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Finsler Warped Product Metrics
with Relatively Isotropic Landsberg
Curvature

Zhao Yang and Xiaoling Zhang

Abstract. In this paper, we study Finsler warped product metrics with relatively isotropic Landsberg

curvature. We obtain the differential equations that characterize such metrics. �en we give some

examples.

1 Introduction

Let F be a Finsler metric on manifoldM. �e geodesics of F are characterized locally
by the equations

d2x i

dt2
+ 2G i(x , dx

dt
) = 0,

where G i are geodesic coefficients of F. In Finsler geometry, there are several very
important non-Riemannian quantities [5, 18]. �e Cartan torsion C is a primary
quantity. Differentiating C along geodesics gives rise to the Landsberg curvature.
Landsberg first studied Landsberg metrics [12, 13]. Li and Shen characterized weak
Landsberg (α, β)-metrics and showed that there exist weak Landsberg metrics that
are not Landsberg metrics in dimension greater than two [15]. Cheng, Wang, and
Wang characterized (α, β)-metrics with relatively isotropic mean Landsberg curva-
ture [6]. It is natural to study the relative rate of change of Landsberg curvature along
geodesics, leading to the study of relatively isotropic Landsberg metrics.

A Finsler metric F is said to be spherically symmetric (orthogonally invariant in
an alternative terminology in [10]) if F satisfies

F(Ax ,Ay) = F(x , y),
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Finsler Warped Product Metrics with Relatively Isotropic Landsberg Curvature 183

for all A ∈ O(n), and equivalently, if the orthogonal group O(n) acts as isometrics of
F. Such metrics were first introduced by Rutz [17]. It was pointed out in [10] that a
Finsler metric F on B

n(µ) is a spherically symmetric if and only if there is a function
ϕ ∶ [0, µ) × R → R such that

F(x , y) = ∣y∣ϕ(∣x∣, ⟨x , y⟩∣y∣ ),
where (x , y) ∈ TBn(µ)/{0}, ∣ ⋅ ∣ and ⟨⋅, ⋅⟩ denote the standard Euclidean norm and
inner product, respectively. In [16], Mo, Solrzano, and Tenenblat obtained the dif-
ferential equation that characterizes the spherically symmetric Finsler metrics with
vanishing Douglas curvature, and by solving this equation they obtained all the
spherically symmetric Douglas metrics. Guo, Liu, and Mo showed that every spher-
ically symmetric Finsler metric of isotropic Berwald curvature is a Randers metric
[7]. In [3], Chen and Song obtained a differential equation which characterizes a
spherically symmetric Finsler metric with isotropic E-curvature. Zhou investigated
the spherically symmetric Finsler metrics with isotropic S-curvature and obtained a
characterized equation [19]. �en he proved that these metrics of Douglas type must
be Randers metrics or Berwald metrics. In [4], Chen and Song obtained differential
equations which characterize spherically symmetric Finsler metrics with relatively
isotropic Landsberg curvature.

�e warped product metric was first introduced by Bishop and O’Neil to study
Riemannian manifolds of negative curvature as a generalization of Riemannian
product metric [1]. �e warped product metric was later extended to the case of
Finsler manifolds by the work of Chen, Shen, and Zhao and Kozma, Peter, and Varga
[2, 11].�ese metrics are called Finsler warped product metrics. And warped product
complex Finsler manifold was studied by many authors [8, 9].

Recently, Chen, Shen, and Zhao studied the warped product structures and gave
the formulae of flag curvature and Ricci curvature of these metrics, and obtained
the characterization of such metrics to be Einstein, and they showed that spherically
symmetric Finsler metrics with warped product structure [2]. Liu and Mo obtained
the differential equation that characterizes Finsler warped product metrics with
vanishing Douglas curvature. By solving the equation, they obtained all the warped
product Douglas metrics and constructed explicitly some new warped product Dou-
glas metrics [14].

In this paper, wewill study Finsler warped productmetrics with relatively isotropic
Landsberg curvature.

Consider the productmanifoldM ∶= I × M̌, where I is an interval ofR and M̌ is an(n − 1)-dimensional manifold equipped with a Riemannian metric α̌. Finsler metrics
onM, given in the form

F(u, v) = α̌(ǔ, v̌)ϕ(u1 ,
v1

α̌(ǔ, v̌)),
where u = (u1 , ǔ) , v = v1 ∂

∂u1 + v̌ and ϕ is a suitable function defined on a domain of

R
2, are called Finsler warped product metrics.
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�eorem 1.1 �e warped product metric F = α̌ϕ (r, s) , r = u1 , s = v 1

α̌
has relatively

isotropic Landsberg curvature i.e., L + cFC = 0 if and only if ϕ satisfies⎧⎪⎪⎨⎪⎪⎩
ϕsΦsss + (ϕ − sϕs)Ψsss = 1

2
cωsss ,

ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss = 1
2
cΞs ,

(1.1)

where c = c(u) is a scalar function on M, ω = ϕ2,Φ, Ψ are functions which are defined
by

Φ = s2 (ωrωss − ωsωrs) − 2ω (ωr − sωrs)
2 (2ωωss − ω2

s ) ,(1.2)

Ψ = s(ωrωss − ωsωrs) + ωrωs

2(2ωωss − ω2
s )(1.3)

and Ξs is listed in (2.2).

Remark 1.2 Equations (1.1) are extensions of spherically symmetric metrics with
relatively isotropic Landsberg curvature; see [4].

When c(u) is vanished, these equations characterize the warped product Finsler
metric of Landsberg type, and we obtain the following.

�eorem 1.3 If the warped product metric F = α̌ϕ (r, s) , r = u1 , s = v 1

α̌
is of Lands-

berg type, then ϕ must satisfy

[ f (r)s2 + g(r)s + h(r)]ϕss + (ϕ − sϕs)r = 0,(1.4)

where f (r), g(r), h(r) are arbitrary differential functions of r ∈ I.
Remark 1.4 �e above theorems tell us the following interesting fact: having rela-
tively isotropic Landsberg curvature or vanishing Landsberg curvature, for a Finsler
warped product metric, is independent of the Riemannian metric α̌ onM. It follows
that we can construct explicitly some new warped product metrics with relatively
isotropic Landsberg curvature by using known spherically symmetric metrics with
relatively isotropic Landsberg curvature in Section 5.

Now we briefly describe the organization of this paper. Section 2 is a quick
introduction to some basic facts on Finsler geometry. Section 3 is devoted to the
investigation of warped product metrics with relatively isotropic Landsberg curva-
ture. Section 4 gives a detailed deduction of warped product metrics with vanishing
Landsberg curvature. Finally, in Section 5, we give several examples of such metrics.

2 Preliminaries

In this section, we give some definitions of several geometric quantities in
Finsler geometry that will be used in the proof of our main results. �roughout

https://doi.org/10.4153/S0008439520000351 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439520000351


Finsler Warped Product Metrics with Relatively Isotropic Landsberg Curvature 185

this paper, our index conventions are as follows:

1 ≤ A, B, C⋯ ≤ n, 2 ≤ i , j, k⋯ ≤ n.
For a Finsler warped product metric F = α̌ϕ, the metric tensor is given by [2] :

(g11 g1 j
g i1 g i j

) = ( 1
2
wss

1
2
Ξs ℓ̌ j

1
2
Ξs ℓ̌i

1
2
Ξǎ i j −

1
2
sΞs ℓ̌i ℓ̌ j

) ,(2.1)

where ľ i ∶= ∂α̌
∂v i

and

Ξ ∶= 2w − sws and Ξs ∶= ∂sΞ = ws − swss .(2.2)

For the geodesic coefficients GA of F, we have

G1 = Φα̌2 and G i = Ǧ i
+Ψα̌2 l̇ i .(2.3)

Let

CBCD ∶= 1

4

∂3F2

∂vB∂vC∂vD
(u, v) = 1

2

∂gBC

∂vD
.(2.4)

Define C ∶= CBCDdu
B
⊗ duC

⊗ duD . �en C is called the Cartan tensor. �e
Landsberg curvature L ∶= LBCDdu

B
⊗ duC

⊗ duD is defined by LBCD = CBCD ;Ev
E

on TM/{0}, where "; " denotes the horizontal covariant derivative with respect to
Chern connection of F. �us, the Landsberg curvature can be defined as

LBCD ∶= − 1
2
F
∂F

∂vA
∂3GA

∂vB∂vC∂vD
.(2.5)

A Finsler metric is called with the relatively isotropic Landsberg curvature if
L + cFC = 0, i.e., LBCD + cFCBCD = 0, where c = c(u) is a scalar function on the
manifold. When LBCD = 0, which means that c(u) = 0, the Finsler metric is called
the Landsberg metric.

Lemma 2.1 ([2]) A spherically symmetric metric is a Finsler warped product metric.

Proof Let (r, θ i) be the polar coordinates of Rn ; then a vector y can be expressed

as y = v1 ∂
∂r
+ v i ∂

∂θ i . �us, the Cartesian expressions can be rewritten as

x = r ∂
∂r

, ∣x∣ = r, ⟨x , y⟩ = rv1 , ∣y∣2 = v1v1 + r2 α̌2
+ ,

where α̌+ is the standard Euclidean metric on the unit sphere Sn−1. Now, the spheri-
cally symmetric metric can be written as

F(x , y) = ∣y∣ϕ(∣x∣, ⟨x , y⟩∣y∣ ) = α̌+ϕ̃(r, s),
where r ∶= ∣x∣, s ∶= v 1

α̌+
and ϕ̃(r, s) =√r2 + s2ϕ(r, rs√

r2+s2 ). ∎
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3 The Finsler Warped Product Metrics with Relatively Isotropic
Landsberg Curvature

In this section, we are going to discuss necessary and sufficient conditions for the
Finsler warped product metrics to have relatively isotropic Landsberg curvature. For
the proof of �eorem 1.1, we need the following formulas:

∂g11

∂v1
= 1

2
α̌−1ωsss ,

∂g1 j

∂v1
= − s

2
α̌−1ωsss ľ j ,

∂g1 j

∂vk
= s2

2
α̌−1ωsss ľ j ľk +

1

2
Ξs α̌

−1 ȟ jk ,

∂g jk

∂v l
= s

2
α̌−1[(3Ξs − s

2ωsss) ľ j ľk ľ l − Ξs ǎ jk ľ l( j → k → l → j)],
∂F

∂v1
= ϕs ,

∂F

∂v i
= (ϕ − sϕs) ľ i ,

∂3

∂v1∂v1∂v1
(Φα̌2) = α̌−1Φsss ,

∂3

∂v1∂v1∂v j
(Φα̌2) = −α̌−1sΦsss ľ j ,

∂3

∂v1∂v j∂vk
(Φα̌2) = α̌−1[s2Φsss ľ j ľk + (Φs − sΦss)ȟ jk],

∂3

∂v j∂vk∂v l
(Φα̌2) = −α̌−1[s3Φsss ľ j ľk ľ l + s(Φs − sΦss)ȟ jk ľ l( j → k → l → j)],

∂3

∂v1∂v1∂v1
(Ψα̌2 ľ i) = α̌−1Ψsss ľ

i ,

∂3

∂v1∂v1∂v j
(Ψα̌2 ľ i) = α̌−1[Ψss ȟ

i
j − sΨsss ľ

i ľ j],
∂3

∂v1∂v j∂vk
(Ψα̌2 ľ i) = α̌−1[s2Ψsss ľ

i ľ j ľk − sΨss(ȟ i
j ľk + ȟ

i
k ľ j + ȟ jk ľ

i)],
∂3

∂v j∂vk∂v l
(Ψα̌2 ľ i) = α̌−1{[3(Ψ − sΨs) − 6s2Ψss − s

3Ψsss] ľ i ľ j ľk ľ l
+ (s2Ψss −Ψ + sΨs) ľ l( ľ i ǎ jk + δ

i
j ľk)( j → k → l → j)

+ (Ψ − sΨs)δ ij ǎk l( j → k → l → j)},
where ľ i = v i

α̌
, ľ i = ∂α̌

∂v i
, ȟ i j = α̌ ∂ ľ i

∂v j , ȟ
i
j = α̌ ∂ ľ i

∂v j ,
and j → k → l → j denotes cyclic per-

mutation.

Proof of�eorem 1.1 AFinslermetric has relatively isotropic Landsberg curvature
if L + cFC = 0, i.e., LBCD + cFCBCD = 0, where c = c(u) is a scalar function on M.
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It can be launched that

∂F

∂vA
∂3GA

∂vB∂vC∂vD
= c ∂gBC

∂vD
.(3.1)

Substituting the above formulas into (3.1) and letting index (B, C , D) to be(1, 1, 1), (1, 1, j), (1, j, k), and ( j, k, l), we obtain the following equations:

(i)
∂F

∂vA
∂3GA

∂v1∂v1∂v1
= c ∂g11

∂v1
⇔ α̌−1[ϕsΦsss + (ϕ − sϕs)Ψsss] = 1

2
cα̌−1ωsss ,

⇔ ϕsΦsss + (ϕ − sϕs)Ψsss = 1

2
cωsss .(3.2)

(ii)
∂F

∂vA
∂3GA

∂v1∂v1∂v j
= c ∂g1 j

∂v1
⇐⇒ −α̌−1s[ϕsΦsss ľ j + (ϕ − sϕs)Ψsss ľ j]

= − 1
2
csα̌−1ωsss ľ j .

Contracting the above equation with ľ j yields

ϕsΦsss + (ϕ − sϕs)Ψsss = 1

2
cωsss ,

which is the same as (3.2).

(iii)
∂F

∂vA
∂3GA

∂v1∂v j∂vk
= c ∂g1 j

∂vk

⇐⇒ s2[ϕsΦsss + (ϕ − sϕs)Ψsss] ľ j ľk
+ [ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss]ȟ jk

= 1

2
c[s2ωsss ľ j ľk + Ξs ȟ jk].

Contracting the above equation with ľ j ľ k and ǎ jk , respectively; we get

⎧⎪⎪⎨⎪⎪⎩
ϕsΦsss + (ϕ − sϕs)Ψsss = 1

2
cωsss ,

ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss = 1
2
cΞs .

(3.3)

(iv)
∂F

∂vA
∂3GA

∂v j∂vk∂v l
= c ∂g jk

∂v l

⇔ [−s3(ϕsΦsss + (ϕ − sϕs)Ψsss)
+ 3s(ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss)] ľ j ľk ľ l
+ s[−ϕs(Φs − sΦss) + s(ϕ − sϕs)Ψss]ǎ jk ľ l( j → k → l → j)
= 1

2
cs[(3Ξs − s

2ωsss) ľ j ľk ľ l − Ξs ǎ jk ľ l( j → k → l → j)].
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188 Z. Yang and X. Zhang

Using the same method, we obtain the following equations

⎧⎪⎪⎨⎪⎪⎩
lϕsΦsss + (ϕ − sϕs)Ψsss = 1

2
cωsss ,

ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss = 1
2
cΞs ,

which are the same as equations (3.3).
Above all, we get the equations (1.1). And the converse is obvious. �us we have

completed the proof of �eorem 1.1. ∎

4 Finsler Warped Product Metrics of Landsberg Type

In this section, we will discuss the Finsler warped product metrics of Landsberg type.
A Finsler metric is called the relatively isotropic Landsberg metric if L + cFC = 0,
i.e., LBCD + cFCBCD = 0, where c = c(u) is a scalar function on the manifold. When
LBCD = 0, which means that c(u) = 0, the Finsler metric is called the Landsberg
metric.

By�eorem 1.1, we obtain the following lemma.

Lemma 4.1 �e warped product metric F = α̌ϕ (r, s) , r = u1 , s = v 1

α̌
is of Landsberg

type if and only if ϕ satisfies

⎧⎪⎪⎨⎪⎪⎩
(∗) ϕsΦsss + (ϕ − sϕs)Ψsss = 0,(⋆) ϕs(Φs − sΦss) − s(ϕ − sϕs)Ψss = 0.

(4.1)

We call the first equation of (4.1) (∗), and the second equation (⋆).�en by solving
(4.1), we will find all Finsler warped product Landsberg metrics.

Proof Differentiating (⋆) with respect to the variable s, we obtain

ϕss(Φs − sΦss) − sϕsΦsss − (ϕ − sϕs − s
2ϕss)Ψss − s(ϕ − sϕs)Ψsss = 0.(4.2)

Plugging (∗) into (4.2) yields
ϕss(Φs − sΦss) − (ϕ − sϕs − s

2ϕss)Ψss = 0.(4.3)

Multiplying both sides of (4.3) by ϕs yields

ϕssϕs(Φs − sΦss) = ϕs(ϕ − sϕs − s
2ϕss)Ψss .(4.4)

Plugging (⋆) into (4.4), we have
sϕss(ϕ − sϕs)Ψss = ϕs(ϕ − sϕs − s

2ϕss)Ψss .(4.5)

Case I. Ψss ≠ 0. By (4.5), we have
sϕss(ϕ − sϕs) = ϕs(ϕ − sϕs − s

2ϕss).(4.6)

Differentiating (4.6) with respect to the variable s yields

sϕϕss = ϕs(ϕ − sϕs)⇐⇒ ϕs

ϕ
= sϕss

ϕ − sϕs

.(4.7)
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So, we get

ϕ =
√
c(r)s2 + c1(r),(4.8)

where c, c1 are arbitrary differentiable real functions of r. Meanwhile, plugging (4.8)
into (1.3) yields Ψss = 0, which contradicts to Ψss ≠ 0.Case II. Ψss = 0. �en

Ψsss = 0.(4.9)

Plugging (4.9) into (∗), we get Φsss = 0 or ϕs = 0.
If ϕs = 0, then ϕ = c(r), where c is arbitrary differentiable real functions of r. So

F = α̌ϕ is a Riemannian metric.
If ϕs ≠ 0, we have

Φsss = 0.(4.10)

From (⋆), when ϕs ≠ 0 and Ψss = 0, we have
Φs − sΦss = 0.(4.11)

Combining (4.10) and (4.11), we obtain Φ = a(r)s2 + b(r).
For Ψss = 0, Ψ = ã(r)s + b̃(r), where ã and b̃ are arbitrary functions of r. So

Φ − sΨ = f (r)s2 + g(r)s + h(r),(4.12)

where f (r) = a(r) − ã(r), g(r) = −b̃(r), and h(r) = b(r).
On the other hand, we have

Φ − sΨ = 2sωωrs − 2ωωr − sωrωs

2(2ωωss − ω2
s ) = −(ϕ − sϕs)r

2ϕss

.(4.13)

�us, we have

2[ f (r)s2 + g(r)s + h(r)]ϕss + (ϕ − sϕs)r = 0.(4.14)

It can be rewritten as

[ f (r)s2 + g(r)s + h(r)]ϕss + (ϕ − sϕs)r = 0,(4.15)

which completes the proof of �eorem 1.3. ∎

5 Examples of The Finsler Warped Product Metrics with Relatively
Isotropic Landsberg Curvature

In this section, we obtain several examples of warped product metrics with relatively
isotropic Landsberg curvature.

Example 5.1 For any differentiable function λ, p, q of r = ∣x∣, such that

ϕ(r, s̃) = 2c(x)s̃ +√(4c(x)2 + λp(r)) s̃2 + 1
2
λq(r)

λ
,
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where s̃ = ⟨x ,y⟩∣y∣ , we have the following spherically symmetric Finsler metrics with

relatively isotropic Landsberg curvature [4]

F =
2c(x)⟨x , y⟩ +√(4c(x)2 + λp(r)) ⟨x , y⟩2 + 1

2
λq(r)∣y∣2

λ
.

Applying Lemma 2.1, their Finsler warped product forms are

F = α̌+
2c(x)rs +√(4c(x)2 + λp(r)) r2s2 + 1

2
λq(r)(r2 + s2)

λ
,

where α̌+ is the standard Riemannian metric on S
n−1. Let α̂ be a Riemannian metric

on S
n−1. �en

F̂ = α̂
2c(x)rŝ +√(4c(x)2 + λp(r)) r2 ŝ2 + 1

2
λq(r)(r2 + ŝ2)

λ
,

where ŝ ∶= v 1

α̂(ǔ ,v̌) , are new warped product Finsler metrics with relatively isotropic

Landsberg curvature.

Example 5.2 For any arbitrary constant ε with 0 < ε ≤ 1, we have a Randers metric
F = α + β that is of the following form:

α(x , y) ∶=
√

ε∣y∣2 (1 + ε∣x∣2) + (1 − ε2) ⟨x , y⟩2
1 + ε∣x∣2 ,

β(x , y) ∶=
√
1 − ε2⟨x , y⟩
1 + ε∣x∣2 .

�en F has relatively isotropic Landsberg curvature [20].
Applying Lemma 2.1, its Finsler warped product form is

F = α̌+
√
ε (s2 + r2) (1 + εr2) + (1 − ε2) r2s2 + rs√1 − ε2

1 + εr2
,

where α̌+ is the standard Riemannian metric on S
n−1, r = ∣x∣ and s = v 1

α̌+
. Let α̂ be a

Riemannian metric on S
n−1. �en

F̂ = α̂
√
ε (ŝ2 + r2) (1 + εr2) + (1 − ε2) r2 ŝ2 + rŝ√1 − ε2

1 + εr2
,

where ŝ ∶= v 1

α̂(ǔ ,v̌) , is a new warped product Finsler metric with relatively isotropic

Landsberg curvature.
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