Euro. Jnl of Applied Mathematics (2014), vol. 25, pp. 339-373. (© Cambridge University Press 2014 339
doi:10.1017/S0956792514000072

Random field representations for stochastic
elliptic boundary value problems and statistical
inverse problems

A. NOUY! and C. SOIZE?

YEcole Centrale de Nantes, LUNAM Université, GeM UMR CNRS 6183, 1 rue de la Noe, 44321 Nantes, France
email: anthony .nouy@ec-nantes.fr
2Université Paris-Est, Laboratoire Modélisation et Simulation Multi-Echelle, MSME UMR 8208 CNRS,
5 bd Descartes, 77454 Marne-la-Valle, France
email: christian.soize@univ-paris-est.fr

(Received 11 April 2013; revised 12 February 2014; accepted 18 February 2014;
first published online 21 March 2014)

This paper presents new results allowing an unknown non-Gaussian positive matrix-valued
random field to be identified through a stochastic elliptic boundary value problem, solving
a statistical inverse problem. A new general class of non-Gaussian positive-definite matrix-
valued random fields, adapted to the statistical inverse problems in high stochastic dimension
for their experimental identification, is introduced and its properties are analysed. A minimal
parameterisation of discretised random fields belonging to this general class is proposed.
Using this parameterisation of the general class, a complete identification procedure is
proposed. New results of the mathematical and numerical analyses of the parameterised
stochastic elliptic boundary value problem are presented. The numerical solution of this
parametric stochastic problem provides an explicit approximation of the application that
maps the parameterised general class of random fields to the corresponding set of random
solutions. This approximation can be used during the identification procedure in order to
avoid the solution of multiple forward stochastic problems. Since the proposed general class of
random fields possibly contains random fields which are not uniformly bounded, a particular
mathematical analysis is developed and dedicated approximation methods are introduced. In
order to obtain an algorithm for constructing the approximation of a very high-dimensional
map, complexity reduction methods are introduced and are based on the use of sparse or
low-rank approximation methods that exploit the tensor structure of the solution which
results from the parameterisation of the general class of random fields.
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Notations

A lower-case letter, y, is a real deterministic variable.

A boldface lower-case letter, y = (y1,..., yn) is a real deterministic vector.

An upper-case letter, Y, is a real random variable.

A boldface upper-case letter, Y = (Y1,..., Yy) is a real random vector.

A lower- (or an upper-) case letter between brackets, [a] (or [A]), is a real deterministic
matrix.
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A boldface upper-case letter between brackets, [A], is a real random matrix.

E: Mathematical expectation.

Mpm(R): set of all the (N x m) real matrices.

M,,(IR): set of all the square (m x m) real matrices.

MS(IR): set of all the symmetric (n X n) real matrices.

M;F(IR): set of all the symmetric positive-definite (n x n) real matrices.
MSS(R): set of all the skew-symmetric (m x m) real matrices.

MV(IR): set of all the upper triangular (n x n) real matrices with strictly positive diagonal.
O(N): set of all the orthogonal (N x N) real matrices.

V,.(RY): compact Stiefel manifold of (N x m) orthogonal real matrices.
tr: trace of a matrix.

<y,z >;: Euclidean inner product of y with z in R”".

lyll2: Euclidean norm of a vector y in R”".

|A|l>: Operator norm subordinated to R": [|A||y = supjy,—1 [Ay|l2.
|A||F: Frobenius norm of a matrix such that |A|% = tr{[A]T [A]}.
[In] : matrix in M, ,(R) such that [I,,,,];; = J;;.

[I,,]: identity matrix in IM,,(IR).

1 Introduction

The experimental identification of an unknown non-Gaussian positive matrix-valued
random field, using partial and limited experimental data for an observation vector related
to the random solution of a stochastic elliptic boundary value problem, stays a challenging
problem which has not received yet a complete solution, in particular for high stochastic
dimension. An example of a challenging application concerns the identification of random
fields that model at a mesoscale the elastic properties of complex heterogeneous materials
that cannot be described at the level of their microscopic constituents (e.g., biological
materials such as the cortical bone), given some indirect observations measured on a
collection of material samples (measurements of their elastic response, e.g., through image
analysis or other displacement sensors). Even if many results have already been obtained,
additional developments concerning the stochastic representations of such random fields
and additional mathematical and numerical analyses of the associated stochastic elliptic
boundary value problem must yet be produced. This is the objective of the present paper.

Concerning the representation of random fields adapted to the statistical inverse prob-
lems for their experimental identification, one interesting type of representation for any
non-Gaussian second-order random field is based on the use of the polynomial chaos
expansion [8,69] for which an efficient construction has been proposed in [18,26,27],
consisting in coupling a Karhunen—Loéve expansion (allowing a statistical reduction to
be done) with a polynomial chaos expansion of the reduced model. This type of construc-
tion has been extended for an arbitrary probability measure [21,39,41,56,67,70] and for
random coefficients of the expansion [58].

Concerning the identification of random fields by solving stochastic inverse prob-
lems, works can be found such as [16,35,36,63] and some methods and formulations
have been proposed for the experimental identification of non-Gaussian random fields
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[2,13,14,17,28,42,62,71] in low stochastic dimension. More recently, a more advanced
methodology [59,60] has been proposed for the identification of non-Gaussian positive-
definite matrix-valued random fields in high stochastic dimension for the case for which
only partial and limited experimental data are available.

Concerning the mathematical analysis of stochastic elliptic boundary value problems
and the associated numerical aspects for approximating the random solutions (the forward
problem), many works have been devoted to the simple case of uniformly elliptic and
uniformly bounded operators [3-5,15,24,40,43,50,68]. For these problems, existence and
uniqueness results can be directly obtained using Lax—Milgram theorem and Galerkin
approximation methods in classical approximation spaces can be used. More recently,
some works have addressed the mathematical and numerical analyses of some classes of
non-uniformly elliptic operators [10,25,29,46], including the case of log-normal random
fields.

For the numerical solution of stochastic boundary value problems, classical non-adapted
choices of stochastic approximation spaces lead to very high-dimensional representations
of the random solutions, e.g., when using classical (possibly piecewise) polynomial
spaces in the random variables. For addressing this complexity issue, several complexity
reduction methods have been recently proposed, such as model reduction methods for
stochastic and parametric partial differential equations [7,48,49], sparse approximation
methods for high-dimensional approximations [6,11,47,53,65], or low-rank tensor ap-
proximation methods that exploit the tensor structure of stochastic approximation spaces
and also allow the representation of high-dimensional functions [9,19,22,23,37,44,51].

In this paper, we present new results concerning:

(i) the construction of a general class of non-Gaussian positive-definite matrix-valued
random fields which is adapted to the identification in high stochastic dimension,
presented in Section 2,

(i1) the parameterisation of the discretised random fields belonging to the general class
and an adapted identification strategy for this class, presented in Section 3 and

(iii) the mathematical analysis of the parameterised stochastic elliptic boundary value
problems whose random coefficients belong to the parameterised general class
of random fields, and the introduction and analysis of dedicated approximation
methods, presented in Section 4.

Concerning (i), we introduce a new class of matrix-valued random fields {[K(x)],x € D}
indexed on a domain D that are expressed as a non-linear function of second-order
symmetric matrix-valued random fields {[G(x)],x € D}. More precisely, we propose and
analyse two classes of random fields that use two different non-linear mappings. The first
class, which uses a matrix exponential mapping, contains the class of (shifted) log-normal
random fields (when [G] is a Gaussian random field) and can be seen as a generalisation
of this classical class. The second class contains (a shifted version of) the class SFE™
of positive-definite matrix-valued random fields introduced in [57] which arises from
a maximum entropy principle given natural constraints on the integrability of random
matrices and their inverse.
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Concerning (ii), and following [59], we introduce a parameterisation of the second-order
random fields [G] using Karhunen—Loeve and Polynomial Chaos expansions, therefore
yielding a parameterisation of the class of random fields in terms of the set of coefficients
of the Polynomial Chaos expansions of the random variables of the Karhunen—Loeve
expansions. Second-order statistical properties of [G] are imposed by enforcing ortho-
gonality constraints on the set of coefficients, therefore yielding a class of random fields
parameterised on the compact Stiefel manifold. It finally results in a parameterised class
of random fields #" = {[K(")] = # (-, E,z);z € R"}, where the parameters z are associated
with a parameterisation of the compact Stiefel manifold, and where Z is the Gaussian
germ of the Polynomial Chaos expansion. A general procedure is then proposed for the
identification of random fields in this new class, this procedure being an adaptation for
the present parameterisation of the procedure described in [60]. The parameterisation of
the Stiefel manifold, some additional mathematical properties of the resulting paramet-
erised class of random fields and the general identification procedure are introduced in
Section 3.

The numerical solution of the parameterised stochastic boundary value problems
provides an explicit approximation of the application u : D x R xIR* — IR that maps the
parameterised general class of random fields to the corresponding set of random solutions
{u(-,E,z);z € R"}. This explicit map can be efficiently used in the identification procedure
in order to avoid the solution of multiple stochastic forward problems. Concerning (iii),
the general class of random fields possibly contains random fields which are not uni-
formly bounded, which requires a particular mathematical analysis and the introduction
of dedicated approximation methods. In particular, in Section 4, we prove the existence
and uniqueness of a weak solution u in the natural function space associated with the
energy norm, and we propose suitable constructions of approximation spaces for Galerkin
approximations. Also, since the solution of this problem requires the approximation of
a very high-dimensional map, complexity reduction methods are required. The solution
map has a tensor structure which is inherited from the particular parameterisation of the
general class of random fields. This allows the use of complexity reduction methods based
on low-rank or sparse tensor approximation methods. The applicability of these reduction
techniques in the present context is briefly discussed in Section 4.3. Note that this kind of
approach for stochastic inverse problems has been recently analysed in [54] in a particular
Bayesian setting with another type of representation of random fields, and with sparse
approximation methods for the approximation of the high-dimensional functions.

2 General class of non-Gaussian positive-definite matrix-valued random fields
2.1 Elements for the construction of a general class of random fields

Letd > 1 and n > 1 be two integers. Let D be a bounded open domain of IR%, let dD be
its boundary and let D = D U 0D be its closure.

Let %, be the set of all the random fields [K] = {[K(x)],x € D}, defined on a
probability space (@, .7, %), with values in M (R). A random field [K] in €} corresponds
to the coefficients of a stochastic elliptic operator and must be identified from data, by
solving a statistical inverse boundary value problem. The objective of this section is to

https://doi.org/10.1017/50956792514000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000072

Random field representations for statistical inverse boundary value problems 343

construct a general representation of [K] which allows its identification to be performed
using experimental data and solving a statistical inverse problem based on the explicit
construction of the solution of the forward (direct) stochastic boundary value problem.
For that, we need to introduce some hypotheses for random field [K] which requires the
introduction of a subset of €.

In order to normalise random field [K], we introduce a function x — [K(x)] from D
into M, (R) such that, for all x in D and for all z in R",

kolzl} < <[K(X)]zz> < n "%k, |jz|3, (2.1)

in which k and El are positive real constants, indepelldent of x, such that 0 <k, < El <
+o0. The right inequality means that | K (x)|2 < n~'/?k; and using [K(x)|r < \/n [|IK(x)[|2
yields |K(x)|r < k;. Since 0 < [K(x)];; and [K(x)]3; < |K(x)[, it can be deduced that

tr[K(x)] < ki, (2.2)
in which k, is a positive real constant, independent of x, such that k; = nEl.

We then introduce the following representation of the lower-bounded random field [K] in
%7 such that, for all x in D,

K9] = - (LI (el L]+ (Kol LY 23)

in which ¢ > 0 is any fixed positive real number, where [I,] is the (n x n) identity
matrix and where [L(x)] is the upper triangular (n X n) real matrix such that, for all x
in D, [K(x)] = [L(x)]T [L(x)] and where [Ko] = {[Ko(x)],x € D} is any random field in &'

For instance, if function [K] is chosen as the mean function of random field [K], that is
to say, if for all x in D, [K(x)] = E{[K(x)]}, then equation (2.3) shows that E{[K(x)]}
must be equal to [I,], what shows that random field [K¢] is normalised.

Lemma 1 If [Ko] is any random field in €7, then the random field [K], defined by equa-
tion (2.3), is such that

(i) for all x in D,

ki
1+e¢
(i1) for all z in R" and for all x in D,

IKX) [ < (Vne+ [Kox)[F) as. (2.4)

kilzl3 < <[Kx)]zz> as, (2.5)

in which k, =kye/(1+¢) is a positive constant independent of X.
(iii) for all x in D,
_ n(l+e _
eor e < Y OED ot as 26)
which shows that, for all integer p > 1, {[K(x)]~!,x € D} is a p-order random field,
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i.e., for all x in D, E{|[K(x)] """} < +o0 and in particular, is a second-order random
feld.

Proof (i) Taking the Frobenius norm of the two members of equation (2.3), using
ILx)|r = |[[L&)]T|F = JI[K(X)] and taking into account equation (2.2), we ob-
tain equation (2.4).

(ii) Equation (2.5) can easily be proven using equation (2.3) and the left inequality in
equation (2.1).

(i) We have [[[K)]™'[F < [ILOO]FITLOO] T |[F[ [Ko(x)] 7" |F in which [Ky(x)] =
(e[ 1]+ [Ko(x)])/(1 +¢). Since [Ko(x)] is positive definite almost surely, for x fixed in D, we
can write [Ko(x)] = [®(x)] [4(x)] [@(x)]T in which [4(x)] is the diagonal random matrix
of the positive-valued random eigenvalues A;(x), ..., 4,(x) of [Ko(x)] and [@(x)] is the
orthogonal real random matrix made up of the associated random eigenvectors. It can
then be deduced that [K,(x)]™' = (1+¢) [@(x)] (e[I,] +[4(x)])~! [@(x)]T and consequently,
for x in D, ||[K.(x)] 7|2 = tr{[K.(x)] 2} = (1 +&)* 3" (e + 4;(x)) 2 < (1 +¢)*n/e% Since

LGOI e LG Il = tr[K(x)]~", we deduce eq{;ltion (2.6). O

Lemma 2 If [K¢] is any random field in €, such that, for all x in D,

(1) 1Ko(X)||[F < Po < oo almost surely, in which By is a positive-valued random variable
independent of X, then the random field [K], defined by equation (2.3), is such that,
for all x in D,

IKx)r < <+ as, 2.7

in which f is the positive-valued random variable independent of x such that ff =
ki((ne+ po)/(1+e).
(i) E{|Ko(x)||3} < +0c0, then [K] is a second-order random field,

E{|KX)[F} < +o0. (2.8)

Proof Equations (2.7) and (2.8) are directly deduced from equation (2.4). O

Remark 2.1 If f, is a second-order random variable, then equation (2.7) implies
equation (2.8). However, if equation (2.8) holds for all x in D, then this equation does not
imply the existence of a positive random variable f# such that equation (2.7) is verified and
a fortiori, even if f existed, this random variable would not be, in general, a second-order
random variable.

2.2 Representations of random field [K(] as transformations of a non-Gaussian
second-order symmetric matrix-valued random field [G]

Let 425 be the set of all the second-order random fields [G] = {[G(x)],x € D}, defined
on probability space (@,.7, %), with values in M>(RR). Consequently, for all x in D, we
have E{|G(x)[|3} < +c0.
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In this section, we propose two representations of random field [Ko] belonging to &,
yielding the definition of two different subsets of ' :

e Exponential-type representation. The first type representation is written as [Ko(x)] =
exppm([G(x)]) with [G] in ¥>5 and where expp, denotes the exponential of symmetric
square real matrices. It should be noted that random field [G] is not assumed to be
Gaussian. If [G] were a Gaussian random field, then [Ky] would be a log-normal
matrix-valued random field.

e Square-type representation. The second type representation is written as [Ko(x)] =
[L(x)]T [L(x)] in which [L(x)] is an upper triangular (n x n) real random matrix, for
which the diagonal terms are positive-valued random variables, and which is written
as [L(x)] = [Z([G(x)])] with [G] in >3 and where [G] — [Z([G])] is a well-defined
deterministic mapping from IMS(IR) into the set of all the upper triangular (n x n) real
deterministic matrices. Again, random field [G] is not assumed to be Gaussian. If for
all 1 < j < j < n, [G]}; are independent copies of a Gaussian random field and for
a particular definition of mapping [.#([G])], then [Ko] would be the set SFG™ of the
non-Gaussian matrix-valued random field previously introduced in [57].

These two representations are general enough, but the mathematical properties of each
one will be slightly different and the computational aspects will be different.

2.2.1 Exponential-type representation of random field [Ko]

It should be noted that for all symmetric real matrix [4] in IM3(R), [B] = expp([A]) is
a well-defined matrix belonging to M;F(R). All matrix [4] in IM3(R) can be written as
[4] = [®] [1] [@]T in which [u] is the diagonal matrix of the real eigenvalues i, ..., i
of [A4] and [®] is the orthogonal real matrix made up of the associated eigenvectors. We
then have [B] = [®] expp([1])[®]7 in which expps([¢]) is the diagonal matrix in M, (IR)
such that [expp([p])]jx = € i .

For all random field [G] belonging to >3, the random field [Ko] = expp([G]) defined,
for all x in D, by

[Ko(x)] = exppm([G(x)]), (29)
belongs to ;. If [Ko] is any random field given in %, then there exists a unique random

n?>

field [G] with values in the IM5(R) such that, for all x in D,

[G(x)] = logm([Ko(x)]). (2.10)

in which logy, is the reciprocity mapping of expy, which is defined on IM;(R) with values
in M3(IR), but in general, this random field [G] is not a second-order random field and
therefore, is not in ‘éﬁ’s . The following lemma shows that, if a random field [Ko] in ;"
satisfies additional properties, then there exists [G] in %>° such that [Ko] = expp([G]).

Lemma 3 Let [K¢] be a random field belonging to €, such that for all x € D,
E{[Kox)[3} <40, E{|Kox)] "7} < +oo. (2.11)

Then there exists [G] belonging to €>5 such that [Ko] = expp([G]).
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Proof For x fixed in D, we use the spectral representation of [K(x)] introduced in
the proof of Lemma 1. The hypotheses introduced in Lemma 3 can be rewritten as
E{Ko®)[}} = Y0, E{4;(x?} < +o0 and E{| Kool [3} = Y, E{4;(x) 2} < o0,
Similarly, it can easily be proven that E{|G(x) HF} > E{(log 4;(x))*}. Since n is
finite, the proof of the lemma will be complete if we prove that, for all j, we have
E{(log 4;(x))*} < 400 knowing that E{4;(x)™?} < +o0 and E{A4;(x)*} < +oo. For j
and x fixed, let P(dxl) be the probablhty distribution of the random variable 4;(x). We
have E{(log4;(x))*} = fo (log 2)*> P(d/) + f1+°°(log)) P(dZ). For 0 < 1 < 1, we have
(log2)*> < 472, and for 1 < A < +oo, we have (logZ)> < 4% It can then be deduced
that E{(log 4;(x)} < [} 272 P(d) + [[* 22 P(di) < [ )72 P(d2) + [ 12 P(d)) =

E{A;(x)7%} + E{4;(x)*} < 4c0. O

Remark 2.2 The converse of Lemma 3 does not hold. If [G] is any random field in %25,
in general, the random field [K¢] = expyp([G]) is not a second-order random field.

Proposition 1 Let [G] be a random field belonging to >3 and let [Ko] be the random field
belonging to €7 such that, for all x in D, [Ko(x)] = expp([G(X)]). Then the following results
hold :

(1) For all x in D,

IKo(x)|[F < fnel™ir g, (2.12)
E{|Ko(x)|}} < nE{eC™Ir), (2.13)
E{] logm[Ko(x)1lI7} < +o0. (2.14)

(1) If IGX)|lr < P < 400 almost surely, in which B is a positive random variable
independent of X, then |[Ko(X)||r < Bo < +o0 almost surely, in which By is the positive
random variable, independent of X, such that [y = \/ﬁeﬁﬁ'.

Proof For (i), we have | expp(G(x))[l2 < el6™I2, Since [Ko(x)] = exppi(G(x)) and since
IKo(x)[r < /n [Ko(x)[l2, it can then be deduced that |[Ko(x)[r < (/ne/®™r and then
E{|Ko(x)|%} < nE{I6WIr} Since [G] is a second-order random field, the inequality
(2.14) is deduced from equation (2.10). For (ii), the proof is directly deduced from the
inequality (2.12). |

2.2.2 Square-type representation of random field [Ko]

Let g — h(g;a) be a given function from R in R™, depending on one positive real
parameter a. For all fixed a, it is assumed that:

(1) h(.;a) is a strictly monotonically increasing function on IR, which means that
h(g;a) < h(g';a) if —0 < g < g < +o0;

(ii) there are real numbers 0 < ¢, < 400 and 0 < ¢, < 400, such that, for all g in IR,
we have h(g;a) < c, + cy g2
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It should be noted that ¢, > h(0,a). In addition, from (i) it can be deduced that, for
g < 0, we have h(g;a) < h(0,a) < ¢, < ¢4 + ¢ g% Therefore, the inequality given in (ii),
which is true for g < 0, allows the behaviour of the increasing function g — h(g;a) to
be controlled for g > 0. Finally, the introduced hypotheses imply that, for all a > 0,
g — h(g;a) is a one-to-one mapping from R onto R* and consequently, the reciprocity
mapping, v — h~!(v;a), is a strictly monotonically increasing function from IR* onto R.

The square-type representation of random field [Ko] belonging to & is then defined as
follows. For all x in D,

[Ko(x)] = IL([G(x)]), (2.15)
in which {[G(x)],x € D} is a random field belonging to ¥>5 and where [G] — L([G]) is

a measurable mapping from IMS(RR) into IM;"(R) which is defined as follows. The matrix
[Ko] = IL([G]) € M (R) is written as

[Kol = [L]" [L], (2.16)

in which [L] is an upper triangular (n x n) real matrix with positive diagonal, which is
written as

[L] = Z([G]), (2.17)
where [G] — Z([G]) is the measurable mapping from IMS(IR) into MY(IR) defined by

[Z([GD]j; = [Glj;, 1<j<j <n, (2.18)
[Z([G])];; = V/h([Gljjsai), 1 < j<n, (2.19)
in which ay,...,a, are positive real numbers.

If [Ko] is any random field given in %", then there exists a unique random field [G]
with values in the M$(IR) such that, for all x in D,

[G(x)] = L™ ([Ko(x)]), (2.20)

in which IL~! is the reciprocity function of IL, from IM; (R) into IM>(IR), which is explicitly
defined as follows. For all 1 < j < j <n,

[GX)]j; = [ (L&D > [GX)]jj = [G(X)]j;- (2.21)

in which [L] — £~ !([L]) is the unique reciprocity mapping of .# (due to the existence
of v — h7'(v;a)) defined on MVY(R), and where [L(x)] follows from the Cholesky
factorisation of random matrix [Ko(x)] = [L(x)]” [L(x)] (see equations (2.15) and (2.16)).

Example of function h

Let us give an example which shows that there exists at least one such a construction. For
instance, we can choose h = h*™, in which the function h*™ is defined in [57] as follows.
Let be s = 6/./n+ 1 in which § is a parameter such that 0 < < /(n+ 1)/(n — 1) and

which allows the statistical fluctuations level to be controlled. Let be a; = 1/(25%) + (1 —
/)/2 > 0 and h*™(g;a) = 25 F- ' (Fw(g/s)) with Fy(w) = [ —= exp(—iw?)dw and

—0 /2n
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Fr_“l(u) = y the reciprocal function such that Fr, (y) = u with Fr (y) = [; r e 'dt and
I'(a) = fOJrOO t*"Letdt. Then, for all j = 1,...,n, it can be proven [57] that g — h"™(g;a;)
is a strictly monotonically increasing function from R into R™ and there are positive
real numbers ¢; and c,; such that, for all g in R, we have h*™(g;a;) < c,, + ¢ g’ In

addition, it can easily be seen that the reciprocity function is written as hAPM*l(v;a) =
s Fyt(Fr,(v/(25%)).

Proposition 2 Let [G] be a random field belonging to €>5 and let [Ko] be the random field
belonging to €, such that, for all x in D, [Ko(x)] = L([G(x)]). We then have the following
results:

(1) There exist two real numbers 0 < yy < 400 and 0 < y; < 400 such that, for all x in

D, we have
IKo(X)lF <70+ 711GX)IE  ass, (2.22)
E{[IKo(x)[r} < o0, (2.23)
If E{IGX)[}} < +oo, then E{|[Ko(x)[7} < +oo. (224)

(i) If |G(X)|r < B¢ < +0o0 a.s, in which g is a positive random variable independent
of x, we then have |Ko(x)|[r < fo < +oo almost surely, in which Py is the positive
random variable, independent of x, such that By = yo + 71 B

Proof (i) Since [Ko(X)] = [L)]" [L(x)], we have [Ko(x)[r < LX)z with
IL(x)|3 = Z h((G(X)]jj5a7)+> i< [G(x)]]] Therefore, |[Ko(x)[[F < > ; ca; +max{cy, 1/2}
> [G(x )2 i wh1ch yields inequality (2.22) with yo = }; ¢4, and y1 = max{ch, 1/2}. Tak-
ing the mathematical expectation yields E{|Ko(X)||r} < 70+71E{|G(x)|%} < 400 because
[G] is a second-order random field. Taking the square and then the mathematical expect-
ation of equation (2.22) yields equation (2.24).

(i1) The proof is directly deduced from equation (2.22). O

2.3 Representation of any random field [G] in %25

As previously explained, we are interested in the identification of the random field [K]
which belongs to %}, by solving a statistical inverse problem related to a stochastic
boundary value problem. Such an identification is carried out using the proposed
representation of [K] (defined by equation (2.3)) as a function of the random field
[Ko] which is written either as [Ko(x)] = expp([G(x)]) (see equation (2.9)) or as
Ko(x)] = [Z(Gx)]T [Z([G(x)])] (see equations (2.16) and (2.17)). In these two repres-
entations, [G] is any random field in 25, which has to be identified (instead of [K] in
%,"). Consequently, we have to construct a representation of any random field [G] in €>5.
Since any [G] in %25 is a second-order random field, a general representation of [G],
adapted to its identification, is the polynomial chaos expansion for which the coefficients
of the expansion constitutes a family of functions from D into M3(RR).

It is well-known that a direct identification of such a family of matrix-valued functions
cannot easily be done. An adapted representation must be introduced consisting in
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choosing a deterministic vector basis, then representing [G] on this deterministic vector
basis and finally, performing a polynomial chaos expansion of the random coefficients on
this deterministic vector basis. The representation is generally in high stochastic dimension.
Consequently, the identification of a very large number of coefficients must be done. It
is then interesting to use a statistical reduction and thus to choose, for the deterministic
vector basis, the Karhunen-Loéve vector basis. Such a vector basis is constituted of the
family of the eigenfunctions of the compact covariance operator of random field [G].

2.3.1 Covariance operator of random field [G] and eigenvalue problem

Let [Go(x)] = E{[G(x)]} be the mean function of [G], defined on D with values in M3(IR).
The covariance function of random field [G] is the function (x,x’) — Cg(x,x’), defined
on D x D, with values in the space M(R) ® M3(IR) of fourth-order tensors, such that

Co(x,X) = E{([G(x)] — [Go(x)]) ® ([G(X')] — [Go(X)])}. (2.25)
It is assumed that [Gy] is a uniformly bounded function on D, i.e.,
[Golleo := ess supyep [ Go(x)[[F < +00, (2.26)

and that function Cg is square integrable on D x D. Consequently, the covariance operator
Covg, defined by the kernel Cg, is a Hilbert—-Schmidt, symmetric, positive operator in the
Hilbert space L*(D,IM3(R)) equipped with the inner product,

< [G],[G}] >= /D tr{[Gi(x)]" [G;(x)]} dx, (2.27)

and the associated norm |||[G/]||| =< [Gi], [Gi] >'/2. The eigenvalue problem related to
the covariance operator Covg consists in finding the family {[G;(x)],x € D};>; of the
normalised eigenfunctions with values in IM5(IR) and the associated positive eigenvalues

{61}i>1 with 61 =65 > ... = 0 and Y% 67 < +oo, such that
/ Cg(x,X) : [Gi(X)]dX = 6; [Gi(X)], i=1, (2.28)
D

in which {C¢(x,X') : [Gi(X)]}kr = Dy {Cc(X.X)}kswr {[Gi(X')]}kr. The normalised
family {[Gi(x)],x € D};>; is a Hilbertian basis of L?>(D,M3(R)) and consequently,
< [Gi], [G;] >= 6;;. It can easily be verified that

+o0

E{IGX)IF} = Go)IF + > 0i |Gi(x)|F <+, VxeD, (2.29)
i=1
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00
/DE{HG(X)H%}dX= IGoll* + > 01 < +o0. (2.30)
i=1
We now give some properties which will be useful later. Since Cg is a covariance
function, we have [|Cg(x,X)|]* < tr{Cg(x,x)}x tr{Cg(x,X')} in which [|Cg(x,X')||* =
Yk 1Ca(X, x’)},%/k,, and tr{C¢(x,X)} = >, {Cc(X,X)}rsks = 0. We can then deduce the
following Lemma.

Lemma 4 If x+— tr{Cg(x,X)} is integrable on D, then Cg is square integrable on D x D. If
x — tr{Cg(X,X)} is bounded on D, then C¢ is bounded on D x D (and thus square integrable
on D x D) and the eigenfunctions x — [G;(x)] are bounded functions from D into M3(R).
For i = 1, we then have ||Gi||o, = ess supyep|Gi(X)|F < +c0.

Using additional assumptions about the kernel Cg, more results concerning the decrease
rate of eigenvalues {o;};>; can be obtained.

Lemma 5 We have the following results for d =1 and for d = 2.

(a) Ford =1, it is proven ('see Theorem 9.1 of Chapter II of [72] ) that, if for a given integer
w =1 and for all integer o such that 1 < a < p, the functions (x,x') — 0*Cg(x, x')/0x"*

are bounded functions on D x D, then > af+2/(2”+1) < 40 for any { > 0.

(b) For d = 2 (finite integer ), a useful result is given by Theorem 4 of [38]. Let us assume
that D has a sufficiently smooth boundary 0D. For X in D, let h be such that x +h and
X + 2h belong to D. We then define the difference operator Ay such that, for all X' fixed
in D, ACg(x,x') = Cg(x +h,X') — Cg(x,x') and A} is defined as the second iterate of
Ay. For all X' fixed in D, for a given positive integer u such that p = 1 and for a given
real { such that 0 < { < 1, let be

A2 2*Cg(x, X
ICatX)1, =Y supl19°Caxx)] + 3 sup W
€ X,

jal<u jal=n
in which 2*Cg(x,X') = 8™ Cq(x,x')/0x} ... 0x%" with |a| = oy + ... + oz Therefore,
if Cg is continuous on D x D such that supycp [|Cg(,X')||, < 400, we then have the
following decrease of eigenvalues: o; = O(i~1~(#+0)/d),
For d = 2 (finite integer), a similar result to (b) in Lemma 5 can be found in [45]
under hypotheses weaker than those introduced above, but in practice, it seems much
more difficult to verify these hypotheses for a given kernel Cg.

(c

~

Comment about the eigenvalue problem

Any symmetric (n x n) real matrix [G] can be represented by a real vector w of dimension
ny = n(n+ 1)/2 such that [G] = ¥%(w) in which % is the one-to-one linear mapping
from R™ in MS(IR), such that, for 1 < i < j < n, one has [Glij = [G];i = wi with
k=i+j(j—1)/2. Let Lﬁﬁw be the set of all the IR™-valued second-order random fields
{W(x),x € D} defined on probability space (0,7 ,%). Consequently, any random field
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[G] in %25 can be written as
[G] =%(W), W=9(G]), (2.31)

in which W is a random field in Jﬁw. The eigenvalue problem defined by equation (2.28)
can be rewritten as

/[Cw(x, X)Nw(x)dx =o;w(x), i>1, (2.32)
D

in which [Cw(x,X)] = E{(W(x) — w(x))(W(x') — w’(x'))T} and where w’ = 4~1([Gy)).
For i > 1, the eigenfunctions [G;] are then given by [Gi] = %(W').

2.3.2 Chaos representation of random field [G]

Under the hypotheses introduced in Section 2.3.1, random field [G] admits the following
Karhunen—Loéve decomposition:

+o0

[G(x)] = +Zf )] i, (2.33)

in which {#;};>1 are uncorrelated random variables with zero mean and unit variance. The
second-order random variables {n;}i>; are represented using the following polynomial
chaos expansion:

+o0
=> V] ¥i({Eiken). (2.34)

j=1
in which {Zj }xen is a countable set of independent normalised Gaussian random variables
and where {¥;};>; is the polynomial chaos basis composed of normalised multivariate

Hermite polynomials such that E{¥;({Zk}ken) ¥ ({Zk jken)} = 9. Since E{nini} = dir,
it can be deduced that

+o0 o
> vy =6 (2.35)
=1

2.4 Random upper bound for random field [K]

Lemma 6 Ifz 1 JOi Gillee < 420, then for all x in D,
IGX)|F < B <+ as, (2.36)

in which Bg is the second-order positive-valued random variable,

~+00
Bo = 1Gollo + > Joi lGillw Inil.  E{&} < +o0. (237)
i=1
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Proof The expression of f; defined in equation (2.37) is directly deduced from
equation (2.33). The random variable g can be written as fg = ||Gol« + . Clearly,
if E{B*} = 3ii JoiJorlGillolGilEdlnil Inil} < +oo, then E{fg} < +oo. We have

E{lnilIns1} < VE{7}\/E{n}} = 1 and thus E{B?} < (7 /6711 Gill)? O

Remark 2.3 It should be noted that, if |G|, < ¢y < oo for all i = 1 with ¢,
independent of i, we then have j:f \/F,- |Gilleo < +o0 if:

(i) for d = 1, the hypothesis of (a) in Lemma 5 holds for u = 2. The proof is the
following. We have Z f Gilloo < Con Z f Since g; — 0 for i — +o0, there
exists an integer ip > 1 such that, for all i > iy, we have o; < 1. For ¢ = 2, then
there exits 0 < { < 1/10 such that zl NG 2 6% < o0, which yields

1101

f < 400, and consequently, e f < 400.

(i1) for d > 2 (finite integer), the hypothe31s of (b) in Lemma 5 holds for u = d. The
proof is then the following. We have > ;7% JoilGille < cc, S Joi and for u =d,
/o = 0(i7'*/2%) and consequently, for 0 <<, f < +o0.

The previous results allow the following proposition to be proven.

Proposition 3 Let o; and [G;] be defined in Section 2.3.1. Ifz f |Gilloo < 400, then
for all x in D,

IKX)lF < p<+w as, (2.38)

in which B is a positive-valued random variable independent of x. Let fig be the second-order
positive-valued random variable defined by equation (2.37).

(i) (Exponential-type representation) If [K(x)] is represented by equation (2.3) with
equation (2.9),

1
[K(x)] = mwx T {e[ 1] + expp([G()D)} [L(X)], (2.39)
then, f =k /n(e + efe) /(1 +¢).
(ii) (Square-type representation) If [K(x)] is represented by equation (2.3) with equa-
tions (2.16) and (2.17),

[K(x)] = ﬁmw (el 1]+ [Z(GN]T [Z(GEDT} LX), (2.40)

then, f = kl(\/ﬁs + 70 +71 B2)/(1 + &) in which 7o and y, are two positive and finite
real numbers. In addition the random variable f is such that

E{B} < +oo. (2.41)

Proof Proposition 3 results from Lemma 2, Propositions 1 and 2, and Lemma 6. O
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2.5 Approximation of random field [G]

Taking into account equations (2.33) to (2.35), we introduce the approximation [GN)]
of the random field [G] such that

m
[G"™NM(x)] = [Go(x)] + > /o [Gi(x)] i, (242)
i=1
Zy Pi(Z), (2.43)
in which the {‘Pj}y:] only depends on a random vector £ = (Zy,..., Zy,) of N, independent
normalised Gaussian random variables Zy,..., Zy, defined on probability space (0,7, 2).

The coefficients yij are supposed to verify Z;'V=1 yij yl] = J;7 which ensures that the random
variables, {n;}",, are uncorrelated, centred random variables with unit variance, which
means that E{n;n;} = ;. The relation between the coefficients can be rewritten as

D17 ] = [, (2.44)

in which [y] € My,»(R) is such that [y]; = yJ for 1 <i<mand 1< j<N. Introducing
the random vectors n = (11,...,1,) and Y(8) = (P1(&),..., Yn(E)), equation (2.43) can
be rewritten as

n="D1" (&) (245)

Equation (2.44) means that [y] belongs to the compact Stiefel manifold.

Vu(RY) = {[y] € Myu(R); 1" [y] = U]} (2.46)

With the above hypotheses, the covariance operators of random fields [G] and [G"N)]
coincide on the subspace spanned by the finite family {[G;]}1,.

3 Parameterisation of discretised random fields in the general class and
identification strategy

Let us consider the approximation {[G"N(x)],x € D} of {[G(x)],x € D} defined by
equations (2.42) to (2.44). The corresponding approximation {[K"V)(x)],x € D} of random
field {[K(x)],x € D} defined by equation (2.39) or by equation (2.40), is rewritten, for all
x in D, as

[K"V(0) = o " V(x, 2, ) G

in which (x,y, [y]) — # "™N(x,y, [y]) is a mapping defined on D x RN x V,(R") with
values in M (RR).

e The first objective of this section is to construct a parameterised general class of random
fields, {[K™N(x)],x € D}, in introducing a minimal parameterisation of the compact
Stiefel manifold V,,(RY) with an algorithm of complexity O(Nm?).
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e The second objective will be the presentation of an identification strategy of an optimal
random field {[K"N)(x)],x € D} in the parameterised general class, using partial and
limited experimental data.

3.1 Minimal parameterisation of the compact Stiefel manifold V,,(RY)

Here, we introduce a particular minimal parameterisation of the compact Stiefel manifold
V,.(RY) using matrix exponentials (see, e.g., [1]). The dimension of V,(R") being
v =mN — m(m + 1)/2, the parameterisation consists in introducing a surjective mapping
from R’ onto V,,(R"). The construction is as follows.

(i) Let [a] be given in V,,(IRV) and let [a,] € My n_n(IR) be the orthogonal comple-
ment of [a], which is such that [a a,] is in O(N). Consequently, we have,

[a]T [Cl] = [Im]s [aJ_]T [aJ_] = [Ime]s [aJ_]T [a] = [Ome,m]- (32)

The columns of matrix [a,] can be chosen as the vectors of the ortho-normal basis
of the null space of [a]”. In practice [30], [a.] can be constructed using the QR
factorisation of matrix [a] = [Qn] [Ry] and [a,] is then made up of the columns
j=m+1,...,N of [Qn] € O(N).

(i1) Let [A] be a skew-symmetric (m X m) real matrix which then depends on m(m—1)/2
parameters denoted by zy,...,Zyum—1)2 and such that, for 1 <i < j < m, one has
[A4]ij = —[Alji =z withk =i+ (j —1)(j —2)/2 and for 1 <i<m, [4]; =0.

(iii) Let [B] be a ((N —m) x m) real matrix which then depends on (N —m)m parameters

denoted by zn—1)/2+15 - - - > Zmm—1)/2+(N—mym and such that, for 1 <i < N —m and
1 < j < m, one has [Blij = zym—1)/24« With k = i+ (j — 1)(N — m). Introducing
z = (z1,...,zy) in R", there is a one-to-one linear mapping ¥ from R" into

M3S(R) x My _.m(IR) such that
{[4],[B]} = ¥ (2), (3.3)

in which matrices [A] and [B] are defined in (i) and (ii) above as a function of z.

Let t > 0 be a parameter which is assumed to be fixed. Then, for an arbitrary [a] in
V,.(IRV), a first minimal parameterisation of the compact Stiefel manifold V,,(R") can
be defined by the mapping .# |, from R" onto V,,(R") such that

_pT
V] = M q(z) = [a a,] {exp]M (t [;1 g })} U N m]- (3.4)

In the context of the present development, we are interested in the case for which N > m
and possibly, in the case for which N > m with N very large. The evaluation of the
mapping ./, defined by equation (3.4) has a complexity O(N3).

We then propose to use a second form of minimal parameterisation of the compact
Stiefel with a reduced computational complexity. This parameterisation, which is derived
from the results presented in [20], is defined by the mapping .#; from R" onto V,,(RY)
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such that
_pT
] = A1) = la Q] {expM (t [ﬁ o D} 2l (35)

in which [a Q] € My,(R). The matrix [Q] is in V,,(R"Y) and [R] is an upper triangular
(m x m) real matrix. These two matrices are constructed using the QR factorisation of the
matrix [a;] [B] € My n(R),

la.][B] = [Q] [R]. (3.6)
The evaluation of the mapping .#|, defined by equation (3.5) has a complexity O(Nm?).

3.2 Parameterised general class of random fields and parameterised random upper bound

Using equation (3.5), the parameterised general class of random field {[K"N)(x)], x € D}
is then defined as
H = AN (B My (2) ;2 € R (3.7)

It should be noted that, for z = 0, [y] = .#4(0) = [a], which corresponds to the random
field [K™M] = s mN)(- E [a]). The following proposition corresponds to Proposition 3
for the approximation [K"M)] of random field [K].

Proposition 4 The random field [K"N] = " "N(- B, #,4(z)), z € R, is such that
IK™M|p < 9(Z,2) < o0 (3.8)

almost surely and for all z € RY, where y : RNs xR — IR is a measurable positive function.
For the square-type representation of random fields, there exists a constant 7, independent
on N and z, such that

E{y(E,z)} <7<+ forallzeR’ (3.9)

Moreover, if Z;:f\/JTHGiHOO < 400, with o; and [G;] defined in Section 2.3.1, (3.9) is
satisfied for a constant 7 independent of m.

Proof Following the proof of Lemma 6, we obtain
m
IG™MX)|[F < [Golloe + Y Joill Gillclnil E.2)| = 5(Z. 2), (3.10)
i=1

with g = (11,...,1m) = M 14(z)T P(E). Using Proposition 3, we then obtain equation (3.8)
with y = k; \/ﬁ(s +¢%)/(1 + ¢) for the exponential-type representation and y = k](\/ﬁs +
70 +716%)/(1 + ¢) for the square-type representation. Using E{n?} = 1, it can be shown
that E{0%} < 2(GolZ, + 2(X_7, /oillGill»)* = {,, where {,, < +o0 is independent on
N and z. Therefore, for the square-type representation, we obtain equation (3.9) with
7 =k, (Jne+y0+71 )/ (14¢). Moreover, if 3.7 o1 |Gillos < oo, then {,,, < {yp < 400
and equation (3.9) holds for 7 = kl(\/ﬁs +y0+710)/(1+e). O
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3.3 Brief description of the identification procedure

Let 4 be the non-linear mapping which, for any given random field [K] = {[K(x)],x € D}
introduced and studied in Section 2, associates a unique random observation vector
U = #([K]) with values in IR, The non-linear mapping % is constructed in solving
the elliptic stochastic boundary value problem as explained in Section 4. We are then
interested in identifying the random field [K] using partial and limited experimental
dataset u®P! ... u®PYex» in R™obs (g, and Vexp are small). In high stochastic dimension
(which is the assumption of the present paper), such a statistical inverse problem is
an ill-posed problem if no additional available information is introduced. As explained
in [59,60], this difficulty can be circumvented (1) in introducing an algebraic prior model
(APM), [K*™], of random field [K], which contains additional information and satisfying
the required mathematical properties, and (2) in using an adapted identification procedure.
Below, we summarise and we adapt this procedure to the new representations and their
parameterisations of random field [K] that we propose in this paper. The steps of the
identification procedure are the following:

Step 1

Introduction of a family {[K*™(x;w)], x € D} of APMs for random field [K]. This
family depends on an unknown parameter w (for instance, w can be made up of the
mean function, spatial correlation lengths, dispersion parameters controlling the statistical
fluctuations, parameters controlling the shape of the tensor-valued correlation function,
parameters controlling the symmetry class, etc). For fixed w, the probability law and
the generator of independent realisations of the APM are known. For example, for the
modelling of groundwater Darcy flows, a typical choice for the APM would consist in
a homogeneous and isotropic log-normal random field [K*™(x;w)] = exp(G*™)[I,] with
G*™ a homogeneous real-valued Gaussian random field having a covariance function of
the Mateérn family. With this APM, w consists of four scalar parameters that are the mean
value of G and the three parameters of the Matérn covariance. For other examples of
APMs of non-Gaussian positive-definite matrix-valued random fields, we refer the reader
to [57] for the anisotropic class, to [64] for the isotropic class, to [31] for bounded random
fields in the anisotropic class, to [32] for random fields with any symmetry class (isotropic,
cubic, transversal isotropic, tetragonal, trigonal, orthotropic), and finally, to [33] for a very
general class of bounded random fields with any symmetry properties from the isotropic
class to the anisotropic class.

Step 2

Identification of an optimal value w°" of parameter w using the experimental dataset,
the family of stochastic solutions U°(w) = Z([K*"™(-;w)]) and a statistical inverse
method such as the moment method, the least-square method or the maximum likelihood
method [55,59,61,66]). The optimal APM {[K°*™(x)],x € D} := {[K*™(x;w°")],x € D} is
then obtained. Using the generator of realisations of the APM, vk, independent realisations
[KW],..., [K"k0)] of random field [K®**™™] can be generated with vy, as large as it is desired
without inducing a significant computational cost.
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Step 3

Choice of a type of representation for random field [K] and, using equation (2.3) with
equation (2.10) or with equation (2.20), the optimal APM {[G°**™(x)], x € D} of random
field [G] is deduced. For all x € D, [G**™(x)] = logp([K§**™(x)]) for the exponential-type
representation and [GO*™(x)] = IL~!([K$*™(x)]) for the square-type representation, with

[KOM™(x)] = (1 + &) [L(x)] " [KO*™(x)] [L(x)] — [ L,]. (3.11)

It is assumed that random field [G®*™] belongs to >5. From the vy independent real-
isations [K(V],..., [K k)] of random field [K°*™], it can be deduced the vy, independent

realisations [G],...., [G0U)] of random field [GO™].
Step 4
Use of the vy, independent realisations [GV],..., [GU¥)] of random field [GO*™] and use

of the adapted statistical estimators for estimating the mean function [GJ**™] and the
covariance function Cgosen of random field [G%™] (see Section 2.3.1). Then, calculation of
the first m eigenvalues a1 > ... = o, and the corresponding eigenfunctions [G1],..., [G,]
of the covariance operator Covgoarm defined by the kernel Cgoarn. For a given convergence
tolerance with respect to m, equation (2.42) is used to construct independent realisations
of the random vector y°*™ = (yP*™, ..., nSA*™) such that

[GOAPM(m)(X)] GOAPM +Z\/~ G(X OAPM' (3.12)
For i = 1,...,m, the vg. independent realisations ngl),...,ng"‘“) of the random variable
nPAM are calculated by
1 ,
') = —=< [GO] = [GP*™,[G]> , /=1,...,v. (3.13)
1

Step 5

For a given convergence tolerance with respect to N and N, in the polynomial chaos
expansion defined by equation (2.45), use of the methodology based on the maximum
likelihood and the corresponding algorithms presented in [59] for estimating a value
[yo] € V,u(RY) of [y] such that g™ =[] ¥(Z).

Let us examine the following particular case for which the APM [K*™] of random field
[K] is defined by equation (2.3) with either equations (2.10) or (2.20), in which [G*™] is
chosen as a second-order Gaussian random field indexed by D with values in M3 (R).
Therefore, the components #4,..., 7, of the random vector 5 defined by equation (2.45) are
independent real-valued normalised Gaussian random variables. We then have N, = m.
Let us assume that, for 1 < j < m < N, the indices j of the polynomial chaos are ordered
such that Yi(E) = Z;. It can then be deduced that [y] € V,,(RY) is such that [yo]; = d;;
fori<i<Kmand 1 <j<
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Step 6

With the maximum likelihood method, estimation of a value Z of z € R’ for the
parameterised general class #° defined by equations (3.1) and (3.7), using the family
of stochastic solutions U°(z) = #(#""™N)(-,E, #,,(z))) and the experimental dataset
uPl o uPvew Then, calculation of [J] = .#y(Z).

Step 7

Construction of a posterior model for random field [K] using the Bayesian method. In
such a framework, the coefficients [y] of the polynomial chaos expansion § = [y]7 ¥Y(&)
(see equation (2.45)) are modelled by a random matrix [Y] (see [58]) as proposed in [60]
and consequently, z is modelled by a IR"-valued random variable Z. For the prior model
[YPror] of [Y], here we propose

[YPior] = [;](Zprior) ,  ZPor  centred Gaussian vector, (3.14)

which guaranties that [YPU°'] is a random matrix with values in V,(IRY) whose
statistical fluctuations are centred around [y] (the maximum likelihood estimator
of the set of coefficients [y] computed at step 6). The Bayesian update allows
the posterior distribution of random vector ZP%! to be estimated using the stochastic
solution U = #(# "N)(-, E, 4 51(ZP1°7))) and the experimental dataset u*P!, ... usPrew,

Finally, it should be noted that once the probability distribution of ZP° has been
estimated by Step 7, v, independent realisations can be calculated for the random field

[GP!(x)] = [GO*™(x)] + 3212, /o7 [Gi(x)] nf ™™ in which #P = [YP*]T ¥(Z) and where
[YPOSY] = /5 (ZP°"). The identification procedure can then be restarted from Step 4
replacing [G°*™] by [GP%].

4 Solution of the stochastic elliptic boundary value problem

Let D = RY be a bounded open domain with smooth boundary. The following elliptic
stochastic partial differential equation is considered,

—div([K] - VU)=f ae.in D, (4.1)

with homogeneous Dirichlet boundary conditions (for the sake of simplicity). The random
field {[K(x)],x € D} belongs to the parameterised general class of random fields,

H = { AN E, M g(2) ;2 € R,

introduced in Section 3.2. This stochastic boundary value problem has to be solved at steps
6 and 7 of the identification procedure described in Section 3.3, respectively considering
z as a deterministic or a random parameter. We introduce the map

u:DxRM™ xR' >R

such that U = u(x,Z,z) is the solution of the stochastic boundary value problem for
K(x)] = #"™N(x,E, .4 [a1(z)). The aim here is to construct an explicit approximation of
the map u for its efficient use in the identification procedure.
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In this section, a suitable functional framework will first be introduced for the definition
of the map u. Then, numerical methods based on Galerkin projections will be analysed
for the approximation of this map. Different numerical approaches will be introduced
depending on the type of representation of random fields (square-type or exponential-
type) and depending on the properties of approximation spaces. For the two types
of representation of random fields (exponential-type or square-type). Finally, we will
briefly describe complexity reduction methods based on low-rank approximations that
exploit the tensor structure of the high-dimensional map u and allows its approximate
representation to be obtained in high dimension. That makes affordable the application
of the identification procedure for high-dimensional germs Z (high N,) and high-order
representation of random fields (high v).

4.1 Analysis of the stochastic boundary value problem

We denote by I' = I'y, ® I'y a product measure on R* := RM: x R*, where I N, 1s the
probability measure of random variable £ and where I', is a finite measure on R". Up to
a normalisation, I, is considered as the probability measure of a random vector Z. We
denote by [C] : D x RM x R" — M, (R) the map defined by

[Cl(x.y,2) = #"N(x,y, M 14(2)),
and such that [K(x)] = [C](x,E,Z) is a d(&, Z)-measurable random field. Sometimes, the

random field {[C](x,&,Z),x € D} will be denoted by {[C(x)],x € D}. For a measurable
function h : R x R" — R, the mathematical expectation of h is defined by

Er(h) = E{h(E,Z)} = /}RN . h(y,z) I’ (dy, dz).

Lemma 7 Under the hypotheses of Proposition 4, there exists a constant o and a positive
measurable function y : IRRNs x R" — R such that, for I -almost all (y,z) in RNe x IRY, we

have
) ) Cl(x,y,z)h,h
0<o<essinf inf — [Cltxy z) =2 (4.2)
xeD  heR"\ {0} [hi5
C h,h
ess sup sup < Cx.y. 2} h > < 9(y,z) < 0. (4.3)

xeD  heR™\ {0} b3

Moreover, for the class of random fields corresponding to the square-type representation, we
have Er(y) <7 < oo, that means y € L} (R*).

Proof Lemma 1(ii) gives the existence of the lower bound o = k,. Proposition 4 yields
[C1%,y,2) ]2 < |I[Cl(x,y,2)|lF < y(y,Z) < oo, with y a measurable function defined on
IRN: x IR’. For the square-type representation of random fields, property (3.9) implies
Er (V) = f]Rv EFNg {V(E,Z)}F‘,(dl) <7 O
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We introduce the bilinear form C(-,-;y,z) : H}(D) x H}(D) — R defined by
C(u,v;y,2) = / Vo - [C](,y, z)Vu dx. (4.4)
D

Let’s introduce | - ||z = (f, [V()|*dx)"/* the norm on Hg(D), and | - |z the norm on
the continuous dual space H~!(D).

Strong-stochastic solution

Proposition 5 Assume f € HY(D). Then, for I -almost all (y,z) in RN: x R", there exists
a unique u(-,y,z) € H}(D) such that

C(u(,y,z),v;y,z) = f(v), forallve H&(D), (4.5)

and

1
sy, 2) g < I Ml (4.6)

Proof Lemma 7 ensures the continuity and coercivity of bilinear form C(-,;y,z) for
I'-almost all (y,z) in RM x R". The proof follows from a direct application of the
Lax—Milgram theorem. O

Weak-stochastic solution
Let be L2 (R*) = L%Ng (RM) ® L} (R') and X = H}(D) ® L} (R*). Then X is a Hilbert
space for the inner product norm | - ||y defined by

Iol% = Er (/D |Vu|§dx>.

We also introduce the spaces X'C) (s,r € N) of functions v : D x R* — R with bounded

norm
1,2
I {Er </ / w-[cywdx)} .
D

3/2

Lemma 8 We have o”/|jv|x < afv]xo < [v]ye) < [v]xeo < [v]ye2), and therefore

2

X0 = x00 <« x(©@ < x(©O < x
with dense embeddings.
Proof The inequalities satisfied by the norms are easily deduced from the properties of

[C] (Lemma 7). Then, it can easily be proven that X ") is dense in X, which proves the
density of other embeddings. O
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Let’s introduce the bilinear form a : X x X — IR defined by

a(t,v) = Er (Cu,v)) = /

R~

(/ Vo - [C](-,y,z)Vu dx> I (dy, dz),
D
and the linear form F belonging to the continuous dual space X' of X, defined by

(Foo) = Er (1) = [ 70C. 0 dy.do)
From Lemma 7, it can easily be deduced the following lemma.

Lemma 9 a: X X X — R is a symmetric bilinear form such that:

(i) a is continuous from X€) x X to R,

la(u,0)| < [[ull g llollx  V(u,v) € X x X. (4.7)

(ii) a is continuous from X© x X© to IR,

la(u,v)| < [lullyolvllxe  ¥(u,v) € X9 x X©. (4.8)

(i) a is coercive,
a(v,v) = afvl|3 Vo € X. (4.9)

Now we introduce a weak form of the parameterised stochastic boundary value problem:

Find u € X such that

(4.10)
a(u,v) = F(v) ¥Yv € X.

We have the following result.

Proposition 6 There exists a unique solution u € X to problem (4.10), and |ullx < iHFHX’-
Moreover, u verifies (4.5) I -almost surely.

Proof The existence and uniqueness of solution can be deduced from a general result
obtained in [46]. Here we provide a short proof for completeness sake. We denote by
A : D(A) = X — X' the linear operator defined by Au = a(u, ), D(A) being the domain of
A. We introduce the adjoint operator A* : D(A4*) = X — X’ defined by (u, A™v) = (Au,v)
for all u € D(A) and v € D(4"), with D(4") = {v € X;3c > 0 such that [{(Au,v)| <
cllu]x for all u € D(A)}. The continuity property (4.7) implies that A4 is continuous from
X(© to X’ and therefore, D(4) > X© is dense in X (using Lemma 8). That means that
A is densely defined. The coercivity property (4.9) implies that ||Av||x = «|v||x for all
v € X, which implies that A4 is injective and the range R(A4) of A4 is closed. It also implies
that A" is injective and R(A") is closed, and by the Banach closed range theorem, we then
have that A4 is surjective, which proves the existence of a unique solution. Then, using the
coercivity of a, we simply obtain [lu[% < %a(u, u) = éF(u) < iHFHX/HuHX. O
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Proposition 7 The solution u of problem (4.10) is such that:

(i) ue X,
(ii) u € XU9 if y € LL(RY),
(ili) u e X7 if y € L2 (RW).

Proof Using equation (4.5) with v = u and equation (4.6), we obtain [, Vu - [C][Vudx =
f@) < flg-lully < 3IfI5-- Taking the expectation yields |ullc < JIfI7- < o
which proves (i). If y € L}, |ul3.0 = Er(y [, Vu - [CIVudx) < L||f[12,_ Er (y) < o, which
proves (ii). Finally, if y € L}, we have [ul3 . = Er("/zl\u\li,é) < HIf13-Er(p?) < oo,
which proves (iii). O

4.2 Galerkin approximation

Galerkin methods are introduced for the approximation of the solution u of problem
(4.10). Let Xy = X be an approximation space such that Xy = X,, = V, ® W, with
vV, c H!(D) (e.g., a finite element approximation space) and W, < L2(R*) (e.g, a
polynomial chaos approximation space). The Galerkin approximation uy € Xy of u is
defined by

a(uN,vN) = F(UN) Yoy € Xy. (411)
Note that the coercivity property of bilinear form a on Xy X Xy (Lemma 9(iii)) ensures the
existence and uniqueness of a solution uy to problem (4.11). The convergence of Galerkin
approximations is now analysed in different situations corresponding to the different types
of representation of random fields (exponential- or square-type), to different underlying
measures I, and to different choices of approximation spaces. We first analyse the case
where Xy < X% which leads us to a natural strategy for the definition of a convergent
sequence of approximations. Then, we analyse the use of more general approximation
spaces that do not necessarily verify Xy < X%,

42.1 Case Xy < X0

Proposition 8 Assuming Xy < X" < X© | the solution uy € Xy of (4.11) verifies

[u—unllxo < inf [u—uvn|xo, (4.12)
vNEXN
1 .
and |lu—uy|x < — inf |Jlu—ovn|xo©. (4.13)
\/& INEXN

Therefore, if {Xn}nen = X is a sequence of approximation spaces such that UyenXy
is dense in X, then there exists a subsequence of Galerkin approximations {uy}yen which
converges to u in the X'©-norm and in the X-norm.

Proof Using the Galerkin orthogonality property of uy and the continuity of a (Lemma
9(ii)) yield

lu—uy |30 = a(u —uy,u—uy) = a(u — uy,u —vy) < |[u—uy|xo |u— vy yo,
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for all vy € Xy. Inequality (4.12) is obtained by taking the infimum over all vy € Xy.
Then, inequality (4.13) is obtained by using the coercivity of a (Lemma 9(iii)). O

Let us now analyse the condition Xy = X of Proposition 8, with Xy = Vs ® W, Due
to the tensor product structure of Xy = V, ® W,, the condition Xy = X% is equivalent
to /7 W, = L(R¥), that means Er(¢*y) < +oo for all ¢ € W,

Use of weighted approximation spaces (for both types of representation of random fields)
A possible approximation strategy consists in choosing weighted approximation spaces
W, = {y"2p;p € W} with W, = L3(R"). For example, if the measure I has finite
moments of any order, W can be chosen as a classical (piecewise) polynomial space with
degree p, e.g.,

W, = P,(R") ® P,(R") = span{y*z’ ;a € N, g € N, |a| < p, || < p}.

Indeed, for all ¢ = y~1/2y*zf € W,

Er(¢%) = Er (y*2) = /R V2T (dy, dz) < +0,
,L

This approximation strategy is adapted to both types of representation of random fields
(exponential- or square-type) since it does not require any assumption on y. However, the
use of weighted polynomial approximation spaces W, leads to non-classical computational
treatments.

Use of classical approximation spaces (for square-type representation of random fields)
More classical approximation spaces can be used provided some conditions on 7.

Lemma 10 If y € L (R*) and W, <= L}(IR*) with some r = 1 and s = 2 such that
24+ 1 =1, then Xy = XY, In particular Xy = X" if y € LL.(R*) and W, = L¥(R").

Proof For r > 1, letting ' = § such that & + 1 = 1, we have

Er(@*) < {Er (o™} {Er (M} = {Er (0" {Er (")} < oo

The proof for » = 1 and s = oo is straightforward. O

Lemma 10 allows us to analyse the approximation when using the square-type represent-
ation of random fields, for which y € L} (IR*). Indeed, in this case, Lemma 10 implies that
Xy = X if W, = L¥(R*). In particular, this condition is satisfied if I" has a bounded
support and W, is a (possibly piecewise) polynomial space, e.g., W, = P,(RY) @ P,(R").
We note that I' = I'y, ® I', has a bounded support if (i) the random germ E for the
representation of random fields in the class # = {#"™N( E #,(z));z € R} has a
bounded support supp(I'y,), and (ii) the support of the measure I', on the parameter
space IR" is bounded. This latter condition implies that the map u only provides the
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solution to the boundary value problems associated to a subset of random fields in #~
(those corresponding to parameters z € supp(l'y)). In other words, this first result shows
that when using the square-type representation of random fields with a germ E with
bounded support, the approximation is possible using classical polynomial approximation
spaces.

Note that for having Xy < X, weaker conditions on approximation spaces could be
obtained by looking further at the properties of y and the measure I'. In particular, if
W, is the tensor product of polynomial spaces with (total or partial) degree p, that means
W, = P,(RY) ® IP,(R"), then Xy = X if for all y*zf € W,

Er(y*2#(y,2)) = /}R v*2h (v, )T (dy, dz) < +<0, (4.14)

which is a condition on y and on measure I". The following result justifies the applicability
of classical (piecewise) polynomial spaces when using the square-type representation of
random fields.

Proposition 9 For the square-type representation of random fields, if W, is the tensor
product of (possibly piecewise) polynomial spaces and if I' = I'y, ® I', is such that prob-
ability measures I'y, and I', admit moments of any order, then Xy =V, ® W, X0,

Proof Following the proof of Proposition 4, we obtain y < kl(\/ﬁs + 90 + 716%), with &
defined by equation (3.10) and such that

m 2 m
5% < 2/|Gol, +2 (Z ﬁ-mium) <g+g > n
i=1 i=1

with go = 2(|Go |2, and g; = 21", 6:[|G;||%. From equation (2.45), we have y = [y]T ¥(y),
where P(y) is a vector of polynomials in y and [y]"[y] = [I.]. The latter condition
implies |y/| < 1 for all 1 <i<mand 1 < j < N. Therefore, n? < (372, y/?;(y))* <
N Z}V:l ¥,(y)*, and 6(y,z)* < go +gimN Z;\;l ¥,(y)* := Q(y), where Q(y) is a polynomial
in y. If the measures I'y, and I', have finite moments of any order, then any (piecewise)
polynomial function on R* is in L}(IR*). Therefore, if W, is a space of (piecewise)
polynomial functions on R¥ , then for all ¢ € W,, we have

Er(o(y,2)*(y,2)) < Er(o(y,2)*(1 + Q(y)) < +o,

from which we deduce that V, ® W, = X1 O

Since measures with bounded support have finite moments of any order, Proposition 9
is consistent with the first conclusions of Lemma 10. Moreover, we have that for the
square-type representation of random fields, if Z is chosen as a Gaussian random variable
(that means I', is a Gaussian measure) or a random variable with bounded support, then
the classical Hermite polynomial chaos space associated with a Gaussian germ = can be
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used. Note that the use of a measure I', whose support is R" allows to explore the whole
class of random fields .#* with the single map u.

Remark 4.1 The case of log-normal random fields corresponds to a particular case
of the exponential-type representation for which the random field [G] is Gaussian and
represented using a degree one Hermite polynomial chaos expansion with a Gaussian germ
E. In this case, it can be proven that if W, is the tensor product of (possibly piecewise)
polynomial spaces and if I', admit moments of any order, then Xy =V, ® W, = X0
This justifies the use of polynomial approximation spaces when considering the particular
case of log-normal random fields. However, this result does not extend to other random
fields with exponential-type representation.

4.2.2 Case of general approximation spaces Xy

In order to handle both types of representation of random fields (exponential-type and
square-type) with a measure I with a possibly unbounded support, we here propose
and analyse an approximation strategy which consists in using truncated approximation
spaces. We consider a family of approximation spaces {V,},>1 such that U,V, is dense
in H}(D), and a family {W,},>1 such that U,W, is dense in L2(RM). Classical (possibly
piecewise) polynomial spaces with degree p can be chosen for W,. Let Xy be defined as
V, ® W,. Then, for t > 0, we introduce the approximation space

Wpr = {Iy<190;§9 € Wpla
where I,<.(y,z) = 1 if y(y,2z) < 7 and 0 if y(y,z) > 7. It can be proven that U.~o Up>1 W}
is dense in L} (R¥). Let X be defined as V, ® W;. For v = I,«;¢ in W}, we have

Er(yp?) < tEp(¢?) < oo, that means X§ := V, ® W = X% for all © > 0. The Galerkin
approximation of u in X} is denoted by uj,.

Proposition 10 The Galerkin approximation uy, € X} of u satisfies
lu— uiy 30 < Tvg}(t;\y lu—vl1% + [l ]} (4.15)
and there exists a sequence of approximation spaces Xy ) = Vy) ® W, such that
lu—uyelxo =0 as ©— oo (4.16)
Proof We have u € X(© (Proposition 7) and X§ = X% < X(©. We first note that for all
v e Xy,

2 2 2
[ —v)lxo = [ —0v)<llyo + 1w —v)s ]y
2 2
< ”(u - U)I}'Sr ”Xm + Hul*/>r ”XlCl

~
<l =o)X + lulsclxo-
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Then, using Proposition 8 (equation (4.13)), we obtain
2 . 2 . 2 2
llu— “f\]HX(C) < inf flu— UH)((C) <t inf [(u— U)I}’STHX + Hul"y'>‘cHX(C)
veXy veXy
= inf [((u— o)<k + |ul>[Fo
veXy

. 2 2
<t inf u—vllx + [uly>: |30
veXy

Since ||ul|y© is bounded, the second term converges to 0 as T — co. Also, provided that
UnXy is dense in X, we can define a sequence of spaces Xy ;) such that

tinf [lu—0v|3 -0 as ©— oo,
L‘GXN(T]

which ends the proof. OJ

4.3 High-dimensional approximation using sparse or low-rank approximations

The approximation of the map u € X requires the introduction of adapted complexity
reduction techniques. Indeed, when introducing approximation spaces V, = H}(D) and
W,=Wi@W;c L%Ng (RY:)® L7 (IR"), the resulting approximation space Xy = V, ® W,
may have a very high dimension dim(V,) x dim(W,). For classical non adapted construc-
tions of approximation spaces W), the dimension of W), has typically an exponential
(or factorial) increase with Ny and v (e.g. with polynomial spaces W} = P,(RM:) and
Wy = P,(R")). Therefore, the use of standard approximation techniques would restrict
the applicability of the identification procedure to a class of random fields with a germ

E of small dimension (small N,) and a low order in the representation of random fields
(small v).

4.3.1 Sparse tensor approximation

A first possible way to reduce the complexity and address high-dimensional problems
is to use adaptive sparse tensor approximation methods [11]. Supposing that {¢; =
®,’j:1qbff) ;i € N#} constitutes a basis of W, it consists in constructing a sequence of
approximations uy € V, ® Wy, with Wy = span{¢;;i € Ay}, where Ay < N¥ is a
subset of M indices constructed adaptively. For some classes of random fields (that are
simpler than the one proposed in the present paper), algorithms have been proposed for
the adaptive construction of the sequence of subsets 4,, and some results have been
obtained for the convergence of the corresponding sequence of approximations. In [12],
convergence results have been obtained for different classes of random fields and in
particular for two classes of random fields that are closely related to the ones proposed
in the present paper, namely random fields that are obtained with the exponential or the
square of a random field which admits an affine decomposition in terms of the parameters.
Under suitable conditions on the convergence of the series expansion of this random field,
the authors prove the convergence with a convergence rate independent on the dimension
1. Such results may be obtained for the class of random fields proposed in the present
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paper under some conditions on the underlying second order random field [G]. This will
be addressed in future work.

4.3.2 Low-rank approximations

Low-rank tensor approximation methods can be used in order to reduce the complexity
of the approximation of functions in tensor product spaces [34]. They consist in approx-
imating the solution in a subset .# < Xy of low-rank tensors. Different tensor structures
of space Xy can be exploited, such as Xy =V, ® W, or Xy =V, ® W) ® W}. Also,
if’ the measures I'y, and I', are tensor product of measures, then W} and W can be
chosen as tensor product approximation spaces W) = ®,£1Wpy’(k) and Wi = @ _ Wrh.
Low-rank approximation methods then consist in approximating the solution in a subset
M = Xy of low-rank tensors, which is a subset of low dimension in the sense that .# can
be parameterized by a small number of parameters (small compared to the dimension of
Xy). Different low-rank formats can be used, such as canonical format, Tucker format,
Hierarchical Tucker format or more general tree-based tensor formats (see e.g. [34]). These
tensor subsets can be formally written as

M = {1) = F//(Wl,...,W/);Wl € IR"I,...,W/ € ]Rr/},

where F , is a multi-linear map with values in Xy and where the wy, € R™* (k = 1,...,/)
are the parameters. The dimension of such a parameterisation is ZIi:l rc. As an example,
A can be chosen as the set of rank-m canonical tensors in Xy =V, ® W) ® W/, defined
by M ={v=73 " wew @wiwteV,w € W),wte W/}

4.3.3 Algorithms for the low-rank approximation of uy € Xy

The Galerkin approximation uy € Xy of u is the unique minimiser of the strongly convex
functional J : Xy — IR defined by J(v) = %a(v,v) — F(v). A low-rank approximation
u, € M, of uy can then be obtained by solving the optimisation problem

min J) = R J(Fu(wi,...,w)).

This problem can be solved using alternated minimisation algorithms or other optimisation
algorithms (see [34]). Also, greedy procedures using low-rank tensor subsets can be
introduced in order to construct a sequence of approximations {u*}; with u*+! = uk 4+ wk+1
and w*t! € . defined by J(uF +wkt!) = min,c , J (X 4v). We refer to [23] for the analysis
of a larger class of greedy algorithms in the context of convex optimisation problems
in tensor spaces, and to [51] for the practical implementation of some algorithms in the
context of stochastic parametric partial differential equations.

Remark 4.2 [On the approximability of the solution using low-rank approximations] A
very few results are available concerning the complexity reduction that can be achieved
using low-rank approximations, in particular for the approximation of high-dimensional
maps arising in the context of high-dimensional parametric stochastic equations. Of

https://doi.org/10.1017/50956792514000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000072

368 A. Nouy and C. Soize

course, results about sparse polynomial approximation methods (e.g., [12]) could be
directly translated in the context of low-rank tensor methods (a sparse decomposition on
a multi-dimensional polynomial basis being a low-rank decomposition) but this would not
allow to quantify the additional reduction that could be achieved by low-rank methods.
Providing a priori convergence results for low-rank approximations for the proposed class
of random fields would deserve an independent analysis which is out of the scope of
the present paper. However, we notice that some standard arguments could be used in
order to provide a priori convergence results of low-rank approximations in the 2-order
tensor space X = H}(D) ® L3 (R*) = L3(R*; H{(D)). Indeed, under suitable regularity
conditions on the samples of the random fields in the class (related to properties of the
covariance structure of the algebraic prior), the set of solutions % = {u(:,y,z);(y, z) € R*}
could be proven to be a subset of H{(D) with rapidly convergent Kolmogorov n-width?,
therefore proving the existence of a good sequence of low-dimensional spaces in H{(D)
for the approximation of the set of solutions %. At least the same convergence rate (with
respect to the rank) could therefore be expected for low-rank approximations that are
optimal with respect to a L?>-norm in the parameter domain. These questions will be
investigated in a future work.

4.4 Remarks about the identification procedure

The identification procedure has been presented in Section 3.3. In view of the numerical
analysis presented above, the following remarks can be done. Different approximations
of the map u should be constructed at the different steps of the identification procedure.
Indeed, the quality of approximations of u clearly depends on the choice of measure
I', on the parameters space R". It is recalled that the parameterisation of the class
H = {H "N B, M4(z)); 2z € R’} of random fields depends on the set of parameters
[a] = M 14(0). The map u depends on the choice of [a] but it is clearly independent on the
choice of measure I',, provided that the support supp(I'y) = R". However, the Galerkin
approximation uy being optimal with respect to a norm that depends on the measure
I'y, the quality of the approximation clearly depends on measure I',. For that reason, the
choice of measure I', can be updated throughout the identification procedure in order to
improve the approximation of u as explained at the end of Section 3.3. Steps 6 and 7
described in Section 3.3 can then be clarified as follows.

At Step 6, the parameterisation of 2#" around [a] = [y] is used and an approximation
of the corresponding map u in X is constructed using low-rank tensor methods. The use
of this explicit map allows a fast maximisation of the likelihood function to be performed,
yielding an estimation z of z (or equivalently [J] of [y]).

At Step 7, the map u constructed in Step 6 could be used for the subsequent Bayesian
update. However, it is also possible to construct a new map that takes into account
the result of the maximum likelihood estimation. Therefore, the parameterisation of #

! For example, if the set of solutions % is a bounded subset of H?(D) (which can be obtained
with a simple a posteriori analysis if the random fields have samples with C! regularity), then the
Kolmogorov n-width can be proven to converge as n~'/¢ where d is the spatial dimension.
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around [a] = [y] is used and the boundary value problem is solved again in order to
obtain an approximation of the corresponding map u(-,-,-;[y]) in X. This map can then
be efficiently used for solving the Bayesian update problem.

5 Conclusion

In this paper, we have presented new results allowing an unknown non-Gaussian pos-
itive matrix-valued random field to be identified through a stochastic elliptic boundary
value problem, solving a statistical inverse problem. In order to propose a constructive
and efficient methodology and analysis of this challenging problem in high stochastic
dimension, a new general class of non-Gaussian positive-definite matrix-valued random
fields, adapted to the statistical inverse problems in high stochastic dimension for their
experimental identification, has been introduced. For this class of random fields, two types
of representation are proposed: the exponential-type representation and the square-type
representation. Their properties have been analysed. A parameterisation of discretised
random fields belonging to this general class has been proposed and analysed for the two
types of representation. Such parameterisation has been constructed using a polynomial
chaos expansion with random coefficients and a minimal parameterisation of the compact
Stiefel manifold related to these random coefficients. Using this parameterisation of the
general class, a complete identification procedure has been proposed. Such a statistical
inverse problem requires to solve the stochastic boundary value problem in high stochastic
dimension with efficient and accurate algorithms. New results of the mathematical and
numerical analyses of the parameterised stochastic elliptic boundary value problem have
been presented. The numerical solution provides an explicit approximation of the applic-
ation that maps the parameterised general class of random fields to the corresponding set
of random solutions. Since the proposed general class of random fields possibly contains
random fields which are not uniformly bounded, a particular mathematical analysis has
been developed and dedicated approximation methods have been introduced. In order
to obtain an efficient algorithm for constructing the approximation of this very high-
dimensional map, we have described possible complexity reduction methods using sparse
or low-rank approximation methods that exploit the tensor structure of the solution which
results from the parameterisation of the general class of random fields. In this paper,
we do not provide any result concerning the complexity reduction that can be achieved
when using low-rank or sparse approximation methods for the proposed class of random
fields. These results would require a fine analysis of the regularity and structures of the
solution map. Some recent results are already available for sparse approximation methods
and for some simpler classes of random fields (see [12]). This type of results should be
extended to the present class of random fields. Concerning low-rank methods, a very few
quantitative convergence results are available. Some recent results are provided in [52]
for the approximation of functions with Sobolev-type regularity. For the present class of
random fields, specific analyses are necessary to understand the structure of the solution
map induced by the proposed parameterisation and to quantify the complexity reduction
that could be achieved with low-rank methods. These challenging issues will be addressed
in future works.
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