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Abstract

Let (Z,),>0 be a critical branching process in a random environment defined by a
Markov chain (X,),>0 with values in a finite state space X. Let S, = Zzzl lnf)’(k(l)
be the Markov walk associated to (X;,),>0, where f; is the offspring generating function
when the environment is i € X. Conditioned on the event {Z, > 0}, we show the nonde-
generacy of the limit law of the normalized number of particles Z, /¢ and determine the
limit of the law of % jointly with X,,. Based on these results we establish a Yaglom-type
theorem which specifies the limit of the joint law of log Z,, and X,, given Z, > 0.
Keywords: Critical branching process; Markovian environment; conditioned limit theo-
rems; Yaglom-type theorem
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1. Introduction and main results

One of the most used models in the dynamic of populations is the Galton—Watson branch-
ing process, which has numerous applications in different areas, including physics, biology,
medicine, and economics. We refer the reader to the books of Harris [17] and Athreya and
Ney [6] for an introduction. Branching processes in random environments were first consid-
ered by Smith and Wilkinson [24] and by Athreya and Karlin [4, 5]. The subject has been
further studied by Kozlov [20, 21], Dekking [7], Liu [22], D’Souza and Hambly [8], Geiger
and Kersting [9], Guivarc’h and Liu [16], Geiger, Kersting and Vatutin [10], Afanasyev [1],
and Kersting and Vatutin [19], to name only a few. Recently, in [13], based on new condi-
tioned limit theorems for sums of functions defined on Markov chains in [11, 12, 14, 15],
exact asymptotic results for the survival probability when the environment is a Markov chain
have been obtained for branching processes in Markovian environment (BPMEs). In this paper
we complement these by new results, such as a limit theorem for the normalized number of
particles and a Yaglom-type theorem for BPMEs.
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We start by introducing the Markovian environment, which is given on the probability space
(2, 7, IP) by a homogeneous Markov chain (X)), with values in the finite state space X and
with the matrix of transition probabilities P = (P(i, j)); jex. We suppose the following.

Condition 1. The Markov chain (X;),> is irreducible and aperiodic.

Condition 1 implies a spectral gap property for the transition operator P of (X;),,>(, defined
by the relation Pg(i) = Zjex g()HP(, j) for any g in the space € (X) of complex functions
g on X endowed with the norm ||g|l o, = sup,cx 1g(x)|. Indeed, Condition 1 is necessary and
sufficient for the matrix (P(i, j)); jex to be primitive (all entries of P are positive for some ko >
1). By the Perron-Frobenius theorem, there exist positive constants ¢y, ¢3, a unique positive
P-invariant probability v on X (v(P) = v), and an operator Q on %' (X) such that, for any g €
FX)andn>1,ieX,

Pg(i)=v(g) + Q) and [ Q"(@) <c1e™ ligls » (1.1)

where Q (1) =0 and v (Q(g)) =0 with v(g):= ) ;. g()v(i). In particular, from (1.1), it
follows that, for any (i, j) € X2,

|P"(i, j) — v(j)| < cre™". (1.2)

Set N:= {0, 1, 2, ...}. For any i € X, let IP; be the probability law on XN and E; the associ-
ated expectation generated by the finite-dimensional distributions of the Markov chain (X;),,>¢
starting at Xo = i. Note that P"g(i) = E; (g(X,)), forany g € 4(X), i€ X, and n > 1.

Assume that on the same probability space (2, .%, ), for any i € X, we are given a random
variable &; with the probability generating function

fits):=E(s%), selo, 1. (1.3)

Consider a collection of independent and identically distributed random variables (Si"’j )jn=1

having the same law as the generic variable &;. The variable él."’J represents the number of
children generated by the parentj € {1, 2, ...} at time n when the environment is i. Throughout
the paper, the sequences (él."’] )jin=1, i € X, and the Markov chain (X,),> are supposed to be
independent.

Denote by E the expectation associated to P. We assume that the variables &; have positive
means and finite second moments.

Condition 2. For any i € X, the random variable &; satisfies the following: E (&) > 0 and
E(?) < +oc.

From Condition 2 it follows that 0 < f/(1) < +o0 and f{’(1) < +o0.
We are now prepared to introduce the branching process (Z,),,>( in the Markovian environ-
ment (X,),,>o. The initial population size is Zy =z € N. Forn > 1, we let Z,,_ be the population

size at time n — 1 and assume that at time n the parent j € {1, ...Z,_;} generates S;v;lj children.
Then the population size at time #n is given by

Zy—1 .
2 : n.j

Zy = S 0
j=1

where the empty sum is equal to 0. In particular, when Zy = 0, it follows that Z, = 0 for any n >
1. We note that for any n > 1 the variables éin g j>1,ieX, are independent of Z, ..., Z,_1.
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Introduce the function p:X > R satisfying
p()=Inf/(1), ieX

Along with (Z,),,>( consider the Markov walk (S,),>( such that So =0 and, forn > 1,

Sp=1n(fx, (1) fx, (D) =D p (Xp). (14)
k=1

The couple (X;, Z,),>0 is a Markov chain with values in X x N, whose transition operator
P is defined by the following relation: for any i € X, z € N, s € [0, 1], and 4:X +— R bounded
measurable,

P(ho)(i, ) =Y PG, DhOIF)F, (1.5)

jex

where h(i, z) = h(i)s*. Let IP; ; be the probability law on (X x N)N and [E; ; the associated
expectation generated by the finite-dimensional distributions of the Markov chain (X, Z,),,>¢
starting at Xo = i and Zy = z. By straightforward calculations, for any i € X, z € N,

Ei :(Zy) = ZEi(e%). (1.6)

The following non-lattice condition is used indirectly in the proofs in the present paper; it
is needed to ensure that the local limit theorem for the Markov walk (1.4) holds true.

Condition 3. For any 0, a € R, there exist m>0 and a path xo, ..., xy in X such that
P(xo, x1) - - - Pou—1, Xp)P (X, x0) > 0 and

pxo) + -+ -+ p(xy) — (m+ 1)0 ¢ aZL.

Condition 3 is an extension of the corresponding non-lattice condition for independent and
identically distributed random variables Xy, X1, . . ., which can be stated as follows: there exists
m > 0 such that Xy + - - - + X, does not take values in the lattice (m + 1)6 + aZ with some
positive probability, whatever 6, a € R. Usually, the latter is formulated in an equivalent way
with m = 0. For Markov chains, Condition 3 is equivalent to the condition that the Fourier
transform operator

Pig(i) =P (¢"7g) (i) = E; (e"’S ! g(X1)> . gebX), ieX, (1.7)

has a spectral radius strictly less than 1 for # # 0; see Lemma 4.1 of [14]. Non-latticity for
Markov chains with not necessarily finite state spaces is considered, for instance, in Shurenkov
[23] and Alsmeyer [3].

For the following facts and definitions we refer to [13]. Under Condition 1, from the spectral
gap property of the operator P it follows that, for any A € R and any i € X, the limit

k()= lim E" (e”n)
n——+00

exists and does not depend on the initial state of the Markov chain Xy =i. Moreover, the
number k(1) is the spectral radius of the transfer operator P, :

P, g(i) =P (e"g) (i) = K, (e”' o(X; )) . ge?(X), ieX. (1.8)
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In particular, under Conditions 1 and 3, k(1) is a simple eigenvalue of the operator P, and there
is no other eigenvalue of modulus k(). In addition, the function k(%) is analytic on R.

The BPME is said to be subcritical if k'(0) <0, critical if k'(0) =0, and supercritical if
k'(0) > 0. The following identity has been established in [13]:

K (0)=v(p)=E, (p(X1)) =E, (Infy, (1)) = ¢'(0), (1.9)

where [E, is the expectation generated by the finite-dimensional distributions of the Markov
chain (X;,),,>¢ in the stationary regime, and ¢(1) = E,( exp{iA lnf}’(l(l)}), A € R. The relation
(1.9) proves that the classification made in the case of BPMEs and that for independent and
identically distributed environment are coherent: when the random variables (X)), are inde-
pendent and identically distributed with common law v, from (1.9) it follows that the two
classifications coincide.

In the present paper we will focus on the critical case: k'(0) = 0. Our first result establishes
the exact asymptotic of the survival probability of Z, jointly with the event {X,, =j} when the
branching process starts with z particles.

Theorem 1.1. Assume Conditions 1-3 and k'(0) = 0. Then there exists a positive function
u(i, 2):X x N+ RY such that for any (i, j) € X% andzeN, z#0,

. ud, 2v())
n—-+00 ﬁ '

An explicit formula for u(i,z) is given in Proposition 3.4. In the case z =1, Theorem 1.1
has been proved in [13, Theorem 1.1]. The proof for the case z > 1, which is not a direct
consequence of the case z =1, will be given in Proposition 2.3.

We shall complement the previous statement by studying the asymptotic behavior of Z,
given Z, > 0 under the following condition.

IP)i,z (Z,>0, X, =))

Condition 4. The random variables &;, i € X, satisfy

inf P&, > 2) > 0.
ieX

Condition 4 is quite natural—it says that each parent can generate more than one child with
positive probability. In the present paper is used to prove the nondegeneracy of the limit of the

martingale
(=)
eSn n>0
in the key result Lemma 4.1.

The next result concerns the nondegeneracy of the limit law of the properly normalized
number of particles Z, at time n jointly with the event {X,, = j}.

Theorem 1.2. Assume Conditions 1-4 and k'(0) = 0. Then, for any i € X, z €N, z %0, there
exists a probability measure (;; on Ry such that, for any continuity point t >0 of the
distribution function w; ;([0, -]) and j € X, it holds that

| z . -
lim /7P . (T <t Xy=) 7> 0) = 1i.2(10, DY (juci, 2)
n—00 e n
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and

n—o0

Zy
lim P; (e— <t,Xy=j|Zy > 0> = i ([0, tDw()).

Moreover, it holds that ; ;({0}) = 0.

From [14, Lemma 10.3] it follows that, under Conditions 1 and 3, the quantity

o2 ::v( )—v(p)z-i—ZZ[ (oP"p) —v(,o)2] (1.10)
is finite and positive, i.e. 0 < o < co. Let

Ot (r) = (1 —e’zz)]l(tzoy teR,

be the Rayleigh distribution function. The following assertion gives the asymptotic behavior
of the normalized Markov walk S, jointly with X,, provided Z, > 0.

Theorem 1.3. Assume Conditions 1-4 and k'(0) = 0. Then, for any i, j€ X, z€N, 7 #0, and
teR,

Jim \/_IP),Z<

=t.Xn=J,Zn> 0> = dT(w(jul, 2)

Jn
and

Sy
lim P;, <— <t,X,=j|Z, > 0) = o ()w()).
n—00 gﬁ

The following assertion is the Yaglom-type limit theorem for log Z, jointly with X,.

Theorem 1.4. Assume Conditions 14 and k'(0) = 0. Then, for any i,j€ X, z€N, z#0, and
t>0,
log Z,

Jim i (2

<X, =j.Z,> o) — & (OW(uti, 2)

and

lim i, (log I X, = |7, > 0) — o+ (O()).
n—00 o/n

As mentioned before, in the proofs of the stated results we make use of the previous develop-
ments in the papers [13, 14]. These studies are based heavily on the existence of the harmonic
function and the study of the asymptotic of the probability of the exit time for Markov chains
which were performed recently in [12, 15]; these are recalled in the next section. For recurrent
Markov chains, alternative approaches based on renewal arguments are possible. The advan-
tage of the harmonic function approach proposed here is that it could be extended to more
general Markov environments which are not recurrent. In particular, with these methods one
could treat multi-type branching processes in random environments.

The outline of the paper is as follows. In Section 2 we give a series of assertions for walks
on Markov chains conditioned to stay positive and prove Theorem 1.1 for z > 1. In Section 3
we state some preparatory results for branching processes. The proofs of Theorems 1.2, 1.3,
and 1.4 are given in Sections 4 and 5.

We end this section by fixing some notation. As usual the symbol ¢ will denote a posi-
tive constant depending on all previously introduced constants. In the same way the symbol ¢
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equipped with subscripts will denote a positive constant depending only on the indices and all
previously introduced constants. All these constants will change in value at every occurrence.
By f o g we mean the composition of two functions f and g: f o g(-) =f(g(-)). The indicator
of an event A is denoted by 14. For any bounded measurable function f on X, random variable
X in some measurable space X, and event A, we define

fx FOOPX € dr, A)=E (F(X); A) :=E (f(X)Ly).

2. Facts about Markov walks conditioned to stay positive

2.1. Conditioned limit theorems

We start by formulating two propositions which are consequences of the results in [12],
[13], and 14].

We introduce the first time when the Markov walk (y + S,),~( becomes nonpositive: for
any y € R, set -

7y := inf {k> 1y + §; <0}, (2.1)

where inf J = 0. Conditions 1 and 3 together with v(0) = 0 ensure that the stopping time 7y is
well defined and finite P;-almost surely (-a.s.), for any i € X.

The following important proposition is a direct consequence of the results in [12] adapted
to the case of a finite Markov chain. It proves the existence of the harmonic function related to
the Markov walk (y + S,),-0 and states some of its properties that will be used in the proofs
of the main results of the paper.

Proposition 2.1. Assume Conditions 1 and 3 and k' (0)=0. There exists a nonnegative
function V on X x R such that the following hold:

1. Forany (i,y) e X x Randn>1,
E; (V X, y+Sp) 519> n) =V(@,y).
2. For anyie€X, the function V(i, -) is nondecreasing, and for any (i, y) € X x R,
V(i,y) <c(l+max(y, 0)).
3. ForanyieX y>0,and§ € (0, 1),
(I1=8)y—-cs=V@i,y)=(1+8)y+cs.

We need the asymptotic of the probability of the event {7, > n} jointly with the state of the
Markov chain (X;,),>1.

Proposition 2.2. Assume Conditions 1 and 3 and k'(0) = 0.

1. Forany (i,y) e X x Rand j € X, we have

. . 2VG, y)v(j)
A VR (=] 1y m) ==
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2. Forany (i,y) e X xR, jeX, andn>1,

1 4+ max (y, 0)
n .

For a proof of the first assertion of Proposition 2.2, see Lemma 2.11 in [13]. The second is
deduced from the point (b) of Theorem 2.3 of [12].

Denote by supp(V) ={(i, y) € X x R: V(i, y) > 0} the support of the function V. By the
point 3 of Theorem 1.1, the harmonic function V satisfies the following property: for any
i € X there exists y; > 0 such that (i, y) € supp V for any y > y;.

In addition to the previous two propositions we need the following result, which gives the
asymptotic behavior of the conditioned limit law of the Markov walk (y + S,),,~( jointly with
the Markov chain (X;,),,>¢. It extends Theorem 2.5 of [12], which considers the asymptotic of

]P’i(anj,ty>n)§c

y+Sp
o/n

given the event {t, > n}.

Proposition 2.3. Assume Conditions 1 and 3 and k'(0) = 0.

1. Forany (i,y) € supp(V), j€ X, and t > 0,

Y+ Sn .
P; <t, X,=
l(dﬁ_ n=J]

2. There exists gy > 0 such that, for any € € (0, g9), n> 1,19 > 0, t € [0, 10], (i, y) e X X R,
andjeX,

Ty > n> bl O (H)v()).

+ S, . 2V
g <yﬁa <hXn=in> ”) o (’)'
(1 + max (y, 0)2)

<
= Ceo nl/2+e

Proof. Tt is enough to prove the point 2 of the proposition. This will be derived from the
corresponding result in Theorem 2.5 of [12]. We first establish an upper bound. Let k = [nl/ 4]
and || pllcc = max;ex |p(i)|. Since

n
Su=Suk+ D pX),
i=n—k+1

we have

y+S .
]P’i< ﬁan <t, X, =], Iy>n>

y+Sn—k k .
<P <t+ JXn=J, T —k
< ,< N Uﬁllpll JTy>n )

= I(k, n). (2.2)

https://doi.org/10.1017/apr.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.18

118 I. GRAMA ET AL.

By the Markov property

k ..y+Sn7k k
I(k7 n)ZEl <P (Xn*ka.])’ \/ﬁo' §t+o'\/ﬁ”p”’ Ty>n_k .

Now, using (1.2) and setting

n k
L Q+ )HM,
vn—k U\/E
we have

y + Sn—k
vn— ko

By Theorem 2.5 and Remark 2.10 of [12], there exists g9 > 0 such that for any ¢ € (0, &p) and
to > 0, n > 1, we have, for ¢, x <1,

y+Sn—k >
P|—<thi,ty>n—k
’(%Fﬁb‘”*’

2V, y)

kaswunwwﬁ%m( smb@>n—g. 2.3)

(1 +max{0 )2

2T et el e S
Since [t —t] < cm# and ®7 is smooth, we obtain
V@i, y) 2V(@i,y) (1 + max{0, y})?
— P (s, —® _— 2.5
/—277(71—/()0’ (n,k)_ /—O_ ( )+ Cry n1/2+1/4 ( )
From (2.2), (2.3), (2.4), and (2.5) it follows that
+S .
P; <Yﬁgn <t, X, =], ty>n)
2VGLy) (1 + max{0, y})*
= V(I)mq) (0 +cepy —arei6 (2.6)
Now we shall establish a lower bound. With the notation introduced above, we have
+ S .
P; (yﬁan <t, X, =], ry>n>
Y+ Sn—k k .
zIP’i< ﬁz 5t—0ﬁ||p||,X =],ry>n—k)
—P; (n—k<ry§n)
:=11(k, n) — I(k, n). 2.7
As in the proof of (2.6), we establish the lower bound
Vi, y) (1 + max{0, y})*
Lk, n) > v(j )JTy OH(1) — o gy T 2.8)
no

n1/2+e/16
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Note that 0 > min, g<j<a{y + Si} =y + Su—r — kllplloo, on the set {n — k < 7, < n}. Set

f o= kllolloo
& ovn—k

Then
Lk, n)=1P; (n—k< ryfn)

Sn_
EPi<—y+ z kftn‘k,n—k<‘ty§n>
ovn—k
Snu_
<P; <y+—" <tk Ty >0 — k) . 2.9)
on—k

Again by Theorem 2.5 and Remark 2.10 of [12], there exists g9 > 0 such that for any ¢ € (0, &¢)
and 1o > 0, n > 1, we have, for ¢, < t9,

y+Sn—k )
Pl ——<thi,ty>n—k
l<ma —men

VG, y) (1 + max{0, y})
< —d" (1, —_— . 2.10
~ J2n(n—kyo (tn) 7+ Ce.t (n — k)1/2+¢/16 (2.10)
Since |ty x| < ¢y nﬁ and ®1(0) = 0, we obtain
VG, y) . V@, y) o (1 +max{0, y})*
— (¢ ———d7(0 —_—
iR | S e T O T
(1+ max{0, y})*
=y T 2.11)
From (2.9), (2.10), and (2.11), we deduce that
(1 + max{0, y})*
Dk, n) < Cs,tow 2.12)
Using (2.7), (2.8), and (2.12), one gets
+S .
P; (yﬁan <t X, =], ry>n>
VG, y) 4 (1 + max{0, y})?
>v(j)—F— N DT(1) — Cs,tow,
which together with (2.6) ends the proof of the point 2 of the proposition. The point 1 follows
from the point 2. (]

We need the following estimate, whose proof can be found in [14].

Proposition 2.4. Assume Conditions 1 and 4 and k' (0) = 0. Then there exists ¢ > 0 such that
for any a > 0, nonnegative function y € ¢(X), yeR, t>0, andn > 1,

supE; (Y (X)) sy +Sp€lt.t+al, 1y>n)

ieX
<< mm (1+6) A +0 (1 +max(,0).
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2.2. Change of probability measure

Fix any (i, y) € supp(V) and z € N. The harmonic function V from Proposition 2.1 allows
us to introduce the probability measure IP’+ o on (X' x N)N and the corresponding expectation

l V.2 by the following relation: for any n > 1 and any bounded measurable g: (X x N)" — R,

,,Z(g(Xl,Zl,...,Xn,Zn))
1
= mEi,z(g X1, 21, ..., X0, Zy)
XV Xn,y+Sp) i1y >n). (2.13)

The fact that the function V is harmonic (by point 1 of Proposition 2.1) ensures the applicability
of the Kolmogorov extension theorem and shows that IP’+ is a probability measure. In the

same way we define the probability measure P+y and the correspondlng expectation IEZFV: for
any (i, y) € supp(V), n > 1, and any bounded measurable g: X" — R, )

DRSO (RS &)
1
VG, y)

Ei(g X1, ... X)) V(X y+Sn) i1y >n). (2.14)

The relation between the expectations IE+ . and E+ is given by the following identity: for any
n > 1 and any bounded measurable g: X" —> R,

Ef X, X)) =Ef (g (X1, ..., X)) . (2.15)

With the help of Proposition 2.4, we have the following bounds.

Lemma 2.5. Assume Conditions 1 and 3 and k'(0) = 0. For any (i, y) € supp(V), we have, for
any k> 1,

B+ (e_sk) _ (I +max(y, 0)
o T BRvGy)

In particular,

£+ fe—Sk _ ¢ (1 +max (y, 0)) &
\& N V(. y) '

The proof, being similar to that in [13], is left to the reader.

We need the following statements. Let .%, = 0 {Xo, Zo, . . . , Xu, Zn} and (¥,,),>0 a bounded
(Z)n>0-adapted sequence.

Lemma 2.6. Assume Conditions 1-3 and k'(0) = 0. For any k > 1, (i, y) € supp(V), z€ N, and
jeX
Jim Eip (Yes Xo =7y > n) =B, (Yov()).
Proof. For the sake of brevity, for any (i, j) € X2, yeR,and n > 1, we set

Py, y’J) =P (Xn :j’ Ty > I’l) .
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Fix k > 1. By the point 1 of Proposition 2.2, it is clear that for any (i, y) € supp(V) and n large
enough, IP; (7y > n) > 0. By the Markov property, for any j € X and n > k + 1 large enough,

In:=E;; (Yk;Xn =j‘ Ty >”)

_g [y Pk &y tSed
1,2 k IP)[' (‘L'y - n) s Ly .

Using the point 1 of Proposition 2.2, by the Lebesgue dominated convergence theorem,

o V X,y + ) .
n_lgr_loo Iy=E;, <YkW 3Ty >k ) v())
_mt .
= Ei,y,z Yr) v()). O
Lemma 2.7. Assume that (i,y) €esupp V and z€N. For any bounded (F,)n>0-adapted
sequence (Yy)n>0 such that Y, — YOOIE”Z'y)Z-a.s.,

lim sup lim sup /nE; - (| Y, — Yi

k— 00 n—0oo

ity >n) =0.

Proof. Letk>1and 6 > 1. Then

Ei,z(|Yn — Yi|ity > n) = ]E,;z(|Yn - Yi|iTy > On)
+Eiz(|Yn — Yi|sn < 7y < 6n). (2.16)
We bound the second term in the right-hand side of (2.16):
Eio(|Yn — Yi|: n < 7y <6n) < CP; ,(n < 7, < 0n) (2.17)

By the point 1 of Proposition 2.2, we have
lim \/EIP’,',Z(n <7y < 9n)

n—o00

= lim /nP; (ty>n)— lim_/nP; (7, > On)

2V(@, y) 1
- (1 - —) (2.18)
V2o Vo
Now we shall prove that
lim sup lim sup /nE; - (|Y,, — Yi|;7y > 6n) = 0. (2.19)
k—o00 n—>00
Recall that 6 > 1. By the Markov property (conditioning on .%,),
E,;Z(IY,, — Yi|ity > Gn)
= ]Ei,z( |Y, — Ykl P[((-)fl)n](an y+ Sn)§fy > n)a (2.20)
where we use the notation P ,(i’,y') := P J (ty’ > n'). By the point 2 of Proposition 2.2 and
the point 3 of Proposition 2.1, there exists yg > 0 such that for i’ € X, y > yg, and n’ € N,
. c V@', y)
Pn/(l’, y) < ﬁ (1 + max{0, y’}) < cﬁ. (2.21)
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Representing the right-hand side of (2.20) as a sum of two terms and using (2.21) gives
\/EEi,z(’Yn — Yk
=VnEi (1Yn — Yil Pio—vmXn, y + Sn); y + S < yo, 7y > n)
+ VB (1Yn = Yil Pio—1mXn, y + Sp); ¥ + Sn > y0, Ty > n)
< ey/nP;(y + Su < yo, 7y > n)

; Ty > 0n)

c
= Do = Vel VO, v+ 8)s 7y > 1) (222)

Using the point 1 of Proposition 2.3 and the point 1 of Proposition 2.2, we have
ngngo ﬁPi(y + 8 <0, Ty > n) =0. (2.23)
By the change-of-measure formula (2.13),
E,;Z( 1Yy — Yl VX, y + Sn); Ty > n) =V, y)IEZry’Z( 1Y, — Ykl ) (2.24)
Letting first n — oo and then k — oo, by the Lebesgue dominated convergence theorem,

lim sup limsup E, (1Y, — Y| ) =0. (2.25)

LY,Z
k— 00 n—00

From (2.22)-(2.25) we deduce (2.19). Now (2.16)—(2.19) imply that, for any 6 > 1,

. . 2V, y) 1
lim sup lim sup /nE; - (Y, — Yi|; 7y > n) < (1——).
k—>oop n—>oop l’Z(| " ! ) 2ro NG

Since 6 can be taken arbitrarily close to 1, we conclude the claim of the lemma. O
The next assertion is an easy consequence of Lemmata 2.6 and 2.7.

Lemma 2.8. Assume that (i, y) € supp V, j € X, and z € N. For any bounded (-7 ,,)n>0-adapted

sequence (Y,)n>0 such that Y, — YOOIP’ITFV ,-a.s.,

lim E; (Y, X, =j|ty>n)= ]E;S,’Z(Yoo)v(j).

n—-+00
Proof. For any n > k> 1, we have
nll)rgo VnEi - (Yn: Xp =j. vy > n)
= VnEi (Y Xn=j, 7y > n) + V/nBi (Y — Yi: Xu =Jj, 7y > n). (2.26)

By Lemma 2.6, the first term in the right-hand side of (2.26) converges to

2V(l3 )’) . —+
v(HE;, Yk
2o Lz
as n — 0o, where limy_s oo Eiz’y Y= Efy’zYoo. By Lemma 2.7, the second term in the right-
hand side of (2.26) vanishes, which completes the proof. U
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2.3. The dual Markov chain

Note that the invariant measure v is positive on X. Therefore the dual Markov kernel

P*(i,)) = (]) PG, i), i,jeX, (2.27)

v(i)
is well defined. On an extension of the probability space (2, .%#, P) we consider the dual
Markov chain ( *) with values in X and with transition probability P*. The dual chain
(X,’;)n>0 can be chosen to be independent of the chain (X,),>o. Accordingly, the dual Markov
walk (%), _, is defined by setting

n
S;=0 and S;=-Y p(X;), n=L (2.28)

For any y € R define the first time when the Markov walk (y + SZ)n>O becomes nonpositive:
T, =inf{k21:y+S}§§O}. (2.29)

For any i € X, denote by P} and [E} the probability and the associated expectation generated
by the finite-dimensional distributions of the Markov chain (X}}),>0 starting at X} = i.

It is easy to verify (see [13]) that v is also P* invariant and that Conditions 1 and 3 are
satisfied for P*. This implies that Propositions 2.1-2.4, formulated in Subsection 2.1, hold
also for the dual Markov chain (X;'),>0 and the Markov walk (y + S*) with the harmonic
function V* such that, for any (i, y) € X x Rand n > 1,

n>0’

E; (V* ( . y+S*) r > n) V*(i, y).
The following duality property is obvious (see [13]).
Lemma 2.9. (Duality.) For any n > 1 and any function g: X" — C,
Ei (g (X, - Xo) s Xo1 =) =B (g (X3 .. X7) 1 X0y, =) ';((f))
3. Preparatory results for branching processes

Throughout the remainder of the paper we will use the following notation. For s € [0, 1), let

1 1
I—fi () fr, (D=9

DXy (S) =

and, by continuity,

T, (D
D=1
‘pXk( ) SI_I)I} @Xk(s) Zka(l)Q‘
In addition, for s € [0, 1), ze N, z7#0, let g,(s) = s* and
1 1 1 1

Yo (s) =

I—g) gl—s) 1-s5 zl-s
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and, by continuity,

. _z(z—l)_lz—l
Wz(l)—slgfilﬂz(S)— PRl S

Forany n>1, zeN, z#0, and s € [0, 1], the following quantity will play an important
role in our study:
Gn(8)=1~— (fX] O Oan(S))Z'
Under Condition 2, for any i € X and s € [0, 1] we have f;(s) € [0, 1] and fx, o - - - o fx, (s) €
[0, 1]. This implies that, for any s € [0, 1],
gn,z(s) € [0, 1]. (3.1)

Forany n>1and ze N, z7#0, the function s — g, ;(s) is convex on [0,1]. Since the sequence

(sin J )j.n=>1 is independent of the Markov chain (X},),>¢ , with s =0, we have, IP’?'}, a8,

n.2(0) =P}, (Zy > 0|(X)r=0)- (3.2)

LY.z

Note also that {Z, > 0} D {Z,+ > 0} and therefore, forn > 1,

qn,z(0) = gn+1,2(0). (3.3)

+

Taking the limit as n — oo, ]Pi,y,z'

a.s.,
Tim_g,..(0)= lim P} (Z,> 0| (Xi=0)
=P}, .(Naz1 {Z0 > 0} (Xi)k=0)- (3.4)
Moreover, by convexity of the function g, ;(s) we have
Gn.(0) < ze". (3.5)
The following formula (whose proof is left to the reader) is similar to the well-known state-

ments from the papers by Agresti [2] and Geiger and Kersting [9]: for any s € [0, 1) and n > 1,

1 1
ine(8) P, (- fr (DA —s)

1 " DXy OkaJrl SRR Ofxn(s)
+ —
D D N T BTGy

k=1
+ Yz ofx, 0 ofx,(s). (3.6)
We can rewrite (3.6) in the following more convenient form: for any s € [0, 1) and n > 1,
1S
no(s) = z <1 —+ Do 77k+1,n(s)>
k=0
+ Y ofx, 0 ofx,(s), 3.7)
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where

Nk,n(8) = @x; 0 fxiyy © -+ - 01X, (5).
Since 3¢(0) < ¢(s) < 2¢(1), forany k€ {1, ..., m},
f// (1) - f//(l)
fr 2 =TT

By Theorem 5 of [4], for any (i, y) € supp(V),s € [0, 1),m > 1,and k € {1, . .., m}, there exists
a random variable 7 ~o(s) such that

0 < Mkm(s) < (3.8)

Hm  9g 1 (8) = Nk, 00(s) (3.9

n——+00

everywhere, and by (3.8), for any s € [0, 1) and k> 1,
Nk,00(s) € [0, n]. (3.10)

In the same way,

-1
hm Yrofx, 0 ofx,(s) =Yz 00(s) € |:0’ ZTi| (3.11)

n—-+

everywhere. For any s € [0, 1), define g« ;(s) by setting

o [E&
Goo,z(8) li= Z |:Ze Sknk+1,oo(s):| + Yz 00(8). (3.12)
By Lemma 2.5, we have that
Eif oo, ()™ < 4o (3.13)
Lemma 3.1. Assume Conditions 1 and 3 and k'(0) = 0. For any (i, y) €supp V, z€ N, z#0,
and s € [0, 1),
1 1
lim E - =
n—>+o0 "V gy (S)  Goo,z($)
and

. + _
n—llr-ir-loo Ei,y |Qn,z(s) - 400,1(5)| =0.

Proof. We give a sketch only. Following the proof of Lemma 3.2 in [13], for any (i, y) €
supp V, by (3.7), (3.8), and (3.10), we obtain

( qn, z(s) qoo z( )’) S A= )Ei_y (e—S,,>
+ E+ (Ze S |e+-1.0() = Mt oo(s)’>
k=0
27] +o00
+ _E;t—)’ Z g_Sk
< k=141
+E W oy 0 -0, (9) = Yao0(s)]. (3.14)
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The last term in the right-hand side of (3.14) converges to 0 as n — oo by (3.11). By Lemma
2.5 and the Lebesgue dominated convergence theorem, we have

+00

. B B 2n _
lim sup ]E;;, ( q,,,i(s) - qool,z(s) ) = _]E;,Ly Z e
n—oo 2z k=I+1

Taking the limit as / — oo, again by Lemma 2.5, we conclude the first assertion of the lemma.
The second assertion follows from the first one, since g, ;(s) <1 and goo ;(s) < 1. O

Lemma 3.2. Assume Conditions 1 and 3 and kK'(0)=0. For any (i, y) €supp V and z € N,
7 #0, we have, for any k> 1, ]P’Zry,z—a.s.,

IP’;Fy’Z( Ukz1 {Zk = 0} (Xik=1) < 1.
Proof. By (3.4) we have, ]P’Z’Z’y-a.s.,
1- IED:rz,y( Uk=1{Zx =0} |(Xk)k31) = nll)fgo qn,z(0).

Using (3.7) and (3.8),
1 n
Efgn0)" < ZEry <e5n +0) eS“) + 1. (3.15)
k=0

By Lemma 2.5 and a monotone convergence argument,

Ef, lim gno(0)"1 = lim Equn,z(orl < 0. (3.16)
> n—00 n—o0 B
Thus, P;’r‘,-a.s.,
lim CIn,z(O) >0,
n—odo
which ends the proof of the lemma. (]

We will make use of the following lemma.

Lemma 3.3. There exists a constant ¢ such that, for any z € N, 7z #0, and y > 0 sufficiently
large,

e~7(1 4+ max{y, 0})
n .

Proof. We follow the same line as the proof of Theorem 1.1 in [13]. First, we have

supP; ; (Zn >0,7, < n) <cz
ieX

P; .(Z, > 0, Ty < n) = Pi(gn,-(0); Ty = n).
Using (3.5) and the fact that g, ;(0) is nonincreasing in n, we have

Gn.-(0) < zeMinisksn Sk
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Setting B, j = {—(j + 1) < minj<x<, (y + Sx) < —/}, this implies
Pi,z(zn >0, Ty = n)

< 7B, o(e™™M=k=Sk; 1y <)

o0

<ze™V Y Eyg(eMM=k=n 0TSO B o <im)
=1
o0

<ze” Z e P o(Tytjt1 > n).
Jj=1

Using the point 2 of Proposition 2.2 we obtain the assertion of the lemma. O

It is known from the results in [12] that when y is sufficiently large, (i, y) € supp V. For
(i, y) e supp V, set
U, y, 2 = E; 4oo,.(0) =P, [(Nuz1{Zy > O}). (3.17)

0,2,y

Theorem 1.1 is a direct consequence of the following proposition, which extends Theorem 1.1
in [13] to the case z > 1.

Proposition 3.4. Assume Conditions 1-4. Suppose that i € X and z € N, z # 0. Then for any
i € X the limit as y — oo of V(i,y) U(i,y,z) exists and satisfies

2
u(i,z):= lim ———V(@, y)U(,y,2)>0.
Y=o 2o Y Y
Moreover,
lim /P, .(Z, > 0, X, =) = u(i, Iv().
y—
Proof. By Lemma 2.8 and (3.17), for (i, y) e supp V and j € X,

lim \/EIF’,;Z (Zn >0, X,=j, 1y> n)
n—oo

2V(,y) .
= o YR (M1 (70> 0D
2VG,y) . .
= UG, y, 2v(j), (3.18)
J2no Y U
and
\/Z]P),;Z(Zn >0,X,=j)= \/EIF’,-,Z(Zn >0,X,=],1y,>n)
+ \/EIP’I-,Z(Z,I >0,X,=j,1<n)
=Ji(n,y) + Ja(n, y). (3.19)
By Lemma 3.3,
Jo(n, y) < cze”” (1 + max{y, 0}). (3.20)
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From (3.18), (3.19), and (3.20), when y is sufficiently large,

2V,
lim sup Vi1 «(Z > 0, X =) < D 11y, 2yw()
n—o00 TOo
+ cze™Y(1 4+ max{y, 0}) < oo. (3.21)
Similarly, when y is sufficiently large,
2V,
Lo = liminf VaPi(Zy > 0. X, =) = 2D iy 2. (3.22)

Since P; , (Zn >0, Xy=Jj, ty> n) is nondecreasing in y, from (3.18) it follows that the
function

ui. y. 2) 2V(i, y)
7)) =
Y V2o

is nondecreasing in y. Moreover, by (3.21) and (3.22), we deduce that u(i, y, z) as a function of y
is bounded by L. Therefore its limit as y — oo exists: u(i, z) = limy_, » u(i, y, z). To prove that
Ui, y, 2) = B |goo .(0) > 0, it is enough to remark that, by (3.13), it holds that B} g7 (0) <
00. On the other hand, V(i, y) > O for large enough y. Therefore u(i, z) > 0, which proves the
first assertion. The second assertion follows immediately from (3.21) and (3.22) by letting
y — 00. O

UG, y, 2) (3.23)

4. Proof of Theorem 1.2

Throughout this section we write, for n > 1,
T, =sup{0 <k <n:S=inf{So, ..., Su}},
and, for0 <k <n,

Lin= inf (8;— Sk).

k<j<n

Recall the following identities, which will be useful in the proofs:

(T =k} ={So = Sk, S1 =Sk, - - -, Sk—1 = Sk}, 4.1)
{Lkn > 0} = {Sk+1 > Sk, Sk+2 > Sk - - > Sn > Sk} 4.2)
{Tw =k} ={Tx =k} N {Lyn > 0}. (4.3)
For any n > 1, set
Pi,s.2) =E;. ([“fsﬁ; Zy>0, Lo > 0). (4.4)

It is easy to see that, by the definition (2.1) of t,, we have {tg > n} = {Lo , > 0}, so that (4.4)
is equivalent to

—s

Zn
Pui,s,2)=E;, (e_e Sy Zy >0, 10 > n) (4.5)
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We first prove a series of auxiliary statements.

Lemma 4.1. Assume Conditions 1-4. Let s > 0. For any (i, 0) e supp V and z € N, 7 # 0, there
exists a positive random variable W; ; such that

V(i, 0)
V2no

lim /nP,(i, s, 7) =2 Pso(i, s, 2),
n—0oo

where
Poo(i, 5, 2) =B (e "1np21 {2, > 0)) < 1.
Moreover, for any (i, 0) € supp V and z € N, z # 0, it holds P;foyz-a.s. that
MNp=11Zp > 0} = {W; ; > 0}.
Forany (i,0) gsupp Vand ze N, 7 #£0,
lim «/nP,(i,s,z)=0.
n—00

Proof. Define
—s Zn_
Y,=¢ ¢ & 1{Z, > 0}.

()
eSn n>0

is a positive ((:%)n>0, }P’fo Z)-martingale, its limit, say

Since

Zn

W, = lim

n—o0 eSn’

exists IP’;LO -as. and is nonnegative. Therefore, IP’;FO -as.

lim Y, =e ¢ Yie1{n,=1{Z, > 0}}.

n—oQ

Now the first assertion follows from Lemma 2.8.

For the second assertion we use a result from Kersting [18] stated in a more general setting
of branching processes with varying environment. To apply it we shall condition with respect to
the environment (X},),>0, so that one can consider that the environment is fixed. The condition
(A) in [18] is obviously satisfied because of Condition 4. Moreover, according to Lemma 3.2,
the extinction probability satisfies, PZ_O, _as.,

]P):_O,Z( Up=1 14, = 0}|(Xn)nzl) < 1.
By Theorem 2 in [18], this implies that, P}, -a.s.,
Pfo,z( Up=1{Zp = 0} (Xp)n=1) = P;jo’z(w,-’z = 0|(X)n=1)-

Since PZFO’ .-a.s. we have Up>1{Z, = 0} C {W; ; = 0}, we obtain the second assertion.
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The third assertion follows from the point 1 of Proposition 2.2, since V(i, 0) = 0. This ends
the proof of the lemma. (]

Notice that Py (i, s, z) can be rewritten as
. —W;.e™s.
Poo(iy 5,0 =Efy (e Wi, > 0).

This shows that P (i, s, z) is the Laplace transformation at ¢e~* of a measure on R} which
assigns the mass 0 to the set {0}.
We will need the following lemma.

Lemma 4.2. There exists a constant ¢ such that, foranyn>1,z€N, z £,

z
supP; (T =n,2Z,>0) <c—.
ep Pl =n. 20> 0) <

Proof. Since T, is a function only on the environment (X;);>(, conditioning with respect
to (Xk)g>0, we have

IEDi,z(Tn =n,Z, > 0) = Ei,z(‘]n,z(o); T, = n)s
with g, ;(0) defined by (3.2). Using the bound (3.5) we obtain
Pi,z(Tn =n,Z, > O) < in(eS"; T,= n) (4.6)
By (4.1) and the duality (Lemma 2.9),
g 1
Ei(e%; Ty =n) =E}(e™5n; 1§ > n)m
<cE} (e_S:; 5 >n). 4.7)
Using the local limit theorem for the dual Markov chain (see Proposition 2.4) and following

the proof of Lemma 2.5, we obtain

C
32

From (4.6), (4.7), and (4.8), the assertion follows. O

Ej(e™5; 15 > n) < (4.8)

The key point of the proof of Theorem 1.2 is the following statement.

Proposition 4.3. Assume Conditions 1-4. Foranyi€ X, se R, andz€e N, 7z #0,

—s Zn
lim /nE; . <e_e Sy 7y > o)
n—oo

2 o0
= > B (VX 0)Lsupp v (X, 00Poo(Xk, 5 + Sk, Zi);
2o =1
Zry >0, T, = k)
=:u(i,z, e ").

With s = 400,
lim /nP; .(Z, > 0)=u(i, z),
n—o0
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where

Z Ei.o (V(Xk, 0)lsupp vXe, OPF  , (Wi > 0);

u(i, z) =

J_ no
Z;>0,Tr=k)>0
is defined in Theorem 1.1.
Proof. Using (4.3), one has

n—1
—s e Zn
Ei,z(e‘e S Zy>0)=Y Fiz(e ®52,>0, Ty =k Ly, >0)
k=0
e
+Eiz(e © #32Z,>0,T,=n)
=Ji(n) + J2(n). (4.9)
By Lemma 4.2,
lim sup /nJo(n) < hm fP,Z( w=n,Z,>0)=0. (4.10)
n— o
We now deal with the term J;(n). We shall make use of the notation P, (i, y, z) defined in (4.5).
By the Markov property (conditioning with respect to .%; = o {Xo, Zo, . . . , Xk, Z}), and using

(4.2), we obtain
e Zn
Eiz(e © &3 Z,>0,Te=k, Lin > 0)
=Ei - (Po—tXk. s + Sk, Z1); Tk =k, Zi > 0).

Therefore
Jl(n)—Z Eio(Vn = kP k(X s + Sk, Z1); T =k, Zi > 0).

For brevity, write
Ex=Ei . (Vn—kPy_x(Xk, s + Sk. Zp); Tx =k, Zx > 0).

It is easy to see that, with some / < n,

l n—1
«/ﬁfl(n)zz Vn Ey + Z v Ex
k=0

— Vn—k Plarrd! n—k
=Ji(n, D)+ Jia(n, D). 4.11)
For Ji»(n, [), we have, using 4.5),
Jio(n, ) = Z
k= z+1 vn—k
< kPx, (to > n —k); Ty =k, Z; > 0).
k;ﬂ F E;-(v/n—kPx, )
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Using the point 2 of Proposition 2.2 and Lemma 4.2,

Jia(n, l)<CleJ:rl «/\/__ lZ(Tk—k Zk>0)

=cz Z 732
/2
o Y —kk

(i )
i cZ e -~ 9
NI/
where to bound the second line we split the summation into two parts, for k > n/2 and k <n/2.
Let & > 0 be arbitrary. Then there exists 7, ; such that, forn > [ > n, .,

Jip(n, ) <e. 4.12)

For Ji1(n, I), we have

~

Jii(n, = Ei o (vn — kPp_t(X, s + Sk, Zi); T =k, Zi > 0).

=0
Since [ is fixed, taking the limit as n — 0o, by Lemmata 4.1 and 4.2,

1
lim Jyj(n, )= Eiz(PooXk. s+ Sk. Z1): Te = k. Zi > 0)
I

<ZP,‘Z T =k, Zk>0)

k=0

ad CcZ

Z 7 < (4.13)
k=0

Since ¢ is arbitrary, from (4.11), (4.12), and (4.13), taking the limit as [ — oo, we deduce that

oo
lim /i1 ()= ) iz (Poo (X s + Sk, Zo): Te =k, Zi > 0).
n—oo =0

From this and (4.9)—(4.10) we deduce the first assertion of the proposition. The second one is
proved in the same way. U

Now we proceed to prove Theorem 1.2. Denote by
i i(B) =Pi (Zne™" € B, X, = |, > 0)

the joint law law of —ZS" and X,, =j given Z, > 0 under IP;, where B is any Borel set of R_.. Set
esn
for short
Mniz(B)=P; . (Zne_s" € B‘Z,, > 0) .

https://doi.org/10.1017/apr.2021.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.18

Branching processes in Markovian environment 133

We shall prove that the sequence (n.i:)n>1 is convergent in law. For this we use the
convergence of the corresponding Laplace transformations:

Zn
B (e 'S ; Z, > 0)
\/mpi,z(zn >0)

Ei,z(e eSn

Z,>0)=

By Proposition 4.3, we see that, with f = e,

u(i, z, e™)
ou(,z)

. —e -
lim E; (e Sn
n—oo

It is obvious that u(i, z, e™*) is also a Laplace transformation at t = e~* of a measure on R
which assigns the mass 0 to the set {0} and that u(i,z) is the total mass of this measure. Therefore

the ratio
u(i, z, e™*)

u(i, 7)
is the Laplace transformation of a probability measure 1; ; on R such that u; .({0}) =0.
5. Proof of Theorems 1.3 and 1.4

Recall that by the properties of the harmonic function, for any i € X there exists y; > 0 such
that (i, y) € supp V for any y > y;.
First we prove the following auxiliary statement.

Lemma 5.1. Assume Conditions 1-4. Leti € X and z€ N, z#0. Forany 0 € (0, 1) and y >0
large enough such that (i, y) € supp V,

lim lim /nPi (Zn >0, Zjgn =0, 7y > n) =0.

=00 n—00
Proof. Let m, n> 1 be such that [n] > m. Then
Imn(®, ) :=Piz (Zn >0, Zigm =0, 7y > n)
=P (Zn>0, 1y >n) —Pi (Zgn >0, vy > n)
=IEI,-,Z(IE”,~,Z Zn > 01X1, ..., Xim)
—P;. (Z[g,,] > 0|Xq, ... ,X[gn]) 3 Ty > n)
<Eiz(]gm:0) —

Let P,(i, y) = Pi(zy > n). By the Markov property

;ry>n).

Ei,z( |41m,z(0) —{q[onl,z 3Ty > n)
=Ei( |gm,2(0) — g(on),2(0)| Pu—iom)Xion1, ¥y + Siom)); Ty > [00]).

Using the point 2 of Proposition 2.2 and the point 3 of Proposition 2.1, on the set {7y, > [6n]},

14y + Sion) <c 1+ V(X{on1, y + Sion)
/n—[0n] V(1 =0)n

P19 Xion1, ¥ + Sion), 2) < ¢
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Therefore
\/ﬁlm,n(ev y)
=< ]Ei( |‘Zm,z(0) - C][Gn],z(o)’ ﬁpn—[en](X[Gn]a y+ S[@n])§ Ty > [9’7])

Ei(|gm.2(0) — giony,-(0)

< ﬁ 3 Ty > [Gn])

c
IR o) 0) —

m z( |Clm,z( )—q
Using the bound (3.1) and again the point 2 of Proposition 2.2,

+ 0n1,2(0)| VX{on1. ¥ + Sion); 7y > [0n]).

lim sup E,‘( ’qm,z(o) — q1n),2(0)

n—oQ

If (i, y) & supp V,

17y > [0n]) < lim Pi(zy > [0n]) =0.

Ei( |gm,2(0) — qion,2(0)| V(Xion1, ¥ + Ston)); Ty > [0n])
< Ei(V(X[é)n]v Y+ Sion)); Ty > [971])
=V, y)=0.

If (i, y) € supp V, changing the measure by (2.14), we have

Ei( |gm,2(0) = qion1,2(0)| V(Xion1. ¥ + Ston)); Ty > [0n])
= Vi, NE, [gm.2(0) — giom -(0)] .

Taking the limit as n — oo and then as m — oo, by Lemma 3.1,

lim  lim E;( [gm,2(0) — qon.2(0)| V(X[ony, y + Siom));y > [6n]) =0.

m—00 n— 00

Taking into account the previous bounds we obtain the assertion of the lemma.

O

Proof of Theorem 1.3. Leti,jeX,y>0,z€eN, z#0, t € R. Then, forany n> 1 and y > 0,

S
Pi,z<ﬁ’agt,xn=j,zn>o>

S,
=Pi. (ﬁa <t,Xn=j,2,>0, ‘L'y>n>

S,
+]Pi,z (J};O’ St»Xn =j, Zn >0» Tyf”)

=1i(n,y)+ L(n, y).
By Lemma 3.3,

Vnh(n,y) < /nP; (Z, > 0, 1y <n) < cze *(1 +y).
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In the sequel we study /1(n, y). Let 6 € (0, 1) be arbitrary. We decompose /;(n, y) into two

parts:

S,
Lin,y)=Pi. (—n <t,Xn=j, Zion > 0, Z, > 0, 7y > n)

Jno

S .
me<viyfﬁxﬁ=ﬁﬁwwﬂlw>">

S
_]Pi,z ([Trlr <t, X, =], Z[gn] >0,7Z,=0, Ty >I’l>

=111(n,0,y) —I12(n, 0, y).

(5.3)

In the following lemma we prove that the second term \/nl12(n, €, y) vanishes as n — oo.

Lemma 5.2. Assume Conditions 1-4. For any i,j€X, zeN, z#0, and y > 0 sufficiently

large,

hm \/_]P’,Z(—<t Xy =J,Zipn) > 0, Z, =0, ry>n> 0.

Jno

S
]PI,Z (,\/ﬁno' — b

<]Ptz( n=J, Zton) > 0,7, =0, ‘l:y>n)

Proof. Obviously,

[12(n, 0, y)| =

n=1JZion > 0,2, =0, 7, > n)

_IP’,Z( nw=J, Zion] > 0, ry>n)
—]P’,Z( n=1J,2Zn>0,1, >n)
As in (3.18), choosing y > 0 such that (i, y) € supp V, we have
2V(i, y)

lim /nPi. (Xy=j,Z,>0,1y>n)= oo

n—oQ

—U(, y, 29v()).

We shall prove that for any 6 € (0, 1),
2V@, y)

hm J_P,Z( w=J, Zign) > 0, Ty > n) = o
7o

U@, y, 2v()).
For any m > 1 and n such that [6n] > m,
P; . (X,, =J, Zion] > 0, ry>n)
_IP’,Z( nw=Js Zm >0, Zjgn) >0, I}>n)
=P (Xa=Jj. Zn>0,7,>n)
—Pi. (Xn=Jj,Zn>0,Zpgn =0, 7y >n) .

By Lemma 2.6,
nli)nc}o\/_IF’lZ( w=Jj.Zm >0, 7y >n)
2V(1 y)
= e Py = 000
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Taking the limit as m — oo, by (3.17), we have
lim lim /nP; (Xn =j,Zn>0,1,> n)

m—00 n— o0

2V(i, y) .
=y Py (N1 {Zn > OD)v(j)

2V(@,y) . .
= UG, y, ) 5.9
Nor? @i, y, 2v(j) (5.9)

By Lemma 5.1,
lim sup lim sup \/E]P’,;Z (Xn =j, Zn>0,Zpn =0, 7y > n)

m— 00 n—oQ

<limsup lim /nPi. (Zy >0, Zjgm =0, 7y > n) =0,

m—oo N—>00

which together with (5.8) and (5.9) proves (5.7). From (5.5), (5.6), and (5.7) we obtain the
assertion of the lemma. O

To handle the term /11 (n, 8, y) we choose any m satisfying 1 < m < [0n] and split it into two
parts:

S
I]l(nyea y):Pl,Z <_n EtaXn =j’ Zm >0’ Ty >n>

Jno
Sy .
—Pi %St,Xn:],Zm>O,Z[9n]=(), Ty >n
=h1(n, my) —Iinnn,m, 0, y). (5.10)

By Lemma 5.1, we have

lim sup lim sup «/nl112(n, m, 6, y)

m— 00 n—oQ

< lim lim /nP;(Zy >0, Zjgn =0, 7, >n) =0. (5.11)

m—00 n— 00
The following lemma gives a limit for \/nl111(n, m, y) as n — oo and m — 0.

Lemma 5.3. Assume Conditions 1-4. Suppose that i,j€ X, z€ N, z#0, and t € R. Then, for
any y > 0 sufficiently large,

S,
lim lim /nP;, <f—” <t,Xyn=j,Zn>0,1,> n)
no

m—00 n—> 00
B 201(r)
N 2mo

Proof. Without loss of generality we can assume that n > 2m. Let y > 0 be so large that
(i, y) e supp V. Set

Vi, UG, y, 2)v()). (5.12)

Y
Jno'

thy=1t+

Then I111(n, m, y) can be rewritten as
y+Sn

Jno

]111(n1 m’y):Pi,Z< Et}’l,yan =ijm>07 ty>n)'
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If t <0, we have t,, , < 0 for n large enough, and the assertion of the lemma becomes obvious
since I111(n, m, y) = 0 = &7 (£). Therefore, it is enough to assume that # > 0. To find the asymp-
totic of I111(n, m, y) we introduce the following notation: for y’, ¥ e Rand | <k=n—m <n,

. ¥ + Sk
D(i, Ct’):IP"( gt/;r/>k>.
Y \ oV Y
Set
t =1 i =|r+ y ﬁ
m = = =\ o ) =
By the Markov property,

Li(n,m,y)= Ei,z(an—m(va v+ Sm, tn,m,y); Zy >0, Ty > m)

Since t,, ,y < «/E(t + y/o), by Proposition 2.3, there exists an & > 0 such that for any (i, y) €
X x R,

. 2V(i, y')
vn—m|®,_,(, y/7 tn,m,y) - mq)Jr (tnme’)
1 + max{y’, 0}%

ch’t’yw. (513)

Therefore, using (5.13),

Ay(m, y) =
2V( X, y + Sm)

i, m,y) —E;, [ 222t om
111(” m y) 1,7 ( ma
1 +E; , max{y + S, 0}2

d>+(tn,m,y); Zn >0, 7 > m>‘

= Ce,t,y (}’l — m)1/2+5
This implies that
lim +/nA,(m,y)=0. (5.14)
n—oQ

Note that with m and y > 0 fixed, we have 1, .y — t as n — co. Therefore

m \/;l l,Z( \/_ (n‘m) m> 1y>m
iV ,V+ ) > 0, >m). .
[ 1,2 m y m m y

When (i, y) € supp V, the change of measure (2.13) gives
IE,-,Z(V(Xm, y+8Sm)i Zm >0, 1y > m)
=V(i, yP, (Zn > 0). (5.16)

Ly.Z
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Since IP’;ry Zn>0)= IE+ ydm, -(0), using Lemma 2.7,

hm Pz 2 z(Zm >0)= ml]:lf—]oo Eﬁme,z(O) =K i )ﬂoo A0)=U(,y, 2),

which, together with (5.14), (5.15), and (5.16), gives

lim Tim _2<I>+(t)v. UG G
Jim - lim /nl n,m,y)—mo @, U@, y, 2v(j).

This proves the assertion of the lemma for ¢ > 0. O

We now perform the final assembly. From (5.1), (5.2), (5.3), and (5.4), we have, for any
i,jeX, zeN, z#0, t€R, and y sufficiently large,

lim ‘\/_Pzz( <t Xn=/J, Zn>0> \/—111(11 0, .Y)‘
n— 00 Jno

<cze V(1 +Y). (5.17)

From (5.10), (5.11), and (5.12) we obtain

lim hmfl (n,0,y)= 2070
m—00 n— 1 Y \/E

From (5.17) and (5.18), taking consecutively the limits as » — oo and m — oo, we obtain, for
any i,j€X,z€eN, z#0, r e R, and y > 0 sufficiently large so that (i, y) € supp V,

—=— V@ NUG y, 2v()). (5.18)

P
V2ro

lim ‘IP, ) ( Vi, UG, y, 29()

n—0o0

ﬁ<t Xn=Jj,Zn >0>

<cze V(1 +y).

Taking the limit as y — oo, we obtain, forany i, j€ X, ze N, z#0, and t € R,

lim /nP; <— =t Xpn=J,Zn> 0) = dF (0w (jul, 2),
n—00 Jn

where u(i, z) > 0 is defined in Proposition 3.4. This proves the first assertion of the theorem.
The second assertion is obtained from the first one by using Theorem 1.1. (]

Proof of Theorem 1.4. The assertion of Theorem 1.4 is easily obtained from Theorem 1.3.
Let ¢ > 0 be arbitrary. By simple computations,

log Z, Sy
P; —_— = >, Xn=Jj,2,>0
t,z(aﬁ ﬁa_gn]n>
Z
=Pi,z< 5.2 eV Xa =), 2 >0)
eYl

Z,
+Pi,z <e_;’ll = 678ﬁ07 Xn=Jj,Zn> 0) .
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Fix some A > 1. Then, for n sufficiently large so that VI A,
log Z, Sy

P’*Z(Vﬁ‘ﬁa

Z,
<P, <eT >A, Xy =Jj, Zy > 0)

>e, X :j,Zn>O>

Z,
+I[Di,Z <Tn S 1/A7X :jv Zl’l > O) k]
e n
where, by Theorem 1.2,
. Zn . N
lim sup /nP; , = >A, Xy =j,Zy> 0| < pi([A, +00])v(jul, 2),
n——+00 n

and

. Z . N
lim sup +/nP; <eTn <1/A, X, =j,Z, > 0> < i ([0, 1/ADv(ju(, 2).

n——+00 "
Since p; ; is a probability measure of mass 0 in 0, taking the limit as A — 4-o0o, we have that
log Z, Sn
o/n  Jno

As ¢ is arbitrary, using Theorem 1.3 we conclude the proof. (]

lim /P, (

n—+00

> ¢, X, =j,Zn>0>=O.
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