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In this paper, we study the existence, multiplicity and concentration of positive
solutions for a class of quasilinear problems

—PApu+ V(@)ulP 2w = f(u) + [uf’ “u, @RV,
uwe WHP(RYN), wu(z) >0, zeRV,
where —A,, is the p-Laplacian operator for 2 < p < N, p* = Np/(N —p), e >01is a
small parameter, f(u) is a superlinear and subcritical nonlinearity that is continuous
in u. Using a variational method, we first prove that for sufficiently small € > 0 the
system has a positive ground state solution u. with some concentration phenomena
as € — 0. Then, by the minimax theorems and Ljusternik—Schnirelmann theory, we
investigate the relation between the number of positive solutions and the topology of

the set of the global minima of the potentials. Finally, we obtain some sufficient
conditions for the non-existence of ground state solutions.

1. Introduction and main results

Consider the quasilinear problem

—e? div(|VulP~?Vu) + V(z)|ulPu = h(u),
uwe WHP(RY), wu(z)>0, zeRY,

(1.1)

where 2 < p < N, € > 0 is a small parameter, h(u) is a superlinear term.

In recent years many mathematicians have studied (1.1). Especially when, for
p = 2, it corresponds to the Schrodinger equation. Up to now, there has been
a lot of work on existence and concentration phenomena of semi-classical states
of nonlinear Schrédinger equations. For instance, see [13,14, 18,29, 30, 36] and the
references therein. It is well known that the nonlinear Schrodinger equations arise in
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non-relativistic quantum mechanics. Consider the nonlinear Schrodinger equation

02— Ayt B - gl 0w (12)
ot 2m ’ ’ '
where i is the imaginary unit, A is the Laplacian operator and A > 0 is the Planck
constant. Let ¢ (z,t) be a standing wave solution of (1.2) with the form

O(x,t) = u(z)e PV u(z) e R
Then, ¢ (x,t) solves (1.2) if and only if u(x) solves

h2
—%Au—l—A(x)u = h(z,u), (1.3)

where A(z) = H(x) — E is called the potential function and h(z,u) = g(z, |u|)u.
If h(x,u) is independent of z, then (1.3) is reduced to (1.1) with ¢ = h/v/2m and
p=2.

For (1.3), many authors have focused on the case

inf A(z) > 0. (1.4)
zERN

In this case, and for N = 1 and p = 4, by the Lyapunov—Schmidt reduction argu-
ments, Floer and Weinstein [18] first constructed semiclassical states, which con-
centrate near a non-degenerate critical point of A. Later, Oh [29, 30] generalized
their results to the case of N > 3.

When the potential A has no non-degenerate critical point, under the assumption

that 0 < inf A(z) <liminf A(x), (1.5)
T€RN |z|—o00

Rabinowitz [31] obtained the existence result for (1.3) with h = wP~! (2 < p <
2* =2N/(N—-2)if N 23, p>2if N=1,2) and £ > 0 being small. In [36] Wang
improved Rabinowitz’s result and obtained the concentration of the positive ground
state solutions as ¢ — 0 at global minimum points of A. For more information in
the case of (1.4), we refer the reader to [13,14] and the references therein. In the
case of e A

nf A=) =0, (1.6)
the existence of semiclassical solutions for (1.3) was first proved in [6,7] and then
generalized in [8,9]. When ¢ = 1 and p > 2, (1.1) also arises in a lot of applications,
such as image processing, non-Newtonian fluids and pseudo-plastic fluids, and some
important results are obtained in [4,10,15].

Many previous results for (1.1) are obtained in the case of subcritical growth.
However, in the presence of critical growth, the problem has also been widely
studied.

Several papers have appeared recently about the semiclassical p-Laplacian prob-
lems involving critical growth (see [3,26] and the references therein). For convenience
we write (1.1) with critical growth in the following form:

—e? div(|VulP V) + V(@) |ulP 20 = [uf” u+ f(u)’}

LP
ue WHPRYN), w(z) >0, zeRY, (LP).

where p* = Np/(N — p) and f(u) is a subcritical term.
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Assume that f € C! and that V: RY — R is a function that is bounded from
below away from 0 such that

inf V > inf V|
on 2

where 2 is an open bounded subset of RY. By the local mountain pass theorem and
truncation function technique, Marcos do O [26] obtained solutions of (LP). that
concentrate around a local minima of V', that are not necessarily non-degenerate.

Later, using Ljusternik—Schnirelmann theory (see [39]) and minimax methods,
under some assumption on f, the author [17] proved the existence of multiple
positive solutions for (LP). that concentrate on the minima of V(z) as ¢ — 0.
In [17], f € C! and satisfies that

f(s)

sp—1

O<uF(s):u/O F)dt < sf(s), p>p,

is increasing on (0, 00),

f(s) = As®™! for all s > 0 with A > 0 and ¢; > 0, (L.7)
o€ (4,6), C>0,

£ (s)] —0 and lim |/ (s)] =0, qe€(pp").

|s|—0 |S|p*1 |s|—o0 |S|q

Recently, Alves and Figueiredo [3] studied the quasilinear problem

—eN div(|VuN "2Vu) + M(2)|uN "2u = f(u),} ®)

ue WHNRY), wu(z) >0, xeRV,

where € > 0 is a positive parameter, N > 2, M: RY — R is a continuous function
and f: R = R is a C'-function having critical exponential growth. By Lusternik—
Schnirelmann category theory and minimax methods, the authors proved the exis-
tence, multiplicity and concentration of positive solutions for (B)..

Since this phenomenon of concentration is very interesting for both mathemati-
cians and physicists, motivated by [3,17,26], we continue to study (LP). when the
potential V' has a global minimum, and investigate the existence, multiplicity and
concentration of positive solutions. More precisely, we focus on four points: a more
general nonlinearity than in [3,26], positive ground state solutions with some prop-
erties of concentration and exponential decay, the relation between the number of
solutions and the topology of the set of the global minima of the potentials, and
sufficient conditions for the non-existence of positive ground state solutions.

Before stating our theorems, we first give some assumptions. Assume that V'
satisfies one of the following two conditions.

(Do) V € C(RY,R) such that Vo = liminf |, V(x) > Vo = inf,egn V(2) > 0.

(D1) V € C(RY,R) such that 0 < V> = limsupy,_,, V(z) < V(z) and |K[ > 0,
where K = {z e RN, V(z) > V=l
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The hypothesis (Dy) was first introduced by Rabinowitz [31] in the study of
a nonlinear Schrodinger equation with subcritical growth. In this paper, without
loss of generality, we also assume that V,, < oo. This condition is made only for
simplicity. Actually, it is even easier if the potential is large at oo, since we have
better embedding theorems in that case.

For the nonlinearity f we assume that the following hold.

(f1) f € CRYN), f(t) =o(tP~ ) ast — 0, f(t)t > 0 for all t > 0 and f(¢) = 0 for
t<O0.

(f2) There exist ¢,q1 € (p,p*) and ¢ > 0 such that

t
f(t) = et forall t > 0 with A >0 and lim ) =0.

t—oo 14
(f3) f(t)/t?~! is strictly increasing on the interval (0, +00).

Since we look for positive solutions, let f(s) = 0 for s < 0. Obviously, from
conditions (f1) and (f3) it follows that

F(u) >0, pF(u)< f(u)u Yu#0, (1.8)
where F(u) = [ f(s)ds. Set
Vi={z eRY: V(z) =V}

Without loss of generality, below we assume that 0 € V, that is, V(0) = Vj. The
limit problem associated with (LP). reads as

—Apu+ Vou = f(u) + [ulf" 2u, ue WPRY). (LP)y,
Let . )
Q.0 =1 [ @wup+v@P) - [ R - [
P JrN RN P RN

which is called an energy function associated with (LP).. Set
le = inf{Q.(u): u # 0 is a solution of (LP).}.

If u® > 0 and solves (LP)., we say that u° is a positive solution. A positive solution
u® with £, = Q.(u") is called a positive ground state solution. Denote by L. the
set of all positive ground state solutions of (LP).. We recall that, if Y is a closed
subset of a topological space X, the Ljusternik—Schnirelmann category catx (V) is
the least number of closed and contractible sets in X that cover Y.

THEOREM 1.1. Suppose that the assumptions (Do) and (fi)—(fs) are satisfied. If
one of the conditions

(bl) N>p27
(b2) p< N <p?, p* —p/(p+1) < q <p*,

(b3) p< N <p? p*—p/(p+1) > q and large
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holds, then there exists e* > 0 such that, for each e € (0,&*), the following conclu-
sions hold true.

(i) (LP). has one positive ground state solution u. in W1P(RYN).
(ii) L. is compact in WEP(RN).

iii) There exists a maximum point x. of us such that lim._,q dist(x., V) = 0, and

( ) p € e—0 £ s Y
or any sequences of such x., he(x) = u.(ex + z.) uniformly converges to a
[ y seq f Y g
positive ground state solution of (LP)y,, as e — 0, where ue € LL.

(iv) limy| e ue(z) = 0 and u. € CL7(RNY with o € (0,1). Furthermore, there

loc

exist constants C,c > 0 such that |u.(x)] < Ce™(¢/DNe=2<l for qll x € RV,

THEOREM 1.2. Let the assumptions (Do) and (fi )—(f3) be satisfied. If (by) or (by) or
(b3 ) in theorem 1.1 holds, then, for each & > 0, there exist €5 > 0 such that, for any
€ € (0,e5), (LP). has at least caty, (V) positive solutions. Furthermore, if u. denotes
one of these positive solutions and o. € RN such that u.(o.) = max,cgn~ ue(z), then
one gets that

(1) lime—yo V(oe) = Vo,

loc

exist constants C,c > 0 such that |u.(x)| < Ce™(¢/Ne=o<l for il € RV,

(ii) limjpmoo ue(x) = 0 and u. € CLY(RNY) with vy € (0,1). Furthermore, there

THEOREM 1.3. If the assumptions (D1) and (fi)—-(fs) hold, then, for each e > 0,
(LP). has no positive ground state solution.

Below, we compare our results with those in [17]. First, our nonlinearities are
more general. In fact, in this paper f is only required to be a continuous function;
moreover, we weaken the Ambrosetti-Rabinowitz condition (see (1.7)):

0 < uF(s) = s / ft)dt < sf(s), u>p.

Second, we have more information for the positive solutions, such as the relationship
between the positive ground state solution of (LP). and (LP)y,, the exponential
decay etc. Finally, we obtain some sufficient conditions for non-existence of positive
ground state solutions.

The proof is based on the variational method. By comparing with the previous
works, we may summarize as follows the main difficulties that one has to face in
proving our theorems. On the one hand, as we see below, since the embeddings
WLP(RYN) — LY(RY) (for all ¢ € [p,p*)) and WHP(RN) — L (RY) are not com-
pact, the lack of compactness prevents us from using the variational methods in
a standard way. However, we make up the global compactness by the limit prob-
lem (LP)y,. To remedy the local compactness (H'(RY) — LV (RY)), as in [17,26]
we give some new estimates for the ground state level for the energy functional. On
the other hand, in the previous papers [3,17,26], since f is a C1-function, it follows
that Q. € C? and K. € C*, where K. is the Nehari manifold given by

K. = {ue W'"(RY)\ {0}: Q. (u)u = 0}.
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From these properties of Q. and K., one can easily deduce that critical points of Q.
on K. are critical points of Q. on W?(RY). Furthermore, one can use the standard
Ljusternik—Schnirelmann category theory on K. directly (see [11,39]). However, in
the present paper we cannot obtain these properties, since f is only continuous, and
so K. is only a continuous sub-manifold in W?(R¥). To overcome this difficulty,
we should carefully study the elementary properties for K. as in [34]. By doing this
we can reduce the variational problem for an indefinite functional to the minimax
problem on a manifold and find positive solutions for (LP)..

For the proof of our theorems, we consider an equivalent problem to (LP).. For
this purpose, making the change of variable ey = x, we can rewrite (LP). as

—Apu+Vi(ex)u= f(u) + |ulP "2u, u>0, uc WH(RN). (P:)

In the following we focus on this equivalent problem (P;).

2. Variational setting
In order to establish the variational setting for (P), we first give some notation.

Let LP = LP(RY) be the usual Lebesgue space endowed with the norm

|ulb :/ |[ulP < oo for1<p<oo, |ulew = sup |u(z)|.
RN z€RN

Let WP(R™) be the usual Sobolev space endowed with the standard norm
Jull? = [ (P + fup)
RN

We denote by S, the best Sobolev constant of the Sobolev embedding D?(RY) —
LP"(RN), that is,

V p
S, = inf{ | uﬂﬁ"’ . u € DVPRN)\ {0}},

where D?(RY) is the completion of C§°(RY) with respect to the norm |[ull’., =
|Vulb

Let E=WLP(RY) and let S = B1(0) = {u € E: ||Jul| = 1}.

The letters ¢, C, C; are indiscriminately used to denote various positive constants
whose exact values are irrelevant.

For any € > 0, let E. = {u € WHP(RY): [oy V(ex)u? < oo} denote the Sobolev
space endowed with the norm

[ull2 = / [Vu|P + V(ex)|ul’ for u € E..
RN

Clearly, || - || and || - || are equivalent norms for € > 0 and V,, < oo. Now, on E
we define the functional
1 1 x
W () = 7/ (Vul? + V(ex)|ul?) 7/ Flu) — 7/ P for u € EL.
P Jry RN P Jr~
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Obviously, ¥. € C1(E.,R). A standard argument shows that critical points of ¥,
are solutions of (P.) (see [1,3,33]).
Let N. denote the Nehari manifold related to ¥., given by

N ={ue E.\{0}: ¥/ (u)u =0}.
Thus, for u € A, it follows that

[ v+ veper) = [ sus [ (2.1)
RN RN RN
where V. (x) = V(ex). This implies that, for u € N,

vl = [ (Grwu-ra)+ (3= ) [ (22)

Before proving some elementary properties for A, we first prove some properties
for the functional V..

LEMMA 2.1. Under the assumptions of (Do) and (f1 )=(f3), we have that, for e > 0,
(i) U. maps bounded sets in E. into bounded sets in E., (ii) ¥! is weakly sequentially
continuous in E., (111) Y. (t,u,) — —00 ast, — oo, where u, € £, and £ C E.\{0}
18 a compact subset.

Proof. (i) We follow the idea of [37]. From the conditions (f;) and (f3), we deduce
that, for each € > 0, there exists C, > 0 such that

If(8)] <e|s|Pt 4+ Cels|?™! and |F(s)| < ¢€|s|? + Cc|s]9. (2.3)

Let {u,} be a bounded sequence of E.. Then, for each ¢ € E., one deduces from
(Dp) and (2.3) that

V(e = [ (VunP 2V, T+ V(@)
R

+ / Flun)o + / P 2o
RN RN

< flunl| PV Pl + cllun] |9V Y]y + cllunlP” el
<ec.

(ii) To prove the conclusion (ii), one can refer to [3,33]; we omit the details here.

(iii) Finally, we prove the conclusion (iii). Without loss of generality, we may assume
that ||ul|e = 1 for each u € £. For u,, € £, after passing to a subsequence, we obtain
that u, — u € Se := {u € E.: |ju| = 1}. Tt follows from (1.8) that

P " .
T (tnun) = 2 / ([Vun]? + Vi () un]?) — / Ftyu,) + 0 / i
P JrN RN P JrN

< t%(f]RN(VunV) + ‘/€<x)‘un|p> _ fRN F(tnun) _ tf;_q/ |Un p*>
RN

ti P td
as n — 0o. O

— —00
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We are now ready to prove some elementary properties for N;.
LEMMA 2.2. Under the assumptions of lemma 2.1, for e > 0 the following hold.

(i) For all uw € S., there exists a unique t, > 0 such that t,u € N.. More-
over, ms(u) = tyu is the unique mazimum of W, on E., where S. = {u €
E.: |ullc. = 1}.

(ii) The set N; is bounded away from 0. Furthermore, N is closed in E..

(iii) There exists a > 0 such that t,, = « for each u € S and, for each compact
subset W C S, there exists Cyy > 0 such that t, < Cyy for allu € W.

(iv) N is a regular manifold diffeomorphic to the sphere of E..

(v) ce = infp. W = p > 0 and ¥, is bounded below on N, where p > 0 is
independent of €.

Proof. We follow the idea of [37].

(i) For each u € S; and t > 0, we define g(t) = ¥ (tu). It is easy to verify that
g(0) =0, g(t) < 0 for t > 0 large. Moreover, we claim that g(t) > 0 for ¢ > 0 small.
Indeed, we derive, from the condition (2.3), that

g(t) = Ve (tu)

tP " .
- / (Yl + V(ez)[ul?) - / F(tu) -~ / fuf?
P JrN RN P JrN

T PlylP — 44 q P |y |P
> EHHHE — etPlulb — t7cCelull — ct? |ulp.

tr 2 P P q q p* p*
>5wm—d¢wfﬂﬁuwm—dnwp

Since we have p < ¢ < p* and € > 0 small enough, we derive that g(¢) > 0 for
t > 0 small. Therefore, max;~o ¢(t) is achieved at t = t,, > 0, so ¢’(t,) = 0 and
tyu € N;. Suppose that there exists ¢, > t, > 0 such that ¢, u,t,u € M. It then
follows from (2.1) that

2lul? = / F(bau)t 4+ 7 / ",
RN RN

ot = [ ot @ [l

RN

We then see that

o=/, ((i(ffi:)l - (ti(ff)‘f)l)u” =y [

which makes no sense in view of (f3) and ¢/, > ¢,, > 0. So the conclusion (i) follows.
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(ii) For u € N, we infer from (2.1) and (2.3) that

lull? < elulp + Celulg + clulf: < cellull2 + cCelfull2 + cljul”".

So, for some k > 0, we get that
|lulle = k> 0. (2.5)

Next, we prove that the set A is closed in E.. Let {u,} C AN such that u, — u
in E.. In the following we prove that u € A;. By lemma 2.1, we have that ¥/ (u,,)
is bounded; we then infer from

(1 )it — P ) = (P, (1) — DL () = P (1) (1 — u) = 0 s 1 = 0,

that ¥/ (u)u = 0. Moreover, it follows from (2.5) that ||ulle = limy,—eo ||tn|le = & >
0. So u € N..

(iii) For {u,} C E.\ {0}, there exist t,, such that ¢, u, € N:. By the conclu-
sion (ii), one sees that ||t,, tun|le = tu, [|unlle = £ > 0. It is impossible to have that
ty, — 0, as n — oo. To prove t,, < Cyy, for all u € W C S, we argue by contradic-
tion. Suppose that there exists {u,} C W C S. such that t,, = ¢,, — oo. Since W
is compact, there exists u € W such that u,, — v in E. and u,(x) = u(z) almost
everywhere (a.e.) on RY after passing to a subsequence. Then, lemma 2.1 implies
that ¥, (t,u,) = —o0 as n — co. However, from (2.2) we deduce that ¥_(t,u,) > 0.
This is a contradiction.

(iv) Define the mappings m.: E. \ {0} — M and m.: S. — N. by setting
Mme(u) =t,u and me = 1hels.. (2.6)

By the conclusions (i)—(iii), we know that the conditions of [34, proposition 3.1] are
satisfied. So, the mapping m. is a homeomorphism between S. and N, and the
inverse of m, is given by

me(u) =m_ (u) = Tl (2.7)

Thus, N is a regular manifold diffeomorphic to the sphere of E..
(v) Fore >0, s> 0 and u € E, \ {0}, it follows from (2.3) that

sP sP" .
@sz—/<ww+wwW%/1%wrf/\w
P JrN RN p RN
sP " «
> 2 ul? = oclull? — s1eCelulz - 5 ful?
sP . .
= (1= poull? — s1eC a2 ~

So, there exists p > 0 such that ¥.(su) > p > 0 for s > 0 small. On the other hand,
we deduce from the conclusions (i)—(iii) that

Ce = 1}\1}5 U, (u) = welisr:{{o} max U, (sw) = J?gs max U (sw). (2.8)
So, we get that ¢ > p > 0 and Y. |n. = p > 0. O
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We now consider the functionals 7 : E. \ {0} = R and 7.: S. — R defined by
T. = W.(fme(u)) and Y. =7.|s.,
where M. (u) = t,u is given in (2.6). As in [34], we have the following lemma.

LEMMA 2.3 (Szulkin and Weth [34, corollary 3.3]). Under the assumptions of
lemma 2.1, we have, for e > 0, that the following hold.

(i) 7. € CY(S.,R) and
Yi(w)z = [[me(w) || (me(w))z  for 2 € Tu(Se).

€

(ii) {wy} is a Palais—Smale sequence for Y. if and only if {m.(wy,)} is a Palais—
Smale sequence for V.. If {u,} C N: is a bounded Palais—Smale sequence
for W, then m.(uy) is a Palais—Smale sequence for 1., where m(u) is given

(iii) We have

iélgf T. = lJ\I}Ef U, = ce.
Moreover, z € Se is a critical point of Y. if and only if me(u) is a critical
point of U, and the corresponding critical values coincide.

3. The periodic system

In this section we prove some properties of the ground state solution of the limit
equation. Precisely, for each & > 0, we are concerned with the following equation:

— div(|Vu[P72Vu) + ElulP~u = flu) + |ulP "2u, u >0, ue WHPRN). (P)

For any £ > 0, let B¢ = {u € WP(RY): [oy uP < oo} be a Banach space endowed
the norm

[ullf = /RN [VulP + &|u|P  for u € Ee.

We then see that the energy functional corresponding to (P¢) is defined by

Wg(u)zl/ (|Vu\p—|—f|u|p)—/ F(u)—i*/ lu|P" for all u € Eg.
D JrN RN b Jrry

Asin §2, ¥, € C'(E¢,R) and a standard argument shows that critical points of ¥,
are solutions of (P¢). In order to find the critical points for the functional (P¢), we
also use the Nehari manifold methods. The Nehari manifold corresponding to ¥ is
defined by

Ne = {u € B¢\ {0}: ¥ (u)u = 0}.

Thus, for u € N, one sees that

/RNUVMP + &lul?) = /RN f(u)qu/RN ufP”. (3.1)
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This implies that, for u € N,

v = [ (Sr@u-rw)+ (- 2) [ e

To prove some properties for the function ¥, we need the following result.
LEMMA 3.1. Let 1 <r < oo, 1 < q< oo withq# Nr/(N—r)ifr <N. Assume
that ¢, is bounded in LI(RN), |Véy,| is bounded in L"(RY) and

lim sup/ |¢pn|? =0 for some R > 0.
Br(y)

n—oo yE]R

Then, ¢, — 0 in L7 (RYN) for any o € (¢, Nv/(N —r)). Moreover, if ¢,, is bounded
in LP(RY), |V, is bounded in LP(RY) and

lim sup/ |pnlP” = 0 for some R > 0.
Br(y)

n—oo y€ER

Thus, ¢n, — 0 in LF(RYN) for any k € (¢, Np/(N — p)].

Proof. For the proof of the first conclusion of this lemma, one can refer to [24,25,32].
We now prove the last conclusion. Clearly, it suffices to prove ¢,, — 0 in L?" (RM).
It follows from the Holder inequality that

. ) (p™—p)/p" ) p/p"
[ e < ( N dx) ( R dac)
B, (y) B:-(y) B.(y)

. (p*—p)/p"
<c( s [ ol dx) [ (190up + 16,7 .
B, (y) RN

yERN

Now, covering RY by balls of radius =, in such a way that each point of RY is
contained in at most N + 1 balls, we find that

. . (p"—p)/p"
Lo e en( s [ jermas) [ (9l as
RN B, (y) RN

yERN

. (" —p)/p"
< e(N+ 1)( sup / | |P dx)
B.(y)

yERN

— 0 asn—oo.
This completes the proof of the lemma. O
We are now ready to prove some elementary properties for Ne.

LEMMA 3.2. Under the assumptions of lemma 2.1, we have that, for & > 0, the
following hold.

(i) For all u € S¢ := {u € E¢: ||u|]l¢ = 1}, there exists a unique t, > 0 such that
tuu € Ne. Moreover, me(u) = tyu is the unique mazimum of We on Eg.

(ii) The set N¢ is bounded away from 0. Furthermore, N¢ is closed in Ee.
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(i) There exists 6 > 0 such that t, > 0 for each u € S¢ and, for each compact
subset W C S¢, there exists Cyy > 0 such that t, < Cyy for allu e W.

(iv) Ne is a regular manifold diffeomorphic to the sphere of Ee.
(v) c¢ = infpr, We > 0 and Ye|n, is bounded below by some positive constant.

Proof. Using the same arguments as those of lemma 2.2, one can easily prove the
conclusions (i)—(v). We omit the details here. O

From lemma 3.2(i), we know that, for each u € E¢ \ {0}, there exists a unique
t, > 0 such that t,u € N¢. So we define the mapping 7e: Ee \ {0} — N¢ by
me(u) = tyu. Clearly, me = mg|s,. Let

Te: B\ {0} = R,  Ti(w):=Pe(ring(w)) and V¢ :=7Tyls,.
If the inverse of the mapping m¢ to Se is given by

u

. -1, .
e =mg : Neg — S, mgf”—uH,
then we have the following lemma.

LEMMA 3.3 (Szulkin and Weth [34, corollary 3.3]). Under the assumptions of
lemma 2.1, we have that, for e > 0, the following hold.

(i) Te € Cl(Sg,R) and
Ye(w)z = [[me(w)|[%(me(w))z  for z € Tu(Se)-
(ii) {wn} is a Palais-Smale sequence for Ye if and only if {me¢(wy,)} is a Palais—

Smale sequence for Y. If {u,} C Ng is a bounded Palais—Smale sequence for
Uy, then me(uy,) is a Palais-Smale sequence for e, where me(u) = mgl(u) =

u/lulle.
(ili) We have
igngg = 1j\1}§f Ue = ce.
Moreover, z € S¢ is a critical point of T¢ if and only if me(u) is a critical
point of We, and the corresponding critical values coincide.

REMARK 3.3. By lemma 3.1, we note that the infimum of W over N¢ has the
following minimax characterization:

0<ece = Zg}\f/{ Ue(z) = wegg{o} max Ve (sw) = U}lggé max Ve (sw). (3.3)

Similarly to [26], one can easily prove the following mountain pass geometry of
the functional ¥¢(u).

LEMMA 3.4 (mountain pass geometry). The functional We satisfies the following
conditions.

(i) There exist positive constants 3, o such that We(u) = 5 > 0 for ||ull, = c.

(ii) There exists e € E¢ with |le|]| > o such that ¥e(e) < 0.
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From lemma 3.4, by using the Ambrosetti-Rabinowitz mountain pass theorem
without the (PS).-condition (see [12,27]), it follows that there exists a (PS),-
sequence {u, } C E¢ such that

ro_ . /
Ve (up) — ¢ = ;2? fax, Pe(y(t)) and ¥(u,) — 0, (3.4)

where I' = {y € C(E¢,R): We(7(0)) = 0, Pe(y(1)) < 0}. As in [31, proposi-
tion 3.11], we use the equivalent characterization of c’g, which is more adequate for
our purpose, given by

;o . o
e = uegsf{o} max Ve (tu) = ce. (3.5)

Here in the last equality we used (3.3). As in [17], we have the following estimates
for c,,.

LEMMA 3.5. If the conditions (Dy) and (fi)—(f3) hold, one gets that, for any 0 <
& < Voo, the number c¢ satisfies

1 N
0<ce< NSP/Z’,

where S, is the best Sobolev constant, namely,

S, = inf { IVl progN) {0}}.

|u

P
-
We are now ready to study the minimizing sequence for We.

LEMMA 3.6. Let {u,} C N¢ be a minimizing sequence for We. Then, {u,} is
bounded. Moreover, there exist r,d > 0 and a sequence {y,} C RY such that

liminf/ |unP =6 >0,
n—o00 By (yn)
where By.(yn) = {y € RN : |y — y,| <7} for each n € N.

Proof. We first prove that {u,} is bounded. Arguing by contradiction, suppose that
there exists a sequence {u,} C N¢ such that [lu,||, — oo and ¥e(u,) — c¢. Let
Zn = un/||unlle. Then, z, — z and z,(x) — 2,(z) a.e. in RY after passing to a
subsequence. Moreover, we have that either {z,} is vanishing, i.e.

lim sup/ B
" YeRN J B (y)

or non-vanishing, i.e. there exist 7,d > 0 and a sequence {y,} C RY such that

P =, (3.6)

lim |zn|P” =6 > 0. (3.7)

n—roo BT(y’VL)

As in [21], we show that neither (3.6) nor (3.7) holds true, and this provides the
desired contradiction.
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If {z,} is vanishing, lemma 3.1 implies that z, — 0 in LP(RY) for p € (2,p*]

Therefore, from (2.3) we deduce that [,y F(¢z,) — 0 as n — oo for each £ € R.
So, we infer from lemma 3.2 that, for £ > 0,

ce +o(1) > e (un)

> We(Lzy)
/P op" .
== [ Ve g - [ P - [l
RN RN P JrN
i p* .
>£——/ F(Zzn)fg—*/ |2 P
p RN P JrN
/P
% PR
D

as n — oo. We now arrive at a contradiction if ¢ is large enough. Hence, non-
vanishing must hold. It follows from (2.3) that

[ Flun) < ceuall + cClfunll
RN

So, from (3.7) and (3.8) we infer that, for n large

(3.8)

e ( 1 )
< Zelun) :_7/ znl?” +0(1) < —— Sup/ 2P+ o(1) < 0,
||un|| P* yerN JB,.(y)

a contradiction.

Next, we prove the latter conclusion of this lemma. Since {u,} is bounded, if

lim sup/ lun|P =0,
" yeRN J B, (y)

we deduce from lemma 3.1 that u,, — 01in L*(RY) for t € (p,

p*). We infer from (2.3)
that [on F

Uun) — 0 as n — 0o. Moreover, it follows from ¥/ (u, )u, = 0 that

[ 00+ ety = [ + o) (3.9

Assume that [ x (|[Vun [P + EJun[P) = 7. If 7 > 0, it follows from Ve (u,) — c¢ that
1 1 x
,Hunng — 7/ lun [P — Ce.
p P JrN

Thus, we obtain that ¢ = v/N. On the other hand, we infer from ~

> SpyP/P” that
N,
7= 8) /P

Therefore, we get that ¢ = (1/N)vy > (1/N)S, S2/P_ This contradicts the conclusion
of lemma 3.5.

O
We now state the main results for the limit problem (Pg)
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THEOREM 3.7. Let the assumptions of theorem 1.1 be satisfied. Then, for each
& >0, the following conclusions hold.

(i) The problem (P¢) has at least one positive ground state solution ue in E¢ =
Whp(RN).

loc

C,c > 0 such that ug(x) < Ce=cll,

(i) lim|y|oo ug(z) = 0 and ue € CL? with o € (0,1). Furthermore, there exist

(i) Le¢ is compact in Ee for & > 0, where L¢ denotes the set of all least energy
solutions of (Pe¢).

Proof. (i) From the conclusion of lemma 3.2(v) we know that cg > 0 for each £ > 0.
Moreover, if ug € N¢ satisfies e (ug) = c¢, then g (ug) is a minimizer of ¢, and
therefore a critical point of Y¢, so ug is a critical point of ¥¢ by lemma 3.3. It
remains to show that there exists a minimizer u of ¥¢ |, . By Ekeland’s variational
principle [39], there exists a sequence {w,} C S¢ such that 7¢(w,) — ¢ and
Ti(wn) — 0 as n — oo. Set u, = me(wy) € N for all n € N. Then P (uy,) — c¢
and &T/é(un) — 0 as n — oo. Similarly to the proof of lemma 3.6, we know that {u, }
is bounded and there exist 7,6 > 0 and a sequence {y,} C R" such that

lim [unl? =6 > 0.
n—reo By (yn)

So, we can choose 7’ > r > 0 and a sequence {y,} C Z" such that
: )
lim lun|P = = > 0. (3.10)
2B, () 2

Using that ¥¢ and N are invariant under translations, we may assume that {y,}
is bounded in RY. So u,, — u # 0 and Wi (u) = 0.

It remains to show that We(u) = c¢. Since {u,} is bounded, by (1.8) and Fatou’s
lemma we get that

1
ce = lim inf <L05(un) - pWé(un)un)

— linrgigolf </]RN (ll)f(un)un — F(un))>
> [ (- r)

= Ue(u) — %lflé(u)u

= !Pg(u).

Hence, ¥¢(u) < c¢. The reverse inequality follows from the definition of ¢¢ since
u € Ng. So, we prove that We(u) = c¢. Finally, we need to find a positive ground
state solution for (P¢). In fact, for each u € W1P(RY), there exists ¢ > 0 such that
tlu| € Ne. From the condition (f;) and the form of ¥, we deduce that We(t|u|) <
We (tu). Moreover, it follows from u € N that We(tu) < Ye(u). So, we prove that
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ce = We(u) < Pe(t|u|) < Pe(u). That is, ug = t|u| also attains the least energy on
Ne. In addition, from lemma 3.3 we infer that ug is a non-negative ground state
solution of W,. It follows from Harnack’s inequality (see [19]) that us > 0 for all
x € RN, This finishes the proof of the conclusion (i).

(i) Using the arguments of [20,23,26,35], we have that u € LY(RN) 0 CL*(RY) for
t €[2,00] and a € (0,1). Set

h(u) = f(u) = Elul’?u+ [u” ~u.
From (2.3), we infer that
[Aw)] < e(ulP™t + Jul?™" 4 fuf” 7).

It follows that

| ( )|L" (B2p) X C(|U|L(p U7 (Bs, )+| |L(q D7 (B, )+‘ |L(p*—1)r(32 )) (3'11)
where 7 > N and Bs, = {x € RY: |z — 20| < 2p, 79 € RV}. Using (P¢) and the
definition of the norm || - ||y1.-, we derive that

[ullwir(B,,) < c(|h(W)|Lr(B,,) + UL (Bsy)) (3.12)

From (3.11) and (3.12), we deduce that

*—1
||’U’||VV1 T(B2p) X C(|u|L(p DT (Ba,) + ‘u|L(q D7 (Bag,) |u|LT(BQp) + |u|1£(p*—1)7(32p))-

Since 7 > N, by Sobolev’s embedding theorem (see [19]) one has that

||u||CO’”(Bp) (|U‘L(z) D7 (Bag,) + |u|L(q D7 (Ba)) + |u|LT (B2p) + |U‘L(P**1)T(Bg ))
where o € (0,1). Letting |zo| — oo, we conclude that [ulco.(5,) — 0. Therefore,
we get that lim|,_,o u(z) = 0.

Next, we prove that u(z) < Ce ¢l*l. By (f,) and the fact that the solutions u
decay uniformly to 0 as |z| — oo, we can take Ry > 0 such that

§

Flu(x))uP +uP” P < 3 for all |z| > Ro.

Consequently,

§

—Apu+ gu”_l = flu)+uP 1 — §up_1 <0 forall |z| > R

Let 8 and d be positive constants such that £/2—(p—1)6P > 0 and u < d exp(—GRy)
for all |z| = Ry. Hence, the function n(z) = d exp(—/f|z|) satisfies

—Apn + gﬁp_l = (g —(p— 1)ﬁp>np_1 >0 for all z #0.

Since p > 2, we have that the function xy: RY — R, y(x) = |z|P is convex (see [26,
40)); thus,

("2 = [yP?y, 2 —y) > Cplo —ylP >0 forp>2, zyeRY. (313
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We now take v = max{u — 7,0} € Wy"P(|z| > Ro) as a test function. Hence,
combining these estimates,

0> [ |(vaP e mar e vy St -y
RN

§ _ _
>3 (WPt =P (u—n)
z€RN : u>n

>0 for |z| > Ro.

Therefore, the set {x € RY: |z| > Ry for u(z) > ()} is empty. From this we can
easily conclude that

u(x) < Cecll,

(iii) Let the bounded sequence {u,} C L¢ N N¢ such that ¥e(u,) = ¢ and
Wé (un) = 0. Without loss of generality we assume that u,, — u in E¢. As in the
proof of the conclusion (i), one can easily prove that {u,} is non-vanishing, i.e.

1)
lim lun|? = = > 0.
n= /B, (y,) 2

By the invariance of ¥¢ and N¢ under translations of the form w +— u(- — k) with
k € ZN, we may assume that {y,,} is bounded in Z". So u, — u # 0 and ¥{(u) = 0.
Moreover, repeating arguments as in the proof of the conclusion (i), one sees that
We(u) = c¢ and ¥{(u) = 0. So, it follows from Fatou’s lemma that

ce = Ve (u)

— e (u) - %@g(u), w)

- /RN (;f(u)u— F(u)) + (p;*_pp)/w Jul””

<t | [ (rtmn = )+ B2 [ ot

. 1,

= hnn_1>1£f (Wg(un) - plpg(un)un)
= C¢.

Thus, we conclude that

. .
lim ub = uP .
n—o0 RN RN

By using the Brezis-Lieb lemma (see [39]), we obtain that |u, — u[g @~y — 0 as
n — oo. Note that wu,, satisfies

— div(|Vun P72 Vug) + Elun P2 = fltn) + [tn]? " 2u,. (3.14)
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Using u,, — u as a test function in (3.14), we conclude that, for each ¢ > 0, there
exists C. > 0 such that

/ (|Vun|p72VunV(un —u)+ §|un|p72un(un —u))
RN

= f [f(un)(un - u) + |un|p*72un(un - u)]
]RN
<06 [ funllun —ul+cC [ funlt M~
RN RN
< e+ cCplun — ul o (my.- (3.15)

So it follows that
/ (| Vtun P2V, V (u, — 1) + &|tn [P~ 2un (un — u)) = 0(1) asn — oco. (3.16)
RN
Similarly, since u satisfies the equation
— div(|VulP2Vu) + fu = f(u) + [ul?” 2u, (3.17)

we infer that
/ (|VulP~2VuV (u, —u) + ElulP~?u(u, —u)) = o(1). (3.18)
RN
From (3.13), (3.16) and (3.18), we deduce that

/RN(|V(un — W)+ —ul?) < /RN(W%\P*QWH VP2V, Vu, — V)

+£/ (|t [P~ 2t — [ufP~ 20, 1y — u) — 0
RN

(3.19)
as n — 00. So, we obtain that [|u, — uw1r@y) — 0 asn — occ. O

REMARK 3.8. We point out that our arguments in this section can also be applied
to the case of periodic potentials, or to the equation

— div(|VuP2Vu)+V (@) [ulP"2u = f(u)+|ul” "2u, u>0, ue WHP(RN), (Py)

where V' (z) is a positive continuous periodic function in each variable. Using trans-
lation invariance of the problem, the proof is still valid. Thus, the conclusions of
theorem 3.7 hold.

LeEMmMA 3.9. Under the assumptions of lemma 2.1, we have that cg, > cg, for

&1 > &a.
Proof. For &1,& > 0, one sees that B¢, = E¢, = E. Let u; € N, be such that

Ce = wﬁl (ul) = wnel%'}; ¢§1 (w)
1

On the other hand, let up € E¢, be such that

Ve (u2) = max W, (w).
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Therefore, one sees that
Cey 2 ng (UQ)

() + (G- [ o

> t@-a) [ o

> Cey-

4. A compactness condition

In this section we prove some compactness results for the functional W.. Precisely,
we show that any minimizing sequence of ¥, has a strongly convergent subsequence
in E.. We begin with the following lemma.

LEMMA 4.1. Under the assumptions of (Do) and (f1)—(fs), we have that
(i) ¢ = ey, for alle > 0,
(i) ce = ey, ase — 0.

Proof. The idea of the proof comes from [16,37].

(i) Since V is a bounded function, it is easy to check that, for all € > 0 and & > 0,
E.=FE;= WP (RN). To prove the first conclusion, we argue by contradiction and
assume that c¢. < cy, for some € > 0. By the definition of ¢., we can choose an
e € E.\ {0} such that max,~o%.(se) < cy,. Again by the definition of ¢y, we know
that ¢y, < maxsso %y, (se). Since Vo.(z) = Vo, Ye(u) = Wy, (u) for all u € E., and
we get

cv, > max V. (se) = max Uy, (se) = cy,,

a contradiction.
(i) Set VO(z) = V(z) — Vp and V2(z) = VO(ex). We then see that
@, (u) = Wy, (u) + [ VO(z)uP.
RN
Let u € Ny, be such that cy, = Py, (u) = maxy,e gy, \ {0} Yv, (). We take v € E. \
{0} such that
ce < Y. (v) = max ¥, (su) = Py, (v) +/ VO(z)vP. (4.1)
s>0 RN

Obviously, for each ¢ > 0 we can choose R > 0 such that

/ VO (x)|v]P < ce. (4.2)
|z|>R
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Moreover, since 0 € V, one has that
/ VO(x)v|P — 0 ase— 0. (4.3)
lz|<R
Substituting (4.2) and (4.3) into (4.1), we deduce that

VO(z)w? -0 ase— 0.
RN

Therefore, we get that

Ce S WVO(U) + 0(1)
<

0z + o(1
we BB o1 vo(w) +0(1)

= Wy, (u) +o(1)
= cy, +o(1).

Furthermore, it follows from the conclusion (i) that
ey, < lim . < lim W (v) = Wi (0) < Wy (1) = ey,
Hence, we obtain ¢. — ¢y, as € — 0. O
From (Dy), we know that V < V. So, we can choose £ > 0 such that
Vo <l < V.
As in [2,17], we have the following lemmas.

LEMMA 4.2. Suppose that the assumptions of (Do) and (fi)—(fs) hold. Let {u,} C
N: such that W.(uy,) — ¢ with ¢ < ¢g and up, — 0 in E.; then one of the following
conclusions holds.

(i) up — 0 in E..

(ii) There exist a sequence y, € RN and constants r,6 > 0 such that

lim inf ub > 4.

nTreo By (yn)

LEMMA 4.3. Let the assumptions of (Do) and (fi)—-(f3) be satisfied. If {u,} C N:
such that Ve (u,) — ¢ with ¢ < ¢ and u,, — 0 in E., we have that u, — 0 in E.
for e >0 small.

LEMMA 4.4. Under the assumptions of (Do) and (fi)-(f3), we have that if {v,} C
Se such that T; z(vn,) — ¢ and TE")\(vn) — 0 with 0 < ¢ < ¢ < ey, then {v,} has
a convergent subsequence in E..

Proof. Let u, = mc(vy,). It follows from lemmas 2.2 and 2.3 and

U (u,) = ¢, Ul(up) =0 and W (up)u, =0.
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By using similar arguments as in the proof of lemma 3.6, one can easily check that
{u,} is bounded. So, there exists u € E. such that w,, — u in E.. Moreover, u is a
critical point of ¥.. Set w,, = u,, — u. By the Brezis—Lieb lemma (see [39]), we have

that
[ v = [ up = [ v o)
RN RN RN

[ownr = [ = [l o),
RN RN RN

Moreover, as in [22], it follows that ¥, (wy,) = Y (un) — ¥ (u)+0o(1) and ¥, (wy,) — 0
as n — oo. It follows from ¥/(u) = 0 and (1.8) that

and

V. (u) = We(u) — 1Wsl(u)u = / <1f(u)u — F(u)) > 0.
p RN \P
So, we deduce that ¥.(wy,) = Yc(uy) — ¥e(u) + o(l) - ¢ —y as n — oo, where
y = W.(u) > 0. Thus, it follows from ¢; = ¢ —y < ¢ < ¢ and lemma 4.3 that
Wy, = U, —u — 0 in E.. Obviously, u € N,. Since u, = t,v, and t, is bounded,
t, =t # 0 (if t = 0, one can deduce that u = 0). Moreover, from the boundedness
of {v,}, we infer that there exists v such that v, — v in E. So, it follows from
t, — t and u,, — u that v,, - v and u = tv. O

We are now in a position to prove that (P.) has a positive ground state solution.

LEMMA 4.5. Under the assumptions of (Do) and (fi )-(fs), we have that c. is at-
tained for all small e > 0.

Proof. Tt follows from lemma 2.2(v) that ¢. > p > 0 for each ¢ > 0. Moreover, if
ue € N satisfies ¥, (u:) = c., then m.(u.) is a minimizer of 7;, and therefore a
critical point of 7¢, so u. is a critical point of ¥, by lemma 2.3. It remains to show
that there exists a minimizer u. of ¥.|x.. By Ekeland’s variational principle [39],
there exists a sequence {v,} C S. such that Y.(v,) — c. and 1. (v,) — 0 as
n — oo. Set w,, = me(v,) € N for all n € N. Then, from lemma 2.3 again, we
deduce that . (wy,) — ce, ¥L(wy)w, = 0 and ¥ (w,) — 0 as n — co. So, {wy,} is
a (PS),.-sequence for ¥.. By lemmas 4.1 and 4.2, we know that ¢, < ¢, for ¢ > 0
small. Thus, from the proof of lemma 4.4, we infer that u, = w, —w — 0 in E..
Therefore, we prove that w € N and ¥, (w) = c.. O

Let L. denote the set of all positive ground state solutions of (P.). Similarly to
theorem 3.7(iii), one has the following lemma.

LEMMA 4.6. Suppose that the assumptions of theorem 1.1 are satisfied. Then L. is
compact in WHP(RN) for all small € > 0.

Proof. Let the boundedness sequence {u,} C L. NN such that ¥, (u,) = ¢ and
V! (u,) = 0. Without loss of generality we assume that u,, — u € E.. It then follows
from the weak continuity of ¥/ that ¥/(u) = 0. Set w,, = u,, — u. As in lemma 4.5,
we can prove that w,, — 0 in W?(RY). O
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5. Multiplicity and concentration of positive solutions

In this section, we are in a position to give the proof of the main results. We first
prove the existence of multiple positive solutions to (P.). To do this, as in [2,5,17],
we make good use of the ground state solution of Pyo. Precisely, let w be a ground
state solution of Pyo and let @ be a smooth non-increasing function defined in
[0,00) such that ¢(s) = 1if 0 < s < 5 and &(s) = 0if s > 1. For any y € V, we
define

ena) = @llea g 1), 6.)

There then exists t. > 0 such that max;>o¥.(t¢.,) = V.(t.P.,). We define
pe: V — N by pe(y) = tobe,. By the construction, p.(y) has a compact sup-
port for any y € V. As in [2,17], one can easily prove the following results.

LEMMA 5.1. Under the assumptions of (Do) and (fi )—(f3), we have that the func-
tion pe such that im. o ¥.(p:(y)) = cvy -

For each § > 0, let o = p(d) be such that Vs C B,(0). Let x: RN — RY be
defined by x(z) = « for |z| < ¢ and by x(z) = ox/|z| for |z| > . Finally, we define
Be: N. = R by
Jan x(ex)u? da

Jpn u?dz

As in the proof of lemma 5.1, it is easy to see that

Be(u) =

fRN ET pa )d$
f]RNpE )?dz
_ Jew x(ez + y)|w(@)® (lex|)|? dz
fRN lw(z)®(lex|)|? dz
L Jrn ez +y) - )|w(z)d(|ex|)|? dz
Jan [w(z)P(lex)|? do

B:(p<(y)) =

=y +o(1)

as ¢ — 0, uniformly for y € N.. So we conclude that lim._,¢ 3:(pc(y)) = y uniformly
for y € N..

Next we prove some concentration phenomena for the positive ground state solu-
tions of (P.). Before doing so, we start with the following preliminary lemma.

LEMMA 5.2. Suppose that the assumptions of theorem 1.1 are satisfied. Let u,, C
Ny, be a sequence satisfying Wy, (un) — cv,. Then, either {u,} has a subsequence
strongly convergent in WYP(RN) or there exists {y,} C RN such that the sequence
wn(7) = un(z + yn) converges strongly in WHP(RN). In particular, there exists a
minimizer of cy,.

Proof. By lemma 3.2, we know that {u,} is a bounded sequence. Moreover, it
follows that
Uy, (un) — cy, and W{/O (up)uy = 0. (5.2)
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Hence, for some subsequence, still denoted by {u,}, we may assume that there
exists a u € WHP(RY) such that u,, — u in WHP(RY).

(hy) If w # 0, it follows that u € ANy,. Thus, in the same way as in the proof of
lemma 4.5, we can prove that u, — u in E.

hy) If uw = 0, as in lemma 3.2, we have that there exist {y,} C RY, r,§ > 0 such
( y :

that
lim inf / u?
"o J By (yn)

We set wy(x) = un(z + yn); then ||wnllve = lunllvy, Pvy(wn) — ¢y, and
Wy, (wp)wy, = 0. Tt is clear that there exists w € WP(RN) with w # 0 such
that w, — w in WHP(RY). The proof then follows from the arguments used
in the case of u # 0.

WV

s. (5.3)

O

LEMMA 5.3. Let ue be the positive ground state solutions of (P:) and let 0 € V =
{z e RN: M(z) = Vu}. Under the assumptions of theorem 1.1, u. has a mazimum
point y. such that dist(ey.,V) — 0. Moreover, v.(x) = uc(z + y.) converges in
WLP(RN) to a positive ground state solution of Pyo as € — 0.

Proof. Let €j — 0, uj € Lc; such that ¥, (u;) = c.; and ¥ (u;) = 0. Clearly,
{u;} € N¢,. Using the same arguments as in lemma 4.4, one can easily check
that {u;} is bounded in WHP(RY). So we can assume that u; — u in WHP(RY).
Moreover, since ¥, (u;) = c.; — ¢y, as j — oo according to lemma 4.1, then we
have c.; < cy,, for j large. Thus, similarly to the proof of lemma 4.4, we can prove
that there exist 7,4 > 0 and a sequence {y}} C R such that

Jj—o00

liminf/ uf =4 >0. (5.4)
Br(y5)

Let {y;} C RY be such that

uj(y;) = maxu;(y) Vj.

We claim that there exists £ > 0 (independent of j) such that
u;j(y;) = £ >0 uniformly for all j € N. (5.5)

Assume by contradiction that u;(y;) — 0 as j — oo. We deduce from (5.4) that
O<5</ uggcuj(yj)p%() as j — oo.
By (y5)

This is a contradiction. As in theorem 3.7, one can easily check that u; € C17(RM)N
L>(RY) for each j € N. So it follows from (5.4) and (5.5) that there exist R > r > 0
and ¢’ > 0 such that

lim inf luj|P =6 > 0.
J7°° JBr(y;)
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Set
vi(z) =uj(z+y;) and Vi (2)=V(ej(x+y;)).

Then, along a subsequence we have v; — v # 0in W1P(RY) and v; — vin L (RY)
(for all t € (p, Np/(N — p))). We first claim that v; — v # 0 in WHP(RY). In fact,
according to lemma 3.2, we choose t; > 0 such that my,(v;) = t;v; € Ny,. Set

0; = tjv;. It follows from (Dy), u; € N, and lemma 4.1 that

(@) <5 [ 09+ @i - [ Pe) - [
:glfj(tjuj)
gw&j(uj)
= cy, +o(1).

Note that ¥y, (9;) > ¢y, and thus lim;_,o ¥y, (9;) = cv,. From lemma 3.2(vi), we
infer that ¢; is bounded. Without loss of generality we can assume that ¢; — ¢ > 0.
If t = 0, we have that 9; = ¢t;v; — 0 in view of the boundedness of v;, and hence
Wy, (v;) — 0 as j — oo, which contradicts ¢y, > 0. So, t > 0 and the weak limit of
; is different from 0. Let © be the weak limit of ¢; in W1P(RY). Since t,, —t > 0
and v,, — v # 0, we have, from the uniqueness of the weak limit, that v = tv # 0
and ¥ € Ny,. From lemma 5.2, 9; — @ in WYP(RY), and so v; — v in WHP(RY).
This proves the claim for v; — v # 0 in WLP(RY).
Obviously, v; solves

— div([Vo [PV o)) + Mj(@)v; = f(v;) + [vg[” 2v; i RY. (P2)
Correspondingly, the energy functional is defined as
1 N .
Pow) = [ (Vo i) - [ Fe+ [l =) = e,
D Jry RN RN
We next show that {e;y;} is bounded. To do this we borrow an idea of [16].
Assume by contradiction that ¢;|y;| — oo. Without loss of generality assume that

V(ejy;) — V. Clearly, Vo < V™ by (Dy). For each ¢ € W'P(RN), as in [3], one
can easily derive that

s [ se= [ 10

tm [V @l = [ Tl g,
R

j—oo JrN

lim |vj|p*_20j90:/ 0P v,
RN

j—)oo RN

Moreover, we claim that

Vu;[P~2Vu,; Ve — Vu|P2VuVy asn — oo.
RV 0 ’ RN
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Indeed, by the Holder inequality, we deduce that
‘/ |Vo;[P~2Vv; Ve —/ Vv|p_2VvVg0'
RN RN
= ‘/ (Vv [P~2 — |[VouP~2) VoV +/ |Vo[P~2Vp(Vu; — Vo)
RN RN

(r—2)/p
< ([ 0vel= = 1wap=2premn ) w19,
]RN
+ [Vo; — Vol,|Velp| Vo; — VB2, (5.6)
Since p/(p —2) > 1, we infer from the Brezis-Lieb lemma (see [39]) and v; — v in
LP(RY) that
(r—2)/p
( / (|Vo; P2 — |vvp2)p/<r’2>> —0 and
RN
[Vo; — Volp| V|| Vo; = Vob™® - 0 as j — oo, (5.7)
Combining (5.6) and (5.7) we derive that
/ |Vv;[P~2V,; Vi —>/ |Vu|P2VuVy asn — oo.
RN RN
So it follows that
lim P, (v;)e = / ([VoP~2VoVp + V[P~ 2uyp) — / f(v)p=0.
j—oo Y RN RN
Thus, v solves
—div(|[Vu|P72V0) + V®u = f(v) + [P "2v  in RV, (Pioo)

We denote the energy functional by
1 -
Po(v) = f/ [VoulP + VuP —/ F(v) 2 ¢pe.
RN RN
Remark that, since Vo < V°°, one has Cireo > €y, by lemma 3.6. Moreover, since
P (vj)v; = ¥, (uj)u; = 0, it follows from Fatou’s lemma and (1.8) that
lim ¢, = lim P (vj)
j—o0

Jj—o0

Jj—o0

o 1 p*—p
= liminf / ( v»v»—Fv»)—i— / v,
mint | [ (S s - Feo)) + 222 [y

p*]
§ [/RN (;f(v)vF(’U)> +P;];P/RN |v; p*:|

— lim <st(vj)(vj)—;PEj(”j)/(vj)vj>
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Consequently, we infer from (5.8) that

ey, < Cpoe < Poo(v) < lim ¢, = ¢y,
j—o0o
a contradiction. Thus, {e;y;} is bounded. Hence, we can assume that z; = ¢;y; —
zo. Then v solves

—div(|Vo[P~2V0) 4+ V(20)[0[P~20 = f(v) + [v” "2v in RV, (Pyo)
Tt follows from V' (zo) > V, that

1 1 .
R0 =3 [ (VP V)~ [ F@) = ol > vy > e,
RN RN RN

p p*
Similarly to (5.8), one gets

cy, = lim ¢, > Po(v) > ey
j*}oo

This implies that Py(v) = ¢y, and hence V (zg) = V. So, by lemma 4.1, o € V. O
We now study the exponential decay for the ground state solution.

LEMMA 5.4. Suppose that u. is a positive ground state solution of (P:) for suf-
ficiently small € > 0. Then, under the assumptions of theorem 1.1, we have that
lim| ;00 ue(x) = 0 and u. € Cllo’g(RN) for o € (0,1). Furthermore, there exist
C,c > 0 such that u.(z) < Ce=1*=¥| where u. (y.) = max,cpy ue(z).

Proof. As in the proof of theorem 3.7(ii), we know that, for each ¢ > 0 small,
lim| ;|00 ue(z) = 0 and u. € Cl? (RN) N L®(RYN) for o € (0,1). In the following,
we prove the exponential decay for the positive solution of u.. Let ; — 0 and let
uj € L., such that ¥, (u;) = c; and ¥/ (u;) = 0. As in the proof of lemma 5.3,

we have that v; = u;(z + y;) such that
— div(| Vo [P Vuy) + Ve, (@)]os [P0y = f(v3) + ;1P 20y in RY (P2)
and v; — v # 0 in WHP(RY), where u;(y;) = max,cgy u;(y).
Next we use the Moser iterative method (see [17,26,28]) to prove the regularity
of the solution of (P?). Set 3, = pp™ and p = N/(N —p). From above we know that
v; € LAY (RYN). For the function n € C§°(RY, [0, 1]), we use the function ¢ = npvjvllf;

as the test function in (P?), where k, = p(p" — 1) and v;; = min{l,v;}. Thus, it
follows from (f;) and (f3) that, for each € > 0, there exists C. > 0 such that

[ 9029090+ V@ el = [ f) o
RN RN
1 *_1
< /RN [evf ™ 4+ Cev? My,
which implies that

/RN Iij\szvvjwz, < Ce /RN 05*717/}-
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A direct computation shows that

/ |V [PrPols + K / ool VP VeV,
RN ' RN
g—p/RN nP~ lv]vl VP~ QVUJVnnLC/R ¥ vl]f;?np. (5.9)

We deduce from Young’s inequality that

’ /RN P ooy [V, I”‘szw‘
— 1)ep/(p=1)
<O [ il [ vdsvar. Gao)

On the other hand, we infer from the Gagliardo—Nirenberg—Sobolev inequality that

/p*
‘TI'U 'Uk n/P|p . = / (nv v n/p) "
I%1,5 Lr RN I3

SM(/ |V7]|pvp k"—|—/ pvl )
RN RN

kn Y K
+(”) /RNnPuP 2PV P, (5.11)

p

where the constant M = M (N, p, €). Moreover, since

-p
npv vl [V ;P
RN 7

it follows from (5.9)—(5.11) that

ety e <3000 [ty + [ ol )
R

To obtain the estimate for |’Uj|L5n+1(|I|>R) for some large R > 0, we define the
function n € C§°(RY,[0,1]) such that n = 1 if |[z| > R, n =0 if |z| < R —r and
|[Vn| < 1. So, it follows from the Holder inequality that

P p— A ,
< /RN n vjvl |ij| VUJVUlJ,

p, D", kn kv /p|p
/]RN U |77”J”lg Lr*

\z|>R/2)
Therefore, we obtain that
kn/ —1 kn/ n/ *—
|77U.7vl] pip gMpp(n )(anh}jvl] Pp +|77U]’Ulj PP ‘U] ip*ﬁﬂ)]:g/g))'

Since v; — v in WHP(RY), we can take R large enough such that

M pP(n= 1)|’UJ| ‘$|>R/2) <1 forall 5.
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Thus, we get that

kn/pp kn/p|p
70505 L oy my < 05005 e

< Mg Fnfogoy

— kn
=2 [ vl
RN
< Mppn=D / o,
lz|>R/2
where M = M (N,p, ¢, R). Therefore, letting [ — oo, by the dominated convergence
theorem, one has that
1031301 oz my < MY P00 0 s a5 2y V.
Interaction yields that

M2/ B p2p(=1)/Bn gy

03] s (i) < |Lo1 (o> R/2) V-

By the convergence of {v;} to v in WHP(RY), we know that, for each 7 > 0, there
exists R > 0 such that
|'Uj|Loo(‘z‘>R) <T.

Thus, we prove that

lim vj(z) =0 uniformly for all j € N.

|z]|— 00
From this we deduce that there exists g > 0 such that

lim ve(z) =0 wuniformly for all € € (0,¢¢].
|z|—o00

So, by using the same arguments as in the proof of theorem 3.7(ii), we know that
there exist C, 0 > 0 (independent of &) such that

ve(w) < Ce™ 1,

where v. = uc(x + y.) and uc(y.) = max,ecgy ue. Thus, the conclusions of this
lemma hold. O

To prove the concentration phenomenon for the positive solutions of (P.), we
need the following results, which are due to [2,17].

LEMMA 5.5. Under the assumptions of theorem 1.1 or theorem 1.2, if €, — 0 and
{un} C NL, such that W, (u,) — cv,, then there exists a sequence {y,} C RY such
that yp, = epyn =y € V.

Let a(e) be any positive function tending to 0 as € — 0, and let
D ={u € N.: U.(u) < ey, + ale)}.

For any y € V, we deduce from lemma 5.1 that a(e) = |¥.(pe(y)) — cyy| — 0
as € — 0%, Thus, p:(y) € Z. and 2. # 0 for ¢ > 0. By the same argument as
in [2, lemma 4.4], we can obtain the following property on Z..
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LEMMA 5.6. Suppose that the assumptions of theorem 1.1 or theorem 1.2 are sat-
isfied. Then, for any 0 > 0, there holds that lim._,o sup,,c4_ dist(8:(u), Vs) = 0.

LEMMA 5.7. Suppose that the assumptions of theorem 1.1 or theorem 1.2 are satis-
fied. Assume that u,, satisfies ¥, (u,) — cy, and there exist r,6 > 0 and a sequence
{yn} € RY such that liminf, . fB w )uﬁ > 6 > 0; moreover, assume that

V() = un(x + yp) satisfies the problem
—div(| Vo> Vun) + Ve, (2)[0a]P 20, = f(0n) + [0a? 20, in RV, (P*)

where Vgn () = V(enz + enyn) and y, is given in lemma 5.3. We then have that
vn = v in WHP(RN) with v # 0, v, € L®(RYN) and |[vp|| o ®vy < C for alln € N.
Furthermore, im0 vn (%) = 0 uniformly for n € N and v, (z) < ceclz=ynl,

Proof. Since vy, satisfies (P*), we know that ¥/ (v,) = 0. Moreover, ¥, (u,) — cy,.
Using the same arguments as in lemma 5.4, one can obtain the conclusion of this
lemma. We omit the details here. O

Proof of theorem 1.1. Go back to (LP). with the variable substitution x — x/e.
Lemma 4.5 implies that (LP). has at least one positive ground state solution u. €
WLP(RYN) for all € > 0 small. The conclusions (ii) and (iii) follow from lemmas 4.6
and 5.3, respectively. Finally, it follows from lemma 5.4 that the conclusion (iv) of
theorem 1.1 holds. O

LEMMA 5.8. Under the assumptions of theorem 1.2, (Pe) has at least caty, (V)
positive solutions for sufficiently small € > 0.

Proof. To prove (P.) has at least caty, (V) positive solutions, since N is not a
C'-submanifold of E., we cannot apply the category theorem directly. Fortunately,
from lemma 2.2, we know that the mapping m. is a homeomorphism between
N and S., and S. is a C'-submanifold of E.. So we can apply this theorem to
Y. (w) = P (e (w))]s. = Pe(me(w)), where 77 is given in lemma 2.3.

Define
_ - tt [
1 1 eW¥We,y £,y
e (y) =me (tetey) = mo (p(y)) = =
51( ) € (E 5?!) € ( 5( )) ||t57/)s,y|| ||ws,y‘

for y € V. It follows from lemma 5.1 that

lim 7. (4.1 () = lim W (pe () = evi- (5.12)

e—0 e—=0
Furthermore, we set

Deqi={we S To(w) < ey, +ale)}, (5.13)

where a(e) — 0% as e — 0. It follows from (5.12) that a(e) = [V (pe1(y)) —cv,| —
0 as ¢ — 0F. Thus, pc1(y) € Ze1 and 2.1 # 0 for any € > 0. Recall that
D = {u € No: U (u) < ¢y, + a(e)}. From lemmas 2.2, 2.3, 5.1 and 5.6, we know
that, for any € > 0 sufficiently small, the diagram

m-t m -
VI g D g T g, Py, (5.14)
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is well defined. By the arguments in the paragraph just before lemma 5.2, we see
that
111% Be(pe(y)) =y uniformly in y € V. (5.15)
e—

For £ > 0 small enough, we define 5. (p-(y)) = y+A(y) for y € V, where |A(y)| < §/2
uniformly for y € V. Define H(t,y) = y + (1 — t)A(y). Then, H: [0,1] x V — Vs
is continuous. Obviously, H(0,y) = B:(pe(y)), H(l,y) = y for all y € V. Let
§e1 = m-1 o p. and Be1 = B o m.. Thus, we obtain that the composite mapping
Bei10&e1 = Be © pe is homotopic to the inclusion mapping id: V — Vs. So it follows
from [11, lemma 2.2] that

catg, , (Ze,1) 2 caty; (V). (5.16)

On the other hand, let us choose a function a(e) > 0 such that a(e) — 0 as
e — 0 and such that (cy, + a(e)) is not a critical level for 7. For € > 0 small
enough, we deduce from lemma 4.5 that 7, satisfies the Palais—-Smale condition in
D 1. So, it follows from [11, theorem 2.1] that 7% has at least caty, ,(Z. 1) critical
points on Z. ;1. By lemma 2.3(iii), we conclude that . has at least caty, (V) critical
points. O

Proof of theorem 1.2. From the above arguments we know that (P.) has at least
caty, (V) positive solutions. Go back to (LP). with the variable substitution =
x/e. We obtain that (LP). has at least caty, (V) positive solutions. In the following
we prove the concentration phenomena for positive solutions. Let u., denote a
positive solution of (LP).. Then, v,(x) = u,(z + y,) is a solution of the problem

— div(|Von P2V, + Ve (2)[vn]P 200 = f(vn) + |vn|? 20, in RY,

where V., (z) = V(ep + €nyn) and y, is given in lemma 5.5. Furthermore, up to a
subsequence, it follows from lemma 5.5 that v, — v and g, = e,y — y € V. As
in [17, lemma 4.5], we have that there exists a § > 0 such that ||v, || e @y) = 0 > 0.
Let v,, be the global maximum of v,; we infer from lemma 5.7 and the claim above
that {v,} C Bgr(0) for some R > 0. Thus, the global maximum of u., given by
Zn = Yn + Vn satisfies €,2, = Un + enlyp. Since {v,} is bounded, it follows that
Enzn — Yy € V. Moreover, since the function h.(x) = u.(x/e) is a positive solution
of (LP)., the maximum points o. and z. of h. and wu., respectively, satisfy the
equality 0. = €z.. So, we have that

gl_I}?(l) V(o) = nh_>rrolo Venzn) = Vo.

Finally, from the above arguments and lemma 5.7, it follows from the boundedness
of {vn} that uy,(z) < ce=clF=2ntvnl L ce=cl#=2nl, S0, we conclude that u. satisfies
theorem 1.2(ii). O

Proof of theorem 1.3. We use the idea of [37,38] to prove this conclusion, since, for
each ¢ > 0, we have E = W'P(RN) = E_. Therefore, to prove the conclusion, we
first claim that ¢. = cy~ for each € > 0. In fact, as in lemma 4.2, since V(z) < V*°,
one can easily check that c. > cy~. So, in order to prove cy~ = ¢, it suffices to
show that

ey < Ce. (5.17)
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By theorem 3.7, we know that there exist e € Sy = {u € WHP(RY): |jully~ = 1}
and so > 0 such that uy = my=(e) = sge is a positive ground state solution of
(Py ). Moreover, my(e) is the unique global maximum of ¥y« on E. Set w,, =
e(- — yn), where y,, € RY and |y, | — oo as n — co. Then, by lemma 2.2, it follows
that, for each n, me(w,) = Mm.(w,) € N: is the unique global maximum of ¥, on
E. Therefore, we get

Ce < w@(mﬁ(wn))
1 P p
= [ o V@)
1 .
- [ Pt = [ e

1

-~ /RN(|va(e)|p + V(ex + eyy)|me(e)P)

- [ P = [ e

RN

= By (me(e)) + [ (View +em) = V(o

< eve + / (V(ex + eyn) — V)m2(e). (5.18)
RN
It is clear that, for each € > 0, there exists R > 0 such that
/ (V(ex +eyn) — V=) (mE(e)) < ce. (5.19)
|z|>R
Moreover, we conclude from Lebesgue’s dominated convergence theorem that

lim (V(ex +eyn) — V=)mE(e)

n—o0 |$‘<R

- /|Z<R ( lim V(ex +ey,) — Voo)mg(e)

n—oo

N

/| ‘ <lirn sup V(ex + eyn) — V°°>m‘§(e)
T|<R

n—oo

=0. (5.20)
So it follows from (5.19) and (5.20) that

/GRN(V(EJ: Fegn) — V)mP(e) = o(1), (5.21)

where o(1) — 0 as n — 00. So, it follows that ¢y~ = ¢, for € > 0.

Finally, assume, seeking a contradiction, for some gy > 0, that there exists
0 <@ €N, such that ¢, = ¥, (a). From lemma 2.2(iv), we deduce that there
exists é € Sg, such that & = m.,(é) = s1€, where s; > 0. From lemma 2.2 again,
we infer that m,(é) = g, (é) is the unique global maximum of ¥, on E. We first
have that cye < Py (Mmy(é)) = maxyep Py (u). On the other hand, by (D),
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it follows that V(z) > V™ for all z € RY and Uy« (u) < ¥, (u) for each u € E.
Thus,

Cy oo < Wvoo (mvoo (é)) < !ps(] (mVoo (é)) < !pso (mgo (é)) = Cgy = Cyoe.

This implies that cye = Py (Mye (€)) = Ps, (Mye<(€)). Moreover, 4> = mye(é)
satisfies

—div(|[Vu®P72Vu™®) + VR [u® [P~ 2u™® = f(u™) + [u®[P" 2u® in RY. (Pyw)

As in the proof of theorem 3.7(i), one can easily check that u>(x) > 0 in RV.
However, one has that

vam“):Q%QPﬂ&iéNUﬂ”—L%%m»m“YK (5.22)

Furthermore, we deduce from (D) that

léﬁvw—vkw»wmy<o. (5.23)

Thus, Py e (u™®) < ¥, (u>). This is a contradiction. O
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