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Abstract We construct a cohomology theory using quasi-smooth derived schemes as generators and an
analog of the bordism relation using derived fiber products as relations. This theory has pull-backs along
all morphisms between smooth schemes independent of any characteristic assumptions. We prove that,
in characteristic zero, the resulting theory agrees with algebraic cobordism as defined by Levine and
Morel. We thus obtain a new set of generators and relations for algebraic cobordism.
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1. Introduction

In his treatise on the universality of the formal group law of complex oriented
cobordism [13], Quillen introduced a geometric set of generators and relations for complex
oriented cobordism. He viewed complex cobordism as the universal contravariant functor
on smooth manifolds endowed with Gysin homomorphisms for proper oriented maps.
The distinctive feature of complex cobordism is that it comes equipped with a first
Chern class operator for complex line bundles, and this Chern class operator satisfies the
universal formal group law. Quillen’s construction of this theory is surprisingly simple.
In his geometric description, cobordism classes in the cobordism group U?(X) can be
represented by proper complex oriented maps Z — X, and two such maps give the same
cobordism class if they arise as fibers of a proper complex oriented map W — X x R.
The construction of pull-backs in this geometric description for all maps between smooth
manifolds relies on Thom’s transversality theorem. Since any two maps between manifolds
can be moved by a homotopy until they are transversal, the pull-back of any generator
Z — X will again be a proper complex oriented map between smooth manifolds.

A corresponding algebraic theory was introduced by Levine and Morel [6]. Compared
to complex cobordism, it has a distinctly different flavor in two ways. First of all, the
formal group law controlling the first Chern class operator does not appear in a natural
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way. In the algebraic setting, the formal group law corresponds to a rule on how to
take a divisor consisting of several components apart. Surprisingly enough, as shown by
Levine and Pandharipande in [7], imposing a rule on the simplest possible configuration
of divisors is already sufficient to obtain a formal group law for the first Chern class
operator. Alternatively, the formal group law can be imposed formally, as done in [6]. On
this issue, derived algebraic geometry does not offer any insight. The second difference
to the topological theory arises in the construction of pull-backs along all morphisms
between smooth schemes. Since algebraic geometry is by nature much more rigid, two
morphisms between smooth schemes can in general not be arranged to be transversal.
Taking smooth schemes as representatives of algebraic cobordism classes, it therefore
is difficult to obtain pull-backs in algebraic cobordism. In fact, this is by far the most
difficult part in the construction of [6], and it is only carried out in characteristic zero.
After these difficulties are out of the way, the resulting theory has a close resemblance
to Quillen’s theory of complex oriented cobordism. For instance, algebraic cobordism
satisfies a similar universal property, and the cobordism ring of a point is isomorphic to
the Lazard ring.

A natural idea how to obtain a cohomology theory having pull-backs along all
morphisms between smooth schemes is to enlarge the class of schemes allowed as
generators of the theory. Staying in the realm of algebraic geometry, it is unclear though
which class of schemes to pick. The least complicated schemes after smooth schemes
are local complete intersections, and these are also not stable under pull-backs between
morphisms of smooth schemes. Here, derived algebraic geometry offers a natural solution.
The class of quasi-smooth derived schemes is a mild generalization of smooth schemes
and local complete intersections. It satisfies excellent stability properties under all derived
pull-backs of morphisms between smooth schemes, so that any cohomology theory defined
with quasi-smooth derived schemes as generators will automatically have pull-backs along
such morphisms. The class of quasi-smooth schemes offers a natural algebraic—geometric
analog of moving by a homotopy to transversal intersection; see, for example, the work
of Ciocan-Fontanine and Kapranov in [2]. Quasi-smooth schemes are also not too far
a generalization from schemes. For instance, the simplicial commutative rings giving
the local theory of quasi-smooth schemes only have finitely many homotopy groups.
Furthermore, locally every quasi-smooth derived scheme can be written as the derived
fiber product of underived schemes.

The aim of this paper is to study the theory obtained by using an algebraic version of
Quillen’s construction with quasi-smooth derived schemes replacing smooth manifolds
as representatives of bordism classes, and by replacing deformation to transversal
intersection by derived fiber products in the definition of the bordism relation. The
resulting theory is called derived algebraic cobordism. By construction, the resulting
cohomology theory will have pull-backs along all morphisms between smooth manifolds,
independent of any characteristic assumption on the base field. In particular, we obtain a
first Chern class operator for line bundles. As in the algebraic theory of Levine and Morel,
it is too much to expect that this operator will satisfy a formal group law. After imposing
this formal group law, we obtain a theory that resembles the theory of Levine and Morel.
In characteristic zero, we prove that there is a natural comparison map between algebraic

https://doi.org/10.1017/51474748014000334 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000334

Derived algebraic cobordism 409

bordism and derived algebraic bordism, and this map is in fact an isomorphism. We thus
obtain a new set of generators and relations for algebraic cobordism.

The motivation came from finding an analog of Spivak’s [15] and Joyce’s [5] results
in derived differential geometry and d-manifolds, respectively. Using generators and
relations as prescribed above, Joyce and Spivak define derived cobordism for any smooth
manifold, and both are able to prove that derived cobordism agrees with classical
cobordism. Our result is slightly stronger in that it shows that, for any quasi-projective
derived scheme (including both singular and derived), the aforementioned isomorphism
exists.

This result also provides a conceptual explanation why the virtual fundamental classes
of Behrend and Fantechi [1] and Li and Tian [8] exist. It implies that every quasi-smooth
derived scheme of virtual dimension d is in fact bordant to a smooth scheme of
dimension d.

The method of proof employed here is remarkably similar to that of the proofs of Joyce
and Spivak. For those acquainted with the proof, we have the following rough analogies.

Differential geometric ‘ Algebro geometric
Manifold | Smooth scheme
Derived manifold | Quasi-smooth derived scheme
Tubular neighborhood | Deformation to the normal cone
Thom’s transversality | Levine’s moving lemma

More precisely, following ideas from [11], we introduce orientations for quasi-smooth
morphisms in algebraic bordism. In the case of a quasi-smooth derived scheme mapping
to a point, this gives exactly the virtual fundamental class. Using the tools summarized in
the above table, we then prove a Grothendieck—Riemann—Roch result stating that these
orientations are compatible with the orientations defined for derived algebraic bordism
(Corollary 5.11). As a consequence, we obtain that the natural transformation

Vo 1 dQy — Qu

obtained from the universal property of d2, is an isomorphism.

An immediate consequence of this Grothendieck—Riemann—Roch result is that derived
bordism and classical bordism coincide as homology theories on the category of
derived quasi-projective schemes.

Theorem 5.12. For all X € dQPr; the morphism
Baq : Lx(X) — dQ(X)

is an isomorphism.

To emphasize the analogy between derived fiber products and deformation to
transversal intersection, we prove the following formula for the intersection product in
derived algebraic cobordism.

Theorem 6.1. Let X € Smy. Then the intersection product is represented by the homotopy
fiber product:
[Yl-1Z1=1Y x’)‘( Z] € dQ*(X).
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We briefly review the argument and the contents of the paper.

In § 2, we introduce the abstract notion of an oriented Borel-Moore functor of geometric
type with quasi-smooth pull-backs. We then define derived algebraic bordism in § 3,
and show that it is the universal oriented Borel-Moore functor of geometric type with
quasi-smooth pull-backs. In § 4, we study some properties of the underived bordism €.
We first extend 2, to a homology theory on derived quasi-projective schemes and verify
that is the universal oriented Borel-Moore homology theory of geometric type. This yields
a natural transformation %,;q : Qs — dQ4. The remainder of the section is devoted to
constructing pull-backs along quasi-smooth morphisms in €,. Once this is done, we
obtain, using the universal property of d., a natural transformation dgq, : d2, — Q.
in the opposite direction. Finally, in § 5, we show that these natural transformations are
inverse to each other using a Grothendieck—Riemann—Roch type theorem.

Notation. We will work throughout over a base field k. Starting from § 4, this field will
be of characteristic zero.

For any scheme or derived scheme X we will denote by QCoh(X) the oo-category of
quasi-coherent sheaves on X introduced by Lurie in [10]. Roughly, objects of QCoh(X)
correspond to possibly unbounded complexes of quasi-coherent sheaves on X.

We have adopted using LL for the Lazard ring and Ly for the cotangent complex of a
scheme X.

In the text, various categories of schemes and derived schemes are encountered. We have
used bold font with hopefully self-explanatory names for these categories. For instance,
dQPr; denotes the category of derived quasi-projective schemes over k, Smy denotes the
category of smooth quasi-projective schemes over k, and so forth.

Given a scheme X and the data of an effective Cartier divisor on X, D, we do not
distinguish between the Cartier divisor and the natural subscheme it generates. We let
Ox (D) be the associated line bundle on X, with the natural section implicit. We let |D|
denote the support of the Cartier divisor. This is the reduced subscheme of D.

Similar to Fulton’s convention [4, Convention 1.4], if i : ¥ < X is a closed embedding
and o € d2,(Y), when no confusion can arise we write o € d2,(X) rather than i,c.

Throughout this text, f : X — Y is transverse to g : Z — Y if they are Tor-independent
and X Xy Z — Z is smooth. Here, Tor-independence means that Torl.OY (Ox,0z) =0 for
alli > 0.

2. Oriented Borel-Moore functors on derived schemes

In this section, we introduce oriented Borel-Moore functors on quasi-projective derived
schemes which have quasi-smooth pull-backs. We believe this is the right setting for
studying virtual fundamental classes, since for any quasi-projective quasi-smooth derived
scheme X we can then define the virtual fundamental class via 73 [1], where 7x : X — pt
is the structure morphism.

Following Levine and Morel [6], we first introduce oriented Borel-Moore functors with
product. In these theories, one has no control over the behavior of the first Chern class
operator. We later pass to oriented Borel-Moore functors of geometric type. There, the
first Chern class satisfies a formal group law.
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2.1. Oriented Borel-Moore functors with product

The definition of an oriented Borel-Moore functor with product on derived schemes is an
immediate generalization of the original definition of Levine and Morel in [6] for schemes.
Let dQPr; denote the category of quasi-projective derived schemes over k. Let dQPry,
denote the subcategory of dQPr; with proper morphisms.

Definition 2.1. An oriented Borel-Moore functor with product on dQPry, is given by the
following.

(D1) An additive functor A, : dQPr; — Ab,.

(D2) For each smooth morphism f : X — Y in dQPr;, of pure relative dimension d, a
homomorphism of graded abelian groups

[ AY) — Aera(X).
(D3) For each line bundle L on X, a homomorphism of graded abelian groups
c1(L) 1 A(X) — A1 (X).
(D4) For each pair (X, Y) in dQPry, a bilinear graded pairing
X Ay(X) X A (Y) — A(X xY)
which is commutative, associative, and admits a distinguished element 1 € Ag(pt)
as a unit.

These data are required to satisfy the following axioms.

(Al) Let f:X — Y and g:Y — Z be smooth morphisms in dQPr; of pure relative
dimension. Then

(go /)" = fFog".
Moreover, idy = ida, (x)-

(A2) Let f: X — Z and g : Y — Z be morphisms in dQPr;, where f is proper and g
is smooth of pure relative dimension. Let

g/
W ——

|
Y

be the resulting Cartesian square. Then

X
|1
z

—_—
8

! _Ix

g fu = 18"
(A3) Let f: X — Y be proper, and let L — Y be a line bundle. Then

feoc1(f*L) = ci(L) o fs.
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(A4) Let f: X — Y be smooth of pure relative dimension, and let L — Y be a line
bundle. Then

a(f*Lyo f* = froci(L).
(A5) For all line bundles L and M on X € dQPry, we have

ci(L) oci(M) = c1(M)oci(L).

If L and M are isomorphic as line bundles on X, then ¢{(L) = ¢;(M) holds.
(A6) For proper morphisms f and g, we have

X0 (fi X &) = (f X gxoxX.
(A7) For smooth morphisms f and g, we have

xo(f*xg") = (fxgFox.
(A8) For X,Y € dQPr; and L — X a line bundle, we have

(c1(L)(@) x B = c1(pT(L))(a x B).

Remark 2.2. It might seem surprising that in (A2) the square is only required to be
Cartesian and not homotopy Cartesian. But in this case the Cartesian product is a
homotopy fiber product since g is assumed to be smooth and thus flat.

The following lemma follows immediately from the definitions.

Lemma 2.3. An oriented Borel-Moore functor with product on dQPry, restricted to QPry,
is a Borel-Moore functor with product on QPry.

For a general oriented Borel-Moore functor, one has no control over the behavior of the
first Chern class operator. The next better behaved type of homology theory introduced
by Morel and Levine is an oriented Borel-Moore functor of geometric type. For such
a theory, the first Chern class operator is controlled by a formal group law. Since the
conditions only involve smooth schemes and a smooth derived scheme is always classical,
the definition carries over immediately to derived schemes. We briefly recall the notion
for the reader’s convenience.

Recall that an oriented Borel-Moore Ry-functor with product is an oriented
Borel-Moore functor A, equipped with a graded ring homomorphism R, — A, (k). Here,
R, is graded unital commutative ring.

Definition 2.4. Let L, be the Lazard ring, graded such that the universal formal group
law has total degree —1. An oriented Borel-Moore functor of geometric type is an oriented
Borel-Moore Ly-functor A, on dQPr; satisfying the following additional axioms.

(Dim) For a smooth scheme X and line bundles L, ..., L, on X with r > dim(X), we
have
ci(Ly)o---oci(Ly)(1x) =0 € Au(X).
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(Sect) For a smooth scheme X and a section s: X — L of a line bundle L on X
transverse to the zero-section, we have

ci(L)(Ix) = ix(17),
where Z is the zero-set of s and i : Z — X is the inclusion.
(FGL) for a smooth scheme X and line bundles L, M on X, we have

Falei(L), cx(M))(Ix) = c1(L® M)(1x) € Ax(X),

where F4 is the image of the universal formal group law on L under the
homomorphism given by the L,-structure.

Remark 2.5. In [6], Borel-Moore functors satisfying more axioms than those of a functor
of geometric type are considered. One of the axioms for a weak homology theory is a
weak localization axiom closely related to axiom (Sect) of a functor of geometric type.

(Loc) Let L be a line bundle on a scheme X admitting a section s : X — L which is
transverse to zero. Let i : Z — X be the inclusion of the zero-set of s. Then the
image of ¢j(L) : Ax(X) = A4_1(X) is contained in the image of i, : Ax_1(Z) —
Ay—1(X).

Again, the following lemma is immediate from the definitions.

Lemma 2.6. An oriented Borel-Moore functor of geometric type on dQPry restricted to
QPr; is a Borel-Moore functor of geometric type on QPry.

If, in addition to axiom (Loc) of Remark 2.5, one requires the projective bundle
theorem, and an extended homotopy relation, then one obtains the definition of a
weak homology theory. From there, one can further ask for pull-back along locally
complete intersection morphisms and certain cellular decomposition formulas to obtain
a well-behaved functor called a Borel-Moore homology theory.

2.2. Borel-Moore functors with quasi-smooth pull-backs

To introduce virtual fundamental classes in an oriented Borel-Moore functor it is
necessary to define orientations, i.e. pull-backs, for quasi-smooth morphisms. We first
recall some basic notions on quasi-smooth morphisms.

Definition 2.7. A morphism f : X — Y of derived schemes is quasi-smooth if f is locally
of finite presentation and the relative cotangent complex L,y is of Tor-amplitude <1.

Example 2.8. Let f : X — Y be a local complete intersection morphism of schemes. Then
f is quasi-smooth.

Remark 2.9. Note that being locally of finite presentation as a morphism of derived
schemes is in general a stronger condition than requiring the underlying morphism of
schemes to be locally of finite presentation in the usual sense. For instance, being locally
of finite presentation as a morphism of derived schemes implies that the relative cotangent
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complex is perfect. This is only true for local complete intersection morphisms of classical
schemes.

For any point p:SpecA — X the above condition implies that p*Lx,y is locally
isomorphic to a two-term complex of vector bundles. This leads to the definition of
virtual dimension.

Definition 2.10. Let f : X — Y be a quasi-smooth morphism, and let p : Speck — X be
a k-point of X. Then the virtual dimension of f at p is defined as

virdim(f, p) = Ho(p*Lx,y) — Hi(p*Lx/y).
Remark 2.11. The virtual dimension of f at p € X is a locally constant function.

For later uses we will introduce quasi-smooth morphisms that admit a factorization
into a quasi-smooth embedding followed by a smooth morphism. In the case of local
complete intersection morphisms of schemes this is often built into the definition. As a
rule of thumb, in English texts a local complete intersection has a global factorization by
definition (see, e.g., [4, 6]), whereas in French texts this is an additional property (see,

e.g., [3]).

Definition 2.12. We say that a morphism f : X — Y of derived schemes is smoothable
if it factors as closed embedding followed by smooth morphism. Such a factorization is
called a smoothing.

Remark 2.13. Let f: X — Y be a quasi-smooth morphism, and let X S ML Ybea
smoothing. It then follows that i : X < M is a quasi-smooth embedding.

Remark 2.14. Locally a smoothing exists for any quasi-smooth morphism.
Example 2.15. Any morphism f : X — Y with X, Y € dQPr; admits a smoothing.

Once we have pull-backs along quasi-smooth morphism, we will, in particular, have
fundamental classes for local complete intersections. We need a normalization property
for these fundamental classes to ensure compatibility with fundamental classes for local
complete intersections in other homology theories. This normalization is automatically
satisfied for Borel-Moore homology theories.

To state the desired normalization property, we first borrow notation from [6, § 3.1].
Given a formal group law F(u, v) € R[[u, v]] for some commutative ring R, there exists
the difference group law

F~(u,v) € R[[u, v]].

If we let x(u) denote the unique inverse power series satisfying F'(u, x(u)) = 0, this
difference group law is defined by the equation

F(u,v) = F (u, x(v)).
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Often the suggestive notation +r is used in place of the formal group law and —p for
the difference. Given an integer n, denote

u+r...+ru n2=0,
[n]F-u =
u—pg...—rpu n<20,
where the operation is performed |n| times, and given integers ny, ..., ny,
Fre=tm @y, o) = [m]p -ur +plnolp -uz -+ plnml e -t

One can guess many identities among the formal power series with this notation. For
instance,
(u+rv)—O+rv)=u

translates to the formal power series identity
F~(F(u,v), F(O,v)) =u

used in Lemma 3.17.

Let E be a strict normal crossing divisor on a smooth scheme X with support |E]|.
Following [6], if A, is any Borel-Moore functor with first Chern classes obeying a formal
group law and having proper push-forwards (this included Borel-Moore functors of
geometric type), there exists a class [E — |E|] € Ax(|E|) defined as follows. Writing
E = ZT:l”jEj with each E; integral, for any index J = (ji,..., jm) with [|[J] < 1,k
let E := ﬂi’jl:] E; be the Jth face, and let i’ : E/ — |E| be the natural inclusion. If
L; = Ox(E;) and LY = (i')*L;, define

(£~ EN= Y il (IFj" @], L)), (1)
YAMAES

With the notation now set, we define the central notion of this section.

Definition 2.16. An oriented Borel-Moore functor with quasi-smooth pull-backs (also
referred to as ‘with quasi-smooth orientations’, or ‘with quasi-smooth Gysin-maps’) on
dQPr, consists of an oriented Borel-Moore functor A, of geometric type equipped with
the following.

(B1) For each equi-dimensional quasi-smooth morphism f : Y — X of relative virtual
dimension d, a homomorphism of graded abelian groups

i AX) — Aprg(Y).
These pull-backs should satisfy the following axiom.

(QS1) Let s : L — X be a section of a line bundle. Then ¢j (L) = s*s,.

(QS2) Let f:X — Y and g:Y — Z be quasi-smooth morphisms of pure relative
virtual dimension. Then

(go f)* = f"g"

'Here, ||J]| := Sup; (ji).
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(QS3) Let f: X — Z and g:Y — Z be morphisms giving the homotopy Cartesian
square

g/
W ——

Y ——7
8

with f proper and g quasi-smooth and virtually equi-dimensional. Then
g fe = fig™
(QS4) For quasi-smooth morphisms f and g, we have
xo(f*xg") = (fxg"ox.
(QS5) For any strict normal crossing divisor E in a smooth scheme X, we have
mp([1]) = Cp)«(E — |EID.

Here, mg : E — pt is the structure morphism of E, which is a local complete
intersection morphism, and ¢g : |[E| — E is the natural embedding.

Remark 2.17. Axiom (QS5) is likely equivalent to the extended homotopy property.
In particular, by [6, Chapter 7], it is satisfied by all Borel-Moore homology functors.
As mentioned previously, it is directly related to the universal morphism from regular
bordism commuting with locally complete intersection pull-back (a priori, it only
commutes with smooth pull-back). Since we want our derived bordism group to extend
bordism (it will in fact be an isomorphism), it is a requirement. This hypothesis will
likely be relegated irrelevant with more investigation in properties of the ‘naive’ derived
bordism groups.

The pull-back f* is called an orientation of the quasi-smooth morphism. In any oriented
Borel-Moore functor with quasi-smooth pull-backs or orientations we can define virtual
fundamental classes.

Definition 2.18. Let X be a quasi-projective quasi-smooth derived scheme, and let A,
be an oriented Borel-Moore functor with quasi-smooth pull-backs. Then the wvirtual
fundamental class is defined as

75 ([1]) € A (X).

Here, my : X — pt is the structure morphism, and 7§ is quasi-smooth pull-back.

The following definition summarizes all desirable properties a homology theory with
quasi-smooth pull-backs should have.

Definition 2.19. An oriented Borel-Moore homology theory with quasi-smooth pull-backs

on dQPry, is given by an additive functor A, : dQPr;, — Ab, equipped with quasi-smooth
pull-backs and an external product, such that the following hold.
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BM1
BM2
BM3
BMA4

Axioms (QS2), (QS3), and (QS4) hold.

The projective bundle theorem of [6, Definition 5.1.3] holds.
The extended homotopy relation of [6, Definition 5.1.3] holds.
The cellular decomposition relation of [6, Definition 5.1.3] holds.

—_— — ~— ~—

(
(
(
(

3. Derived algebraic bordism

In this section, we define derived algebraic bordism by generators and relations. Derived
algebraic bordism will turn out to be the universal oriented Borel-Moore functor of
geometric type with orientations for quasi-smooth morphisms. Since a quasi-smooth
morphism of schemes is a local complete intersection morphism, derived algebraic bordism
has pull-backs for local complete intersection morphisms. Besides all the axioms necessary
for an oriented Borel-Moore functor of geometric type, derived algebraic bordism
additionally satisfies axiom (Loc) of Remark 2.5, although we will not use this.
We begin with the generators of our theory.

Definition 3.1. Let X be a quasi-projective derived scheme over k. Denote by M, (X)*
the free abelian group generated by proper morphisms

f:Y — X,

where Y € QSmy, is irreducible and of virtual dimension n. We will refer to elements of
M, (X) as derived bordism cycles.

We next introduce relations among the generators.

Definition 3.2. Let X € dQPry, and denote by p : X x P! — P! the projection onto the
second factor. Let ¥ € dQPr; be quasi-smooth of pure virtual dimension, and let

g:Y—>X><]P>1

be a proper morphism. We can then form the homotopy Cartesian square

Yo Y Yoo
X —=XxPl——X
0

P! 00.

The associated homotopy fiber relation then is
[Yo = X]—[Yoo = X].

Let R4 (X) C M, (X)T be the subgroup generated by all homotopy fiber relations.
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Remark 3.3. It follows from basic properties of homotopy fiber products that Yy and Y
are quasi-smooth derived schemes without any assumptions on 0 and co being regular
values of pog.

We can now define a naive version of derived algebraic bordism.

Definition 3.4. Let X € dQPr;. Then naive derived algebraic bordism is defined by

dQIYe(X) = Mo (X)T/(RA(X)).

Remark 3.5. Let [Y — X] and [Y' — X] be generators of dQ‘;aive(X), where Y is weakly
equivalent to Y’. Using the homotopy fiber relation, it follows that [Y — X]=[Y' — X]
in dQIVe(X).

The functor dQU"e already has some of the requisite structure of an oriented
Borel-Moore functor. In particular, we can immediately define push-forward along proper
maps and pull-back along quasi-smooth morphisms (which includes smooth morphisms).
Let g : X — X’ be a proper map in dQPr;. The map

g M (X)T — Mu(X)HT

is given by
g(f:Y > XD)=[gof:¥Y = X'].

It is immediate that this descends to a functorial push-forward
v 1 QI (X) — dQIMe(X).

Definition 3.6. Let g : X — X’ be a quasi-smooth morphism between quasi-projective
derived schemes. The quasi-smooth pull-back

g Mu(X)T — Mu(X)T

is given by
SUf Y = XD =[xt X - X].

Again, it is immediate that this descends to a functorial pull-back
g* 2dQ$aive(X/) — inaive(X).

Remark 3.7. When g is smooth and thus flat, the usual fiber product is a homotopy fiber
product, and we arrive at

FAf:Y > XD =[Y xx X — X].

Since we have defined pull-backs for quasi-smooth morphisms, we automatically have
first Chern class operators.
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Definition 3.8. Let X € dQPry, let L be a line bundle on X, and let 5o : X — L be the
zero-section. We can then define the first Chern class operator via

(L)Y = XD = s55(s0)«([Y — X]).

More generally, for any vector bundle E — X of rank r, we define the Euler class or top
Chern class as
e (L)Y — X1) = 55(s0)([Y — X]).

Lemma 3.9. Given a line bundle L on X € QPry and any s : X — L, define c¢{(L) :
dQu(X) — dQu(X) as sgs«([Y —f> X]). Then c¢j(L) = c‘iO(L) =c1(L).

Proof. Let us first assume that L has two non-zero-sections, s and s’. Define Z — X x P!
to be the derived scheme

Z———>YxP!

Lf l§o(f><id)

X x P! 2 LR Opi (1),

where § = sxg+5'x0, and where xg, xoo are the Cartier divisors corresponding to 0
and oo (they are both sections of Opi(1)). It is clear that Z is quasi-smooth and that
flo=c@wynry L X7 and floo = S (LyN[Y J, X1, thus proving the claim.

For the case that s =sp, note that, if p: L — X is the natural projection, then
p*L — L has two natural sections: the canonical section § and p*s’. These sections
are both non-zero-sections of the same line bundle, and thus, from the above, we have

the following diagram for any [X ER Y]:

Y’ Y’ Y xx L x P!
A Z L x P!

R

X xP! — = L x P! LX Op1

The bottom morphisms are quasi-smooth, and thus the quasi-smoothness of Y implies
that Y” is quasi-smooth. We then have

[Y'lo = X]=c(L)N[Y - X]

and
[Y'ow = X]=c} (L)N[Y — X],

and thus the desired bordism. O

Remark 3.10. The same proof works also works for any vector bundle of rank e > 1.
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To promote d Q';aive to an oriented Borel-Moore functor with product, we define the
external product by

Xt My(X) x My(X') — M(X x X')
[Y - XIx[Y —- X+— [Y xx Y — X x¢ X'].

Clearly this descends to d anive.

Proposition 3.11. dQM™"® is an oriented Borel-Moore functor with product.

Proof. We have defined the projective push-forward, smooth pull-back, first Chern
classes, and the external product. The proof then is a long but simple check of the axioms
using properties of homotopy Cartesian squares. For instance, axiom (A2) follows from
the fact that, given a diagram
A ——=A
]

]

Y —— 7,
8

f

where the two inner squares are homotopy Cartesian, then the outer is also homotopy
Cartesian. O

With these definitions, we can prove that dQ""¢ partially satisfies the properties of an
oriented Borel-Moore functor of geometric type.

Proposition 3.12. dQ"¥"¢ satisfies axiom (Sect).

Proof. Let X be a smooth scheme, let L be a line bundle on X, and let s : X — L be
a section which is transverse to the zero-section. Since the first Chern class operator is
independent of the choice of section, we can take ¢1(L)(1x) = 0*s4(1x), where 0 : X — L
is the zero-section. Since the section is assumed to be transverse to zero, the first Chern
class operator is then given by the Cartesian square

Z—X

idL lid

Z——X

I

X —— L.
0

Here, Z is the zero-set of s. We now have
e1(L)(1x) = 0%s,(1y) = 0*([X —> X = L])

—1z-% 75 x1=i.qz 2% 7). O
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Remark 3.13. In fact, replacing [X — X] with [Y — X] in the proof above shows that
dQUVe gatisfies axiom (Loc) of Remark 2.5.

Remark 3.14. Using the homotopy zero-set, Proposition 3.12 is even true without the
transverse to zero assumption.

This is as far as one can get by using the homotopy fiber relation. It seems impossible
to show further properties of the first Chern class operator of Definition 3.8, for example,
that it satisfies a formal group law and axiom (Dim). To go any further, one must
artificially impose a formal group law. This requires that we first know that c¢; acts
nilpotently.

In the following propositions, following the arguments of [7], we will show that it is
enough to show nilpotence of ¢; for globally generated bundles. Once this is shown, it
then is legal to impose the formal group law for globally generated bundles. We are then
left to prove that axioms (FGL) and (Dim) hold for all line bundles.

Proposition 3.15. Let X be a smooth scheme, and let Ly, ..., L, be globally generated
bundles with dim(X) < r. Then

[Ta@n=o.
i=1

Proof. By Proposition 3.12, cj(Li)oci(Ly)o---oci(Ly)(1x) set-theoretically can be
arranged to be the empty set. Any morphism factoring through the empty set is zero. [

We now impose the formal group law on these globally generated line bundles. Recall
that L, denotes the Lazard ring, graded such that the universal formal group law has
total degree —1. Define a new oriented Borel-Moore functor by

X —> L, ®7dQM(X).
For any smooth scheme X, set
RECL(X) € L, ®7 dQI°(X)
to be the subset of elements of the form
Fi(ei(L), et (M)(Ax) —c1(L @ M)(1x)

for globally generated line bundles L, M on a smooth scheme X. Here, Fy, is the universal
formal group law.

Recall from [6, § 2.1.5] that, given an oriented Borel-Moore functor with product A,
and a subset of homogeneous elements R (X) C A4(X) compatible with the external
product, it is possible to define the quotient Borel-Moore homology functor A /R.

Definition 3.16. Define derived algebraic pre-bordism as

dQb = aqQuave /(REGH).
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Using the notation for the formal group law set in the previous section, we now have
to show that (Dim) and (FGL) hold for all line bundles. The proofs proceed exactly as
in [7].

Lemma 3.17. Let X € Smy, let L be a line bundle on X, and let M be a globally generated
line bundle such that L ® M is globally generated. Then

c1(L) = Fp (c1i(L® M), c1(M)).
Proof. The proof follows from the power series identity

F~(F(u,v), F(0,v)) = F~(u, 0) = u. O

Proposition 3.18. dQY° satisfies aziom (Dim).

Proof. Let X be a quasi-projective scheme, and let Ly,..., L, be a sequence of line
bundles with r > dim(X). By the previous lemma, we have

ci(L;) = Fp (c1(Li @ M), c1(M)),

where M is globally generated and chosen such that L; ® M is globally generated. The
proof then is the same as [7, Lemma 9.3]. O

Proposition 3.19. dQY° satisfies aziom (FGL).
Proof. Let X be a smooth scheme, and let L, M be line bundles on X. Choose globally
generated bundles Ny, N> such that L ® N and L ® N, are globally generated. The proof
then follows from the formal power series identity

F~ (F(u1,v1), F(uz,v2)) = F (F~(u1,u2), F~ (v, v12))
combined with Lemma 3.17 and the formal group law for globally generated bundles. [

Lastly, we ensure that strict normal crossing divisors in a smooth scheme have the
correct fundamental class. For any smooth scheme X and any strict normal crossing
divisor E in X, set

RINC(E) c dQP(E)

to be the subset of elements of the form

7 ([1]) — (Ce)«[E — |E|].

Here, mg : E — pt is the structure morphism of the support of E, ¢g : |E| — E is the
natural closed embedding, and [E — |E]|] is the class defined in (1).

Definition 3.20. Define derived algebraic bordism as

dQ, = dQY° /(RINC).

Remark 3.21. Instead of taking the axiomatic approach to obtaining a formal group law,
it should be possible to impose some form of the double point relations of [7] to obtain
the formal group law and the correct fundamental class for strict normal crossing divisors
in one step.
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We are now ready to prove the universality of derived algebraic bordism.

Theorem 3.22. d2, is the universal oriented Borel-Moore functor with quasi-smooth
pull-backs of geometric type.

Proof. By Propositions 3.11, 3.12, 3.18, and 3.19, d<2, is an oriented Borel-Moore functor
of geometric type and has orientations for quasi-smooth morphisms. The normalization
property (QS5) is clear by construction. We are left to show universality. The proof of
universality is the same as that for [13, Proposition 1.10]. Let A, be another oriented
Borel-Moore functor of geometric type with quasi-smooth pull-backs. Then we can define
a natural transformation
Ta:dQ2 —> Ay
by
P2aY L XD = farpial.

Here, as before, my : Y — pt is the structure morphism of Y. The proof that ¢ is
compatible with the structures of an oriented Borel-Moore functor of geometric type
is straightforward. O

Remark 3.23. Further examples of oriented Borel-Moore functors with quasi-smooth
pull-backs are discussed in [9]. There, using the quasi-smooth pull-backs defined by [11],
Chow homology is extended to derived schemes. This theory has the additive formal
group law. As another example, G-theory with quasi-smooth pull-backs is introduced.
This carries the multiplicative formal group law.

4. Quasi-smooth pull-backs in algebraic bordism

We now restrict consideration to the case that k is of characteristic zero. We begin by
extending the classical underived bordism €2, to a functor on the category of derived
quasi-projective schemes dQPr; with proper morphisms using the same generators and
relations as for classical schemes. By abuse of notation, we will still denote this extended
functor by Q4. Given a derived quasi-projective scheme X, we then have the closed
embedding of the underlying scheme tx : fo(X) < X. In particular, this is a proper map,
and there exists a push-forward on associated bordism groups.

Lemma 4.1. Let X € dQPry. Then the inclusion of the classical part ix : tg(X) — X
induces an isomorphism

txs - Q4 (f0(X)) —> Qu(X).
Proof. This is clear, since the generators of Q4(X) are given by morphisms f:Y — X
with ¥ smooth, and every such map factors through the truncation #y(X). O

Using the above lemma, it is immediate to equip the extended functor Q, with
pull-backs along smooth morphisms of derived quasi-projective schemes. Since the
truncation of a smooth morphism f : X — Y is again smooth, we can define f* by

the composition

2. = 20 "L Q00 = 2u(X).
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Along the same lines, we can define a first Chern class operator for a line bundle L on
a derived scheme X for the extended functor €2, by the composition

~ Cl(t))k(L) ~
Qu(X) = Qu(t(X)) = Qu—1(00(X)) = Q4 1(X).
Almost by definition, this makes the extended functor Q, an oriented Borel-Moore
functor of geometric type. The same proof as in the discrete case shows that it is in fact
the universal such functor.

Corollary 4.2. There is a canonical classifying morphism
l?dgz . Q* —> dQ*.

Proof. Since d2; is an oriented Borel-Moore functor of geometric type on dQPr;,
and since by the preceding discussion 2, is the universal such Borel-Moore functor
of geometric type, we obtain a natural transformation

ﬁdQ . Q* —> dQ*
given by
f
Bae(lY — X]) = furry[l].
Here, my : Y — pt is the structure morphism of Y, and the pull-back and push-forward
morphisms on the right-hand side are in d<2,. O

The remainder of this section is devoted to constructing a classifying map in the
opposite direction. To construct this morphism, we want to use the universal property
of d2,. Since d€2, is universal with respect to quasi-smooth pull-backs, we first have to
construct quasi-smooth pull-backs in €2,. This will be done in this section.

More generally, it is possible to show this for any Borel-Moore homology theory that
has intersections with pseudo-divisors defined (in such a way as to commute with smooth
pull-back and proper push-forward) and that satisfies a homotopy invariance property.

In order to construct these quasi-smooth pull-backs, we first review some background
material on quasi-smooth embeddings.

4.1. Background on quasi-smooth embeddings

Let f: X < Y be a quasi-smooth closed embedding. Using the truncation functor, we
have a commutative diagram in dSchyg:

XC—f>y

¢ ly

X)—— (V).
10(X) e to(Y)

We have the following basic result.

Lemma 4.3. Let f : X — Y be a quasi-smooth embedding of virtual codimension d. Then
yLx/y[—1] is a locally free sheaf of rank d on to(X).

https://doi.org/10.1017/51474748014000334 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000334

Derived algebraic cobordism 425

Proof. Since f is quasi-smooth, L,y is perfect of Tor-amplitude <1. Furthermore, since
f is an embedding, Lx,y is in QCoh(X)>1 (homological grading). It thus follows that
L*XL x/y[—1] is a locally free sheaf. The claim on the rank is clear from the definition of
virtual codimension. O

Definition 4.4. Let f : X < Y be a quasi-smooth embedding. Define the virtual normal
bundle NxY — t9(X) to be the geometric vector bundle corresponding to L}}LX/Y[—l]V.

We now compare the virtual normal bundle NxY to the normal cone CxY of the
underlying embedding #y(f) : to(X) < to(Y). Recall that the normal cone is the scheme
over fo(X) given by Spece, (B0 1"/1"*"), where I is the ideal sheaf of 1(X) in fo(¥).

Using the functoriality properties of the cotangent complex, we have a morphism

xLx/y —> Liyx)/uv)-

Let I be the ideal sheaf of #(X) in #(Y). It is a classical fact that 1 (L x)/1(v)) = 1/1%.
We thus obtain a morphism
i: CxY — NxY.

We have the following result, which will be the basis for the construction of
quasi-smooth pull-backs in €2,.

Lemma 4.5. The morphism
i:CxY — NxY

is a closed embedding.

Proof. The claim is local and will follow once it is shown that jyLyx/y — 1 /1%
is surjective. Let f: A — B be a 0-connective morphism of simplicial commutative
k-algebras. We then have the commutative diagram

A———B
mTpgA —— myB.
This gives the following diagram of cofiber sequences:

Lpa®am9B —— Lp®pmoB —— Lp/a QpmoB

| | |

L?T()A ®7{0A 7T()B L?T()B Ln'()B/noA

| l |

Lrgasa ®mga T0B ———— Lay(By/B ——— =M.

We have to show that M € QCoh(moB)>>. Now recall that, since A — mpA is 1-connective,
Lyyasa is in QCoh(mgA)>». Likewise, Ly p/p is 2-connective. Since M is the cofiber of
2-connective objects, the claim follows. O
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4.2. Deformation to the normal cone

We now introduce deformation to the normal cone for a quasi-smooth embedding X < Y.

We begin by reviewing the Rees construction for filtered simplicial modules over a
field k. Given a simplicial k-module M with filtration {M;};cz such that M; C M;| and
M = UM;, we can form a simplicial graded k[t]-module 5 M;t'. We call this association
the Rees construction.

We now review some facts from commutative algebra of simplicial rings [12]. Let
f R — S be a morphism of simplicial commutative k-algebras which is levelwise
surjective. We equip the categories of simplicial commutative k-algebras and simplicial
k-modules with their standard model structures. We then obtain a fiber sequence

I —->R—S

of simplicial k-modules, where I is a simplicial ideal in R. Now factor this morphism in
the model category of simplicial commutative k-algebras as R — P — S, where R — P
is a cofibration and P — § is a weak equivalence. Setting Q = P ®g S, we obtain a
multiplication map m : Q — §. This gives a fiber sequence

J—>0—>S

in the category of simplicial k-modules, where J is a simplicial ideal in Q. The cotangent
complex Lg/g can then be identified with J/J 2 in the homotopy category of simplicial
S-modules.

By identifying S with S ® g R, it follows that the multiplication m : Q — S has a section
s =1d®f in the homotopy category of simplicial Q-modules. In particular, we obtain
an identification J >~ I ®% S[1] as Q-modules. By adjunction, we have an identification
as S-modules J ®EQ‘ S~ ®H§ S[1]. In particular, we have J/J* = I/I?*[1]. Combining
with the formula for the cotangent complex in the paragraph above, we obtain the
identification Ls/g = 1/1%[1].

Now assume that A is a smooth discrete simplicial k-algebra and that f: A — B
is quasi-smooth morphism which induces a surjective morphism mgA — mgB. By first
factoring A — B in the model category of simplicial k-algebras as A — B’ — B, where
A — B’ is a cofibration and B’ — B is a weak equivalence, and then factoring A — B’
as A — A" — B’, where A — A’ is a cofibration and a weak equivalence and A’ — B’ is
a fibration, we can assume that f’: A’ — B’ is levelwise surjective, and that A’ and B’
are both levelwise smooth k-algebras. In particular, in the fiber sequence

1>AaLp,
the simplicial ideal I is levelwise a regular ideal. Furthermore, since A’ — B’ is
quasi-smooth, using the identification Lp//a/[—1] = 1/1 2 obtained above it follows that
1/1? is a projective A’-module.

We now filter A" by powers of the simplicial ideal I to obtain a filtered simplicial
k-algebra (A’, F). Applying the Rees construction gives a simplicial graded k[t]-algebra
D, F it!. The fiber over zero can be identified with the associated graded simplicial
algebra @n>0 1"/1"t1. Since the simplicial ideal I is levelwise regular and I/I? is
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projective, we obtain an identification Symj‘g(l/lz) ~ ["/I"t1. As a consequence, we can
identify the fiber over zero of the Rees-algebra €, ., Fit! with Symp (L al—11).

The previous discussion immediately generalizes to schemes, giving us a deformation to
the normal cone space M3 Y. By the fiberwise criterion for flatness, this space is flat over
Y x Al. The fiber over zero of the truncation fo(M3Y) is a Cartier divisor on fo(M3Y).
When X < Y is a quasi-smooth embedding, the fiber over zero is given by the vector
bundle corresponding to the locally free sheaf j§Lx,y[—1], and thus is the virtual normal
bundle N of Definition 4.4.

4.3. Pull-back along quasi-smooth embeddings

We will define the pull-back along a quasi-smooth embedding f : X < Y using the
deformation to the normal cone space introduced in § 4.2. We will abbreviate the space
to(M3Y) to M°. Recall that this scheme is flat over ¥ x A', with the virtual normal
bundle N of Definition 4.4 as fiber over zero.

Applying the localization sequence for algebraic bordism in characteristic zero, we
obtain an exact sequence

Qu(N) =5 Q.(M°) 5> Q. (¥ x (A1 0)) —> 0.
Since i*i, = 0, we thus obtain a morphism
sx/v (Y x (AT 0)) — Q. (N).
Finally, we can define the specialization morphism as the composition

oxy (V) T Qo (v x A 22 Q).

In complete analogy to the case of pull-backs along regular embeddings, we can then
define pull-backs along quasi-smooth morphisms.

For the following definition, recall that, since algebraic cobordism satisfies the extended
homotopy property, for any scheme X over k and any rank n vector bundle p : E — X,
the morphism p* : Q. (X) = Q44,(E) is an isomorphism. This allows us to form the
inverse (p*)~!. In particular, we can apply this to the virtual normal bundle. Note that
the same reasoning does not apply if the normal cone fails to be a vector bundle. This
is precisely what makes it impossible to define pull-backs along embeddings that are not
local complete intersections or more generally quasi-smooth.

Definition 4.6. Let f : X < Y be a quasi-smooth embedding of virtual codimension d
with Y € QPry, and let p: N — £(X) be the projection of the virtual normal bundle.
We define quasi-smooth pull-back as the composition

ox (7! (L)%

FFr2u) 25 QuN) B Qua(to(X)) 25 Qi a(X).

Remark 4.7. Unraveling the definition of ox,y(u) for a class u € Q4(Y), we see that we
first have to pull back u to ¥ x (A'\ 0), giving us a class pr* u € Q,41(A!'\ 0), then choose
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a preimage u of pr*u in Q,41(M°), and finally intersect with the Cartier divisor N to
obtain iy it € Q4(N).

Thus once we have chosen a lifting i € Q4,41(M°®), quasi-smooth pull-back is given by
(tx)s 0 (p*)~! oiy. This relates the general quasi-smooth pull-back to intersecting with
an effective Cartier divisor and intersecting with a zero-section.

We now relate this to an alternative definition, which is closer to the definition of
virtual pull-backs of [11]. Denote by M [‘; (X)Y the deformation to the normal cone space of
the inclusion #y(X) < Y. The fiber over 0 of M;)(X)Y is Cyy(x)Y, the normal cone of 7 (X)
in Y. This is an effective Cartier divisor on M;(’)(X)Y. Again using that i*i, = 0 for this
divisor and the exact localization sequence for algebraic bordism, there is a specialization
morphism

o)y : (V) — Qi1 (Y x (A1 0)) — Qu(Cryx) V).

By Lemma 4.5, we have a closed immersion j : Cyx)Y < NxY of the normal cone of

to(X) in Y into the virtual normal bundle.

Lemma 4.8. Let f: X — Y be a quasi-smooth embedding. Denote by j : Cyyx)Y — NxY
the inclusion of Lemma 4.5. Then
OX/Y = J% O O01(X)/Y-

Proof. By [6, Lemma 6.2.1], intersection with a Cartier divisor commutes with proper
push-forward. O

Corollary 4.9. Let f : X — Y be a quasi-smooth embedding. Then
fr@) = txe0 (P9~ o ooy ()
for all u € dQ2,(Y).

Remark 4.10. By Corollary 4.9, the pull-back for quasi-smooth embeddings differs from
the pull-back for regular embeddings only by the inclusion of the normal cone into the
virtual normal bundle.

The formula for quasi-smooth pull-backs given in Corollary 4.9 is the most convenient
form to prove the expected properties of the orientations defined. The remainder of this
section closely follows the construction of pull-backs for local complete intersections of
Verdier [3]. We first recall some basic properties of the specialization homomorphism.

Lemma 4.11. Let
X/(;,) Y’

f’l lf
X(_i>y

be a Cartesian diagram in QPr; with i a closed embedding. Let g : Cx'Y' — CxY be the
induced morphism of normal cones.
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(a) Assume that f in the above diagram is proper. Then

Oy/ 7
Q.(Y) — Q. (CxY)

f*l g*l
$2.(Y) > @u(CxY)

commutes.

(b) Assume that f in the above diagram is smooth of pure relative dimension d. Then

Q1Y) —L L Q,(CxY)

7] A

Qitd (V') 5> Quya(Cx Y

O'X// Vd
commutes.

Proof. By functoriality of the deformation to the normal cone space, we have a morphism
h:MS, Y — M3Y which induces g : Cx/Y’ — CxY on the exceptional divisors.

Assume that f is proper. Intersection with a pseudo-divisor commutes with proper
push-forward [6, Lemma 6.2.1], so the diagram

0'*/ /
QY x (A1 0)) — @, (Cx Y

| 5

QY x (AT 0)) —— Q2.(CxY)
Ox/y
commutes, and the claim follows.

For the case that f is smooth, one can explicitly compute that M§, Y’' =Y’ x Al Xy
M3 Y and that & is the natural projection. In particular, by base change, the morphism
g is smooth. The proof now proceeds as above, since intersection with a pseudo-divisor
commutes with smooth pull-back [6, Lemma 6.2.1]. O

Remark 4.12. Lemma 4.11 also admits an indirect proof. Assume that there exists some
Cartesian diagram such that the diagrams in (a) and (b) do not commute. Then one has
an immediate contradiction to the functoriality properties of the refined pull-backs of Q.
stated in [6, Proposition 6.6.3].

Lemma 4.13. Let
X/;i/> Y’

f/l Lf
X%Y

be a homotopy Cartesian diagram in dQPr, with i a quasi-smooth closed embedding.
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(a) Assume that in the above diagram f is proper. Then
i fe = £l
(b) Assume that in the above diagram f is smooth. Then
i/*f* — f/*l*
Proof. Since the truncation functor fg takes homotopy Cartesian diagrams to Cartesian
diagrams, we can apply Lemma 4.11 to the diagram
oo o) ,
t0(X")——1o(Y")
t0(f") 10(f)
100 (1),

Using basic functoriality properties of the cotangent complex, we obtain a further
commutative diagram:

CX/Y/ e NX/Y/
(.
CxY —— NxY.

Here, g is the morphism of normal cones induced by the base change used in Lemma 4.11.
Now assume that f is proper. Combining Lemma 4.11 with the above diagram, it
follows that

O’X//y/
Q(Y) — Qu(Cxryy) — Ny Y) — Qu(X)

T

$2.(Y) <77 Qu(Cxyy) — §0(NxY) —— Q(X)

commutes. Since the composition of the horizontal morphisms is respectively i* and i,
the claim follows. The case of f smooth is analogous. O

Our next task is to verify functoriality of the orientation for quasi-smooth closed
embeddings. Apart from the fact that we have to keep track of the embeddings of the
normal cones in the virtual normal bundles, the proof proceeds in exact analogy to the
case of regular embeddings of discrete schemes.

Proposition 4.14. Let X Ly s 7 be quasi-smooth embeddings. Then
(joi)* =i*j*.
Proof. Let us first assume that #(j) : to(Y) < 19(Z) is given by the embedding

to(Y) — CyZ — NyZ
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of Y in the virtual normal bundle. Let p : NyZ — t(Y) be the projection. We have an
isomorphism [4, Proof of Theorem 6.5]

Cx(NyZ) = CxY X45x) (Ny Z Xy(v) 10(X))
inducing a morphism
q/ :Cx(NyzZ) — CyxY.
Additionally assume that the virtual normal bundle NxZ splits as NyZ @& NxY, and let

q: NxY ® NyZ — NxY be the projection, giving us a commutative diagram

Cx(NyZ) ——= NxY®NyZ

o

CxY — = NyY.

Here, the lower horizontal morphism is the canonical inclusion of the normal cone
in the virtual normal bundle. In this situation, we have an isomorphism of the open
deformation to the normal cone spaces My )/ 7 = Mp x) /1 vy X1o(v) Ny Z compatible

with the projections to A! [3, Corollaire 2.18]. We thus obtain a commutative diagram:

Q,.(Y) —L o @, (CxY) ———= Q. (NxY)

O ‘|
Qutd(Z) 5> Qu1d(CxZ) — Qurq(NxY @ Ny Z).

ox/z

To prove our claim, since j* = (p*)~!, it suffices to prove that

(oi)'p" =i".
Let m : NxY — X and p : NxY & NyZ — X be the structure morphisms. Since g*on*
= p* is an isomorphism, it suffices to prove that

(wog)*o(joi) op*=q*on*oi®.

But this is immediate from the commutativity of the above diagram. The reduction of
the general case to the special case treated here is a standard application of the double
deformation space

o 1 1

XxAl/M;, A XA
obtained by applying the deformation to the normal cone construction to the embedding
X x Al — My, as in [11, Theorem 4.8], [6, Theorem 6.6.5], or [3, Theoreme 4.4]. O

4.4. Pull-backs for quasi-smooth morphisms

After having defined orientations for quasi-smooth closed embeddings, we now move to
general quasi-smooth morphisms. Since we are only working with quasi-projective derived
schemes, a smoothing is always available.
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Lemma 4.15. Let f:X — Y be a quasi-smooth morphism in dQPry. Assume that
f=poi=poi aretwo smoothings of f. Then

T x

i*p*=i*p*.

Proof. Let X <> P 5 ¥ and X <> P’ 2 ¥ be the two smoothings. Using the diagonal
embedding X — P xy P’ and the Cartesian diagram

P ——= P xy P’

X —P,

one quickly reduces to the case where f : X < Y is a quasi-smooth embedding, and one

has a smoothing
P
/ lp
Y

i

We then have the Cartesian and homotopy Cartesian diagram

P
lp
Y

with f’os =i. Since p’os = id and p’ is smooth, we obtain that L is of Tor-dimension
<1. The morphism s is an embedding, since f’ and i = f'os are embeddings (in
particular, f’ is separated), and thus s is a quasi-smooth embedding. By Proposition 4.14,
we have

i I

B

|

i*p* — S*f/*p*
Using Lemma 4.13(a), the right-hand side is equal to s*p/*f*. Since s*p/* = id, the claim
follows. O

This allows us to define orientations for quasi-smooth morphisms in .

Definition 4.16. Let f: X — Y be a quasi-smooth morphism in dQPrj, and let X <

PLYbea smoothing of f with p of relative dimension n and i of virtual codimension m.
Let d = n —m. We then define quasi-smooth pull-back as the composition

£ ) L Qun(P) -5 a0,

Here, i* is the quasi-smooth pull-back for quasi-smooth embeddings of Definition 4.6.
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Theorem 4.17. Let k be a field of characteristic zero. Then Q. is an oriented Borel-Moore
functor on dQPr;, of geometric type with quasi-smooth pull-backs.

Proof. It remains to verify the axioms of Definition 2.16. To prove functoriality and
thus (QS2), choose smoothings as in [6, Remark 5.1.2] such that we obtain a ladder of
smoothings

X— P ——P

N

Y —P

N

V4

with the square Cartesian and homotopy Cartesian. To prove axiom (QS3), factor f as
poi. The statement then immediately follows from the individual statements for p and i.
For p, the statement is clear, since p is smooth; for i, this is Lemma 4.13(b). The proof of
(QS4) is straightforward from the definitions. Since axiom (QS5) only applies to smooth
and thus underived schemes, we can deduce it from the corresponding statement in
[6, Proposition 7.2.2]. O

Since d24 is the universal Borel-Moore functor with orientations for quasi-smooth
morphisms, we obtain the following corollaries.

Corollary 4.18. Let k be a field of characteristic zero. We then obtain a classifying
morphism
Vg dQy — Q.

Proof. This immediately follows from the universal property of d<2, as the universal
Borel-Moore homology theory on dQPr, with quasi-smooth pull-backs. Since Q, is also
such a theory, the existence of the classifying morphism ¢ follows. O

Corollary 4.19. For all X € dQPry, the natural transformation
g Qe (X) — dQ(X)
18 injective.
Proof. We want to show that #q is a left inverse. To prevent confusion, in the following
we will decorate pull-backs and push-forwards with the homology theory they are taken

in. Let f:Y — X be a bordism cycle. Since ¢¥q commutes with proper push-forwards
and smooth pull-backs, we have

9 0¥ — X1) = 9o(f9n} 401D
= &5 gvalll

=[Y - X]. O
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5. Spivak’s theorem

We now have two Borel-Moore functors of geometric type on dQPr; at our
disposal: derived algebraic bordism d€2, and algebraic bordism €2,. Both are equipped
with orientations for quasi-smooth morphisms. We have also constructed natural
transformations ¥4q : Qs — dQ4 and Vg : dQ, — Q4 between these theories. Here, 940
is induced by the universal property of 2, as the universal Borel-Moore homology theory
of geometric type on dQPry, and ¥ is induced by the universal property of dQ2 as the
universal Borel-Moore homology theory on dQPr, with quasi-smooth pull-backs.

The goal of this section is to compare how the orientations for quasi-smooth
morphisms of these two theories interact. In the following, we will prove a
Grothendieck—Riemann—Roch-type result stating that ¥, in fact commutes with these
orientations. As a direct consequence of this result, we obtain an algebraic version of
Spivak’s theorem for derived cobordism in the differentiable setting.

The strategy for proving our Grothendieck—Riemann—Roch-type result is the same as in
the classical case treated in [3] or [4]. We first check the compatibility of the orientations
in specific settings, and later reduce the general case to the known setting.

A word on notation is in order. In the following, we will often encounter formulas
involving pull-backs and push-forwards in different homology theories. Except in special
cases, we have chosen not to decorate these operations with the homology theories they
are taken in. We hope that this does not lead to confusion.

5.1. Preliminaries on dQ,

For certain types of bordism classes, we want to reduce pull-back along a quasi-smooth
embedding in d<2, to intersecting with a effective Cartier divisor. The key ingredient in
this step is again deformation to the normal cone.

Recall from Corollary 4.19 that ®4q is injective. We let dQ2¢' denote the image of ¥q.
For any X € dQPr;, classes in d Qil are thus given by proper morphisms [Y — X], where
Y is assumed to be smooth.

Lemma 5.1. Let f:X < Y be a quasi-smooth embedding, and let g:Y' — Y be a
morphism of derived schemes such that g factors over the normal bundle NxY. Then
we have an equivalence of derived schemes

Y xh x>~y sk X

Proof. This follows immediately from the criterion that a morphism of derived schemes
is an equivalence if it induces an isomorphism on the truncation #y and an equivalence of
the cotangent complexes. O

Proposition 5.2. Let f : X — Y be a quasi-smooth embedding, and let u € dekl(Y). Then
there exists a class u' € dekl(N) such that

) = s*).
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Proof. We let M be the truncation #o(MxY) of the deformation to the normal cone space
of X in ¥, and let pr: ¥ x A! — ¥ be the projection on the first factor. We then obtain a
class pr*u € dQ,41(Y x A'). Identify ¥ x A! with an open subset of M. Since pr* u is in
inIH(Y x A1), we can extend it to a class @ in inlH (M). Since the fiber over zero of M
is the virtual normal bundle NxY, the class & provides a bordism between u € d Qil(X)
and a class u’ € dQ24(N). The remaining claim follows from Lemma 5.1. O

Remark 5.3. Once we haven chosen a lifting i, we obtain the following explicit formula
for quasi-smooth pull-back:

) =s*oi*(n).

This reduces all questions about quasi-smooth pull-backs to intersection with a Cartier
divisor followed by pull-back along a zero-section.

We need to compare our Euler classes with more traditionally defined Chern classes in
cases of overlap. The injectivity of 9,q allows us to define Chern class operators on dQ¢!
as follows. With X € QPry, let E — X be a vector bundle of rank e + 1 with associated
projective bundle g : P(E) — X. We denote the universal line bundle as O(1), and let &
be its first Chern class operator on dQ2(P(E)). Composing with pull-back along g, we
have operators

¢j =& og” 1 dQ(X) — dQuqe—j(X).

Let

o : @dsz*_e+ J(X) — dQu(P(E))
j=0

be the sum over the operators ¢;.

Lemma 5.4. The morphism
n
®: @Pdes,, ;00 — doBE)
j=0

is an isomorphism.

Proof. Since d kal is precisely the image of ¥4q, the proof follows from the fact that ¥4
commutes with smooth pull-back and first Chern class operators, and that the projective
bundle theorem holds in . O

The following corollary reduces many questions about vector bundles to sums of line
bundles via the splitting principle.

Corollary 5.5. The morphism
g* 1 dQS(X) — dQ, (P(E))

1s injective.
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Using the method of [6, § 4.1.7], as an immediate consequence of the projective bundle
theorem we obtain the existence of uniquely defined operators

G(E) : dQ(X) — dQS (X)

satisfying the relations

Y (=Diei(01))" " og* o &(E) =0.

i=0

Note that, by construction, ¢; = ¢;. These Chern classes satisfy all the expected
properties, e.g., the Whitney product formula. In particular, if £ = @j_, L; is a direct
sum of line bundles, then the jth Chern class of E is the jth symmetric polynomial in
the ¢1(L;).

A further immediate consequence of Lemma 5.4 is an explicit formula for the pull-back
along a zero-section of a vector bundle.

Corollary 5.6. Let X € QPry, let p: E— X be a rank r wvector bundle, and let
q :P(E®1) — X be the corresponding projective bundle with universal quotient bundle &.
Let i : E— P(E®1) denote the canonical open embedding. Then, for any u € dekl
(P(E® 1)), we have

(P~ u) = guler (€) Nu).
We show compatibility with the definition of the top Chern class given in Definition 3.8.

Lemma 5.7. Let X € QPry, and let E — X be a vector bundle of rank e. Then
ce(E)Nu==c.(E)Nu

for allu e inl(X).

Proof. Let g : P(E) — X be the projection. By the injectivity of ¢*, we can apply the
splitting principle and assume that E is a direct sum of line bundles @le L;. Then
Ce(E) =c1(Ly)o---oci(Le) by the Whitney product formula.

We prove the claim by induction on rank. Let u = [Y — X]. For e = 1, the claim holds
by construction of the Chern classes. Unraveling the definitions, the left-hand side is
given by the homotopy fiber product

Y ——— =Y
X (2)
sol

XTLI@.@LE.
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By induction, the right-hand side is given by the homotopy fiber product

Y Y’ Y

X
lso
50
X——L1® L.

S0

X——1L,.
50

Using the universal property of the homotopy fiber product (2), we obtain a morphism
Y” — Y'. Since we have always used the zero-sections, this is an isomorphism on
the underlying classical schemes. By a straightforward calculation, it also induces an
equivalence of the cotangent complexes. It thus is an equivalence. O

5.2. A Grothendieck—Riemann—Roch result

We next show that ;o commutes with Chern class operators and intersection with
effective Cartier divisors.

Lemma 5.8. Let X € QPry and let E — X be a vector bundle. Then the following diagram
commutes:

Qu(X) —22 o 40, (X)
Cp(E)ﬂl lcp(E) N-

B,

Qur (X) == d Qe (X).
Proof. Let ¢ : P(E) — X be the projection. Since ¢* is injective both for Q, and dQ2¢,
we can apply the splitting principle and assume that E is a direct sum of line bundles L;.
Then, in both Q4 and d<2,, the operation c,(E) is the pth symmetric polynomial in the
c1(L;). Since 940 commutes with first Chern classes, the claim follows. O

For the proof of the next lemma, we have to recall one of the key technical results in [6].
Levine and Morel prove that, for any finite-type scheme X over k and any pseudo-divisor
D on X, there exists an isomorphism between Q.,(X) and a group 24(X)p, whose

generators are classes [Y —f> X] such that either f(Y) is contained in D or f*D is a
strict normal crossing divisor. We call this result Levine’s moving lemma [6, Theorem
6.4.12).

Lemma 5.9. Let ip : D — X be an effective Cartier divisor on a scheme X. Then the
following diagram commutes:
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Q(X) —2 . 4Q.(X)
Dl liz 3)
Yaq

Qy—1(D) —— dQ,-1(D).

Proof. By Levine’s moving lemma, it suffices to treat the cases of bordism cycles
f:Y — X such that f factors through D or the fiber product of f and ip is a strict
normal crossing divisor of Y.

We first assume that f factors through D. Let f? : ¥ — D be the induced morphism,
ie., f =ipo fP. By definition,

dag oify = aa(fL(c1(f*Ox (D)) N1y)).
On the other hand, by Lemma 5.1,

D
i 0 daq = cl(i50x(D)N[Y L DI.
The claim follows by applying the projection formula (A3) of the axioms of Borel-Moore
functor and observing that ¥;q commutes with proper push-forward and first Chern
classes.
Let us now assume that D' := D xx Y is a strict normal crossing divisor of Y. This
implies that we have a Tor-independent? diagram:

i
D
D/ﬁ-

—y
Ve lf
éx

D

In this case,
daqoip = Yaa(fi(p«([D" — |D'ID)).

Recall that the class [D" — |D’|] is not given by a morphism, but instead by equation (1).
Since the above diagram is Tor-independent, it is a homotopy fiber diagram, and thus

ipovaa(Y — XI) =i}, fx(ly)
= f;i;ly
= filp'.

The claim then follows by applying relation RSN and observing that 9¥4q commutes with
proper push-forwards and first Chern classes, and is compatible with the formal group
law. O

2Recall that this means that ToriOX (Oy,Op)=0fori>D0.
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Theorem 5.10. Let f : X — Y be a quasi-smooth embedding of virtual codimension d in
dQPr;, with Y a scheme. Then the following diagram commutes:

Q. (V) —22 4@, (1)

f;;l fjgl

Qe (X) 22 4, _y(X).

Proof. Let M be the truncation of the deformation to the normal cone space M3Y.
By Remark 4.7 and Remark 5.3, after we have chosen a lifting & € Q441 (M) of prfu €
Qe 1(Y x A1), pull-back along f is given by s*oi* both in €, and in d$2. Here, i :
N — M is the inclusion of the virtual normal bundle N as Cartier divisor on M, and
s : t9(X) — N is the zero-section. Note that by the localization theorem for €2, a suitable
lifting & always exists.

The case of intersection with a Cartier divisor was treated in Lemma 5.9. It remains
to prove that ¥4y commutes with intersection with the zero-section. So let X € QPry, let
p: E — X be a vector bundle, let g : P(E @ 1) be the associated projective bundle with
open embedding i : E — P(E & 1) and universal quotient bundle &, and let u € Q4(E). By
the localization theorem for 2., there exists a class 1 € Q(P(E @ 1)) such that i*(i) = u.
Since the projective bundle theorem holds for 2, going around the left-hand side of our
diagram is given by

Dag os™(u) = Vaq 0 g«(cq(§) Nit).

On the other hand, since ¥4q(u) by definition lies in d kal, we can apply Corollary 5.6 to
compute going around the right-hand side:

5% o Baqu) = gi(ca(§) N Vagq(iD)).

Since ¥4 commutes with Chern classes by Lemma 5.8 and with proper push-forward,
the claim follows. O

We can now use the previous theorem to obtain a Grothendieck—Riemann—Roch-type
result for the natural transformation ¥,q.

Corollary 5.11 (Grothendieck—Riemann—Roch for 94q). Let f : X — Y be a quasi-smooth
morphism of relative virtual dimension d in dQPr;. Then the following diagram
commutes:

Q.(Y) —22 . 4Q.(v)

f;;l f;gzl
Yaq

Qitd (X) — dQurq(X).

Proof. Let u =[V £ Y] € Q.(Y) be a bordism cycle. By definition, u = g«ly, where
g:V — Y is proper and V is smooth. By factoring f as a quasi-smooth embedding and
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a smooth morphism, we can assume that f is an embedding (the case of f smooth is
clear). We can now form the homotopy fiber product

\%
lg
—Y.

7

f/

—_—

?Q\
<=

Note that f': W — V is a quasi-smooth embedding with V smooth. Thus Theorem 5.10
is applicable to f’. By axiom (QS3), f*u = g.f*1ly = g, f*1y. Applying V4o to this
equation
dae(f*u) = Yaa(g, f1v)

= g.Waa(f"1v)

= g.f"Vaa(ly)

= f*gVaq(ly)

= f*Vaq(g«1v)

= [ Vaau)
the result immediately follows. O

We are now able to deduce an algebraic version of Spivak’s theorem from the
Grothendieck—Riemann—Roch theorem for ¢;q.

Theorem 5.12 (Algebraic Spivak theorem). For all X € dQPry, the morphism
Dagq @ 2x(X) — dQu(X)

is an isomorphism.

Proof. By Lemma 4.19, 94q is a right inverse to q. We have to show that it is also a
left inverse. Let f : ¥ — X be a derived bordism cycle. By Corollary 5.11, ¥y commutes
with pull-backs along quasi-smooth morphisms. We then have

Yag o V(¥ — X1) = daa(f75 ol1])
= [T qq (5 ol1])
= [375 soPan((1])

=[Y - X]. O]

Since there exist non-trivial derived schemes of negative virtual dimension, we by no
means know a priori that d€2,,(X) =0 for n < 0. This is immediately implied by the
previous theorem.

Corollary 5.13. Let n < 0. For all X € dQPry, we have
d2,(X) =0.
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Theorem 5.12 provides a geometric explanation why virtual fundamental classes exist
for quasi-smooth derived schemes. It implies that every quasi-smooth projective derived
scheme bords to a smooth projective scheme. We make this precise in the following
corollary. We write [Y] for the class [V — pt] in dQ2.(k).

Corollary 5.14. For every projective quasi-smooth derived scheme X of virtual dimension
n there exists a smooth projective scheme Y of dimension n such that

[Y] = [X] € dS2, (k).

Proof. By Theorem 5.12, the morphism ¥4q : ,(k) — d2, (k) is an isomorphism. Since
the image of ¥, consists of smooth projective schemes, the claim follows. O

A further consequence of the comparison theorem is that the projective bundle theorem,
the extended homotopy relation, and the cellular decomposition relation hold for d<2,.

Corollary 5.15. d2, is an oriented Borel-Moore homology theory with quasi-smooth
pull-backs as in Definition 2.19.

Remark 5.16. In differential geometry, the corresponding result of Theorem 5.12 admits
a direct proof [5, 15]. There every derived manifold in either the sense of Spivak or Joyce
admits a global presentation as zero-set of a section of a vector bundle. Such a derived
manifold can be made bordant to a manifold by arranging the section to be transverse.

6. Derived Algebraic Cobordism

In this final section, we want to study the cohomology theory d2* on smooth projective
schemes Smy associated to the Borel-Moore homology theory d2,.

For X € Smy, of pure dimension d, we set dQ2"(X) := dQ2q—,(X). The cohomology theory
dQ* is then equipped with an external product. Since for a smooth scheme X the diagonal
embedding § : X — X x X is a local complete intersection morphism, we can define an
intersection product via

dQ*(X)®dQ* (X)) — dQ* (X x X) LN dQ*(X).
Here, the first arrow is the external product. Given two cobordism classes [V — X]
and [Z — X], we will denote the intersection product by [Y]-[Z]. The intersection
product turns dQ2*(X) into a commutative graded ring with unit [X L X]. Unraveling

the definitions, the intersection product is represented by the homotopy fiber product

YxZ)x" X ——=YxZ

T

X — X xX.

For the proof of next theorem, recall that, for two subsets U and V of a set X, and
denoting by A the diagonal of X in X x X, we have the set-theoretic identity (U x V)N
A =UNYV. In homological algebra, given a k-algebra A and two A-modules M and N,
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this translates to the identity (M Q; N) @ a4 A =~ M ® 4 N. We refer to this as reduction
to the diagonal. Using this, we can then prove the following result on the intersection
product.

Theorem 6.1. Let X € Smy. Then the intersection product is represented by the homotopy
fiber product:
[Yl-1Z1=1Y xé‘( Z] € dQ*(X).

Proof. Since the base k is a field, the proof follows from reduction to the diagonal, as in
Serre [14, V.B.1]. O

In particular, since the natural transformation ®g commutes with the intersection
product, we obtain the formula

[Y]-12] = 9a(Y x% Z])

in algebraic cobordism Q*(X) for algebraic cobordism classes [Y — X] and [Z — X].
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