https://doi.org/10.1017/S1474748016000335

1174 A. Avilés and S. Todorcevic

One can obtain a proof of this theorem either by looking at [14, proofs of Theorems 5,
6 and 9] or by using [1, Theorem 3]. The statement of [1, Theorem 3] is almost the
same as Theorem 1 except that it gives five spaces because they consider an equivalence
relation that is finer than homeomorphism, but their spaces .§'+(2N) and S’+(2N) are
homeomorphic, and l§(2N) is a subspace of 15(5 (2N)), so one gets a basis of three. The
main result of our paper is Theorem 3, a multidimensional generalization of Theorem 1,
that relies on the following topological index:

Definition 2. For a compact space K, the open degree of K, odeg(K), is the least natural
number n such that there exists a countable family F of open sets such that for every
different xo, ..., x, € K there exists Vo, ..., V, € F such that x; € V; and (|, V; = 0. If
no such number n exists, then odeg(K) = oco.

Theorem 3. For every natural number n > 2, there exists a finite list of separable
Rosenthal compact spaces of open degree n such that every separable Rosenthal compact
space of open degree > n contains a homeomorphic copy of one of the spaces of the list.

It is an easy exercise that odeg(K) = 1 if and only if K is metrizable, so for n = 2,
the list of Theorem 3 is the same as in Theorem 1. For higher numbers n, the list
of compact spaces can also be explicitly described, and it is related to the list of
minimal analytic strong n-gaps found in [4]. Indeed, each compact space in the list of
Theorem 3 corresponds to a dense strong minimal analytic n-gap modulo permutations.
These compact spaces are higher-dimensional analogues of the three critical spaces of
Theorem 1, constructed using general m-adic trees m=<® instead of the dyadic tree 2<%.
Our proof uses some of the ideas from [14] but it also introduces some new techniques in
the area, like the use of infinite games.

The paper is organized as follows: §2 collects well-known or more or less elementary
facts on Rosenthal compacta and the property of bisequentiality. Section 3 introduces
notation and facts that we shall need about the n-adic tree, that are taken from our
previous work [2, 4, 5]. Sections 4 and 5 describe the basic compact spaces K1() and
Koo(2). In §6 we check when a space Ki(J3) can be homeomorphic to a subspace of a
space K{(') and, using results from [4], the minimal spaces of this form are identified.

Section 7 studies the open degree, and another related degree. It is proven in [3] that, for
this other notion of degree, every separable Rosenthal compact space of degree n contains
one of two basic spaces. The differences with the results of this paper are discussed.
Theorem 3 is finally proven in §8, and § 10 computes the minimal spaces for n =2, 3,5
as illustration. Section 9 contains some further results like:

Theorem 4. If K is a non-scattered Rosenthal compact space, then either K contains a
homeomorphic copy of the Cantor set or a homeomorphic copy of the split interval.

Theorem 5. If a Rosenthal compactum maps continuously onto the split interval, then it
contains a copy of the split interval.

Some problems are proposed in §11.
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2. Rosenthal and bisequential compact spaces

Rosenthal showed that Rosenthal compact spaces are sequentially compact and have
countable tightness [13]. This was improved by Bourgain et al. [6] that showed that these
are Fréchet—Urysohn spaces (every point in the closure of a set A is the limit of a sequence
in A). This was further improved by Pol to the property of bisequentiality [12]. If K is a
topological space, a sequence {A, : n < w} of subsets of K is said to converge to a point
x € K if for every neighborhood W of x there exists ng such that A, Cc W for all n > ny.

Definition 6. A compact space K is bisequential if for every ultrafilter & on K that
converges to a point x € K there exists a sequence of sets Ay, Az, ... € U that converges
to x.

Theorem 7 (Pol). Fvery separable Rosenthal compactum is bisequential.

The following fact noticed in [9] for Rosenthal compacta, can be obtained as an
application of bisequentiality:

Lemma 8. Let K be a bisequential compact space. Suppose that we have a sequence
{Xt}k<w C K that clusters at x and, for every k, a sequence Ay = {xip}p<w C K that
clusters at xi. Then there exist infinite sets N, Ny C @ for each k, such that the sets
{{xxp : p € Ni} : k € N} converge to x.

Proof. Let
F={ZCcK:|lk<ow:|{lpew:xp &€ Z| =0} <w}.

This is a filter that clusters at the point x. By compactness, there exists an ultrafilter U
that contains F and converges to x. Using bisequentiality we find a sequence {Z, : n < w}
of elements of U that converges to x. The sets K \ Z, do not belong to F, hence

My, =llk<ow:|{pew:xpeZ,}| =0} =o0.
Choose inductively ki < ky» < k3 < --- such that k, € M,, for every n. We take N =
{k1, ko, ...} andenz{pea):xknpeZ,,}. O

Notice that the above implies in particular that every bisequential space is
Fréchet—Urysohn, and therefore sequentially compact as well. The topology in a
bisequential space is strongly determined by the behavior of convergent sequences. In
particular, we have the following useful fact, that we shall frequently need:

Lemma 9. Let K and K be bisequential spaces, D a dense subset K, and ¢ : D —> K a
function. Then,

(1) either there exists a continuous function ® : K —> K that extends ¢,

(2) or there exist two sequences {d,} and {d)} in D that converge to the same point,
such that {¢(d,)} and {¢(d))} converge to two different points of K.

Proof. Suppose that (2) does not hold. For every x € K choose a sequence (dy) C D that
converges to x and such that (¢(dy)) is convergent, and then define ®(x) = limy ¢ (dy).
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Since bisequential spaces are Fréchet—Urysohn and sequentially compact, such a sequence
dy always exist. Moreover, by the failure of (2), the value ®(x) does not depend on the
choice of the sequence (dg). It remains to show that & is continuous. It is enough to
check that it preserves limits of convergent sequences. So pick (xx) that converges to x
in K, ®(xx) converges to some X € K, and we want to check that ¥ = ®(x). For every
k let (dkp)p be a sequence that converges to xi and ¢(dyp), converges to ®(x;). Using
Lemma 8 twice, once in K and once in K we get a sequence of the form (dgpp)) that
converges to x, and such that (¢ (dipk]) converges to x. This implies that ®(x) =x. O

Here is another application of bisequentiality concerning scattered spaces. K@ denotes
the ath Cantor—Bendixson derivative of K.

Theorem 10. Let K be a scattered bisequential compactum and o < w; such that K@ # .
Then there exists a countable closed subset L C K such that L'® # @.

Proof. By picking a neighborhood of a point in the ath level that isolates it in its level,
we can suppose that K@ = {oo} is a singleton. We shall proceed by induction on «, the
initial case being trivial. We consider a sequence {x,} C K of different points belonging to
KB\ KBt where B, = B if « = B+ 1 is successor, or lim, 8, = « if « is limit. By the
inductive hypothesis, we can find countable compact sets L, of height 8, with L,(f} n)

{xn}. Let L = J,, L,. We can consider Fy a filter on K generated by all subsets A C L for

which L, \ AP @ for all but finitely many n’s. It is clear that Fg clusters at co. Let F

be an ultrafilter that contains this filter and converges to co. By bisequentiality we can

find a sequence of sets L D F| D Fp D --- in F that converges to co. Each F; has the

property that F; N Ln(ﬁ") # () for infinitely many n’s, or otherwise L \ F; € Fy that would

contradict that F; € F. Inductively, choose n[1] < n[2] < --- such that F; ﬂLn[i](ﬁ"[i]) *
#. The closed set L = {o0} U Ui Fi N Ly is the one we are looking for. O

Finally, another well-known fact on Rosenthal compacta.

Lemma 11. Let K be a separable Rosenthal compact space, and D C K a countable dense
subset of K. Then there exists a countable family D of continuous functions on o® whose
pointwise closure consists of first Baire class functions on w®, and a bijection ¢ : D —> D
that extends to a homeomorphism between the closures.

Proof. Suppose that K is a compact set of first Baire class functions on the Polish space
X. There is a finer Polish topology on X for which all the functions in D are continuous,
cf. [8, 13A]. Find a continuous surjection 7 : 0¥ —> X from »® onto X with this new
Polish topology. Just take D = {fom : f € D} and ¢(f) = fom. O

3. The m-adic tree

We consider a natural number as an ordinal, that equals its set of predecessors
m=1{0,1,...,m—1}. Thus, mxm =1{0,1,...,m—1}x{0,1,...,m—1} denotes the
Cartesian product.

The m-adic tree is the set m=® of finite sequences of numbers fromm = {0, 1, ...,m — 1}.
The set m® is the set of infinite sequences of numbers from m, and mS<® = m<® Um®.
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The length of s € mS?®, denoted as |s|, is the cardinality of its domain. Given s =
(50, ..., 5p) €em=?and t = (fo, t1,...) in mS® we can construct the concatenation st =
(50, - .» Sp, to, 11, ...). We write s <t if there exists r € mS? such that t = s~r. When
r = (i) is a sequence with a single number, we write s i instead of s (i) for short. For any
s, t e mg‘”, we denote by s At the largest r such that r <tandr <s. Ifr =s At & {s, t}
then there exist two different i, j € m such that r™i < s and r~j < ¢. In that case, we
define the incidence as inc(s,t) = (i, j). If we have i € m such that s7i < ¢, then we
define inc(t,s) = (i,i). The well order < on n=% is given by s < ¢ if either |s| < [¢], or
Is| = |t| = p and nPso+nP"lsi+--- <nPto+nP V4.

We are going to follow the approach in [2] to study the first-move combinatorics of m<®.
A set A C m=“ will be said to be meet-closed if t As € A whenever t € A and s € A. The
meet-closure of A is ((A)) = {s At :s5,t € A} is the least meet-closed set that contains A.

For A, B C m=®, a bijection f:A — B is a first-move equivalence if it is the
restriction of a bijection f : ((A)) —> ({B)) such that for every ¢, s € ((A))

(1) fans)=f@)Afs).
(2) f(@t) < f(s) if and only if 7 < s.
(3) If i € n is such that t~i <, then f(£)7i < f(s).

For the third condition, we can also write that inc(s, t) = inc(f(s), f(¢)) for all s, ¢. The
sets A and B are called first-move-equivalent if there is a first-move equivalence between
them. In this case, we write A & B. There are several equivalence classes for this relation
that we will use at some point:

A set A C m=® is a first-move subtree if A &~ m=<%.

An (i, j) comb is a subset A C m=® such that

An (i, j, k, [)-double comb is a subset A C m=% such that
A = A{()), (iikkj), ({ikkiikkj), ...} U{(@iil), (iikkiil), (iikkiikkiil), ...}

Notice that an (i, j, k, [)-comb is a union of an (i, j)-comb and a (k, [)-comb lying on the
same branch. An (u, v)-split (i, j, k, [)-double comb is a subset A C m=® such that

This is now the union of an (i, j)-comb and a (k, [)-comb lying on different branches. Let
us also say that a function f: A —> B is a first-move embedding if it is a first-move
equivalence between A and the range f(A).

The following theorem is related to Milliken’s partition theorem for trees [10], cf. [15,
chapter 6]. A proof of it can be found in [2] based on [5]:

Theorem 12. Fix a set Ag C n=%, and a partition {A Cn~?: A~ Ag} =P U---UP;
into finitely many sets with the property of Baire. Then there exists a first-move subtree
T C n=“ such that the family {A C T : A= Ag} is contained in a single piece of the
partition.
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Here, the property of Baire means that the sets P; belong to the o-algebra generated
by the open sets and the meager sets of 2", endowed with the product topology that
makes it homeomorphic to the Cantor set.

Let i,j em, x e m®, and {(s9, 51, ..} cmS®. We say that {s° s',...} is an (i, J)-
sequence over x if the two following conditions hold:

(1) lim,— o0 |s" Ax| = 00;

(2) inc(x, sp) = (i, j) for all n.

If {s°, s',...} ©m® is an (i, j)-sequence over x, then it converges to x in the natural
product topology of m®. Notice that an (i, j)-comb is always an (i, j)-sequence over some
x e m®.

Lemma 13 [4, Lemma 7]. Every infinite subset of m=® contains an infinite (i, j)-comb
for some (i, j) € m x m.

The families of sets Zi,...,Z, are said to be countably separated if there exists a
countable family of sets C such that for everya; € Z, ..., a, € Z, there exist by,...,b, € C
such that a; \ b; is finite for all i, and (); b; = 0.

Lemma 14 [4, Proposition 6]. Let B be a partition of m x m. For every P € B, let Tp be
the family of all (i, j)-combs of m=® such that (i, j) € P. The families {Zp : P € B} are
not countably separated.

4. The spaces K ()

Given a partition 3 of m x m, we will construct a first-countable Rosenthal compact
space K (). For this, we consider the Polish space Xz 1= m~“Um® x B, where

e m=% is considered as a countable discrete space;

e m® is considered with its product topology as the countable power of a finite discrete
space, which makes it homeomorphic to the Cantor set;

e P is considered as a finite discrete space;
e m® x P is given the product topology;

o Xy =m=?Um® x P is given the topology where each of the two sets m=* and m® x B3
are open, and endowed with the respective topologies indicated above.

Now, for every s € m=? we consider a function f; : Xo3 —> {0, 1} given by
1 ifr<s

f;(1) = for t e m=%,
0 otherwise

1 if inc(y,s) € Q

f;(v, Q) = for (v, Q) € m® x B.
0 ifinc(y,s) € O

Definition 15. The compact space Ki(B) is the pointwise closure of the functions {f; :
s € m=<®} in RX¥,
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In order to describe all the points of K{(3), for every (x, P) € m® x ‘3, we consider a
new function f py : Xog — {0, 1} given by

1 ifr<x
fop(@) = fort e m=®
0 otherwise

1 ifx=y,P=0

0 ifx=y,P#0Q
fo.r)(v, Q) = B for (y, Q) € m® x P.
1 ifx #y,inc(y,x) € Q

0 if x #y,inc(y,x) & Q

Proposition 16. Fix (i, j) € P € P.
(1) If {s0, 51, ...} Cm=® is an (i, j)-sequence over x € m®, then

limfy, =fe.p).

(2) If {x0, x1, ...} Cm® is an (i, j)-sequence over x € m®, and we choose any Py € P,
then
lim g, po = e, p)-

Proof. For statement (1), first notice that f;, (rf) — 1if 7 < x, and f;, (f) — 0 otherwise.
So f;, (t) — fx,py(t) for t € m=?. Second, notice that fy, (x, P) = 1 because inc(x, sx) =
(i, j) € P, so we also have f;, (x, P) — f p)(x, P). Third, if Q # P, we have f (x, Q) =
0 because inc(x, sp) = (i, j) & Q, so again £, (x, Q) —> f py(x, Q). Fourth, if we consider
(y, Q) with x # y, then £, (¥, Q) depends on the incidence of y and s¢. But from a moment
on, this incidence coincides with that of y and x, and this makes f;, (y, Q) — f, p) (¥, Q)
work again. Statement (2) is proven in a similar way. First, £, p(t) is 1 if < x; and 0
otherwise. Notice if t < x, then ¢t < x; for all but finitely many k’s, and if # € x, then t £
xi for all but finitely many k’s. Therefore f(y, p,)(t) —> f(x,p)(?). Second, f(x, p,)(x, P) =1
because inc(x, xi) = (i, j) € P, so f, p)(x, P) — f py(x, P). Third, if Q # P, then
foo, P (x, Q) =0 because inc(x, x;) = (i, j) & Q, so again f(y, p)(x, Q) — f p)(x, Q).
Finally, for y # x, f(, p,)(y, Q) depends on inc(y, x), but inc(y, xx) = inc(y, x) for all
but finitely many k’s. O

Proposition 17. K;(P) is a separable Rosenthal compactum.

Proof. The functions f; for s € m=“ are clearly continuous on the Polish space Xq.

Combining this with Lemma 13 and Proposition 16, we get that {f; :s e m=“} is a
countable family of continuous functions on a Polish space with the property that every
subsequence contains a further subsequence that converges in RX®. This implies that its
closure is a Rosenthal compactum [6]. O

Proposition 18. The function Xz —> K1 (P) given by & — £z is a bijection. Thus,
KiP®) ={t;:s em™®YU{f p): (x, P) € m® x P}
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The points s are isolated in K{(B) and the points fx py are Gs-points, so Ki(B) is a
first-countable space.

Proof. It is easy to see that the function & — f¢ is one to one. In fact, notice that f(, py #
fir,0) if P # Q because f(x py(x, Q) = 0 but f(, o)(x, Q) = 1. In any other cases, if & # &’
then we can find t € m= where f¢ (t) # fe(¢). Since K1 () is a Rosenthal compactum, by
the Bourgain—Fremlin—Talagrand theorem, every point z in it is the limit of a sequence
in {f; : s € m=“}. By Lemma 13, if this sequence is infinite, then it contains a further
subsequence of the form {f,, f;,, ...}, where {so, s1,...} is an (i, j)-sequence over some
x € m?, for some (i, j) € P € P. By Proposition 16, the limit of such sequence is z = f(; p).
This proves that the range of the function & +— f¢ is the full K (P).

The function f; is isolated because it is the unique function in K;(P) that satisfies
f;(s) =1, and £;(s7i) = 0 for all i € m. On the other hand, f; p) is a Gs-point, because
it is the only function in f € K1(3) that satisfies f(x|x) =1 for all k¥ < w, and moreover
f(x, P)=1. O

Finally, we observe that if T C m=® is a first-move subtree, then the closure of
{f; : t € T} is naturally homeomorphic to the whole K ().

5. The spaces K (Q)

Now, instead of a partition B3 of m x m we will consider a family Q of disjoint subsets of
m=1{0,1,...,m—1}. We will construct a separable Rosenthal compact space Koo (Q)
with a non-Ggs-point. For this, we consider the Polish space X :=m~“Um® x Q,
endowed with the same topology that we gave to Xqz in the previous section.

Now, for every s € m=® we consider a function g; : X3 — {0, 1} given by

1 ifr=s
g () = for t e m=%,
0 otherwise

1 ifinc(y,s) = (i,i) for somei € Q
gs(y, Q) = for (y, Q) e m® x 9.

0 otherwise

Definition 19. The compact space Ko, () is the pointwise closure of the functions {g; :
s € m<®} in R¥a,

In order to describe this closure, we consider the function go : X —> {0, 1} that is
constant equal to 0, and, for every (x, P) € m® x 9, the function g« py : Xq — {0, 1}
that takes the value 0 at all points except at (x, P), where it takes value 1.

Proposition 20. Fiz i, j € m, and {so, s1,...} C m=® an (i, j)-sequence over x € m®
(1) Ifi =j € P €9, then lim g, = g(x,P)-
(2) If eitheri # j ori = j ¢ UQ, then limy g, = 8-

On the other hand, the only accumulation point of the set {gx py : x € m®, P € Q} i5 8oo.
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Proof. The last statement is evident. It is also clear that any of the two cases considered
above, limg;, (t) = 0 for t € m=“. On the other hand, g, (y, Q) = 1 only if s, & < y with
& € Q. Hence, g, (v, Q) converges to 0 unless y = x and i = j € Q = P, in which case it
converges to 1. O

Proposition 21. Ko, (9Q) is a separable Rosenthal compactum.

Proof. Similar to Proposition 17 O

Proposition 22. The function XqU{oo} — Koo(Q) given by & — g is a bijection.
Thus,
Koo(Q) = {gs : s € m~“}U{g(x,p) 1 (x, P) € m® x Q} U {goo}.

This is a scattered space of height 3, whose Cantor—Bendizson derivatives are
Ko(Q) = {gu.p) : (x, P) e m” x Q} U {goo}
Koo(Q)" = {80

Thus, the points g5 are isolated in Koo(Q), the points g..py are Gs-points, but if Q # 0,
then oo 18 not a Gg-point of Koo(9Q).

Proof. It is clear that the assignment & — g¢ is one to one. The fact that this is surjective
is deduced from Proposition 20 using the same argument as in the proof of Proposition 18.
Each function g, is isolated in Ko (£) as it is the only function such that gs(s) = 1. The
rest of points are not isolated by Proposition 20. On the other hand, it is clear that each
g(x.p) is isolated in Koo (Q) . O

6. Minimal spaces

If we have a finite set N and a surjective function f : m x m — N, we can associate to
it a partition Py = {(£f~Y) :i € N} of m x m into |N| pieces. The following definition is
taken from [4]:

Definition 23. For natural numbers my and m|, we say that ¢ : m% — m% is a reduction

map if there exists k < w a one-to-one function e : my —> m]f and an element x € m;®

such that |x| < k and for all u, v € mog

(1) e(u, v) =incle(n), e(v)) if u # v;
(2) e(u, u) = inc(e(u), x).

Definition 24. For two surjective functions f : m% —> Np and g : m% —> Njp, we write

f < g if there exists a reduction map ¢ : m(z) — m% such that f = goe.

Lemma 25. If f < g, then K1(By) is homeomorphic to a closed subspace of Ki(Byg).

Proof. We have a reduction map ¢ : m% — m% such that f = goe. Let e and x be

as in the definition of reduction map. As in the proof of [4, Lemma 11], we consider
¢ :mg? —> m® defined as

O (uo, ..., ux) =e(o)” -+ e(ur) x.
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and ¥ : mg —> m{ defined as

Iﬁ(uo, cees Uy o ) = e(uo)A e e(uk)A

It is easy to see that ¢ and i are both injective and that if {s,} is an (i, j)-sequence
over x, then {¢(s,)} is an &(i, j)-sequence over ¥ (x). The map ¢ induces a function (13 :
{fi :t e mg®} — {f; : t € m7?} between the dense sets of Ki(Py) and Kl(‘Bg) given by
qg(ft) = £y (). We claim that this function extends to a continuous function é: Ki Bs) —
K1(By). If not, by Lemma 9, we would have two sequences {f;, } and {f;,} that converge to
the same point in K1(P7) but {fs(,)} and {fs¢,)} converge to different points in Ki(PB,).
By Lemma 13, we can suppose that {s,} is an (i, j)-sequence over some y, and {t,}
is a (u, v)-sequence over some z. Since {f;,} and {f;} converge to the same point, by
Proposition 16, y = z and (i, j) and (u, v) belong to the same piece of the partition B,
that is f(i, j) = f(u, v). But then, {fs(,)} is an £(i, j)-sequence over ¥ (y) and {fs(,)} is
an &(u, v)-sequence over ¥ (y) = ¥ (z). Since

ge(, j)) = f(, j) = f(u,v) = g(eu, v)),

e(i, j) and &(u, v) belong to the same piece of the partition ;. Therefore, {fs(,)} and
{f5(,)} converge to the same point Ki(B,). This finishes the proof that we have a
continuous extension ¢ : K| (Bs) — K1(PBg). Moreover, the above argument also proves
that q)(f(y 1@)) =Ly ).e16)) SO $ is clearly injective. O

The converse of the previous lemma is true, modulo permutations:

Lemma 26. Let g°: m% — Ny and g' :m% —> Ny be two surjective functions. If
K1(Bgo) is homeomorphic to a subspace of Ki(Bg1), then there exists an injective
o : No — Ny such that! 008" < g!.

Proof. Let ¢ : Ki(Pg0) —> K1(P,1) be a homeomorphic embedding. Let us call {0:1e
my®} and {f,1 it € m“} the respective dense sets, and {féx’P) xemf,Pe Bg1} the other
points of K (‘ﬁgl).

Theorem 12 applied to a singleton Ag means that whenever we divide m=<® into two
pieces there exists a first-move subtree contained in one of the pieces. Thus, by passing
to a first-move subtree, we can suppose that

<w

(case 1) either {p() : 1 € my®} C {fl:re my )
(case 2) or {qb(t?) temi®} C {f(x pyiX € mf{, P e P}

Let us consider ﬁrst case 1. If we fix (7, j), then the (i, j)-combs A of my® can be

partitioned into mj 2+ 1 many Borel pieces, depending on whether {¢(f0 te A} is a
(u, v)-comb for some u,v € mp, or it is not a comb at all. By Theorem 12, after passing
to a first-move subtree, we can suppose that all (i, j)-combs lie in the same piece of this
partition. The piece cannot be that of non-combs because of Lemma 13. After repeated
application of this argument, we can suppose that for every (i, j) € m(z) there exists (i, j)

lg og0 is not surjective, but we view it as a surjection onto its range.
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such that if {f{,) 1t € A} is an (i, j)-comb, then {¢(f?) it € A} is a B(i, j)-comb. The
fact that ¢ is a homeomorphic embedding, combined with Proposition 16, implies that
g%(i0, jo) = g°(i1, j1) if and only if g'B(i0, jO) = g'B(il, j1). Therefore, we have a
well-defined injective function o : Ny —> Njp such that a(go(i, ) = gL (B, j)) for every
(i, j). In the language of [4] that would translate into the fact that T, 0 < [y1, so by
[4, Lemma 11], we obtain that o o g% < g!. The second case,

o) 11 €25} C {fl, p):x emP, P e Pyl

will be reduced to the first case, because we will find a new ¢’ that will satisfy the first
option. Let qb(i(l)) = f}x, Py We distinguish two further cases now:

oog

(1) For every t € m5“ and for every i € mg there exists r > ti such that {x; Axs:s >
r} is finite. Under this assumption, we can construct inductively a first-move subtree
T such that {x; Ax; : s € T} is finite for every t € T. Then, we can define qb/(t?) =
f)lc,|k, where k; < w is larger than |x; A xg| for all s € T \ {t}. Using Proposition 16 and
Lemma 9, we see that the map ¢(¢) — ¢'(¢t) for t € T induces a homeomorphism
between closures, so t — ¢'(¢) is a new homeomorphic embedding that falls into

the previous case, that is:
A teT)clf 1 em).

(2) There exist t € mg® and i € mo such that for all r > 74, the set {x, Axs :5 >}
is infinite. In this case, it is possible to construct inductively a first-move subtree
T C mg® rooted at t™i such that the map s — x; Ax; is injective on T. Then,
using Proposition 16 in combination with Lemma 13, we see that the only possible
limits of subsequences of {qb/(f?) :t € T} lie in the finite set {f%xt p P e USSR
This is impossible because ¢ is a homeomorphic embedding and {f? 1t € T} has
uncountably many cluster points. O

Lemma 27. For every surjective g : m% —> N and for every ng < |Ni|, there exist Ny C
Ny of cardinality ny and a surjective f : m% —> Ny such that f < g.

Proof. Consider

M ={peN:3i#j:gG j)=p}
We distinguish two cases. The first case is that |M| < ng. Without loss of generality, we
can suppose that M is of the form M ={0,1,...,&}. For i € M, find u;, v; € my, u; #
v; such g(u;,v;) =i. For i € ngp\ M, find w; € m; such that g(w;, w;) =i. We consider

mo = nog = Ng and the reduction map ¢ : m% — m% induced by:

o x = (vg, ..., Vg);
ec(i)=(vy,...,vi_1,u;,0,0,...,0) fori € M;
ee(i) = (vo, ..., Ve, w;), fori e mg\ M.

In this way, we get a function f = goe < g. Notice that all possible incidences of the
e(i)’s and x of the form (u,u) are necessarily of the form (w;, w;) for i € ng\ M. This
implies that the range of f is contained in Ng. On the other hand, if i € M, then f(i,i) =
g(inc(e(@), x) = g(ui,v;) =i, and if i € mo\ M, then f(i,i) = g(inc(e(i), x) = (w;, w;) =
i,s0 f: m(z) —> Ny is onto.
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The second case is that |M| > ng. In this case we only need to deal with pairs (i, j)
with i # j. We will need to find suitable mg, k and x and e : m; — mgk so that the
induced reduction map ¢ has the property that the range g o¢ has cardinality ng. The
point x will be of the form x = (jo, ji,..., jm), and the function e of the form e(r) =
(Jos - s jr—1-1r, 0,...,0). In this way, the range of g o¢ is exactly the set

{g (o, jo), g(jo, i0), g1, 1), 8(J1511), -+ -5 8Uim=15 Jm=1)s 8 Um=15Im=1), &(m, jm)}-

Notice the exclusion of g(j,, i) from this set. It is easy to obtain integers making the
above set to have cardinality exactly ng. We can keep adding pairs (i, j) till we get a set

{g(o, jo), 8(Jo,10)s - - > 8m=1, jm=1), 8Um—1, im—1)}

of cardinality either ng or ng— 1. If it is ng, then declare i, = io, jn = Jjo. If otherwise
that cardinality is ng — 1, then pick (i,;,, jm) such that g(i,,, jm) is a new value. O

Given a set A, we use the notation (A)% = {(i, j) € A% :i # j}.
We fix a natural number n. A strong-dense-type is a collection of data of the form
a=(A,B,C,D,E,y,P,y) where

(1) n= AUBUCUDUE is a partition of n;
(2) ¥ 2 — B is a surjective function;
(3) Pisa partltlon of C into sets of cardinality either 1 or 2;

4 D — BUE is a function such that |y~ (k)| > 2 for every k € E;
V' 14

with the additional property that if A =@ then B =D = E = ) and all elements of P
have cardinality 2. This definition is the same as [4, Definition 19] except that we do not
allow the value oo for ¢ and y (this is because here we are only interested in dense gaps).
We write |a| = n.

To each such set of data «, we can associate a surjective function f% :m xm — n,
and the corresponding partition 3 f« of m x m, for certain m. It is convenient to consider
a finite set M rather than a natural number m. The set M can be later identified with
m = |M| through enumeration. This set is M = A*UP U D where A* = A if A # @, and

= {0} if A =¢. In order to define f*: M? — n we need some further notation. For
a € P, let 0(a) = min(a) and 7(a) = max(a) so that a = {0 (a), t(a)} for every a € P. We
define o (k) = k for k € A*U D, and t(k) = y (k) for k € D. Notice that 0 : M — n and
7 :PUD — n. The function f = f¢ is defined as:

(1) fG,i)=0() fori e M;

(2) fG, )=y, j)fori,jeA, i#];

(3) fG.,j)=o0()ifi e M\ A* and (j € A* or o (i) < 0 (j));
(4) fG,j)=1(j)if j € M\ A* and (i € A* or o (i) > 0(j)).

Lemma 28. Ifn < |'B|, then K1(B) contains a homeomorphic copy of a space of the form
K1 (Bya) for some strong-dense-type a with |o| = n.
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Proof. By Lemmas 25 and 27, K () contains K; (B s) for some surjective f : m? —> n.
It follows from the results of [4], that there exists

a=(A,B,C,D,E,¥,P,y)
with |a| = n such that f¢ < f. O

7. The open degree

In this section, we study the open degree odeg(K) of Definition 2, and we compute
odeg(K1(B)) and odeg(K~()). A first observation is that, by a standard compactness
argument, one can substitute points by compact sets.

Lemma 29. If odeg(K) < n, then there exists a countable family F of open sets such that
for every pairwise disjoint compact subsets Lo, ..., L, C K there exists Vo, ..., V, € F
such that L; C'V; and (); Vi = 0.

Proof. Start with a countable family F of open sets that satisfies the definition of
odeg(K), meaning that for every different xo, ..., x, € K there exists Vy, ..., V, € F such
that x; € V; and (); V; = ¥. We can suppose that F is closed under finite unions and
intersections. With this additional assumption, we see that the family F now satisfies
the condition stated in the lemma. We proceed by induction on p = |{i < n: |L;| > 1}|.
The case p =0 is clear. If we are in the case p, we are given Li,...,L, where
IL;] =1 for i > p, and we want to find V; € F with L; C V; and (| V; =@. By the
inductive hypothesis, for every x € L, there exist V;* € F such that x € V7, L; C V;* and
; Vi = #. By compactness there exists a finite set G C L), such that L, C U, V- It

is finally enough to consider V), =, V, and V; = (), V;* for all i # p. O
Notice that odeg(K) = 0 only in the trivial case when K = {J. The next case is the
following:

Proposition 30. If K # (@, then odeg(K) = 1 if and only if K is metrizable.

Proof. Remember that K is metrizable if and only if it has a countable basis of open sets.
So if K is metrizable, then the countable basis F shows that odeg(K) < 1. Conversely,
if odeg(K) < 1, then by Lemma 29, K has a countable family F of open sets such that
every two disjoint closed sets are separated by disjoint elements of F. This implies that
F is a countable basis for the topology of K, so K is metrizable. O

The following related notion (in the case n = 2) was relevant in the analysis of [14]:

Definition 31. A compact space K is a premetric compactum of degree at most n if
there exists a continuous function 4 : K —> M onto a metrizable compactum such that
|h=1(x)| < n for every x € M.

Proposition 32. K is a premetric compactum of degree at most n if and only if there
ezists a countable family F of open Fy-sets such that for every xg, ..., x, € K there exist
Vi € F withx; € Vi and (); Vi = 9. In particular, if K is a premetric compactum of degree
at most n, then odeg(K) < n.
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Proof. If h : K —> M is as above, it is enough to consider F = {h~}(W) : W € B} where
B is a countable basis for the topology of M. Conversely, if we have such a family F, for
each W € F we can find a continuous function Ay : K — [0, 1] such that h;vl O, 11=Ww,
and then we consider & : K —> [0, 117 given by h(x) = (hw(x))wer, and M = h(K). O

As we will show later, the converse of the last statement of Proposition 32 is not true.

Theorem 33. odeg(K1(P)) = |'P| and odeg(K-(Q)) = |Q|+ 1.

Proof. We prove the four inequalities.
odeg(K1(P)) < |B|. For this, it is enough to consider the clopen sets

Vi={feKi®: f()=1}={f 1 <s}U{fep) 1 <x},
Wi={t}={feKi®P):fO)=170")=0i<m}

for t € m=%. Let us check that the family F = {V;, W;, K\ W, : t € m=®} has the desired
property. So we declare n = |3| and we pick points xg, ..., x, € K1(R). If at least one of
the points is of the form f; with t € m=®, then we can simply take W, as its neighborhood,
and K \ W; as the neighborhood of the rest. Otherwise, if all points are of the form x; =
f(:, P, then since || = n, we can find i, j such that y; # y;. Then we can pick s, € n=¢
such that y; Ay; <s, yiAny; <t, s <y, t <y;. In that case V; is a neighborhood of
., p), Vi is a neighborhood of f(\/j’pj) and V, NV, = 0.
odeg(Koo(Q)) < ||+ 1. For this, we consider the sets

Vi ={g 1 <s}U{gu p) 1t < x},
W, =1{g}=1{g € Keo(Q) : g(t) = 1}.

Notice that W; is a clopen set, and that V; is open because

Vi= | {g€Ka@ g0y, P)=1\[JW.
t<y,Pen s<t
We check that
.F:{V[,W[,K\W[ :t€n<w}

satisfies that whenever we pick xq,...,x; € K (), with n =|Q|+1, we can find
neighborhoods of each point in the family F which are disjoint. If at least one of the
points is of the form g, with r € m=®, then we can take W, and K \ W; as neighborhoods.
Otherwise, all points are either of the form x; = gy, p) or €. Similarly as before, since
n = |Q|+1, we can find i, j such that y; # y;. Then we can pick incomparable s, € n<%
such that s, > y; Ayj, s <y, t <yj, and in that case V is a neighborhood of g, p,),
V; is a neighborhood of gy,.pp and Vs NV, = 0.

odeg(K1(P)) > |'B|. We suppose that we have a countable family F of open subsets of
K1 (pB) that satisfies the property of the definition of open degree for n = || — 1 and we
work toward a contradiction. Consider the family

Fl={{sem=?:f; e V}:V e F}.

Claim. If we have {Ap C m=® : P € 3} such that Ap is an (i, j)-sequence for some (i, j) €
P, then there exist sets {Bp : P € B} C F' such that Ap \ Bp is finite and ﬂpem Bp =0.
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Proof of the claim. By Proposition 16, {f; : s € Ap} converges to a point of the form
f(x» p). We can find open sets Vp € F such that f(,, py € Vp and ()p Vp = 0. It is enough
to take Bp = {s e m=® : f; € Vp} € F'. This finishes the proof of the claim.

The claim above implies that, if we denote
Ip={ACm=“:Ais an (i, j)-comb for some (i, j) € P},

we have that the families {Zp : P € P} are countably separated, in contradiction with
Lemma 14.

odeg(Koo(Q)) = |Q|+ 1. We suppose that we have a countable family F of open
subsets of Ko () that satisfies the property of the definition of open degree for n = |Q|
and we work toward a contradiction. Consider the family

F ={lsem~®:g;eV}:VeF}

Claim. If we have {Ap C m=® : P € QU {oo}} such that Ap is an (i, i)-sequence for some
i € P,and Ay is a (0, 1)-comb, then there exist sets {Bp : P € QU {oo}} C F’ such that
Ap \ Bp is finite and ()p Bp = 0.

Proof of the claim. By Proposition 20, {g; :s € Ap} converges to a point of the form
gup.p) for P e, and {gs:s € Ay} converges to go. Then, we can find open sets
Vp € F such that gup p) € VP, 8o € Voo and (|{Vp : P € QU {o0}} = . It is enough to
take Bp = {s e m=“ : g, € Vp} € F'. This finishes the proof of the claim.

The claim above implies that, if we denote
Ip ={ACm=?:Aisan (i,i)-comb for some i € P},

for Pef, and Zy is the family of all (0, 1)-combs of m=®, then the families
{Zp : P € QU{o0}} are countably separated, in contradiction with Lemma 14. O

Proposition 34. K (P) is a premetric compactum of degree |'B| but if Q # @, then Koo(Q)
is mot premetric of any degree.

Proof. The first statement follows from Proposition 32 because the sets V;, W; and K \ W,
in the first part of the proof of Theorem 33 are all clopen. The second statement follows
from the fact that Ko () has a point g that is not Gs-point. O

A compact space K is a premetric compactum of degree n if it is a premetric compactum
of degree at most n but not a premetric compactum of at most n — 1. The main result of [3]
is that, for every n, there exist two Rosenthal premetric compacta S,(/) and D, (2Y) of
degree n such that every separable Rosenthal premetric compactum of degree n contains
a homeomorphic copy of either S,(I) or D,(2Y). Although there is some superficial
similarity, the result from [3] is not deduced from the results of this paper, nor vice
versa. It is worth to notice some differences:

e The spaces S,(I) and D, (ZN) from [3] are not separable, so that is not a basis result.

e While S,(I) and D,(2Y) are just two spaces for every n, the number of spaces in the
list of Theorem 3 increases with n.
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e All premetric compacta of finite degree are first countable. However, non-first-countable
spaces, like the Koo (£2), may have finite open degree.

e Even for first-countable separable Rosenthal compacta, the two degrees might be quite
different. For example, let ¥ = {Py,..., P,—1} be a partition of m x m where Py =
{(@, j) : max{l, i, j} = k}. Inside K|(R), consider

L ={f-~;:5se€2<? iecm}
= {fi~;:5 €27 emiU{f, p):x €2” P e Pl

We have that odeg(L) = 2. As countable family of open sets to witness this, we can
take
F={W,L\W, LNV, U; :t €2~%,i €{2,...,m}}

where W; and V; are as in the first part of the proof of Theorem 33, and
Ui ={fs~i 15 € 2°}U{f py 1 x €27}
On the other hand, L is a premetric compactum of degree m—1. In fact
{f(x,p) 1xe2? Pe ‘13} is homeomorphic to the space D,,_1(2Y) of [3].
8. The main result

Lemma 35. Let K be a separable Rosenthal compact space with odeg(K) > n and D a
countable dense subset of K. Then there exists an injective map d : n=“ — D such that

@i <N j<g =9 )
forallzen® and alli < j <n.

Proof. By Lemma 11, we can suppose that K is a compact set of first Baire class on the
Polish space w® with a dense countable set of continuous functions D C K. We will further
assume that f(ro,r(,r2,...) = —f@o+1,r1,r2,...) for all f € K and all (rg,r1,...) €
w®. This can be easily done by adding a new coordinate to w® at the beginning. The
reason for this is to avoid consideration of too many cases in the future because now we
will have that if f, g € K and f # g, then there exists x € w® such that f(x) < g(x).

We consider an infinite game of two players in the sense of [8, §20]. At stage k < w
Player I plays (d, s,l(j 11 < j <n)wheredy € D, s,lcj € w<?and,ifk > 0, s,ij_l < s,’cj. Player
IT responds with an integer py € {0, ...,n —1}. At the end of the game, consider X e w®
to be the branch determined by the s;’’s. Player I wins if and only if for every i < j <n
there exist two rational numbers ¢ < ¢’ and a natural number kg such that

{de (X7 k> ko, px =i} < q < q' < {d(x7) i k > ko, px = j}. (%)
Since the dj s are continuous, the last statement (x) can be rephrased by saying that for

every k > ko there exists a further k1 > ko such that dx(x) < g whenever s} < x, pr =1,

and such that di(y) > ¢’ whenever s,’cj1 <y, pk = j. Rephrased in this way, it is clear that
this is a Borel game. By Martin’s theorem, cf. [8, Theorem 20.5], one of the two players
has a winning strategy.
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If Player II has a winning strategy, then we claim that odeg(K) < n. For every finite
partial round of the game & = (do,s(l)], Do, ...,dk,s,l(], pi), every (s :i < j <n) with
s,’cj < s and every p €{0,...,n—1}, consider DI[E, (sV), p] the set of all d € D such
that Player II, according to its strategy, plays p after & is played and Player I plays

(d,s",i < j <n). We claim that the countable family F of all open sets of the form
VIE. (s). pl = K\ DI§, (s), p]
witnesses that odeg(K) < n. So, let us take fy,..., f, € K, and we shall find disjoint
neighborhoods from F. For every i < j we can find x'/ € ® and gij < q;/ such that
fiG) < qij < qf; < fi(xY).
For every i, let

W(i)=1{f € K: f(x") <gq for j >iand f(x/") > qj; for j <i}.

If Player I is able to play all the time in such a way that s,ij = x|, and, when Player II
is playing according to its strategy, dy € W(px), then Player I will win, a contradiction.
Therefore, Player I cannot play like this all the time, and this implies that there is a
finite round of the game & = (dj, s(l)J, pos - -+, di, s,lcj, pr) where sl” = x%/|; such that

D&, (¥ lks1), pINW(p) =0

for every p € n. Since W(p) is open, this implies that
D[&, (x"[k41), pPINW(p) = 0,

hence -

W(p) C VIE, (xY k1), Pl
On the one hand, f, € W(p) and on the other hand {J,_, DI, (x"x41), pl = D;
therefore, ﬂp<n VIE, (x¥|;41), p] = @. This finishes the proof that odeg(K) < n.

So we suppose that Player I has a winning strategy. For every t = (g, ..., tx) € n=%, we
consider (d[t], s[t]). The kth move of Player I according to its strategy after Player II
has played 1o, t1, ..., ty. Since Player I always wins when playing with his strategy, using
property (x) after Player II plays the integers in any z € n®, we get

{dlt] i <zin{d[t] : t7j <z} =0. (%ex)

This is not the end because d : n<~® —> D might not be injective. However, we can
define a first-move embedding o : =% — n=“ inductively such that o (t i) = o (t) i s,
where s; is chosen so that d(o (7)) is different from all previously defined values of d o 0.
Notice that (x%) implies that such an s, must exist. In this way d oo : n=¢ — n=% would
be a new function which still satisfies (*x) and is moreover injective. O

Lemma 36. For every injective function d:n~“ — K from n=® into a Rosenthal
compactum K there exists a first-move embedding o : n=° — n=“ such that

(1) either the bijection d(o(t)) + f; extends to a homeomorphism between d(o(n<®))
and a space K{(P) for some partition *P of n x n;

(2) or the bijection d(o (1)) — g extends to a homeomorphism between d(o(n<®)) and
a space Koo (Q) for some family Q of pairwise disjoint subsets of n.
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Proof. Again, by Lemma 11, we can suppose that D = d(n=?) is a family of continuous
functions on w® and K is its pointwise closure. The image of a t € n= under the function
d will be denoted by d;, while d;(x) will be the evaluation of the function d; on some
x € w®. First of all, observe that the family

A={a Ccn~®:{d, :t €a}is a convergent sequence}

is a coanalytic family of subsets of n<“. This is because a € 2 if and only if for every
x € w® and for every rational ¢ > 0 there exists a finite set F C n=% such that |d;(x) —
dy(x)| < e forall t,s € a\ F, and we are supposing that the functions d; are continuous
on w®. In particular 2 is Baire-measurable, so we can apply Theorem 12, and we conclude
that for any given infinite A C n=% there exists a first-move subtree T4 C n=® such that
either {d; : t € a} is convergent whenever A &~ a C T4 or {d; : t € a} is never convergent
whenever A ~ a C T4. By passing to a first-move subtree after applying this principle
finitely many times, we can suppose that:

(1) For every i, j, k,I € n, either {d; : t € a} converges for every (i, j, k, [)-double comb
a, or {d; : t € a} never converges for any (i, j, k, [)-double comb a.

(2) For every i,j,k,l,u,ven, either {d;:t € a} converges for every (u,v)-split
(@i, j, k,1)-double comb a, or {d;:t € a} never converges for any (u,v)-split
@i, j, k, )-double comb a.

(3) For every i, j € n, the sequence {d; : t € a} converges for every (i, j)-comb a.

Notice that in the case of (i, j)-combs the case of never convergence cannot occur
because any infinite subset of an (i, j)-comb is an (i, j)-comb, and every sequence in K
has a convergent subsequence.

We claim that for every y € n® and for every (i, j) € n X n, the limit lim{d, : t € a} is
the same for all (i, j)-combs over the branch y, and we can call this limit h, ; ;). This
follows from the fact that if we have two (i, j)-combs a and b over the same branch, then
it is easy to construct a new (i, j)-comb of the form a’ Ub’ where a’ C a and b’ C b are
infinite.

We consider an equivalence relation on n x n by declaring that (i, j) ~ (k,[) if {d; : t €
a} converges for all (i, j, k, [)-double combs. This is an equivalence relation because we
can produce an (i, j, k.[)-double comb @ and an (k, [, p, g)-double comb b that contain
a common (k, l)-comb. Thus, if the first two double combs were convergent, they have
to converge to the same limit, and then we can produce an (i, j, p, g)-double comb that
converges to that same limit by joining an (i, j)-comb inside a and a (p, ¢)-comb inside b.

Let B be the partition of n x n associated to the equivalence relation ~. It is clear
that he; jy =he k) if (0, j) ~ (k,[). So we can rename the point h(, ; ;) as h(; py, where
P €3 is the equivalence class for which (i, j) € P. We distinguish two cases.

Case 1. For all i, j, k,l,u,v € n with u # v, the sequence {d; : t € a} never converges
for any (u,v)-split (i, j, k, [)-double comb a. First of all, this implies that h¢ p)y #
h(, g) whenever x # y, because in other case, we could construct a inc(x, y)-split
(i, j, k,)-double comb a such that {d; : t € a} converges. We claim that the bijective
map d; — f; extends to a homeomorphisms between their closures. By Lemma 9, if the
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map d; — f; does not extend to a continuous function between their closures, then there
exist two sequences a, b C n=? such that {d; : t € a} and {d; : t € b} converge to the same
point but {f; : t € a} and {f; : t € b} converge to different points. We can suppose, by
Lemma 13 that a is an (i, j)-comb over some x and b is a (k,l)-comb over some y.
Since {d; : t € a} and {d, : t € b} converge to the same point, we have that x =y and
there exists P such that (i, j), (k,[) € P. This implies that {f; : r € a} and {f; : t € b} also
converge to the same point, by Proposition 16. Exactly the same argument shows that
the inverse map f; — d; extends to a continuous function between their closures, hence
this continuous function is a homeomorphism.

Case 2. There exist i, j, k,l,u,v €n with u # v such that the sequence {d; : t € a}
converges for any (u, v)-split (i, jk, [)-double comb a. In this case, we restrict to a further
first-move subtree T, = {u"t : t € n=“}. Fix a (k,[)-comb c inside T, = {v"t : t € n=“}.
For every (i, j)-comb a inside T, it is possible to find infinite a’ C a and ¢’ C ¢ such
that a’Uc’ is a (u, v)-split (i, j, k, [)-double comb. Therefore, we conclude that for all
(i, j)-combs a C T,, the sequence {d; : t € a} converges to the same point, that we call
ho. We claim that, indeed, every (3, j)-comb inside T, for any 1 # J, the set {d; : t € a}
converges to hy. In other words, we claim that h(, ;3 = ho whenever 1 # j. To see this,
let {t; : ¢ < w} be an (i, j)-comb over a branch z. For every g < w, let {t;, : p < ®} be
an (1, j)-comb such that 7, <1y, for all p. Since each sequence {ty, : p < w} converges
to hy, we can apply Lemma 8 and we obtain infinite N, N, C w such that the sets
{{di,, : p € Ng} : g € N} converge to hoo. It is possible to pick plg] € N; such that
{typiq1 1 g < @} is an (i, j)-comb over z. This shows that h(; ;7 = heo.

For p, g € n we have an equivalence relation p ~ ¢ induced by the equivalence relation
defined on pairs before: p ~ ¢ if and only if (p, p) ~ (¢, ¢). Notice that if h(; , ) =hy
for some z then h p, ,) =he for all z. This is because if h( p ) =hs then there is
an (i, j, p, p)-double comb a for which {d; : t € a} is convergent and then {d; : t € a} is
convergent for every (i, j, p, p)-comb a. Let Q be the set of the equivalence classes of
~ on n with the exception of the equivalence class of all p such that h(; , ) =hs. We
claim that the map d; — g; induces a homeomorphism between the closures. The proof
is similar as in Case 1, since now we have a complete control on the convergence of all
combs. If this map did not induce a continuous function between the closures, then we
would have {d; : t € a} and {d; : t € b} that converge to the same point but {g, : r € a} and
{g; : t € b} that converge to different points. We can suppose that a is a (p, ¢)-comb over
x and b is a (p’, ¢')-comb over y, so that {d; : t € a} converges to h . 4) and {d; : t € b}
converges to h , .. But the discussion above implies that h ) =h( 4 if and
only if {g, : t € a} and {g; : t € b} converge to the same point according to Lemma 20.
The same argument shows that the inverse mapping h; + d; also extends to a continuous
function between their closures, so this continuous extension is a homeomorphism. [

Let Qo = {2} be the trivial partition of 2 = {0, 1} into just one set, and for n > 2,

let Q, ={{0},{1},...,{n—2}} be the partition of n—1 into singletons. In this way,
odeg(K(Qn)) =n.
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Theorem 37. Let K be a separable Rosenthal compact space and n a natural number. If
odeg(K) > n then K contains either a homeomorphic copy of Koo(Qy) or of K1 (P ra) for
some strong-dense-type o with |o| = n.

Proof. After applying Lemma 35 and then Lemma 36, we obtain {d; : t € n=“} such that

@ ri<anld rj<a=9 (x%)
for all zen® and all i < j <n, and

(1) either d; > f; induces a homeomorphism of {d; : t € n<®} with a space K;();

(2) or d; — g induces a homeomorphism of {d; : t € n<?} with a space K ().

In the first case, property (x%) implies that each (i,i) lies in a different piece of the
partition 3 for each i € n, so in particular |}8] > n. Then, Lemma 28 implies that K
contains a copy of Ki(*Bse) for some o with || = n. In the second case, property ()
implies that for i # j, i and j cannot be in the same set from . This leaves only two
possibilities, either Q = 9,1 consists of all singletons of n, or £ consists of all singletons
of n except one, and we can suppose without loss of generality that this missed singleton
is {n —1}. If n > 2, in both cases we obtain that {d; : t € (n — 1)<®} is homeomorphic to
£, and we are done. If n = 2, then in both cases we obtain that

{dy,0,11,0,...0) = (o, t1s oo, tx) € 29

is homeomorphic to Ko (22). In all cases the homeomorphism is easily checked as we
have done several times before using Lemmas 9 and 20, as it is clear where each kind of
(i, j)-comb converges. O

9. Some classical compact spaces

Notice that if 8] = 1 then K|() has open degree 1, so it is metrizable. In fact, in that
case K1(P) is a zero-dimensional compact metrizable space, hence homeomorphic to a
subspace of the Cantor set.

Lemma 38. K(B) contains a homeomorphic copy of the Cantor set if and only if there
exist i # j such that (i, j) and (j, i) live in the same piece of the partition.

Proof. If (i, j), (j, i) € P live in the same piece P of the partition, then {f; p) : z € {i, j}*}
is homeomorphic to the Cantor set. This is easy to check using Proposition 16. Conversely,
if K1 () contains a copy of the Cantor set, then it contains a copy of K1({0, 1}?). Suppose
that P = P, for some function g! and g° is the constant function equal to 0 on {0, 1}%.
So we have K (‘,Bgo) - Kl(‘Bgl). By Lemma 26, we get that there exists o such that
0 0g? < g'. That is, there is a constant function on {0, 1}*> that is <-below g!. Just
using the definition, it is easy to check that this implies that there exists (i, j) such that
g' (i, j) = g'(j,i). If otherwise, g'(i, j) # g'(j, i) for all i # j, then that would imply
that g°(0, 1) # g°(1, 0). O

Consider the compact space § = [0, 1] x {0, 1} endowed with the order topology induced
by the lexicographical order. The split interval, also known as the double arrow space,
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is the space S’ = S\ {(0,0), (1, 1)} that we get after removing the two isolated points
from S. It is not a difficult exercise to check that, for every perfect set A C [0, 1], the
space S(A) = A x {0, 1} C § contains a homeomorphic copy of §’. Indeed, every closed
subset of § without isolated points is order-isomorphic and homeomorphic to S’. We shall
consider the space S(2%) = 2% x {0, 1} where 2% is identified with the Cantor set inside
[0, 1], so that its order is the lexicographical order.

Lemma 39. Ifg : {0, 1}> — {0, 1} is such that g(0, 1) # g(1,0) and PBe # {{(0,0), (1,0)},
{(1, 1), (0, D}}, then K1(Py) is homeomorphic to a subspace of the split interval.

Proof. We consider a homeomorphic embedding ¢ : K; () — S(2?) defined as follows.
For x = (xg, x1,...) € 2%, let

¢(f(x’g*1([))) = (('x07 05 la-xla 05 17x27 05 1 .. -)5 l)

For s = (so, ..., sx) € 2%, we define

o) = ¥(s0,0,1,51,0,1,...,8,1,1,1,1,1,...) if g(0,0) =g(1,1) =g(0, 1),
o) = ¥(s0,0,1,51,0,1,...,5,0,0,0,0,0,...) if g(0,0) =g(1,1) =g(1,0),
o) = ¥(s0,0,1,51,0,1,...,8,0,1,0,1,0,...) if g(0,0) =g(0,1)

and g(1,1)=(,0).

Using Proposition 16 and Lemma 9, one easily checks that this is continuous one-to-one
map. O

Lemma 40. K{(B) contains a homeomorphic copy of the split interval if and only if there
exist i # j such that (i, j) and (j,i) live in different pieces of the partition 3.

Proof. If (i, j) € P and (j,i) € P’ live in different pieces of the partition, then
{f, Py, £z, Py : 2 € {i, j}*} is naturally homeomorphic to §(2“). Hence that set contains a
copy of the split interval. The homeomorphism is easy to check using Proposition 16
since in both spaces, the topology is determined by convergent sequences. If Ki(J3)
contains a copy of the split interval, then by Lemma 39 it also contains copy of K 1(B40)
where g0 : {0, 1}> — {0, 1} is g°(i, j) = i. Suppose that P is of the form P = PBg1, s0 by
Lemma 26 there exists o such that o 0g® < g'. But from the definition of < it easily
follows that if g'(i, j) = g'(j, i) for all i, j, the same would happen for g°. O

Theorem 41. Let K be a Rosenthal compact space that is not scattered. Then K contains
either a homeomorphic copy of the Cantor set or a homeomorphic copy of the split
interval.

Proof. Since K is not scattered, there exists a continuous surjection ¢ : K — [0, 1].
For every t = (1, ..., 1) € 2%, let z; = Z’;Zl 2tj3_j € [0, 1]. In this way, {z; : t € 2<®}
is the Cantor set. For every t € 2<%, pick d; € K such that ¥ (d;) = z;. The key property
of these points is that

{dy :s70<t}N{dy: 571Kt} =0 ()
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for every s € 2<?. By Lemma 36, we pass to a first-move subtree T ~ 2= for which the
natural bijection induces a homeomorphism between {d; : t € T} and the dense subset of a
space of the form K () or Ko () on the dyadic tree. However, property (&) eliminates
the case of K () because g would be in all those closures. By Lemmas 38 and 40,
the space K|(B) contains a Cantor set if (0, 1) and (1, 0) lie in the same piece of the
partition, and it contains a split interval if (0, 1) and (1, 0) lie in different pieces of the
partition. O

Notice that the above proof shows something a little bit stronger: if we have a
continuous surjection from a Rosenthal compact space onto a non-scattered space, then
there is a closed subspace where the restriction is either a homeomorphism between
Cantor sets or it looks like the canonical surjection S(2%) — 2%.

A similar argument shows that if a Rosenthal compactum maps continuously onto the
split interval, then it contains the split interval:

Theorem 42. Let K be a Rosenthal compact space and ¥ : K —> S be a continuous
surjection from K onto the split interval. Then, there exists a closed subset Z C K
homeomorphic to the split interval such that the restriction |z : Z —> L is one to one.

Proof. Consider now z; = (z;,0) € S to be the left twin of the z; considered in the
previous proof. We pick again d; such that ¥ (d;) =z, , and we have the same key
property (&) as above. This property also implies that ¢{d; : r € 2<®} is uncountable.
Using Lemma 36, we suppose that f; — d; induces a natural homeomorphism

¢: K1CP) — {d; : t € 2=},

If (0, 1) and (1, 0) live in the same piece P of the partition 3, then {f p) : x € 2“} would
be homeomorphic to the Cantor set, but its image under ¥ ¢ would be, by property (&),
an uncountable subspace of the split interval. This is impossible because every metrizable
closed subspace of the split interval is countable. So (0, 1) and (1, 0) lie in different pieces
of the partition P, P’ € B. But then

Z = {f(x,P) X € 2w}U{f(x,P/) P S 2w}
is homeomorphic to S(2%) and ¥ is injective on ¢ Z by the choice of the elements d;. [

10. Low degrees

In order to give the explicit list of the minimal separable Rosenthal compacta of degree
n we just have to enumerate all possible strong-dense-types « = (A, B,C, D, E, ¥, P,y)
with || = n, consider the corresponding K (B s«) and adding Koo (,). The lists of the
strong types for n =2 and n =3 are found in [4, §8], the dense-types being shorter
sublists of them. In any case, this is an easy discussion of cases:

For n = 2, we have, up to permutation, only two dense strong types «® and o'

m|A|B| C |D\Ely| P |y
ad|2 {0, 1} {{0, 1}}
| 2[{0}] | {1} i
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The corresponding partitions of 2 x 2 are ‘}3(2) = {{(0,0), (1, D), (1, 0)}, {(0, 1)}} and ‘I?é =
{(0,0)}, {(0, 1), (1, 0), (1, D}}. Thus, K1 (PY), K1(PL) and Kos(Q>) form the basis of three
elements for separable Rosenthal compact spaces. By Lemmas 39 and 40, the space
K, (‘Bg) both contains and is contained in the split interval. On the other hand, {f( p) :
xe2? Pe ‘D%} is homeomorphic to the so-called Alexandroff duplicate of the Cantor
set, but this duplicate is non-separable while K 1(213%) is separable. These three minimal
spaces are like the seven spaces of [1].

For n = 3, the possible o’s are:

m| A |B| C |[DIE|y| P |y
3| 2] {0) {1,2} {1, 23}
;|3 ] {0} {1,2} {1y, {23
3| 2[{0, 1}|{2} =2

For n = 4, the possible «’s are (in this table, we omit some brackets):

m| A |B| C |D|El ¥ P y
all3 0,1,2,3 {0, 1}, {2, 3}
all4] 0 1,2,3 {1}, {2}, {3}
aZl3] 0 1,2,3 {1}, {2, 3}
all3] 0 1,23 =3
af[2] 0,1 (2,3 0,1) 2

(1,0) 3
a3/ 0,1 |2 3 =2 (3}
all3] 0,1 ]2 3 =2 =2
aj30,1,2| 3 =3

Thus there are three minimal separable Rosenthal compact spaces of open degree 2,
four minimals of open degree 3 and eight minimals of open degree 4.

11. Problems

The fact that Rosenthal compact spaces are sequentially compact can be rephrased
by saying that a Rosenthal compact space is finite if and only if it does not contain
homeomorphic copies of Koo(#). One of the main results of [14] can be reformulated in
our language by saying that Rosenthal compact space is first countable if and only if it
does not contain homeomorphic copies of Ko (). In the same spirit, Corollary 41 can be
restated by saying that a Rosenthal compact space is scattered if and only if it does not
contain copies of either K;1(J31) or K{(2), where B = {{(0, 0), (1, 1), (0, 1), (1,0)}} and
TBo = {{(0, D}, {(1,0), (0,0), (1, 1)}}. All these results suggest a general problem: Given a
fixed set of spaces of the form K;(B) or K (), which is the class of Rosenthal compact
spaces that do not contain any of them? Or from another point of view, which classes of
Rosenthal compact spaces can be described as those that do not contain certain spaces
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of the form K () or Kso(Q)? For example, we do not know any characterization of the
class of Rosenthal compact spaces that do not contain the split interval.
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