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Finsler Warped Product Metrics
with Relatively Isotropic Landsberg
Curvature

Zhao Yang and Xiaoling Zhang

Abstract. 1In this paper, we study Finsler warped product metrics with relatively isotropic Landsberg
curvature. We obtain the differential equations that characterize such metrics. Then we give some
examples.

1 Introduction

Let F be a Finsler metric on manifold M. The geodesics of F are characterized locally
by the equations

d2x
dt?

where G’ are geodesic coefficients of F. In Finsler geometry, there are several very
important non-Riemannian quantities [5, 18]. The Cartan torsion C is a primary
quantity. Differentiating C along geodesics gives rise to the Landsberg curvature.
Landsberg first studied Landsberg metrics [12, 13]. Li and Shen characterized weak
Landsberg («, 8)-metrics and showed that there exist weak Landsberg metrics that
are not Landsberg metrics in dimension greater than two [15]. Cheng, Wang, and
Wang characterized («, 8)-metrics with relatively isotropic mean Landsberg curva-
ture [6]. It is natural to study the relative rate of change of Landsberg curvature along
geodesics, leading to the study of relatively isotropic Landsberg metrics.

A Finsler metric F is said to be spherically symmetric (orthogonally invariant in
an alternative terminology in [10]) if F satisfies

F(Ax,Ay) = F(x,y),

+2Gi(x,%) -0,
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for all A € O(n), and equivalently, if the orthogonal group O(n) acts as isometrics of
F. Such metrics were first introduced by Rutz [17]. It was pointed out in [10] that a
Finsler metric F on B" () is a spherically symmetric if and only if there is a function
¢ :[0, ) x R > R such that

() = ig(l £220),

where (x,y) € TB"(¢)\{0}, || and (-,-) denote the standard Euclidean norm and
inner product, respectively. In [16], Mo, Solrzano, and Tenenblat obtained the dif-
ferential equation that characterizes the spherically symmetric Finsler metrics with
vanishing Douglas curvature, and by solving this equation they obtained all the
spherically symmetric Douglas metrics. Guo, Liu, and Mo showed that every spher-
ically symmetric Finsler metric of isotropic Berwald curvature is a Randers metric
[7]. In [3], Chen and Song obtained a differential equation which characterizes a
spherically symmetric Finsler metric with isotropic E-curvature. Zhou investigated
the spherically symmetric Finsler metrics with isotropic S-curvature and obtained a
characterized equation [19]. Then he proved that these metrics of Douglas type must
be Randers metrics or Berwald metrics. In [4], Chen and Song obtained differential
equations which characterize spherically symmetric Finsler metrics with relatively
isotropic Landsberg curvature.

The warped product metric was first introduced by Bishop and O’Neil to study
Riemannian manifolds of negative curvature as a generalization of Riemannian
product metric [1]. The warped product metric was later extended to the case of
Finsler manifolds by the work of Chen, Shen, and Zhao and Kozma, Peter, and Varga
[2, 11]. These metrics are called Finsler warped product metrics. And warped product
complex Finsler manifold was studied by many authors [8, 9].

Recently, Chen, Shen, and Zhao studied the warped product structures and gave
the formulae of flag curvature and Ricci curvature of these metrics, and obtained
the characterization of such metrics to be Einstein, and they showed that spherically
symmetric Finsler metrics with warped product structure [2]. Liu and Mo obtained
the differential equation that characterizes Finsler warped product metrics with
vanishing Douglas curvature. By solving the equation, they obtained all the warped
product Douglas metrics and constructed explicitly some new warped product Dou-
glas metrics [14].

In this paper, we will study Finsler warped product metrics with relatively isotropic
Landsberg curvature.

Consider the product manifold M := I x M, where I is an interval of R and M is an
(n —1)-dimensional manifold equipped with a Riemannian metric &. Finsler metrics
on M, given in the form

1

v
F(u,v) =a(u,v (ul,v — ),
() = (i, 9w, 35
where u = (ul, u) V= VI% + v and ¢ is a suitable function defined on a domain of

IR?, are called Finsler warped product metrics.
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Theorem 1.1 The warped product metric F = &¢ (r, s), r=u', s = ";l has relatively
isotropic Landsberg curvature i.e., L + ¢cFC = 0 if and only if ¢ satisfies

(1 1) ¢sq)sss + ((/5 - 5¢s)\Psss = %Cwsss:
' ¢s(®s_s®ss)_5(¢_5¢s)\yss = %CES,

where ¢ = c(u) is a scalar function on M, w = ¢*, @, ¥ are functions which are defined

by

12) © - s? (s — Wswyg) — 20 (W, — sw,s)’
2 Quwwg — w?)

13) - (W, W5 — WsWrs) + Wy

22w — w?)

and E; is listed in (2.2).

Remark 1.2 Equations (1.1) are extensions of spherically symmetric metrics with
relatively isotropic Landsberg curvature; see [4].

When c(u) is vanished, these equations characterize the warped product Finsler
metric of Landsberg type, and we obtain the following.

Theorem 1.3 If the warped product metric F = &¢ (r, s), r=u', s = ";1 is of Lands-
berg type, then ¢ must satisfy

(1.4) [f(r)sz+g(r)s+h(r)]¢ss+(¢—s¢s)r =0,
where f(r), g(r), h(r) are arbitrary differential functions of r € L

Remark 1.4  The above theorems tell us the following interesting fact: having rela-
tively isotropic Landsberg curvature or vanishing Landsberg curvature, for a Finsler
warped product metric, is independent of the Riemannian metric & on M. It follows
that we can construct explicitly some new warped product metrics with relatively
isotropic Landsberg curvature by using known spherically symmetric metrics with
relatively isotropic Landsberg curvature in Section 5.

Now we briefly describe the organization of this paper. Section 2 is a quick
introduction to some basic facts on Finsler geometry. Section 3 is devoted to the
investigation of warped product metrics with relatively isotropic Landsberg curva-
ture. Section 4 gives a detailed deduction of warped product metrics with vanishing
Landsberg curvature. Finally, in Section 5, we give several examples of such metrics.

2 Preliminaries

In this section, we give some definitions of several geometric quantities in
Finsler geometry that will be used in the proof of our main results. Throughout
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this paper, our index conventions are as follows:
1<A,B,C-<n, 2<i,j, ke <n.

For a Finsler warped product metric F = d&¢, the metric tensor is given by [2] :

21) (gn glf):(%WSf 280,
g &ij 38:4 T

where [; := % and
(2.2) E:=2w-sw, and E;:= 0,8 =w,; —swg,.

For the geodesic coefficients G* of F, we have

(2.3) G'=0&® and G' =G +¥&l.
Let
1 9°F? 190
(2.4) Cgecp = (u,v) = - 985¢

4 9vBavCovD EE

Define C:= Cpcpdu® @ du® ® duP. Then C is called the Cartan tensor. The
Landsberg curvature L := Lpcpdu®? ® du® @ duP is defined by Lgcp = CaepievE
on TM\{0}, where ";" denotes the horizontal covariant derivative with respect to
Chern connection of F. Thus, the Landsberg curvature can be defined as

1_0oF 0°G*
2" ovA vBovCovD’
A Finsler metric is called with the relatively isotropic Landsberg curvature if
L+cFC=0, ie, Lgcp + cFCgcp =0, where ¢ = c(u) is a scalar function on the

manifold. When Lgcp = 0, which means that ¢(u) = 0, the Finsler metric is called
the Landsberg metric.

(2.5) Lpcp =

Lemma 2.1([2]) A spherically symmetric metric is a Finsler warped product metric.

Proof Let (r, Gi) be the polar coordinates of R"; then a vector y can be expressed

10

asy=v'2 +v! % Thus, the Cartesian expressions can be rewritten as

x=r=—, |x|=r, (x,y)=rv', |y =v"V'+r&,

where &, is the standard Euclidean metric on the unit sphere S"~'. Now, the spheri-
cally symmetric metric can be written as

F(x.y) = Iyig(ieh 220 - 6. 3(r,s),

Iyl
where 7 := |x]|, s := % and ¢(r,s) = V12 +s2¢(r, rr25+52)' [
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3 The Finsler Warped Product Metrics with Relatively Isotropic
Landsberg Curvature

In this section, we are going to discuss necessary and sufficient conditions for the
Finsler warped product metrics to have relatively isotropic Landsberg curvature. For
the proof of Theorem 1.1, we need the following formulas:

dgu 1,
ﬁ =70 Wgsss
ag1~ S . _ y
?1] =-—<Q 1wssslja
ogi;i s?._ T D
% = ?0‘ 1‘Ussslj Kkt 555“ 1h]ka
gik S, 1o See Ly ,
% =a (38 —szwsss)ljlkll —Eiajxh(j=>k—=1-j)],
oF JoF v
=7 - Ps ey - s li>
9’ V2 _ x-l
ovioviov! ((Doc ) =0 Ousss
83 2 — M
Friavig (0F) =6 Pl
0 . o vy .
m (CDOCZ) =a l[Sz(Dsssljlk + ((Ds - S(Dss)hjk]:
0’ } . ¢y . ]
m ((D(Xz) = - 1[53©5551jlkl1 +S(CDS - Sq)ss)hjkll(] k-1 ])],
o’ 201 = ¢! ji
9’ v25i v -1 ¥ i jij
m (\P(X I ) = [\Ijssh]- —S\Psssl j]’
o v27i ‘- iy y Fiy o, qiy i
m (\P(le ) = I[SZ\PSSSZ l]lk —Slyss(]’lj kT ]’lkl] + ]’l]kl )],
PE iy B
m (\IIOCZZ ) = 1{[3(\P —S\PS) - 652‘{’“ —53\Ilsss]l l]lkl[
+ (2 W, — ¥ +5‘Ps)il(iiéjk + 5;ik)(] >k—>1-7j)
+ (¥ - s¥0)&jap (> k— 1 —>j)},
where [ = Vé, I; = %, fzij = &aTij-, h; = 5{% and j - k - [ — j denotes cyclic per-
mutation.

Proof of Theorem 1.1 A Finsler metric has relatively isotropic Landsberg curvature
if L+ c¢FC=0,ie., Lgcp + cFCpcp =0, where ¢ = ¢(u) is a scalar function on M.

https://doi.org/10.4153/5S0008439520000351 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000351

Finsler Warped Product Metrics with Relatively Isotropic Landsberg Curvature 187

It can be launched that

oF 9°G* dgsc
3.1 o - .
(31) ovA ovBovCovP ¢ ovP
Substituting the above formulas into (3.1) and letting index (B, C, D) to be
(L11), (L,L j), (1, j, k), and (j, k, 1), we obtain the following equations:

. OF 2°GA agu
(i) AT - ot & [P Dyss + (¢ — 5¢6) Wess] = EC“ twgss,

1
(32) Aad ¢sq)sss + ((/) - S¢s)\Psss = Ecwsss-

BF 83GA aglj

(i) Sy oom s = o ~&7 5[ Dyselj + (¢ — 5) Wess ]

| v
= —Ecsoc 1wmlj.
Contracting the above equation with [/ yields

¢s sss T ((/5 - 5¢ )‘"Psss = _Cwsssx

which is the same as (3.2).

(111) a_F—BSGA = C@
ovA avligvigvk  ovk
— [¢s sss t (¢ _5(/55) sss]l I

+[¢s(®s_s®ss)_5(¢_5¢s) ss] jk

1 e
= EC[S Wsss Ll + Eshj].

Contracting the above equation with [/ [¥ and d/¥, respectively; we get

(3.3) {¢5(D555 + ((P - S¢ )\Psss = lC(‘JSSS,
$s(D;s = sOy) = 5(¢ — 5¢) ¥es = 3B
3nA
(1v) a_F a G _ ag]k

A dvigvkayl gyl
<[5 (4@ sss + (9= 55) ¥sss)
+35(s (D — sDs) — s(¢ — 5¢5) ¥ss) ) I I
+S[_¢S(®S - s@ss) + 5(‘/’ _5¢S)\Pss]djkil(j -k—>1- ])

= Ecs[(355 - szwsss)ljlkll - Bl (j—=>k—1-j)].
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Using the same method, we obtain the following equations

l¢s sss T (¢ - 5¢s)qjsss = %Cwssm
¢S(® 5®SS)_5(¢_5¢S)
which are the same as equations (3.3).

Above all, we get the equations (1.1). And the converse is obvious. Thus we have
completed the proof of Theorem 1.1. ]

4 Finsler Warped Product Metrics of Landsberg Type

In this section, we will discuss the Finsler warped product metrics of Landsberg type.
A Finsler metric is called the relatively isotropic Landsberg metric if L + ¢FC =0,
i.e., Lcp + cFCpcp = 0, where ¢ = c(u) is a scalar function on the manifold. When
Lpcp =0, which means that c(u) = 0, the Finsler metric is called the Landsberg
metric.

By Theorem 1.1, we obtain the following lemma.

Lemma 4.1  The warped product metric F = &¢ (r,s),r=u',s = ";1 is of Landsberg
type if and only if ¢ satisfies
(41) (*) ¢sq)sss + (¢ 5(/)5) sss — 0

() §s(Ds = 5Dss) —s(¢ — 5¢5) ¥ss = 0.

We call the first equation of (4.1) (* ), and the second equation (*). Then by solving
(4.1), we will find all Finsler warped product Landsberg metrics.

Proof Differentiating () with respect to the variable s, we obtain

(42) (/)ss(q)s - S(DSS) - 5¢s®sss - (<l5 - S¢s - 52(/555)\1/55 - 5(¢ - 5¢s)‘{]sss =0.
Plugging () into (4.2) yields

(4.3) Gos (D —sDys) — (¢ — s — 2Pss ) Wis = 0.
Multiplying both sides of (4.3) by ¢ yields

(4.4) Psps (D5 = 5Ds) = Py (¢ — 55 — 57 ) Wi
Plugging (*) into (4.4), we have

(4.5) 55 (@ = 5¢5) W5 = $s(d = 565 — 5>y ) s
Case I. ¥, # 0. By (4.5), we have

(4.6) spss (9= 5¢s) = (¢ — 55 — 5 ).
Differentiating (4.6) with respect to the variable s yields

s SPss
(47) 00 = (9 - 59) = B e

https://doi.org/10.4153/5S0008439520000351 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000351

Finsler Warped Product Metrics with Relatively Isotropic Landsberg Curvature 189
So, we get
(48) ¢ =Ve(r)s? +alr),

where ¢, ¢; are arbitrary differentiable real functions of . Meanwhile, plugging (4.8)
into (1.3) yields ¥, = 0, which contradicts to W, # 0.Case II. ¥, = 0. Then

(4.9) W, = 0.

Plugging (4.9) into (*), we get @y, =0 or ¢, = 0.

If ¢; = 0, then ¢ = c(r), where ¢ is arbitrary differentiable real functions of r. So
F = &¢ is a Riemannian metric.

If ¢5 # 0, we have

(4.10) @, = 0.
From (%), when ¢; # 0 and ¥, = 0, we have
(4.11) @O, — sDy = 0.

Combining (4.10) and (4.11), we obtain ® = a(r)s* + b(r).
For ¥ = 0, ¥ = d(r)s + b(r), where d and b are arbitrary functions of r. So

(4.12) @ - s¥ = f(r)s* + g(r)s + h(r),

where f(r) = a(r) - a(r), g(r) ==b(r), and h(r) = b(r).
On the other hand, we have

(4.13) D-sY = 2“"‘;’(52;1‘1“’_* a‘);)‘*’rws _ (¢ ; ;S(fs)r
Thus, we have
(4.14) 2[£(r)s* + g(r)s + h(r)]¢ss + (¢ — s¢s), = 0.
It can be rewritten as
(4.15) [£(r)s* + g(r)s + h(r)]dss + (¢ — s¢5), = 0,
which completes the proof of Theorem 1.3. [ ]

5 Examples of The Finsler Warped Product Metrics with Relatively
Isotropic Landsberg Curvature

In this section, we obtain several examples of warped product metrics with relatively
isotropic Landsberg curvature.

Example 5.1 For any differentiable function A, p, g of r = |x|, such that

20(x)3+/(4c(x)? + Ap(r)) 2 + 1Aq(r)
. ,

¢(r.$) =
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{x,7)

where § = , we have the following spherically symmetric Finsler metrics with

relatively isotropic Landsberg curvature [4]

e 2¢(x)(x,7) +1/ (4e(x)> + Ap(r)) {x, y)* + $Aq(r) |y
- : ,

Applying Lemma 2.1, their Finsler warped product forms are

B 2¢(x)rs + \/(4c(x)2 +Ap(r)) r2s? + 1q(r) (r2 + s?)
=0y 1

>

where &, is the standard Riemannian metric on S" L. Let & be a Riemannian metric

on S"!. Then
26(x)r5 [ (4c(x)2 + Ap(r)) 1282 + LAq(r) (12 + 82)
- (X A b
where § := #11,)’ are new warped product Finsler metrics with relatively isotropic

Landsberg curvature.

Example 5.2  For any arbitrary constant ¢ with 0 < ¢ < 1, we have a Randers metric
F = a + f3 that is of the following form:

a(x.y) = \/s|)’|2 (1 + £|x|2) +(1-¢2) (x, y)2

>

2
1+ ¢lx]
V1-¢(x,y)

1+ elx|

B(x, ) :=

Then F has relatively isotropic Landsberg curvature [20].
Applying Lemma 2.1, its Finsler warped product form is

. \/8(52+7’2) (1+er?) + (1-€2) r2s2 + rs\/1- &2
F=a,

>

1+ er?

1
where &, is the standard Riemannian metric on S"7!, r = |x| and s = - Letwbea
+
Riemannian metric on S"~!. Then

Fos \/s(§2+r2) (1+er?) + (1-€2) r282 + r5\/1 - &2
=@
1+ er?

>

v
&y’
Landsberg curvature.

where § := is a new warped product Finsler metric with relatively isotropic
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