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Abstract  Let r be an integer with 2 < r < 24 and let p-(n) be defined by > 77  pr(n)g™ =[5>, (1 —
qk)T. In this paper, we provide uniform methods for discovering infinite families of congruences and
strange congruences for p,(n) by using some identities on p,(n) due to Newman. As applications, we
establish many infinite families of congruences and strange congruences for certain partition functions,
such as Andrews’s smallest parts function, the coefficients of Ramanujan’s ¢ function and p-regular
partition functions. For example, we prove that for n > 0,

1991n(3 1 1991n(3 5
pt<¥ +83> = spt(% +2074> =0 (mod 11),

and for k > 0,

24

where spt(n) denotes Andrews’s smallest parts function.

14 6k 41
spt(w) = 25%2 (mod 11),
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1. Introduction

The aim of this paper is to present uniform methods to establish infinite families of
congruences and strange congruences for p,.(n) based on some identities due to Newman.
Here 7 is an integer with 2 <r < 24 and p,.(n) is defined by

> pe(n)g" = (g:9)%, (1.1)
n=0

where throughout the rest of the paper we use the standard notation

(@ a)n = [[(1—ad"), (a:0)m = [] (01— ad).
k=0 k=0

© The Author(s), 2020. Published by Cambridge University Press on Behalf of

The Edinburgh Mathematical Society 09

https://doi.org/10.1017/50013091520000115 Published online by Cambridge University Press @ CrossMark


mailto:ernestxwxia@163.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0013091520000115&domain=pdf
https://doi.org/10.1017/S0013091520000115

710 E.X.W. Xia

Recall that a partition of a positive integer n is any non-increasing sequence of posi-
tive integers whose sum is n. Let p(n) denote the number of partitions of n. Owing to
Ramanujan, it is well known that for n > 0,

p(5n +4) = 0 (mod 5),
p(7n +5) =0 (mod 7),
p(11n+6) =0 (mod 11).

Motivated by Ramanujan’s work, the arithmetic properties of partitions with certain
restrictions have received a great deal of attention. Recently, Cui et al. [3] established
some congruence properties for a certain kind of partition function a(n) which satisfies
S paln)g™ = (g;9)%, (mod m), where k is a positive integer with 1 < k < 24 and m €
{2, 3} in light of the modular equations of fifth and seventh order.

In this paper we present uniform methods for discovering congruence properties for
pr(n) which is defined by (1.1). Our methods mainly rely on the ranks of (a,b)-Lucas

sequences. For integers a and b, the (a,b)-Lucas sequence S(n) is defined by
S(n) =aS(n—1) —bS(n—2) (1.2)

with S(0) = 0 and S(1) = 1. Let M > 2 be an integer. The rank of (a,b)-Lucas sequence
S(n) modulo M is the least positive integer k£ such that S(k) = 0 (mod M), and we denote
the rank of S(n) modulo M by Rg(M). For example, let F(n) denote the (1, —1)-Lucas
sequence, that is, the classic Fibonacci sequence. Since F(0) =0, F(1) =1, F(2) =1,
F(3) =2 and F(4) = 3, it is easy to see that Rp(2) = 3 and Rp(3) = 4. We also define
the dual (a,b)-Lucas sequence T'(n) of S(n) as

T(n)=aT(n—1)—bT(n—2) (1.3)

with initial conditions 7'(0) = 1 and T'(1) = 0.
In order to state the main results of this paper, we introduce the Legendre symbol. Let
p > 3 be a prime. The Legendre symbol (a/p)y, is defined by

if a is a quadratic residue modulo p and p 1 a,

1
a
-] =X0 if p|a,
(P)L Pl

—1 if a is a non — quadratic residue modulo p.

Newman [10] established an identity (see (3.4)) for p,(n) where r is an odd integer
with 3 <7 < 23. In light of (3.4), we will prove the following theorem which is employed
to discover new infinite families of congruences for p,(n).

Theorem 1.1. Let r be an odd integer with 3 < r < 23 and let p be a prime with
p > 3 if 3|r and p > 5 otherwise. Define

ﬂ-(p) = py (74(])224_1)) + (_1)(p—l)(p—1—2r)/8p(7"—3)/2 (W)L (1.4)

Let M > 2 be an integer with ged(M,p) =1 and let G,(n) be the (w(p),p"~?)-Lucas
sequences.
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(i) Forn, k>0, if pfn, then

QRGP (M)(k?+1) _ 1)

24

s <p2ch(M)(k+1)_1n + rip > =0 (mod M), (1.5)

where Rg, (M) are the ranks of G(n) modulo M. Furthermore, for k > 0,

r(p2Raep M)k _
pr< (p - 1)> = H,(Re,(M))* (mod M), (1.6)

where H,(n) are the dual (m(p),p"~2)-Lucas sequences of Gp(n).
(ii) For n, k>0, if

7T(p)((r(p? — 1})}/24) - n)L _ (_1)(p_1)(p_1—2r)/8p(r—3)/2 (mod M),

then
2Ra, (M)k+2 _ 1)

24

Dy (pQRGP(M)k"’Qn —+ T(p ) =0 (mod M) (17)

Remark. From Lemma 2.1 in §2, we see that R, (M) exists since ged(M,p) = 1.

Based on Newman’s identity (3.4), we can deduce the following two theorems which
are used to discover strange congruences for p,.(n).

Theorem 1.2. Suppose that M > 2 is an integer, r is an odd integer with 3 < r < 23
and a is a non-negative integer such that p.(a) =0 (mod M). Suppose further that
2da+r =TI, fi H;Zl g?j, with each c; > 2, is the prime factorization of 24a + r. Then
forn > 1,

21
Dr <an2 + r(n24)) =0 (mod M), (1.8)
where ged(n, 2T]5_, g;7) = 1 if 3|r and ged(n, 6 [[;_, g;’) = 1 otherwise.
Theorem 1.3. Let M > 2 be an integer and define

Gy = {6, )0<i<M—1,1<j<M—1with ged(M, ) = 1}. (1.9)
For any pair (i,j) € G, let G 5(n) be the (i, j)-Lucas sequences and let Rg, ,, (M)
denote the ranks of G; jy(n) modulo M. Let v(M) denote the lowest common multiple
of the set {Rg,, ,,(M)|(i,7) € &} If py(a) =0 (mod M), then forn > 1,

r(n?y(M) 1)

Dr (anQ'y(M) + o

) =0 (mod M), (1.10)

where ged(n,2M) =1 if 3|r and ged(n,6M) = 1 otherwise.
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Remark. From the definition of &,;, we see that &), is a finite set when M > 2
is an integer. Moreover, by Lemma 2.1, it is easy to see that R j(M) exists since
ged(M, j) = 1. Therefore, y(M) exists according to the definition of v(M).

Newman [9] also discovered an identity (see (6.4)) on p,.(n) where r is an even integer
with 2 < r < 24. In view of (6.4), we can prove the following theorem.

Theorem 1.4. Let r be an even integer with 2 <r <24 and let p be a prime
with 24|r(p —1). Let M > 2 be an integer with ged(M,p) =1 and let S,(n) be the
(p(r(p — 1)/24), p"=2)/?)-Lucas sequences. For n, k >0, if p{ (24n + ), then
RSP(M)(k—i-l)—l o 1)

24

pr (pRsp<M><k+1)1n G ) =0 (mod M), (1.11)

where Rg, (M) are the ranks of S,(n) modulo M. Moreover, for k > 0,

r(pfsp (M)E _
s <(p241)> =T, (Rs,(M))* (mod M), (1.12)

where Ty, (n) are the dual (p,(r(p — 1)/24),p"=2/2)-Lucas sequences of Sp(n).

As applications, employing Theorems 1.1-1.4, we establish many new infinite families
of congruences and strange congruences for certain partition functions, such as Andrews’s
smallest parts function, the coefficients of Ramanujan’s ¢ function and p-regular partition
functions. For example, we prove that for n > 0,

1991n(3n + 1 1991n(3n +5
Spt<n(2n+) + 83) = spt<n(2n+) + 2074> =0 (mod 11)

and for k > 0,
(143 x 5% +1
spt| ——————

o ) = 2"2 (mod 11),

where spt(n) denotes Andrews’s smallest parts function.

This paper is organized as follows. In § 2 we present some properties for the (a, b)-Lucas
sequences. In § 3-6, using some identities due to Newman [9, 10] and some lemmas proved
in §2, we prove Theorems 1.1-1.4, respectively. In §7-9, we will apply Theorems 1.1-
1.4 to establish new infinite families of congruences and strange congruences for the
coefficients of Ramanujan’s ¢ function, Andrews’s smallest parts function spt(n) and
p-regular partition functions, respectively.

2. Some properties for (a,b)-Lucas sequences

The aim of this section is to prove some lemmas on properties of the (a, b)-Lucas sequences
S(n) and their dual (a,b)-Lucas sequences T'(n). These lemmas will be used to prove
Theorems 1.1, 1.3 and 1.4.

The following lemma states an upper bound for the ranks of the (a, b)-Lucas sequences
S(n).
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Lemma 2 1. Let M > 2 be an integer and let S(n) be defined by (1.2). Suppose that
M =T[[_, p¥" (k; > 1) is the prime factorization of M and ged(M,b) = 1. Then Rs(M)
exists and

<Hp Ypi +1).

Proof. Let m; and mg be positive integers. Renault [11] proved that
Rs([my, ma]) = [Rs(m1), Rs(m2)],
where [¢, d] denotes the least common multiple of ¢ and d. Thus,
Rs([m1,ma]) < Rs(mi)Rs(mo). (2.1)
Renault [11] also proved that if p; is a prime and k; is a positive integer, then
Rs(p{*") = Rs(pf*) or piRs(p;")-
Thus,

Rs(p}*) < pf* "' Rs(pi). (2.2)
In light of (2.1) and (2.2),

RS(M)ZRS(HP?) <HRS <Hp “'Rs(pi). (2.3)

In order to find an upper bound for Rg(M), it suffices to determine Rg(2) and Rg(p),
where p is an odd prime. It is easy to check that

2 if a is even
Rs(2) = ’ 2.4
s(2) {3 if a is odd, (24)

where S(n) is defined by (1.2). Lucus [8] proved that if p is an odd prime with ged(p, b) =

1, then
Rs(p)<p— (a2;4b>L>. (2.5)

Based on (2.4) and (2.5), we deduce that for any prime p,

Rs(p) <p+1. (2.6)
It follows from (2.3) and (2.6) that Lemma 2.1 is true. The proof is complete. O
Lemma 2.2. Let S(n) and T'(n) be defined by (1.2) and (1.3), respectively. Forn, k >
0,
Sn+k)=9Sk)Sn+1)+T(k)S(n) (2.7)
and
T(n+k)=Sk)T(n+1)+T(k)T(n). (2.8)
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Proof. Here we only prove (2.7). The proof of (2.8) is analogous to that of (2.7),
so we omit it. We prove (2.7) by induction on k. The facts that S(0) =T(1) =0 and

S(1) =T(0) =1 imply (2.7) holds when k& = 0 and k = 1. Suppose that (2.7) holds when
k =m and k = m + 1, namely,

S(n+m) = S(m)S(n+ 1) + T(m)S(n) (2.9)

and
Sn+m+1)=Sm+1)Sn+1)+T(m+1)S(n). (2.10)
It follows from (2.9) and (2.10) that

Sn+m+2)=aS(n+m+1)—->bS(n+m) (by (1.2))
=a(S(m+1)S(n+1)+T(m+1)S(n)) —b(S(m)S(n+1)+T(m)S(n))
= (aS(m+1) —bS(m))S(n+1) + (aT(m+1) — bT'(m))S(n)
=Sm+2)Sn+1)+T(m+2)S(n), (by (1.2) and (1.3)). (2.11)

Therefore, (2.7) holds when k =m + 2 and this completes the proof of the lemma by
induction. (]

Lemma 2.3. Let S(n) be defined by (1.2) and let Rg(M) denote the rank of S(n)
modulo M. For k > 0,

S(Rs(M)k) = 0 (mod M). (2.12)

Proof. We also prove this lemma by induction on k. The fact that S(0) = 0 implies
that (2.12) is true when k = 0. Suppose that (2.12) is true when k = m, that is,

S(Rs(M)m) =0 (mod M). (2.13)
It follows from the definition of Rg(M) that
S(Rs(M)) =0 (mod M). (2.14)
Taking n = Rg(M)m and k = Rg(M) in (2.7), we see that
S(Rs(M)(m +1)) = S(Rs(M))S(Rs(M)m + 1) + T(Rs(M))S(Rs(M)m).  (2.15)
In light of (2.13)~(2.15),
S(Rg(M)(m+1)) =0 (mod M). (2.16)
Therefore, (2.12) is true when & = m + 1 and this completes the proof by induction. [
Lemma 2.4. Let T'(n) be defined by (1.3). For k > 0,

T(Rs(M)k) = T(Rs(M))* (mod M). (2.17)
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Proof. We are ready to prove this lemma by induction on k. The fact that 7(0) =1
implies that (2.17) holds when k& = 0. Assume that (2.17) holds when k = m, namely,

T(Rs(M)m) =T(Rs(M))™ (mod M). (2.18)
Putting n = Rg(M)m and k = Rg(M) in (2.8) yields
T(Rs(M)(m +1)) = S(Rs(M))T(Rs(M)m + 1) + T(Rs(M))T(Rg (M)m).  (2.19)
Thanks to (2.14), (2.18) and (2.19),
T(Rs(M)(m + 1)) = T(Rs(M))™ (mod M), (2.20)

which implies that (2.17) holds when k& = m + 1. This completes the proof of the lemma
by induction. O

Lemma 2.5. Let S(n) and T'(n) be defined by (1.2) and (1.3), respectively. Forn > 0,
aS(n)+T(n)=Sn+1). (2.21)

Proof. We also prove this lemma by induction on n. It is easy to check that S(0) =
T(1) =0,5(1) =T7(0) =1 and S(2) = a. Therefore, (2.21) is true when n = 0 and n = 1.
Assume that (2.21) holds when n = m and n = m + 1, namely,

aS(m)+T(m) = S(m+1) (2.22)
and
aSm+1)+T(m+1)=S(m+2). (2.23)
In view of (1.2), (1.3), (2.22) and (2.23),
S(m+3)=aS(m+2)—bS(m+1)
=a(aS(m+1)+T(m+1)) —b(aS(m) + T(m))
=a(aS(m+1) —bS(m)) + (aT(m + 1) — bT(m))
=aS(m+2)+T(m+2),

which yields (2.21) holds when n =m+ 2. The proof of the lemma by induction is
complete. O

3. Proof of Theorem 1.1
In order to prove Theorem 1.1, we need to prove the following lemma.

Lemma 3.1. Let r be an odd integer with 3 < r < 23 and let p be a prime with p > 3
if 3|r and p > 5 otherwise. Let p,.(n) be defined by (1.1) and let 7(p) be defined by (1.4).
Forn, k>0,

r(p2k 2
Dy <p2kn + (p

14_1)> = Gp(k)pr <p2n + 71(1)24_1)> + Hp(k)pr(n)v (31)

where G, (k) are the (m(p),p"~?)-Lucas sequences and Hy(k) are the dual ((p),p"?)

Lucas sequences of G, (k).
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Proof. We are ready to prove this lemma by induction on k. Let 7(p) be defined by
(1.4), let G, (k) be the (m(p), p"~2)-Lucas sequences and let H, (k) be the dual(r(p), p"~?)-
Lucas sequences of G, (k). From the fact that G,,(0) = H,(1) = 0 and G,(1) = H,(0) =1,
it is easy to check that (3.1) is true when k£ = 0 and k = 1. Assume that (3.1) holds when
k=mand k =m+ 1 (m > 0), namely,

pr( 2ma 4 7@2:4—1)) = Gp(m)p, (an - T(p;_l)> + Hy(m)py(n) (3.2)
and
Pr <p2m+2n + r(p?m2+42—1)> = Gp(m+1)p, <p2n + W) + Hy(m + 1)p,(n).

(3.3)
Newman [10] proved that if p is a prime and r is an odd integer with 3 < r < 23, then

r(p? —1 n—(r(p? —1)/24
e R e e
p
where
r(p? —1 .
(1) = py <(P24)) - (—1) D120 /8 (r-3)/2
2 _ 2 _ —
(o bizn) (e obinon) .
p L p L
with p > 3 if 3|r and p > 5 otherwise. It is easy to verify that
_ r(p® —1) _ 2 r(p* —1)
7T(p)—X(anr 51 )—x(p nt = (3.6)

where 7(p) is defined by (1.4). If we replace n by p?n +r(p? —1)/24 in (3.4) and then
employ (3.6), we deduce that

pr (p4n + W) = m(p)pr <p2n + T(p;l_l)> — " ?pe(n). (3.7)

Replacing n by p*™n + r(p*™ — 1)/24 in (3.7) and employing (3.2) and (3.3), we have

2m—+4
2m+4 r(p —1)
Dr (p n+ o1

2m-+2 2m
m r(p -1 _ m r(p™ —1
= ﬂ(p)pr <p2 +2’ﬂ + (24)> —p 2pr (p2 n+ ()>

https://doi.org/10.1017/50013091520000115 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000115

Congruences for partition functions 717

=7(p) (Gp(m + 1p, (an + 7"(17224_1)> + Hy(m + l)pr(n)>

2

—p? (Gp(m)pr (an + 7«(;924—1)) + Hp(m)pr(n)>

r(p? —
= (r(p)Gp(m+1) — pT*QGp(m))pr (p2n + (]3241))

+ (w(p)Hp(m +1) — " *Hy(m))pr(n). (3-8)

Since G, (k) are the (m(p),p"~?)-Lucas sequences and H,(k) are the dual (7 (p),p"~2)-

Lucas sequences of G, (k),
7(p)Gp(m +1) — p"2G,(m) = G,(m + 2) (3.9)

and
m(p)Hp(m+1) — pr_sz(m) =Hy(m+ 2). (3.10)
Based on (3.8)—(3.10),

2

) = Gp(m+2)p, <p2n A )

r 2m—+4
A s )+ Hlm + 2. o),

2m—+4
Dr (p n+ 21

which implies that (3.1) is true when k = m + 2. This completes the proof of the lemma
by induction.
We now turn to the proof of Theorem 1.1. O

Proof of Theorem 1.1. Combining (3.1) and (3.4) yields

(it W_l)) = 6,0 () = 2 (5 r(e* b/20))

24 p
+ Hp(k)pr(n)
= (Gp(k)x(n) + Hy(k))pr(n)
2 n— (r(p® —1)/24)
—p Gp(k:)pT< e ) (3.11)

If we replace n by pn + (r(p? — 1))/24 in (3.11) and employ (3.6), we find that for n, k >
0,

24 24
— 0" 2Gp(k)pr (n/p). (3.12)

Because of (2.21) and the fact that G,(k) are the (7(p), p"~?)-Lucas sequences,

r(p2k+2 _ r(p?
pe (it =) — Gy + )+ T
T(p)Gp(k) + Hp(k) = Gp(k +1). (3.13)
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It follows from (3.12) and (3.13) that
2k42 1)
24

r(p* —1)

T
pr<p2k+1n+ (p 5

) = Gt + 1 (i + ) =2 Gu b n/).
(3.14)

Let M > 2 be a positive integer with ged(M,p) = 1. In view of Lemma 2.1, we see that

the ranks of G/)(n) modulo M exist. Let Rg, (M) denote the ranks of G, (n) modulo M.

Thanks to Lemma 2.3, we deduce that for k& > 0,
Gy(Rg,(M)k) =0 (mod M). (3.15)

If we replace k by Rg,(M)(k+1) —1in (3.14) and use (3.15), we see that for n, k >0,

24
= —p"2Gp(Re,(M)(k + 1) — 1)p,(n/p) (mod M). (3.16)

2Re,, (M) (k+1) _
s (pQRGp(M)(k+1)—1n + r(p 1))

If pf n, then n/p is not an integer and

pr(n/p) = 0. (3.17)

In light of (3.16) and (3.17), we arrive at (1.5).
If we set n = 0 and replace k by Rg,(M)k in (3.1), then employ (3.15) and the fact
that p,.(0) = 1, we obtain

(2o, (M)E _
pr( . 24 1)> = Hp(Rg, (M)k) (mod M). (3.18)

In view of Lemma 2.4,
H,(Rg,(M)k) = Hy(Rg,(M))* (mod M). (3.19)

Congruence (1.6) follows from (3.18) and (3.19).
From the fact that ged(M, p) = 1, we find that if

o (@ =D/24) =\ ne-1-20 /s -9)/2 (g
(p)( ) >L =(-1) P (mod M), (3.20)
then
(r(p* —1)/24) —n
( - )L £0 (3.21)
and
(o) = () o-D-1-20/8 -2 (TP = 1)/24) —m
(p) =(-1) P ( ) )L (mod M). (3.22)

It follows from (1.4), (3.5) and (3.22) that if (3.20) is true, then
x(n) =0 (mod M). (3.23)
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Thanks to (3.21), we see that (r(p?—1)/24—n)/p is not an integer. Therefore,
(n —r(p? —1)/24)/p? is not an integer and

Dy (?’l — (T(pzz_ 1)/24)) —0. (324)
In view of (3.4), (3.23) and (3.24),
Dr (pzn + r(p224—1)> =0 (mod M). (3.25)

If we replace k by Rg,(M)k in (3.1) and employ (3.15), we have
2Ra, (Mk _ 1)

24

o <p2ch<M>kn L > — H,(Re, (M)k)p,(n) (mod M).  (3.26)
Replacing n by p?n + (r(p? — 1)/24) in (3.26) and using (3.25) yields (1.7). This completes
the proof. O

4. Proof of Theorem 1.2

We prove Theorem 1.2 by induction on the total number of prime factors of n. Suppose
that r is an odd integer with 3 < r < 23. Let p,.(n) be defined by (1.1) and let M > 2 be
an integer. If n = 1 (n has no prime factors), then (1.8) states that p,(a) = 0 (mod M),
which is true by hypothesis. Define

Sy = {p|p is a prime with p > 3 if 3|r and p > 5 otherwise}. (4.1)
Furthermore, assume that 24a +r = [[\_, f; H;Zl g?j,
factorization of 24a + r. Let p; be a prime with p; € S, and ged(py, H;Zl g;‘j) =1.1If we
replace (n,p) by (a,p1) in (3.4) and utilize the hypothesis that p,(a) =0 (mod M) and
the fact that x(a) is an integer, we find that

’I“(p124— 1)) = _p§2pT(a — (T(p;%_ 1)/24)) (mod M) (42)

From the hypothesis ged(p1, H§=1 g}”) =1, it follows that

with each «a; > 2, is the prime

pr (ap? +

a— (r(p? —1)/24) _ 24a +1r —rpf [Tie, fi H§:1 g?j —rpi

p? 24p? B 24p?

is not an integer. Therefore,

. (a - (r(p;%— 1)/24)> _o. (4.3)
Thanks to (4.2) and (4.3),
Dr (ap% + 7"(]);4—1)) =0 (mod M).

Therefore, (1.8) holds when n =p; (n has only one prime factor). Suppose that
(1.8) is true for all integers with not more than k prime factors. In order to prove
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Theorem 1.2, it suffices to prove that (1.8) is true when n has k41 prime fac-
tors. We can write n as n = pips---prpi+1 where 3 < p; <ps < - < pp < pry1 with
ged(pr -+ pr1paprr, 21—, 957) = 1 if 3|r and ged(pr -+ pr—1prpr41,6[[5—, 9;7) =1
otherwise.

By hypothesis, (1.8) holds for all integers with not more than k prime factors. Hence,

r(pip}- i —1)
24

Pr (ap?pi PR+ ) =0 (mod M) (4.4)

and

r(pip3 - ph_ 1Dk — 1))

51 =0 (mod M). (4.5)

pr (ap?pﬁ e PR_ADR

Replacing n by
r(pip3 - phoapi — 1)
24
and replacing p by pgy1 in (3.4), then utilizing (4.5) and the fact that

r(pip3 - pi_ 0} — 1))

apips - pr_1ph +

2 2 2 2
a ...
X( P1P2 " Pk—1Pk + 24

is an integer, we deduce that

r(pID3 - Ph_1PRPry1 — 1))

2 2 2 2 2
Dr (aplpg © o Pgp—1PRPry1 T 24

R (ap?p% - ph_ D+ (PP - PR PR — Dly) /24
= _Pk+1pr

7. ) (mod M).  (4.6)

Now we break our proof into two cases: py+1 = pr and prr1 > p. If pri1 = pi, based on
(4.4), we can rewrite (4.6) as

r(pip3 - PR PP — 1)
pr (ap?pi DR 1DADR4 o =
r(pip3- - pi_y

24

_ -1
= —pp i (cm?p% PRyt ) =0 (mod M).  (4.7)

If ppt1 > pi, then pri1 & {p1,p2,...,px}. From the fact that ged(pgi1, H;’:l g?") =1,
we see that

apip3 - pi_1pp + (P} pi_ipi — piy)/24

pi+1
_ (24a +7)pips - - - PR_ 1P} — rpi-u
24p7 4,
_ pip3 - ph_ e I, fi H§:1 Q?j — TPh
- 24p3 4
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is not an integer. Therefore,

apips - -pi_1pp +r(PiP3 - PR _1Dh — Drya) /24
Pr = = 0. (4.8)
Pria
Combining (4.6)—(4.8) yields
r(pIp3 - Ph_1PEPry — 1)
Pr (ap?pg---pi_lpipiﬂ + kgi ke =0 (mod M). (4.9)

Therefore, in any case, (1.8) is true when n = p1ps - - - pppr+1. Theorem 1.2 is proved by
induction and the proof is complete.

5. Proof of Theorem 1.3
In order to prove Theorem 1.3, we first prove the following lemma.

Lemma 5.1. Let r be an odd integer with 3 < r < 23 and let S, be defined by (4.1).
Suppose that p € S, and M > 2 is an integer with gcd(M,p) = 1. Let G),(k) be defined
in Lemma 3.1. Then

Gy(y(M)) = 0 (mod M), (5.1)
where (M) is defined in Theorem 1.3.

Proof. For any fixed p € S, (defined by (4.1)), let G,(n) be a (w(p),p"~?)-Lucas
sequence. Assume that 7(p) =i (mod M) with 0 <i< M —1 and p"~2 =j (mod M)
with 1 <7 < M — 1. It is easy to see that for n > 0,

Gp(n) = W 5y(n) (mod M), (5.2)

where W(; ;)(n) denotes an (i,j)-Lucas sequence. Let Ry, (M) denote the rank of
Wi j)(n) modulo M. By Lemma 2.1, Ry, , (M) exists. Thanks to (5.2),

Re, (M) = Rw,, , (M). (5.3)
Furthermore, define
Hnpry i={(4,7)|m(p) =i (mod M) with 0 <i < M —1,
p" "2 =4 (mod M) with 1 <j<M—1, pc S, and ged(M,p) =1}. (5.4)

Let p(M) denote the lowest common multiple of the set {Rw, , (M)|(i,j) € H(nrpr)}-

Thus,
Ry, (M)|(). (5.5)
Note that Hpz,p, ) is @ non-empty subset of &ys, where &y is defined in Theorem 1.3.
Therefore,
M)y (M), (5.6)
where (M) is defined in Theorem 1.3. Thanks to (5.3), (5.5) and (5.6),
Re, (M)|y(M). (5.7)
Congruence (5.1) follows from Lemma 2.3 and (5.7). This completes the proof. O
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We now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. We also prove Theorem 1.3 by induction on the total number
of prime factors of n. By hypothesis, it is easy to see that (1.10) is true when n = 1.
Let v(M) be defined in Theorem 1.3 and let p; € S, with ged(M,p1) = 1, where S, is
defined by (4.1). If we set (p,n, k) = (p1,a,7(M)) in (3.1) and use the hypothesis that
pr(a) =0 (mod M), we have

r(p2 YD) _ r(n? —
pe (0t =) = 6 0 (et LY ) mod br). 6.9

In view of (5.1) and (5.8),

7“( 2y(M)

pl_l)) =0 (mod M), (5.9)

2v(M)
Dr (p1 a+ o

which implies that (1.10) is true when n = p;. Assume that (1.10) is true when n =

P1p2 - - - Py, Namely,

r((pip2 - - .pu)%(M) —1)
24

Dr <(p1p2 p )M g 4 ) =0 (mod M). (5.10)
Since ged(n,2M) =1 if 3|r and ged(n,6M) = 1 otherwise, p; € S, and ged(p;, M) =1
(1 <i<v). Let p,rq be a prime with p,+1 € S, and ged(py+1, M) = 1. Setting (p, k) =
(Py+1,7(M)) in (3.1) and employing (5.1) yields

T( 2y(M)

(207 MY < ) (a0 21, (1)

Replacing n by

r((pip2 - - .py)h(M) —1)
24

(prp2 - po) " Ma +

in (5.11) and then using (5.10) yields

r((pipz2 - 'pupu+1)27(M) -1)
24

Pr ((p1p2 cpupur1)?Ma + ) =0 (mod M),

which implies that (1.10) is true when n = p1ps -+ pup,+1. This completes the proof of
the theorem by induction. U

6. Proof of Theorem 1.4

The aim of this section is to present a proof of Theorem 1.4. We first prove the following
lemma.
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Lemma 6.1. Let r be an even integer with 2 < r < 24 and let p be a prime with
24|r(p — 1). For n, k >0,

r(pF —1 r(p—1
Dr <pkn + (p%4)> = Sp(k)p’f (pn + (p24 )> + Tp(k)pr(n)a (61)
where p,.(n) is defined by (1.1), S,(k) are the (p.(r(p — 1)/24),p""~2/2)-Lucas sequences
and T, (k) are the dual (p,(r(p —1)/24), p'"=2)/2)-Lucas sequences of S,,(k).

Proof. We are ready to prove this lemma by induction on k. Since S,(0) = T,,(1) =0
and S, (1) = 7,(0) = 1, (6.1) holds when k£ = 0 and k£ = 1. Suppose that (6.1) is true when
k=mand k =m+1 (m > 0), namely,

pr (pmn + Tw;;”) = Sp(m)p, (pn + T(pQZ 1)> + Tp(m)pr(n) (6.2)

and

Dy <pm+1n + 7’@)”2411)) = Sp(m+ 1)p, <pn + W) +T,(m+1)p,.(n). (6.3)

Newman [9] proved that

pr <pn + M) =pr <r(pQ41)>pr(n) —pl" 2 2p, <n —(rlp— 1)/24)) , (6.4)

24 P

where p,.(n) is defined by (1.1), p is a prime with 24|r(p — 1) and r is an even integer
with 2 <r < 24. If we replace n by pn+ r(p — 1)/24 in (6.4), then

. <p2n + 7’(]’2_1)) —p, (T(p - 1)) Pr <pn 4 U) —prD/2p (). (6.5)

24 24 24
Replacing n by p™n + r(p™ — 1)/24 in (6.5) and then utilizing (6.2) and (6.3), we deduce

that
r(pmt2 — 1
p’“<pm+2n+ . 24 )>

I —

L (r—2)/2 m. (" =1)
p pr<p n+ o

= (T2 ) (sptm+ v (pm+ ") 2y o)

—pUrTA <Sp(m)pr <zm + r(p2; 1)> + Tp(m)pr(n)>
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= (pr (r(p2; 2 > Sp(m+1) — P(T_2)/25p(m)>pr (pn + r(p2; 1)>

# (o (M52 ) Ttm 1) = 52T 0) (), (6:)

Since S, (k) are the (p,(r(p —1)/24), p"=2)/2)-Lucas sequences and T},(k) are the dual
(pr(r(p —1)/24), p("=2)/2)-Lucas sequences of S,,(k),

() s+ 1) = 7228, 00) = -+ 2) (6.7
and
" (T(p2; 1)>Tp(m +1)— p(r—2)/2Tp(m) = T,(m +2). (6.8)

In view of (6.6)—(6.8), we deduce that (6.1) holds when k = m + 2. This completes the
proof of the lemma by induction. O

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. Substituting (6.4) into (6.1) yields

Pr (pkn + r(p;;l)> = Sy (k) <pr (7”@2;1))]%(“) D2y, (n - (r(pp— 1)/24))>

+ T, (k)pr(n)
N (m (”Z”) S, (k) + Tp(k)>pr(n)
~ P28 (k)p, <” _ pr_ 1)/24)>. (6.9)

By Lemma 2.5 and the fact that S, (k) are the (p,(r(p — 1)/24), p{"~?)/2)-Lucas sequences,

(P2 )50 + Ty(0) = 06+ 1), (6.10)

where T}, (k) are the dual (p,(r(p — 1)/24), p("=2)/2)-Lucas sequences of S, (k). With the
aid of (6.9) and (6.10),
k
pr <p’“n it

24‘”) = Sp(k + Dpy(n) — =2/ 2Sp(k)pr(

p

Let M > 2 be an integer with ged(M,p) = 1. Thanks to Lemma 2.1, the ranks Rg, (M)
of Sp(n) modulo M exist. Based on Lemma 2.3, we deduce that for k& > 0,

Sp(Rs,(M)k) =0 (mod M). (6.12)
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If we replace k by Rg,(M)(k+ 1) — 1in (6.11) and then use (6.12), we see that for £ > 0,

R M)(k+1)—1
Dr (pl’:x',sp(]\/I)(k:+1)1n+ T(p sp (M)(k+1) _ 1)>

24
n—(r(p—1)/24)
p

= _p(r—2)/25p<RSP(M)(]g +1) — 1)pr( ) (mod M). (6.13)

If pt(24n +r), then (n —r(p — 1)/24)/p is not an integer and

pr(" —(r(p— 1)/24>> . 610

p

Congruence (1.11) follows from (6.13) and (6.14).
If we replace k by Rg, (M)k in (6.1) and use (6.12), we get
RSP(M)k‘ _ 1)

Rs, (M)k r(p

) =T,(Rs,(M)E)p,(n) (mod M). (6.15)

In view of Lemma 2.4 and the fact that T, (k) are the dual (p,(r(p —1)/24),p"=2)/2)-
Lucas sequences of S, (k), we deduce that for a > 0,

Ty(Rs,(M)k) = T,(Rs, (M))* (mod M). (6.16)

If we set n =0 in (6.15), then use (6.16) and the fact that p,(0) =1, we find that for
k>0,

r(pftsp M)k _
pT,(W) = T),(Rs,(M))* (mod M),

which is nothing more than (1.12). This completes the proof. O

7. Congruences modulo 16 for Ramanujan’s ¢ function

Recently, Chan [2] established a number of congruences for the coefficients ay(n) of
Ramanujan’s ¢ function ¢(q), which is defined by

N (e e S (G @)2ng™ !
¢(q)—; 6(n)q '_Zi(q;q%iﬂ : (7.1)

n=0
Moreover, Chan [2] proved some congruences for a,(n). For example, he proved that for
n >0,
ap(In+4) =0 (mod 2),
a4(18n +10) = 0 (mod 4),
as(25n + 14) = ay(25n 4 24) = 0 (mod 4).
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In this paper we prove congruences modulo 16 for as(n) based on Theorems 1.1-1.3.
In order to state congruences modulo 16 for as(n), define

T1(p) == po (3(1’28_1)) + (_1)(p71)(p719)/8p3 (3(1’2;1)/8>L, (7.2)

where p > 3 is a prime. Moreover, define

2 if m(p) =0 (mod 16),
3 if m(p)? =p” (mod 16),
4 if m(p) =8 (mod 16)
ai(p) =46 if m(p)? =tp” (mod 16) with ¢t € {3,9,11}, (7.3)
8 if m(p) =4 (mod 8)
12 if m(p)? = tp” (mod 16) with ¢ € {5,7,13,15}
16 if m1(p) =2 (mod 4),
and
91(p) = fi(m(p),p", a1 (p)) (74)
with
fi(z,y, o1 (p))
-y if aa(p) =2,
—zy if aq1(p) =3,
—y(z® —y) if a1(p) =4,
=4 —y(at =327 y+y) if o1 (p) =6,
—y(2% — 5oty + 622y — ) if aq(p) =8,
—y(2'0 — 928y + 282%y% — 3521y + 1522y — ¢°) if ay(p) = 12,
—y(2? —y)(z* — 322y + 32) (28 — 928y + 262%y? — 24223 +y*) if a1(p) = 16.

Theorem 7.1. Let p > 3 be a prime and let a,(n) be defined by (7.1).
(i) Forn, k>0, if p{n, then

3p2ar(p)(k+1) 1 1
ay (2p2a1(p)(k+1)—1n + 2P 1 + ) =0 (mod 16). (7.5)

Moreover, for k > 0,

2a1 (p)k
o) = 1) (mod 16) (76)
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(ii) Forn, k>0, if

7r1(p)<(3(p2 _ 11?)/8) - n)L _ (_1)(p71)(p719)/8p3 (mod 16),

then

3 2a (p)k+2 1
ag <2p20‘1(p)k+2n T 1 s

) =0 (mod 16). (7.7)

(iii) If a is a non-negative integer such that pg(a) =0 (mod 16) and 24a+9 =
[T, fi 1l g;’, with each oy > 2, is the prime factorization of 24a +9. Then
forn > 1,

3n? +1

ag <2an2 + ) =0 (mod 16), (7.8)

where ged(n, 2]]}_, g;7) = 1.
(iv) If a is a non-negative integer such that pg(a) = 0 (mod 16), then for n > 0,

3(2n+1)% 41

ag <2a(2n +1)% + 1

) =0 (mod 16). (7.9)
Example. If we set p = 3 in the above theorem, we get 71(3) = 4 (mod 8) and ¢1(3) =
1 (mod 16). Therefore a1(3) = 8. In view of (7.5) and (7.6), we see that for n, k> 0,

316k+17 4 1
4

316k+17 + 1

ag <2 x 310kH15(30 1 1) + I

) = ay, (2 x 310k+15(3 4 9) 4

=0 (mod 16)
and

16k+1 4 |
ag <3+) =1 (mod 16).

It is easy to check that 16|pg(142). Therefore, if we set a = 142 in (7.8), we deduce that
for n >0,

ag(1139n% + 1139n + 285) = 0 (mod 16).
Proof. Chan [2] proved that

(4% ¢*)%,

(o)l (7.10)

S auton s 1 =
n=0
By the binomial theorem, for any k& > 0,

(:0)% = (¢%¢*)% " (mod 2°). (7.11)
With the aid of (7.10) and (7.11),

Z ag(2n +1)¢" = (¢;¢)2 (mod 16),
n=0
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which implies that

ay(2n + 1) = po(n) (mod 16). (7.12)
Setting r = 9 and M = 16 in (1.5), we see that for n, k > 0 with p{n,

2Ra, (16)(k+1) _ 1)

8

o <p2RGp(16)(k+1)1n n 3(p ) — 0 (mod 16), (7.13)

where p > 3 is a prime, G, (n) are the (m(p),p")-Lucas sequences, R¢, (16) are the ranks
of Gp(n) modulo 16 and 7 (p) is defined by (7.2). With the help of a computer, we can

check that

Rg,(16) = a1(p), (7.14)
where a1 (p) is defined by (7.3). Therefore, from (7.13) and (7.14), we see that if p t n,
then

3(p2erk+1) _ 1)
8

Congruence (7.5) follows from (7.12) and (7.15).
Moreover, by (1.6) and (7.14), it follows that for & > 0,

P (pml(“(’“““n + ) =0 (mod 16). (7.15)

201 (p)k _
(M) = e ) nod 16), (7.16)

where H,(n) are the dual (1 (p), p”)-Lucas sequences of G,(n). It is easy to check that

Hy(1(p)) = g1 (p) (mod 16), (7.17)

where g (p) is defined by (7.4). Combining (7.12), (7.16) and (7.17), we arrive at (7.6).
In view of (1.7) and (7.14), we deduce that for n, k > 0, if

2 _ _

7T1(p)<(3(p 1)/8) n) — (_1)(p71)(p719)/8p3 (mod 16),
p L

then

3(p2a1(p)k+2 _ 1)

8

Congruence (7.7) follows from (7.12) and (7.18).

By Theorem 1.2, we see that if a is a non-negative integer such that pg(a) = 0 (mod 16)
and 24a +9 = [[;L, fi [}, g?j, with each «; > 2, is the prime factorization of 24a + 9,
then for n > 1,

P9 (pZ"“(””“”n + ) =0 (mod 16). (7.18)

3(n?—1)

S ) =0 (mod 16), (7.19)

Do (an2 +

where ged(n, 21_[}’:1 g?j) = 1. Congruence (7.8) follows from (7.12) and (7.19).
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From the definition of (M) given in Theorem 1.3, we find that
~v(16) = 48. (7.20)

Thanks to (1.10) and (7.20), we see that if pg(a) =0 (mod 16), then

(n% —

M) =0 (mod 16), (7.21)

P9 ((m% + 3

where n > 1 is an odd integer. In view of (7.12) and (7.21), we arrive at (7.9). This
completes the proof. O

8. New congruences modulo 11 for Andrews’s spt-function

In [1], Andrews introduced the spt-function spt(n) which counts the number of smallest
parts in the partitions of a positive integer n. For example, one sees that spt(4) = 10 by
examining the partitions of 4 (with the smallest parts underlined):

4,3+1, 242, 2+1+1, 1+1+1+1.

The generating function for spt(n) is

) B 1 el > (—1)" 1+ g n(3n+1)/2
Zspt(n)q = <Z : _qqn +; (=D"( : _qq)nq)z > (8.1)

n=0 (q; q)oo n=1
Andrews [1] also found the following surprising congruences for spt(n):

spt(5n +4) =0 (mod 5),
spt(7n+5) =0 (mod 7),
spt(13n + 6) = 0 (mod 13).

Garvan [5] established congruences modulo powers for 5, 7 and 13 for spt(n). Moreover,
in another paper [4], Garvan showed that for n > 0,

spt(11n + 6) = 4p13(n) (mod 11). (8.2)

Based on Theorems 1.1-1.3 and (8.2), we can get new congruences modulo 11 for
spt(n). In order to state the main results, define

7o (p) = p13 <13(p2—1)> + (,1)(1971)(13*27)/8}75 (13@2_1)/24> , (8.3)
L

24 P
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where p > 5 is a prime with p # 11. Furthermore, define

2 if ma(p) =0 (mod 11),
3 if ma(p)? = p (mod 11),
4 if m(p)? = 2p (mod 11),
if mo(p)? = 5p (mod 11) or m2(p)? = 9p (mod 11),
ax(p) = (8.4)
6 if ma(p)? = 3p (mod 11),
10 if m2(p)? = 6p (mod 11) or ma(p)? = 8p (mod 11),
11 if m2(p)? = 4p (mod 11),
12 if ma(p)? = 7p (mod 11) or m2(p)? = 8p (mod 11),
and
92(p) = fa(m2(p).p"", a2(p)) (8.5)
with
—y if as(p) =2,
—zy if as(p) = 3,
—y(a? —y) if ax(p) = 4,
Fala g ca(p)) = —ay(z? - 2y) if az(p) =5,
—y(a' = 32%y +4?) if az(p) = 6,
—y(z? — y)(a® — 62y + 92%y* — y°) if a2(p) = 10,
—zy(zt — 322y + y?)(z* — 52’y + 5y?) if ag(p) =11,
—y (210 — 928y + 282%y% — 3521y + 1522yt — ¢°) if aq(p) = 12.

Theorem 8.1. Let p > 5 be a prime with p # 11 and let spt(n) be defined by (8.1).

(i) For n, k>0, if p{n, then

143p222(P)(k+1) 4 1
spt(llpzaz(p)(kJrl)ln + 5P 2 i ) =0 (mod 11). (8.6)
Moreover, for k > 0,
143p2e2(Pk 41
spt(24 = 4[g2(p)]* (mod 11). (8.7)
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(ii) Forn, k>0, if

13(p? — 1)/24) —
7{_2(1))(( 3(p )/ ) TL> = (71)(17*1)(;0727)/81)5 (HlOd 11)7
p L
then
143p202(P)k+2 4 1
24

Spt<11p2a2(p)k+2n + ) =0 (mod 11). (8.8)

(iii) If a is a non-negative integer such that pi3(a) =0 (mod 11) and 24a+ 13 =
[T, fi H}’:l gjo."' , with each o > 2, is the prime factorization of 24a + 13. Then
forn > 1,

14302 + 1

spt <1lan2 + 21

) =0 (mod 11), (8.9)
where ged(n, 6 T[5_, g;7) = 1.
(iv) If a is a non-negative integer such that pi3(a) =0 (mod 11), then for n > 0,

143n1320 11
_|_ - @

spt 11 1320
Sp ( an 2

> =0 (mod 11), (8.10)

where ged(n, 66) = 1.

Example. We can verify that m5(5) =4 (mod 11) and g2(5) =2 (mod 11). Thus,
as(5) = 3. If we set p =5 in the above theorem, we see that for n, k > 0,

N 143 x 56(k+1) 4 1
24

spt<11 x 50+ (5n 4 ) ) =0 (mod 11),

where t is an integer with 1 <t <4 and for k > 0,

(143 x 5% 1
spt| —————

o0 ) = 22 (mod 11).

If we set a = 7 in (8.9) and using the fact that 11|p13(7), we deduce that for n > 0,

1991 1 1991
pt( 991n(3n + )+83) spt( 991n(3n + 5)

> 2 + 2074) =0 (mod 11).

Proof. Setting » = 13 and M = 11 in Theorem 1.1, we see that for n, k >0, if pt n,
then

13(p2RGp (11)(k+1) _ 1)
24

P13 (pZRGp“”(“”ln + ) =0 (mod 11), (8.11)

where p>5 is a prime with p# 11, m(p) is defined by (8.3), G,(n) are the
(m2(p),p*')-Lucas sequences and R, (11) are the ranks of Gp(n) modulo 11. We can
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verify that
Rg,(11) = aa(p), (8.12)

where ag(p) is defined by (8.4). Therefore, by (8.11) and (8.12),

13(p2e2®)(k+1) _q)
24

P13 (p2a2(p)(k+1)_ln + ) =0 (mod 11). (8.13)

Replacing n by p?@2®)(k+1)=1p 4 13(p2e2P)(k+1) _1)/24 in (8.2) and using (8.13), we
arrive at (8.6).
Moreover, from (1.6) and (8.12), we see that for k& > 0,

2a(p)k
p13<13(1’241)> = T)(as(p))* (mod 11), (8.14)

where T),(n) are the dual (72(p), p'!)-Lucas sequences of G,(n). It is easy to verify that
Tp(a2(p)) = g2(p) (mod 11), (8.15)
where g5 (p) is defined by (8.5). Replacing n by 13(p?*2(P)* —1)/24 in (8.2) and employing

(8.14) and (8.15), we obtain (8.7).
Thanks to (1.7) and (8.12), we deduce that if

ﬂz(p)((l?)(zﬂ — 217)/24) - n>L _ (_1)(p_1)(p—27)/8p5 (mod 11),
then

13(p2a2(p)k+2 _ 1)
24

P13 (pm“”)’“”n + ) =0 (mod 11). (8.16)

Replacing n by

13(p2a2(p)k+2 —1)
24

p2a2 (p)k+2n +

in (8.2) and utilizing (8.16), we arrive at (8.8).

Setting » = 13 and M = 11 in Theorem 1.2, we find that if a is a non-negative integer
such that pi3(a) =0 (mod 11) and 24a + 13 = [[;_, fi [];_, g;”, with each a; > 2, is the
prime factorization of 24a + 13, then for n > 1,

13(n? —1)

2 ) =0 (mod 11), (8.17)

P13 (an2 +

where ged(n,6[];_, g;7) = 1. Replacing n by an® +13(n* —1)/24 in (8.2) and using

(8.17), we get (8.9).
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Furthermore, it follows from the definition of v(M) given in Theorem 1.3 that
~(11) = 660. (8.18)
In view of (1.10) and (8.18), we see that if p13(a) =0 (mod 11), then

13(n13% — 1)

1320
D13 (an + 21

) =0 (mod 11), (8.19)

where ged(n,66) = 1. Congruence (8.10) follows from (8.2) and (8.19). This completes
the proof. O

9. Nonlinear congruences modulo p for p-regular partitions

Let [ > 2 be an integer. A partition is called an [-regular partition if there is no part
divisible by [. Let b;(n) denote the number of l-regular partitions of n. As usual, set
b;(0) = 1. The generating function of b;(n) is

i bi(n)g" = M (9.1)
n=0

(45900

Recently, numerous congruence properties for [-regular partitions have been proved; see,
for example, [6,7,12].
Using Theorem 1.4, we can also find congruences modulo p for b,(n) where p is an odd
prime with p < 23. In the following, we only present congruences modulo 23 for bas(n).
In order to state our main results, define

) = (), (0.2

where p is a prime with 12|(p — 1). Furthermore, define

22 if w3(p)? = tp'® (mod 23) with ¢t € {11,14,15,19,21},

23 if ms(p

2 if m3(p) =0 (mod 23),
3 if m3(p)? = p'? (mod 23),
4 if m3(p)? = 2p'° (mod 23),
6 if m3(p)? = 3p'° (mod 23),
8 if m3(p)? = tp'® (mod 23) with ¢ € {7,20},
az(p) = (9.3)
11 if m3(p)? = tpt° (mod 23) with ¢ € {6,8,12, 13,16},
12 if m3(p)? = tp'? (mod 23) with t € {9, 18},
(p) )
(p)
(p)

24 if w3(p)? = tp'® (mod 23) with t € {5,10,17,22},
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and
93(p) = f3(m3(p). ", as(p)) (9.4)
with
fs(z,y, as(p))
—y if as(p) =2,
_zy if as(p) =3,
—y(z® —y) if as(p) = 4,
—y(z* = 32y + y?) if as(p) = 6,
—y(2® — 5ty + 622y — y3) if as(p) =38,
—ay(zt = 32%y +y?) (2! — 5oy + 5y?) if a3(p) =11,
= ¢ —y(2'0 — 928y + 282092 — 352%y3 + 152%y* — 4°) if as(p) =12,

—y(@® —y)(a® = 5aty + 62°y* — y*)(x'? — 132'%

+64x%y? — 14625y3 + 14821y* — 48221° 4 ¢/°) if az(p) = 22,
—zy(210 — 1128y + 442%y? — 7721y + 5522yt — 11y5)

x (210 — 928y + 282%y2 — 3524y3 + 1522y* — ) if as(p) = 23,
—y(2?? — 21220y + 1902'8y? — 96926y + 30602 4y*

—6188212y° + 80082'09% — 64352%y” + 30032%¢°
—715x%y° + 6622yt — y'1) if ag(p) = 24.

Theorem 9.1. Let p be a prime with p =1 (mod 12). Forn, k> 0, if p{ (12n + 11),
then

11(pesP)(k+1)—1 _ q
b3 (p%(”)"““)‘ln LU 5 )) =0 (mod 23), (9.5)
where as(p) is defined by (9.3). Moreover, for k > 0,
11(pes®k — 1
bas3 <(]912)> = g3(p)* (mod 23), (9.6)

where g3(p) is defined by (9.4).

Example. It is easy to check that m3(13) =10 (mod 23). Hence «3(13) =11 and
93(13) =1 (mod 23). If we set p = 13 in the above theorem, we see that for n, k >0, if
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131 (12n + 11), then

=0 (mod 23)

bas (1311k+10n + Las? o D)

12

and

1k _
bas <11(13121)> =1 (mod 23).

Proof. Setting r =22 and M = 23 in Theorem 1.4, we see that for n, k>0, if pt
(12n + 11), then

]_]_(pRSF (23)(k+1)71 _ 1)
12

P22 (pRSp(23)(k+1)1n —+ > =0 (mod 23), (97)

where p is a prime with p =1 (mod 12), S,(n) are the (m3(p), p*®)-Lucas sequences and
Rs,(23) are the ranks of S,(n) modulo 23. It is easy to check that

Rs,(23) = as(p), (9.8)
where a3(p) is defined by (9.3). Combining (9.7) and (9.8) yields

11(pa3(P)(k+1)—1 —1)
12

P22 <p0‘3(”)(’“+”‘1n + ) =0 (mod 23). (9.9)

Based on (1.1), (7.11) and (9.1),
oo 23. 23 >
S o) = L)% (4002 3 ()" (mod 23),
= (45 @)oo —

which implies

Congruence (9.5) follows from (9.9) and (9.10).
Furthermore, it follows from (1.12) and (9.8) that for k& > 0,

asz(p)k _
p22<11(p121)) = Tp(a3(p))" (mod 23), (9.11)

where T),(n) are the dual (73(p), p'°)-Lucas sequences of S,(n). It is easy to verify that

T, (as(p)) = g3(p) (mod 23), (9.12)
where g3(p) is defined by (9.4). In view of (9.10)—(9.12), we arrive at (9.6). This completes
the proof. 0
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