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abstract

All UK insurers exposed to longevity risk need to perform stress tests for their Individual
Capital Assessment (ICA). Some have put in place deterministic models which are arguably too
simple; others have developed stochastic models that can be demanding and complex.
This paper presents a simple model to turn any deterministic mortality scenario into a

stochastic model. We propose a simple model of stochastic variation that is easy to explain and
to implement, which could be an alternative to and/or complete some of the well known models.
The model can be applied to any best estimates of future mortality rates, as it aims to describe
how longevity behaves around the projected expected values.
The paper proposes a possible calibration on the England and Wales population mortality

that produces a minimum indication of possible future variation and uses the results to validate
the model’s assumptions. Using sample portfolios and the stochastic model, we can simulate cash
flows to determine the distribution of the net present values (NPV) of annuity outgo.
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". Introduction

1.1 In this paper the authors present a simple model to turn any
deterministic mortality scenario into a stochastic model. Note that simple
does not means simplistic. However the paper aims to share a pragmatic
solution that could for example be useful in the context of risk management
or Solvency II.

1.2 The paper commences by explaining the context and the basic idea.
We then describe the model in detail and discuss some calibration issues
before validating the assumptions. Numerical examples are shown. Finally
we present the benefits of the model when determining capital requirements
and briefly some other possible applications before concluding.
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1.3 Why Do We Even Need Stochastic Mortality?
1.3.1 In the longevity business, each of us has developed our own views

on future mortality. We most likely base our views on the results of
mathematical models, but we also take into account medical studies. In
addition we may obtain expert opinions and attempt to incorporate their
implications. We then apply judgement to determine our own view of future
mortality for our given purpose, which is usually translated into a single
deterministic mortality scenario. This scenario may be used as a basis for risk
management, Solvency II or for pricing purposes.

1.3.2 For risk management and Solvency II needs, we must determine
the capital to be retained to avoid the risk of ruin. When pricing, we load the
premium in order to achieve a certain return on the capital needed to face
risks, in particular the risk of deviation of future mortality from our
expectations. Both cases quickly become complex and a deterministic
methodology is no longer sufficient.

1.3.3 Ideally, defining the capital requires the expected distribution of
the results, since it is usually expressed as a percentile of loss. A stochastic
model is then necessary to determine the full range of possible results. But
herein lies the issue: our best estimate future mortality consists so far of a
deterministic scenario.

1.4 What Are Some of the Options for Stochastic Mortality?
1.4.1 One option is to use common stochastic models, such as Lee^

Carter, or the Cairns^Blake^Dowd family (Cairns et al., 2009). Another is to
model the future mortality using so-called ‘forward mortality models’, see,
for example, Bauer et al. (2007) for further references.

1.4.2 However these methods impose a certain structure on expected
mortality that may not be consistent with our own views of future mortality.
In addition, their associated volatility corresponds often only to uncertainty
in parameter estimation, not to overall model uncertainty and hence they do
not capture the full potential deviation of mortality.

1.4.3 This paper proposes a pragmatic solution to make a deterministic
scenario stochastic while avoiding these issues and yet being only as complex
as necessary.

1.4.4 While this model works well for the authors’ needs, some
adjustments or refinements may be necessary to be applicable for other
practitioners.

Æ. The Problem

2.1 Let us first identify the problem we wish to address more closely. At
the same time we will explain the basic idea behind the model.

2.2 Only the future will tell what the mortality experience will really be.
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The actual future mortality can differ from our own (deterministic) views
through a number of possible sources of variation or risk, including:
� [Random] Fluctuation risk, i.e. we have the right guess on average but

the source of observed variation is only the random fluctuation around
the deterministic line. A hot summer or a mild winter are unpredictable.

� Pandemic risk: this can be interpreted as a temporary distortion or
shock to mortality rates across ages and genders that disappears after a
certain period of time.

� Trend risk, i.e. we systemically mis-estimated future mortality
improvements, leading to losses or gains in our annuity book that can
often be severe. This could arise following the introduction of a new and
unexpected medical treatment for example.

2.3 For illustration purposes we assume that our best estimate
assumption is the following deterministic scenario:
� PCMA00 as base level in 2000.
� Medium Cohort as mortality improvements from 2001 onwards

as published in [CMI 2009a] and [CMI 2009b].

2.4 Figure 1 shows the probability of death by age until age 100 as well
as the corresponding survival curve for an insured life aged 65 in 2009. Note
that for each age there is a corresponding calendar year as shown in the
horizontal scale. We have inserted the effects of examples of the random
fluctuation, trend and pandemic risks, albeit heavily exaggerated.

Figure 1. Probabilities of death and corresponding survival curves for a
male aged 65 in 2009
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2.5 Overall various sources of variation from expected mortality can be
modelled. This paper presents a model oriented principally towards
estimation of the risk of longevity, i.e. the risk that the mortality trend
diverges from expectation due to the uncertainty around the central
estimate.

2.6 The intention is to model the deviation over time of the observed
mortality compared to that expected. Our model focuses on the trend risk
only, but pandemic risk could easily be included and random fluctuation
must be modelled using the number of lives in the actual portfolio
modelled.

�. The Model and Some Features

3.1 We now turn to the model itself and the necessary underlying
assumptions.

3.2 The aim of the model is to describe how mortality rates may behave
around any chosen deterministic best estimate basis. Therefore the paper
proposes a multiplicative model, where the potential future observed
mortality is defined as the expected mortality times a stochastic process and
which is depending on time only, i.e. independent of age. The model can be
presented simply as:

q̂x;t ¼ qx;t � Ct þ ex;t ð1Þ

where for age x at time t:
qx;t is the expected mortality,
q̂x;t is the observed mortality (restricted to [0,1]),
Ct is the stochastic process, and
ex;t is the random noise.

3.3 The diversifiable risk, i.e. the fluctuation risk, is represented by the
additive component (ex;t) that we have chosen to leave aside. Neglecting the
noise component is appropriate in the context of the large portfolios usually
under study by insurers and reinsurers.

3.4 Modelling the systemic risk equates to defining the stochastic process
Ct. Themodel assumes:

Ct ¼ expðXtÞ � Ct�1 8t > 0
C0 ¼ 1
ðXiÞi2N � Nðm; s2

Þ iid
E½expðXtÞ� ¼ 1
ðex;iÞi2N iid; E½ex;i� ¼ 0 8i
ðC; eÞ independent:

8>>>>><
>>>>>:
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3.5 Implied Assumptions
3.5.1 The assumption that the mean of the Lognormal Law should be

equal to one implies that the mean of the Ct is also equal to one, which
ensures that the mortality simulated with the Ct process will be centred on
the chosen best estimate mortality.

E exp Xtð Þ½ � ¼ 1 ) E Ct½ � ¼ 1 ) E q̂x;t

� �
¼ qx;t as E½ex;i� ¼ 0:

3.5.2 The assumption that the mean of the exponential of Xt is equal to
one is equivalent to the fact that the parameters m and s are linked. Indeed,
using the calculation of the mean of a Lognormal Law, we obtain:

E exp Xtð Þ½ � ¼ exp mþ 1
2s

2
� �

¼ 1 , mþ 1
2s

2
¼ 0:

Hence, the whole model could be calibrated by defining only one parameter.
3.6 As the very parameter we are interested in, i.e. the one we are trying

to understand better, is the potential variation around the best estimate, we
have chosen to calibrate the model using the parameter s, i.e. the volatility.

3.7 The assumption of independence from age may appear to be quite
strong, and so this, along with all the other assumptions associated with the
model must be validated.

3.8 An Observation
3.8.1 Before moving to the next section however, we shall observe that

the model described in subsections 3.2 and 3.4 (ignoring the random noise)
can be restated as follows:

lnðq̂x;tÞ � lnðqx;tÞ ¼
Xt

i¼1

Xi

where
Xið Þi2N� N �1

2s
2; s2

� �
iid:

3.8.2 As the expected value of the Xi distribution is not zero, the
difference between the natural logarithms of the expected and observed
mortality rates consequently does not vanish.

3.8.3 This may seem surprising or even unexpected, but it is related to
the fact that the difference between the expected values of the natural
logarithm of the expected and observed mortality rates is not equal to the
natural logarithm of the difference between the expected values themselves,
as shown below:

E lnðq̂x;tÞ
� �

� E lnðqx;tÞ
� �

6¼ ln Eðq̂x;tÞ � Eðqx;tÞ
� �

:
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Section 6 presents a more general observation related to the characteristics
of multiplicative models that occurs when projecting annuitant survival.

ª. Model Calibration Approach

4.1 Prior to validating the model with historical data in Section 5, we
discuss in this section the means by which we can determine the volatility
parameter.

4.2 To calibrate the model, we have shown that we only need to
determine the s parameter, i.e. the standard deviation of the Normal Law
followed by Xt. In fact the Xt can be calculated from the Ct’s, which in turn
are defined from the observed and expected mortality rates:

Xt ¼ ln
Ct

Ct�1

� 	
where Ct ¼

q̂x;t

qx;t

:

4.3 What is the Expected Mortality?
4.3.1 Usually the expected mortality is derived using past observed

mortality.
4.3.2 From a methodological point of view, we should split the available

historical period into two equal periods, use the first set to project the
expected mortality for the second period and use the projected and observed
mortalities over the second period to determine the volatility.

4.3.3 This means that we would need at least as many years of
observation for each of the two periods as we expect to project the mortality
in the future.

4.3.4 In practice, this is not always reasonable if we want to project for
at least 50 years. Indeed, we would need more than 100 years of history and
the data for such a long period does not always exist, or if available, may
well suffer from quality problems or not be representative of the future
mortality.

4.4 For the purposes of this paper we decided to use ‘smoothing’
methods on the whole available historic observation period, and to pay
attention to the back-testing of those methods. There are various approaches
to smoothing a historical mortality surface, but it should be noted that best
estimates are often based on a composite of these methods and other
information, and may not be a ‘pure’ application of any one method.

4.5 In this paper we have restricted our choices to some methods
described in LifeMetrics, the publicly available JP Morgan toolkit for
measuring and managing longevity and mortality risk. We will refer to them
by the naming convention proposed in the technical document JPMorgan
(2007):
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� M1: the Lee^Carter method.
� M3: an extension of Lee^Carter with a simplified cohort effect.
� M4: the P-Splines method.
� M7: a model from Cairns, Blake and Dowd including a ‘quadratic’

cohort effect (Cairns et al., 2009).

4.6 In the next section concerning the determination and the validation
of the assumptions we will also briefly comment on these models.

�. Validation of the Model

5.1 An important step when proposing a model is to demonstrate its fit
to the observations. In this section we determine the volatility parameter
required to generate the Xt distribution and show that Xið Þi2N� N �1

2s
2;s2� �

,
are independent of age.

5.2 Sample Case
5.2.1 Here we present an example based on the population of England

and Wales. The historical dataset is publicly available from the Human
Mortality Database (HMD, 2008). We restricted ourselves to age range 60 to
89 years over the period 1955 to 2005. Hence we worked with two surfaces
(one for males, one for females) of 30 ages each with 51 calendar year
‘observations’. We also worked with two smaller surfaces (30 ages times 30
years), which produced very similar results.

5.3 Choice of the ‘Smoothing’ Method
5.3.1 The Lee^Carter model was discarded because it does not capture

the cohort effect observed in the England & Wales data. We further
considered that using P-Splines would produce a residual volatility which
would depend too heavily on the chosen balance between smoothness and
goodness-of-fit � producing a sort of self-fulfilling prophecy. For this reason
we discarded this method also.

5.3.2 M3 and M7 produced robust results from back-testing on the
England & Wales data as shown in Cairns et al. (2009). Therefore we worked
with both of those in our example.

5.3.3 Using two different methods will demonstrate the independence of
the results from the underlying model chosen to develop the best estimate
‘expected’ mortality surface.

5.3.4 On the other hand it is important to note that the structural form
of these models have originally been developed and extensively tested on
different past periods and here have been parameterised to provide a good fit
to the historical data studied, hence the residual volatility that we identify
can be considered as a minimum level when using the model to project future
potential variation.
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5.4 As outlined previously, the model implies some assumptions that we
wish to validate, as follows:

5.4.1 The parameters m and s are independent of age
5.4.1.1 In Figures 2 and 3 we show the calculated parameters m and s

by age for both males and females.

Figure 2. m and s by age for males

Figure 3. m and s by age for females
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5.4.1.2 Except at the extremes, we observe that the stability of m and s,
consistent with the assumption that they should be constant across ages.

5.4.1.3 Our studies have shown that in fact this assumption may not
hold for younger ages. So it should be considered that this model may not be
appropriate without adjustment across all ages from birth to old older ages.

5.4.1.4 Note that it would be relatively straightforward to introduce
age-dependent Ct’s and introduce an allowance for correlation between
successive ages. This is a refinement that should be considered.

5.4.2 The Xt’s follow a Normal distribution
5.4.2.1 Figure 4 shows the histogram of the 51 years of Xt’s for a

sample age of 70.
5.4.2.2 To ensure the validity of the Normality assumption we have

used the Jarque^Bera statistical test described in Jarque & Bera (1981) for all
ages and show the results in Figures 5 and 6.

5.4.2.3 The p-values of the Jarque^Bera test for each age are higher
than 5% almost everywhere except at the extreme ages, so we can reasonably
accept the Normality assumption for central ages.

Figure 4. Sample histograms of Xt’s

Male � age 70 � M3 Male � age 70 � M7

Female � age 70 � M3 Female � age 70 � M7
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5.4.3 ‘E½expðXtÞ� ¼ 1’, i.e. the distribution is centred around the expected
mortality

5.4.3.1 In Figure 7, we can observe that the mean of eXt is very close to
1, except for extreme ages.

5.4.3.2 This is consistent with the preceding observation. Taking a
pragmatic view we will restrict the observed range to the ages 64 to 84 years,
where the assumptions of the model hold.

Figure 5. p-values of the Jarque^Bera test for males

Figure 6. p-values of the Jarque^Bera test for females
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5.4.3.3 We may examine the same assumption in another way by

plotting mþ
s2

2
as shown in Figure 8. Again the assumption that the sum is 0

is validated within the considered age range as the values lie very close to
0 throughout the age range 64 to 84.

5.5 Determining the Volatility
5.5.1 Having validated the various assumptions of the model or if

necessary defined a restricted area where they can be considered as valid, the

Figure 7. Mean of expðXtÞ� methods M3 and M7

Figure 8. mþ
s2

2
� methods M3 and M7
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value of the volatility s can be determined based on the observation of the
past. Figures 2 and 3 help to find a suitable value based on the past 51 years
and the restricted age range 64 to 84 years.

5.5.2 Of course, as for nearly any model, this one has to be
parameterised on past data, and clearly one must question whether the future
is likely to only reflect the past and to what extent one would want to use
the past volatility to set one’s best estimate of the future volatility.
Effectively, although a deterministic best estimate has been set, the fact that
we are moving from observations on the past to projections about the future
clearly introduces an additional level of uncertainty into the projections that
can be partially allowed for by choosing a value for the volatility higher than
that observed in the past. In any case the final choice for projection
purposes remains for each user’s judgment but we suggest the volatility
should not be less than 2%.

�. Some Numerical Examples

6.1 As outlined above, defining the volatility is the single requirement to
use this model and produce stochastic simulations around a deterministic
scenario of the future mortality. In the following, for the purposes of this
paper, we have assumed an arbitrary volatility of 4%.

6.2 Sample Paths for Ct

6.2.1 Figure 9 shows some sample paths over the next 50 years for the
cumulative deviation Ct between the deterministic mortality scenario and the
stochastic projection.

6.2.2 It can be observed that the deviations are roughly up to �60% and
þ160% away from the best estimate and positively skewed at the end of the
period. This reflects the fact that the deviations follow a log-normal
distribution by calendar year.

6.3 The Corresponding Cash Flows
6.3.1 We now show the impact of these same Ct factors on some

annuity cash flows � a typical problem facing life assurance companies.
6.3.2 Figure 10 displays the corresponding sample cash flows for

monthly annuities for a male aged 65 in 2009 based on each of the sample
paths and on our best estimate mortality assumption described in section 2.3.
We can observe that the cash flows significantly different from best estimate
occur when deviations start earlier.

6.4 ‘Standardised’ Distributions of Present Values
6.4.1 Simulating a sufficient number of Ct paths, we can calculate the

distribution of the present values of cash flows.
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Figure 9. Sample paths for Ct

Figure 10 Sample cash flows for monthly annuities for a male aged 65
under scenarios set out in Figure 9
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6.4.2 Figure 11 shows some standardised distributions of present values
as a function of the standard deviation of a« (65, male) which highlight the
impact of the portfolio composition. The various shapes reflect the age
distributions, but also the product features of the portfolio.

6.4.3 Note that for standardisation we keep the original mean of each
distribution, but scale its standard deviation to that of the deviation of a« (65,
male) using the ratio between the respective coefficients of variations in
order to show the relative dispersion.

6.4.4 For clarity we note that the odd shape of a« (80) is due to on the
one hand random features of the runs and on the other the creation process
of the histogram.

6.4.5 As expected, increasing the assumed volatility from 4% to 5%
increases the dispersion of the distribution of a« (65, male), showing its
sensitivity to this parameter.

6.5 These distributions can be used to directly determine the percentiles
of loss referred to earlier. However, before turning to this, we would like to
highlight the following point.

6.6 In addition to the observation made in subsection 3.8, we note here
that an issue that one must consider when accepting that mortality has
stochastic characteristics is the fact that the average of the present values of
the stochastic annuity cash flows is different from the present value of the
deterministic scenario alone. The reason is the multiplicative nature of the
annual survival mortality within the survival curve which leads to a skewed
distribution.

Figure 11 Distributions of the present values (discount rate of 5%) scaled
to the standard deviation of a« (65, male)
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�. Use for Capital Requirements

7.1 We mentioned in the introduction that risk management and
Solvency II purposes require the determination of the capital needed to face
the risk of ruin.

7.2 UK Individual Capital Assessment
7.2.1 The usual capital requirement prior to any diversification in the

UK ICA regime (FRC, 2006) corresponds to the 99.5% percentile, which is
also consistent with Solvency II.

7.2.2 For this model under the previous assumption of a 4% volatility
when applied to an annuity for a male aged 65 in 2009, the annuity outgo
deviation corresponds to 2.7 times the standard deviation, or an increase of
8.4% in the expected value as shown in Table 1. Using the Tail Value at Risk
measure would require an additional 15% increase to 9.6%. The results
when increasing the volatility to 5% can also be found in Table 1.

7.3 Solvency II
7.3.1 If we now turn to Solvency II’s QIS4 Technical Specification

(CEIOPS, 2009) for an example of a specific scenario, the 99.5th percentile
‘equivalent’ scenario is described as a permanent drop of 25% in the
mortality.

7.3.2 In our model, using a volatility of 4% on this particular example,
we would consider this ‘equivalent’ scenario to be only at the 98.9th
percentile. A possible scenario which could be consistent with the 99.5th
percentile could be a scenario based on a combination of a permanent drop
in mortality and increased improvements as in the example displayed in
Table 2. Should the volatility be increased to 5%, an even more extreme
scenario should be chosen.

7.4 We have shown here that the presented model can help to quantify
the probability of any deterministic scenario.

Table 1. Numerical results of examples for a« (65, male) under UK ICA

Risk measure Probability In standard deviations Increase from mean

Volatility 4% 5% 4% 5%

VaR 99.5% 2.70 3.34 +8.4% +10.4%
97.5% 1.99 2.49 +6.2% +7.7%

TVaR 99.5% 3.10 2.42 +9.6% +12.1%
97.5% 2.42 3.03 +7.5% +9.4%
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�. Other Potential Uses

8.1 In this penultimate section we would like to present a brief overview
of two potential real world applications for the model, to stimulate further
reflection around the uses to which such a model could be put.

8.2 We may wish to know the effect on annuity pricing of putting a
corridor or any limit around the annuity outgo. While this feature may seem
unusual to life insurance practitioners it will become increasingly frequent
as banking institutions continue their interest in securitising and often
tranching the risk. Pricing this requires the percentiles of the distribution of
the cash flows so the impact on capital cost for any specific limit can be
determined.

8.3 Secondly, the relatively simple structure of the presented model
easily allows integration of a “shock’’-based pandemic model into longevity
scenarios.

8.4 Each user may find further applications.

æ. Conclusion

9.1 In conclusion we have presented a model which:
� can be applied to any deterministic future mortality,
� independently of the underlying structure, with the advantage of being

simple, as it depends only on the volatility,
� which was nonetheless validated by data,
� facilitates the assessment of the probability of extreme scenarios,
� can be further extended with other risks, e.g. pandemic.

9.2 In practice this model presents some draw-backs, mainly:
� the calibration issues, as well as
� the computing time,

Table 2. Numerical results of examples for a« (65, male) under Solvency II

Scenario Probability In standard
deviations

Increase from mean

Volatility 4% 5% 4% 5% 4% 5%

Permanent drop of 25% of
the base mortality level

98.9% 97.2% 2.35 2.41 +7.3% +7.5%

Combination of a �15%
drop with additional
improvements of ‘+1%’

99.5% 98.7% 2.68 2.84 +8.3% +8.8%

Combination of a �20%
drop with additional
improvements of ‘+1%’

99.8% 99.6% 3.23 3.44 +10.0% +10.6%
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but these are both common in stochastic modelling.
9.3 We trust that this pragmatic model, which can be further refined

as needed, may be considered an option when mortality needs to be
stochastically simulated.
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