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Abstract In this paper, we give an explicit realization of the universal SLa-representation rings of free
groups by using ‘the ring of component functions’ of SL(2, C)-representations of free groups. We introduce
a descending filtration of the ring, and determine the structure of its graded quotients. Then we study
the natural action of the automorphism group of a free group on the graded quotients, and introduce
a generalized Johnson homomorphism. In the latter part of this paper, we investigate some properties
of these homomorphisms from a viewpoint of twisted cohomologies of the automorphism group of a free
group.
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1. Introduction

Let F, be a free group of rank n generated by z1,...,z,. We denote by R(F,) the
set Hom(F,,SL(2,C)) of all SL(2,C)-representations of F,,. Let F(R(F,),C) be the
set {x: R(F,) — C} of all complex-valued functions on R(F),). Then we can regard
F(R(F,),C) as a C-algebra in a natural way from the pointwise product. (See §4 for
details.) For any « € F,, and any 1 < ¢, j < 2, we define the element a;;(z) of F(R(F,),C)
to be

(aij(z))(p) := the (4, j)-component of p(x)

for any p € R(F},). We call the map a;;(z) the (, j)-component function of z, or simply a
component function of z. Let Rg(F,,) be the Q-subalgebra of F(R(F,,),C) generated by
all a;;(z) for x € F,, and 1 < 4,5 < 2. We call Rg(F),) the ring of component functions
of SL(2, C)-representations of F,, over Q. The ring Ro(F),) contains the ring of Fricke
characters of F,, as a subring. For any « € F,,, the map trz := aq1(x) + as2(x) is the
Fricke character of z. Let Xg(F},,) be the Q-subalgebra of F(R(F),),C) generated by all
trz for € F,,. The ring Xg(F),) is called the ring of Fricke characters of F,,. Classically,
Fricke characters were first studied by Fricke with respect to the classification problem
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of Riemann surfaces (see [5]). In the 1970s, Horowitz investigated algebraic properties
of Xg(F,) by using combinatorial group theory [9,10]. In particular, he described a set
of finite generators of Xg(F,,) as a ring. Let Aut F), be the automorphism group of F,.
In 1980, Magnus [18] studied the action of Aut F,, on Xg(F),) from a representation-
theoretic viewpoint. Using it he constructed faithful representations of braid groups. On
the other hand, the ring structure of Xg(F},) itself is not well understood. One reason why
the ring structure of Xg(F,) is complicated is that the number n+ (3) + (%) of Horowitz’s
generators of Xg(F},), which is minimal, is too large to handle in most situations. Due to
this combinatorial complexity, various computations in the study of Xg(F},) do not work
well enough. To avoid this difficulty, we work with the larger ring R (F},) of component
functions.

First, we show that a;;(z;) for 1 < 4,7 < 2 and 1 <1 < n generate Ro(F,) as a ring.
Hence, Rg(F,) is finitely generated, and is therefore Noetherian. Then we consider the
polynomial ring

‘B::Q[tij,l|1<ia]’<2, lglgn}

of 4n indeterminates and the surjective homomorphism 7: P — Rg(F),) defined by
m(tij1) = ai; ().
Let I be the kernel of 7. Set
Siig =ty — 1 and sy =ty

forany 1 <4 # j < 2and 1 <! < n. Consider the s;;; as new indeterminates of the
polynomial ring ‘B. Let J be the ideal of B generated by all s;;; for 1 < 4,7 < 2 and
1 <1< n. We will see later that I C J. Set J := j/I and consider J as an ideal of
PB/I = Rg(F,). Then we have the descending filtration J D J% D J3 D -+ of Rg(F,).
For any k > 1, denote by gr®(J) the kth graded quotient J*/J**! of the filtration. In
the early part of this paper, we investigate the ring structure of Rg(F,,) through the
filtration {.J*} and the graded quotients gr*(.J). For any k > 1, set

Ty = { s sisi sort (modT) | ey >0, Y (e + ez +ea1) = k} c J".
=1 =1
We show the following.
Theorem 1.1.
(1) For each k > 1, Ty, (mod J**1) forms a basis of gr®(J) as a Q-vector space.
(2) ﬂk>1 Jh = {0}.
(3) The ring Ro(F,) is an integral domain. That is, the ideal I is prime.
(4) The ring Ro(F,) is naturally isomorphic to the universal SL(2, C)-representation
ring of F,.
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From part (3), we see that the algebraic set V(I) is an algebraic variety over Q, and
Ro(F,) is its affine coordinate ring. From part (4), Rg(F),) is one of the explicit real-
izations of the universal SLo-representation ring of F;, over Q. In general, the universal
SLo-representation ring of a group G plays an important role in the study of the clas-
sification of SL(2, R)-representations of G for any Q-algebra R. It is characterized by
the universality, and is constructed by generators and relations in a universal way. (For
details about the universal representation ring, see, for example, [16].) We remark that,
to the best of our knowledge, the problem of whether the ring Xg(F},) of Fricke characters
of F,, is isomorphic to the universal SLo-character ring of F;, over Q or not is still open.
(See also the end of §3 in [23].)

Now, Aut F;, naturally acts on the ideal J. For any k£ > 1, let

D, (k) := Ker(Aut F,, — Aut(.J/J*1)).

The groups D,, (k) define a descending filtration of Aut F;,. In the latter part of this paper,
we study the difference between the filtration {D,(k)} and the Andreadakis—Johnson fil-
tration {A,(k)} of Aut F,,. Historically, the Andreadakis—Johnson filtration of Aut F,
was introduced by Andreadakis [1] in 1965. (For the definition, see §3.) In the 1980s,
Johnson studied a descending filtration of the mapping class group of a surface in order
to investigate the group structure of the Torelli group in a series of works [11-14]. John-
son’s filtration is nothing but the intersections of A,,(k)s with the mapping class group. In
particular, he determined the abelianization of the Torelli group by introducing a certain
homomorphism. Today, his homomorphism is called the first Johnson homomorphism,
and it is generalized to higher degrees. Over the last two decades, the Johnson homomor-
phisms of the mapping class groups have been studied from various viewpoints by many
authors including Morita [20], Hain [6] and others. In [8], we introduced a descending
filtration {&,(k)} of Aut F,, and certain homomorphisms. They are the Fricke character
analogues of the Andreadakis—Johnson filtration and the Johnson homomorphisms from
the graded quotients of the &, (k)s. In particular, we showed that &, (1) = A,,(2) - Inn F,,,
and that A, (2k) C &,(k) for any k > 1. However, the group structure of &, (k) is quite
complicated to handle in general. In this paper, we study an PRg(F),) version of our
previous works. We prove the following.

Theorem 1.2.
(1) The filtration {D,(k)} is central.
(2) Foreach k > 1, A,(k) C Dy(k). In particular, for 1 < k < 4, D, (k) = A, (k).

In order to show part (2), we give a sufficient condition for D, (k) = A, (k). At the
present stage, we do not know whether the condition always holds or not for any k > 5.
On the other hand, by introducing Johnson homomorphism analogues 7, (for definitions,
see §5.2), we verify the following.

Proposition 1.3. For any n > 2,
(1) each gr*(D,,) is torsion-free,

(2) dimg(gr*(D,) ®z Q) < oc.
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Finally, we consider an extension of the homomorphism n; to Aut F),, as a crossed
homomorphism. In [21] Morita showed that the first rational Johnson homomorphism of
the mapping class group, whose initial domain is the Torelli group, can be extended to the
mapping class group as a crossed homomorphism. He also showed that this extension is
unique up to one coboundary. Similar results for Aut F,, were obtained by Kawazumi [15].
Furthermore, Kawazumi constructed higher twisted cocycles of Aut F,, with the crossed
homomorphism. By restricting them to the mapping class group, he investigated relations
between the higher cocycles and the Morita—Mumford classes. In [27], we studied the
Fricke character analogue of these works. However, due to the combinatorial complexity
of the graded quotients of the filtration of Xg(F},), we cannot study the crossed homo-
morphisms of Aut F;, well. In order to enhance the knowledge of twisted cohomology
theory in the study of Xg(F},), it would be better to investigate those of Mg (F},) first
since Rg(Fy,) is much easier to handle than Xg(F,).

In [26] we computed H'(Aut F,, (H* ®z A2H) ®z Q) = Q®?2 by using Nielsen’s pre-
sentation for Aut F),, and described two cocycles that generate it. One of them is fx,
that being Kawazumi’s extension of the first rational Johnson homomorphism. The other
cocycle is fyr, which is essentially constructed by Morita with the Magnus representation.
(For details, see [26].) From these results and the fact that D,, (k) = A, (k) for 1 < k < 2,
we see that there exist crossed homomorphisms gy and gk from Aut F, to the target
Homg(gr!(J), gr?(J)) of n1, corresponding to fy and f, respectively, under the equality
Dn(1)/D,(2) = Ap(1)/An(2). In § 5.3, we show that the cohomology classes of gy and gk
are linearly independent in H'(Aut F,,, Homg(gr!(J),gr?(J))). At the end of the paper,
we introduce twisted higher cohomology classes g(ggq) € Hi(Aut F,, gr'(J)®9) for each
q = 1 according to Kawazumi’s construction of higher cohomology classes with the first
rational Johnson homomorphism of Aut F),. In [15], by restricting them to the mapping
class group of a surface, Kawazumi studied a relation between these higher cohomology
classes and the Morita-Mumford classes. Here, we prove the following theorem.

Theorem 1.4. For any n > 4, the restrictions of (f (gx) U (gk) and (G (g%27) to TA,,
are linearly independent in H?(IA,,, gr' (J)®?).

2. Notation and conventions

Throughout the paper, we use the following notation and conventions. Let F}, be the free
group of rank n with a basis z1,...,z,, and let H be its abelianization H;(F},,Z). Then
H is a free abelian group of rank n, and the coset classes of x1, ..., x, form a basis of H
as a free abelian group. We also use the following notation.

e Let G be a group. The automorphism group Aut G of G acts on G from the right.
For any o € Aut G and z € G, the action of ¢ on z is denoted by x.

e Let N be a normal subgroup of a group G. For an element g € G, we also denote
the coset class of g by g € G/N if there is no risk of confusion. Similarly, for a ring
R, an element f € R and an ideal I of R, we also denote by f the coset class of f
in R/I if there is no risk of confusion.
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e For elements z and y in G, the commutator bracket [z,y] of z and y is defined to

be zyxz~ty~!.

3. The Andreadakis—Johnson filtration of Aut F,,

In this section, we review the Andreadakis—Johnson filtration of Aut F;, without proofs.
The main purpose of the section is to fix the notation. For basic material concerning the
Andreadakis—Johnson filtration and the Johnson homomorphisms, see, for example, [25]
or [28].

For the free group F),, on n generators, we define the lower central series of F),, by the

rule
(1) :=F,, ILyk)=[In(k-=1),n], k>2.
For any y1,...,yx € F,, the left-normed commutator
[[ te [[yla y?]a Z/3]7 s ]7yk]
of weight k is denoted by
[y17y27 s 7yk]

for simplicity. Then we have the following lemma.

Lemma 3.1 (see [19, §5.3]). For any k > 1, the group I, (k) is generated by all
left-normed commutators of weight k.

Let p: Aut F,, — Aut H be the natural homomorphism induced from the abelianization
of F,,. The kernel TA,, of p is called the IA-automorphism group of F,. Magnus [17]
showed that for any n > 3, TA,, is finitely generated by automorphisms

Zjilxil'j, t:i,
Kijl Ty — .
T, 3 7& D
for distinct 1 < 4,5 < n, and

Ti|Tj, X t=1
Kijli Ty = z[ 'K l]7 ’7
T, t#%

for distinct 1 < 4,7,l < nand j <. For any k > 1, the action of Aut F;, on each nilpotent
quotient group G/I'¢(k + 1) induces the homomorphism

" Aut B, — Aut(F, /T (k + 1)).

We denote the kernel of p* by A, (k). Then the groups A, (k) define a descending central
filtration
IA, = A, (1) D A(2)D -

of Aut F,,. We call it the Andreadakis—Johnson filtration of Aut F,,. Then we have
Theorem 3.2 (Andreadakis [1]). For any k,1 > 1, [A,(k), A, ()] C A, (k+1).
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4. The rings of component functions of SL(2, C)-representations of free
groups

Let F,, be a free group of rank n generated by zi,...,x,. We denote by R(F),) the
set Hom(F,,, SL(2,C)) of all SL(2, C)-representations of F,. Let F(R(F},),C) be the set
{x: R(F,) — C} of all complex-valued functions on R(F,). Then F(R(F,),C) has a
C-algebra structure by the operations defined by

(x +x)(p) == x(p) + x'(p),
(xx)(p) = x(p)X'(p),
(AM)(p) = Alx(p))

for any x, x’ € F(R(F,),C), A € C, and p € R(F,). The automorphism group Aut F,, of
F,, naturally acts on R(F,,) and F(R(F,),C) from the right by

po(x):=px® ), p€R(F, and z€F,

and

X7 (p) = x(p7 ), x€F(R(F,),C) and pe R(F,)

for any o € Aut F,.
For any « € F,, and any 1 < 4,j < 2, we define an element a;;(x) of F(R(F},),C) to be

(ai;(x))(p) := an (¢, j)-component of p(x)

for any p € R(F,). The action of an element o € Aut F), on a;;(x) is given by a;;(z7).
We have the relations

an(x_l) = agg(l‘), alg(x_l) = —alg(l‘), agl(l‘_l) = —da21 (x), agg(l‘_l) = an(ac)
(4.1)
and
a11(zy) = a11(@)a11(y) + ar2(x)az1(y),
aiz(zy) = a1 (x)ar2(y) + a12(x)aze(y), (4.2)
az1(zy) = az1(v)a11(y) + a(x)az (v),
az2(zy) = az1(x)a12(y) + aze(x)azz(y)

for any z,y € F,. Let Rg(F,) be the Q-subalgebra of F(R(F,),C) generated by all
a;j(z) for x € F,, and 1 < 4,5 < 2. We call Rg(F),) the ring of component functions
of SL(2,C)-representations of F,, over Q. We remark that for any x € F,, the map
trz = a11(x) + azz(x) is the Fricke character of z. Let Xg(F,) be the Q-subalgebra
of F(R(F,),C) generated by all trx for « € F,,. The algebra g (F,,) contains Xg(F,).
In [8], we investigated the behaviour of the natural action of Aut F,, on Xg(F,). The
purpose of the paper is to study an Rg(F),)-analogue of our previous results.
Let B be a rational polynomial ring

Qltiju

1<i,j<2 1<I<n
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of 4n indeterminates. Consider the ring homomorphism 7,,: P — R (F,,) defined by

ﬂn(tij,l) = aij(a:l).

We usually omit the subscript n, and write 7 for 7, for simplicity. Then we have the
following proposition.

Proposition 4.1. The ring homomorphism m: P — Rg(F),) is surjective.

Proof. Let R be the Q-subalgebra of Rg(F},) generated by all a;;(x;) for 1 < i,j < 2
and 1 < I < n. It suffices to show that R = Rg(F),). Let x be areduced word zj! f? - - - 25"

in F, for some 1 < i, < n and e, = 1. We show that a;j(x) € Ro(Fr) by 1nduct10n
onr > 1. For r = 1, it is obvious that a;;(x) € R from (4.1). For r > 2, from (4.2) w

have
all(:c) = a11($§11$§22 e $i: 1)(111( ) + a12(:551:1762 s Il: 1)&21(1‘ )
Hence, by the inductive hypothems we obtain aq1(z) € R. By the same argument, we
see that a;;(z) € R for any 1 < 4,j < O
Now set

Iy :=Ker(m) = {f € B | f((ai;(z1))(p)) = 0 for any p € R(F},)}.
For simplicity, we usually write I for I, if there is no confusion. Then we have an isomor-

phism PB/I = Rg(F,) induced from the homomorphism 7. We identify them through
this isomorphism. The ideal I is non-trivial since

ti1,ato2,) — tiogtory —1 €1 (4.3)

for any 1 < I < n. In order to investigate the ideal I and the algebra Rg(F),), we
introduce a descending filtration of R (F,,). Set

Siig i =tug —1 and s =t

forany 1 <4 # j < 2and 1 <! < n. Consider the s;;,; as new indeterminates of the
polynomial ring 8. We can write any polynomial f € ‘13 as a polynomial of the s;;; by
substituting ¢;; = s;; + 1 and ¢;; = s;; for 1 <4 # j < 2. Then the polynomial (4.3) is
rewritten as

$11,0822,0 — S12,0821,0 + S11,0 + S22,1- (4.4)
Let .J,, be the ideal of generated by all s;;; for 1 < 4,7 < 2 and 1 <[ < n. For
simplicity, we usually write J for J,, if there is no risk of confusion.

Lemma 4.2. 1 C J.

Proof. For any f € I, by rewriting f as a polynomial of the s;;;, we have
n

f=ao+ E (@11,811,0 + a22,1822,1 + a12,1512,1 + a21,1521,1)
1=1
+ (terms with degree > 2)

for some ag, a;;,; € Q. By considering f(¢) for the trivial representation e: F,, — SL(2,C),
we see that ag = 0, and hence f € J. a
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Set .J := J/I and consider .J as an ideal of §8/I. If we emphasize n, we write .J,, instead
of J. For any n > 2, let F,,_1 be the free group of rank n — 1 with basis x1,...,x,—1,
and consider F,,_; as a subgroup of F,,.

Lemma 4.3. The natural map t: J,_1 — J, induced from the inclusion map

t: Jp—1 — Jn is injective.

Proof. For some f € J,_1, assume that z(f (mod I,,_1)) = 0. Then «(f) € I,,, and
hence 7, (c(f))(p) = 0 for any representation p: F,, — SL(2,C). For any representation
w: F, — SL(2,C), define the representation p: F,, — SL(2,C) by

i) if1< -
R w(z;) 1 i<n-—1,
FEs if i = n,

where F5 denotes the 2 x 2 identity matrix. Then we have

0 =7 (e(f))(p) = Tn—1(f)(1),
and hence f € I,,_1. This shows that 7 is injective. O

Consider the descending filtration J > J2 > J2 O ---. For any k > 1, denote by gr¥(.J)
the kth graded quotient J*/J**+1 of the filtration. We give a basis of gr®(.J) as a Q-vector
space. For any k > 1, set

Cijl = Ovz (e11,0 + €12, +e21) = k} c Jk.

n
e €11,1 €12,1 €21,
Ty = { S11,0 512,10 S21,1 (mod I)
=1 =1

Proposition 4.4. Foreachk > 1, Ty (mod J**1) forms a basis of gr*(J) as a Q-vector
space.

Proof. Since gr¥(.J) is generated by

n

€11,1 €12,1 €21,1 622 l
Hsu i'S190 Sa1.l Sani (modI) for E (11,0 + €12, + €21 + e22;) =k,
1=1

by using (4.4) we see that Ty (mod J**1!) generates gr¥(J). In order to show that the
Ty, are linearly independent, assume that

/
€11,1 €12, 621 1 — k+1
E a(er1,1,€11,2:---,€21.n (Hsnl 8121 89110 (modI)> =0 (mod J*th),

where the above sum runs over all tuples (e11,1,€11,2, . .,€21,,) such that e111 +e112+
-+ e21,, = k. Denote by f the left-hand side of the above equation, and consider f
as an element in 7(J**1) through the identification /I = Ro(F,) induced from the
homomorphism 7.
Now consider the interior of the unit disk in C:

D:={zeC|zz<1}.
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For any z;;; € D\ {0} for 1 <4,j < 2 and 1 <1 < n except for (4,5) = (2,2), we define
the representation p: F,, — SL(2,C) by

() = z110+ 1 Z12,1
2211 (2110 + 1) "Y1 + 212.221.1)

Then, from f € 7(J**1), we see that
!

n
e e e
flp) = Z ae1r,1, €112, -, €21,n) H Zﬁlzlzézllzzilll
=1

can be written as a polynomial of 211 7, z12,; and z21,; with degree greater than k. Since we
can take z;;; arbitrary, a(ei1,1,€11,2,...,€21,n) = 0 for any tuple (e11,1,€11,2,---,€21,n)-
O

In order to show that the filtration J* has trivial intersection, we prepare some lemmas.
Lemma 4.5. For any f € B, f can be written as
f= a(q)32 + gl 227; N a(l)smm
NRACP N A siin L4 bWsyy, e (mod 1),
where o™, b("™) and ¢ are polynomials among si;,1 such that (i,4,1) # (1,1,n),(2,2,n).
Proof. First, for any f € B, write f as
f= C(q)s2 + 0@V 1 4 0Wisyy, + CO

with C(™) polynomials among s;;,; for (Lj,l) # (2,2,n). The coefficient C(@ can be
written as
c@ — D(q)(sll,n +1)+ a(®

with D@ polynomials among si;1 for (i,7,1) # (2,2,n), and with a? a polynomial
among s;;; for (i,7,1) # (1,1,n),(2,2,n). Since

(s11,n + 1)822.0 = —511,0 + S12,0521,ns
we have
f= a(Q)532m o'~ 1)522 P C/(I)Sggyn + ' (mod T)

with C’'(™) polynomials among s;;; for (i,7,1) # (2,2,n). By an inductive argument as
above, we obtain

f=aPsg,  +a Vsl 4+ +aWsy, +al” (mod 1)
with a(® a polynomial among si;0 for (4,7,1) # (2,2,n). Then a(® can be written as
N N Sy L P

with b(™) ¢ polynomials among s;;, for (i,7,1) # (1,1,n),(2,2,n). If ¢ > r (respectively,
r > q), by setting b(™) =0 (respectively, a(™ = 0) for r + 1 < m < ¢ (respectively,
g+ 1< m <r), we obtain the required result. O
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Lemma 4.6. For any 1 <1< n and m > 1, we have

— m _m
S92 = —S11, + 511,1 = (=)™,
2 m—1_m—1
+ 812,1821,1 — 511,1512,1521,1 + 811,1512,1821,0 — "~ + (-1) 811, S12,1521,1

+ (=1)"™s7] 822, (mod I).

Proof. We can show this by induction on m > 1 using sg2; = —S11,; + S12,1521,1 —
511,1522,1- O

Lemma 4.7. Let n be an integer greater than 1. For some f € Ju_1 and m > 2, if
o(f) (mod I,,) € (Jn)™, then f (mod I,,—1) € (Jp—1)™.

Proof. By using Lemmas 4.5 and 4.6, we can write f as

f= Z Z 04(611,1;612,17621,13"'7621,n—1)

k21 e11,1++e21,n_1=k

« H Sy (mod (o))

for some a(e11,1,€12,1,€2115---5€21,n—1) € Q. Then, by considering ¢(f) and observ-
ing the above equation modulo (J,)™ through ¢, we obtain that all the a(ei1,1,€e121,
€21,1,---,€21,n—1) are equal to zero by applying Proposition 4.4 recursively. Therefore,
fe(Jn_1)™ a
Lemma 4.8. Forany 1 <1< n,q>1andm > 2(q+ 1), if we set
— 1@ (@) +1 ( +1
8591 = Agost + A8t + -+ A q+1 05111

q—1 Q) 1
+ Aq 1, 1511 512,821, + Aq’ sy gS1208210 + 00 Am 1, 15111 512,1521,1
() 2 1 2 2
+ 4, 22311131213211+A 1251113121521l+ +Am 313111 512,1521,1
(q) (9) 2 q—-1_g-1
+ A 1311151215211 + A 15T1810, 501
(q) m—2q+3 q—1 q—1 m+2
o A a1 819,85,  (mod JTTE),

then the coefficients Ai‘frl) of sg;ll (mod J™*2) are written as

+1
A((](i-k?()): A(+k 1O+Az(1({&-k 2.0~ e (-1) qu()),
1
A((IqulJZk 1= —Aéﬁk72’1 + A((;Qk73 1= + (—1)kqu_)1 )

(At(;ﬁk 1,0 Aq+k a0t (= 1)k~ 1qu()))

A M, 4 A e A
+ (polynomial among quj) with j < q—1)

for any 1 < k < m — 2q + 1. In particular, Aé’f()) =(-1)2.
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Proof. By observing the coefficients of the product 5%251 X 8221, we obtain this lemma

from a direct computation. O

As a corollary, we obtain the following.

Corollary 4.9. Forany 1 <l<n,q>1,1<u<qandq+1<r<m+1, we have

+1 +1
Av(fil,()) = _A% - Ai,qo )v

Ag’fﬁi = —Ag?& — Ag?;'l) + (a polynomial among quj) with j < u—1).

Lemma 4.10. For any 1 <1< n, k > 1, we have

(1) (1) (1) (1)
Ak+1,0 Ak+2,0 Ak+3,0 e A2k,0
2 2 2 2
AgchLo AI(CJZZO Agch?),O Aék),o 1
k) (k) k) (k
Al(c+1,o Ak+2,0 A’(€+3,0 e A2k),0
Proof. Recall that AEIT()) = (—1)? and Ai(fl}()) = —Ar?g - Ai?;l). By applying the ele-

mentary transformations
e add (k — 1)st column to kth column,

e add (kK — 2)nd column to (k — 1)st column,

e add 1st column to 2nd column

in order, we see that

(1) (1) (1) (1) (1)
Ak+1,0 Ak+2,0 Ak+3,0 U AQk,O Ak+1,0 0 0 T 0
2 2 2 2 2 1 1 1
AEcJZI,O AI(CJZZO A;HZZS,O e Aék),o . Al(c+)1,0 AI(CJZLO Al(c+)2,0 e Agk)fl,o
k k) k k k k—1 k-1 (k—1
Al(c+)170 Al(c+2,0 Al(c~2370 U Aék),o Al(c+)1,0 Al(c+1,3 Al(e+2,3 o A2I~c71),0
1 1 1
Af#l,o Al(wzz,o T Agk)—l,o
= (_1)k+1 : :
k—1 k—1 k—1
A§c+1,()) AEHQ,()) e Agkfl),o

By the inductive argument, we see that the determinant of the above matrix is equal to
(_1)(k+1)k =1. O

Now we are ready to prove the main theorem of this section.

Theorem 4.11. For any n > 1, we have (5, J* = {0}.
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Proof. We prove this theorem by induction on n > 1. Assume that n = 1 and
fe ﬂk>1 J*. By Lemma 4.5, we may assume that

f=aDsdy +a@ Vs 4 aWsyy,

+ 0Dl + 0 Vsl T+ + bW s e (mod 1)

for some ¢ > 1 and a("), b, ¢ € Q[s12,1, 521,1). We show that a™ =" = ¢ =0 for any
1<r<gqg.
For any 1 < r < ¢, set
" = Z a53}5§2,1531,1
1,720
ETJ) € Q. We remark that the sum in the above definition runs over finitely many
tuples (4, 7). Similarly, define bg) and ¢;; € Q. Then we have

q q
_ (r) i J r (r) i J r
f= E ( E a; i812,1521,1 | S22,1 T E E b; 751215211 ) S11,1

r=1 “i,j>0 r=1 %1,j20

for a

i J
+ E , Ci,j512,1521,1 (mod TI).

0,520

For sufficiently large m > 2q, consider f = 0 (mod J™*2). Rewrite 8521 as a polynomial
among s11,1, $12,1, 21,1 by Lemma 4.8. By Proposition 4.4, we see that the coefficients
of 37{171552715&)1 are equal to zero for any r, ¢, j such that r +i+j <m+ 2.

Consider the linear order <’ of N x N defined by

(i,5) <' (k1) <= i+j<k+l, ori+j=k+land <l
For example, we have
(0,0) <’ (1,0) <" (0,1) <" (2,0) <" (1,1) <" (0,2) <" - -+

We show that all al(-? are equal to zero by the induction on (i,j) with respect to the

. . . 1 q+2 2
above order. First, by observing the coefficients of s{{1,s{{1,..., 517, we have

1) (1 2) (2
aé,éAéﬁl,o + a((),())AL(H)Lo +oo a(()(,l())A((zi)l,o =0,

e 2) (2
aé,éAéﬁg,o + a((),())AL(H)zo +oo a(()(,]())Agi)z,o =0,

1) 401 2) 4(2
abpAsg + aboAsgg + -+ afp Az = 0.

From Lemma 4.10, we obtain
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Assume that (i,5) >’ (0,0). For any ¢ + 1 < r < 2gq, the coefficients of 57{1)1532)1551,1

satisfy
1) 41 2) (2
aiJ ALy + al ATD - af AT
2 2
+ ag )1 - 1A( ) + ag )1 - lArl) et agqf)l,jflAg?l)
+ agl)z = 2’4(1) + a§2 2,j— 2A7(~22 -+ ag‘i)Q,j—QAff,IQ) +---=0,
and hence

DAY + a8+ + DA% = 0
by the inductive hypothesis. Thus we have
(1)_ (2 _ _,:az(?j)zo

) 4,J

by Lemma 4.10. Therefore, we see that a™) =0 for any 1 < r < ¢. Thus we have

f=09s  + b(qfl)s'fﬁ 44+ 0Wsyy 1 + ¢ (mod 1) n JE.
k>1

By using Proposition 4.4 recursively, we can see that b(") = ¢ =0 for any 1 < r < ¢, and
hence f = 0.

Next, assume that n > 2 and f € (5, J*. Then we have f = 0 (mod J*) for any
k > 1. By Lemma 4.5, we may assume that

f=a@sly 4@ Vsl 1oy oWy,
—|—b(")31 + bla- 1)831;4—"'4-[)(1)8117”4—6 (mod I) (4.5)

for some ¢ > 1 and a™, b7, ¢ € Q[sij; | (i,5,1) # (1,1,n),(2,2,n)] as above. For any

1 <r<g,set
(r)
(T) = Z a135212 nsj21n
1,720

for some a ) ¢ Q[sij,1 | I # n]. Similarly, define b( ") and ci; € Q.
Take any m > 1, and fix it. The mdetermlnates 899 for 1 <1 < n — 1 might appear
in the coefficients CLEZ). By using Lemma 4.6 and Proposition 4.4, we have

(T) — (r) €11, 612 1 621 ! m
aij = Z a; (e, - e1n-1) H 114 8190 So11  (mod (Jn—1)™),
e11,1+tez1 n—1<m =
b(r) _ ﬁ(T) (6 e 8611 1gC12,1 (€211 (mod (J )m)
ij = i,5 \©11,15 -+ +» €21,n— 1) 11,0 12,0 21,1 n—1 )
e11,1++e21 n—1<m
— €11,1 €12,1 €21,1 m
Cid = Z Yig (€111, s €211 H S11, 512, a1, (mod (Jn-1)™)

e11,1+tez1 n—1<m
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(r) (r)
for some a; /(e11,15- -+, €21,n-1), B; j (11,15 -+, €21,n—1), Vi j(€11,1, - - -y €21,0—1) € Q. Set
n—1
~(r) (r) €11,1 €12,1 _€21,1
a;j = > a; (e, o) [ 010 s 897
ei1,1+ - Fe21, n—1<m =1

Similarly, define I;ETJ) and ¢; ;.

We show that all dl(»jj) are equal to 0. Consider f =0 (mod J™T7t1). By observing the

. 1 .
coefficients of 577 | we obtain
,

~(1 1 ~(2 2 ~ m
(@604 10 +aGA o+ + ah AT o)sil, =0 (mod ()™,

On the other hand, since &((3}3’45121,0 + &(()?(%A((;?Lo +o 4 58?3142721,0 is a polynomial of

degree at most m — 1 in Q[s;;; | I # n], we see that

~(1) 4(1 ~(2) 4(2 -

aé,SAéﬁl,o + aé,()JAt(zﬁl,O ot a(()?())Agﬁl,o =0 (mod (Jn-1)")
by using Proposition 4.4. By the same argument, we obtain

~(1) 41 _(2) 4(2 _
aé,SAfH)Lo + af),%Aéﬁl,o +oot aé?%x‘lé'ﬁl,o =0,

~(1) 41 _(2) 4(2 _
a’é,gAl(]-'ZQ,O + af),%Aéﬁz,o +oot aé[,’%Afjﬁz,o =0,

~(1 1 ~(2 2 ~
G0yl + noAsen + -+ Ayl = 0.

This shows that

(1) _ (2 -
o)== = alf =0
and hence
a&)) = a((f()) =...= a(‘f()) =0 (mod (Jp—1)™).

By using the same argument as that for the n = 1 case, we obtain agrj) =0 (mod (Jp—1)™)
for any 4,7 > 0. Since we can take m > 1 arbitrarily, we see that

GETJ) S m(Jn_l)m.
k=1

By the inductive hypothesis, we obtain agz) =0, and hence a(") = 0. Thus,
f= b(Q)SgLn + b(q_l)s'{i}l 4+ 4+0Wsyy,, + ¢ (mod I).

By using Proposition 4.4 recursively, we can show that b(") = ¢ = 0. This means that
f = 0. Therefore, the induction proceeds. (I

Theorem 4.12. The ideal I is generated by (4.3) as an ideal of *B.

Proof. Let I’ be the ideal generated by (4.3). It is clear that I’ C I. For any f € I, by
using (4.3) we can write f (mod I’) as a form in (4.5). Since f (mod I) € [;5, J*, by
using the same argument as in the proof of Theorem 4.11, we can see that all coefficients
a™, b(") | ¢ are equal to zero by using elements in I’. Thus f € I'. O
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For any f € Rg(F,) \ {0}, there exists some k > 1 such that f € J* and f ¢ J*+1.
We call this &k the weight of f, and denote it by wt(f). By using the weight, we show the
following.

Corollary 4.13. The ring Rq(F,) is an integral domain. That is, the ideal I is prime.

Proof. For any f,g € Ro(F,) \ {0}, let k1 and k2 be the weights of f and g, respec-
tively. Then it is easily seen that the weight of fg is k1 + ko. This means that fg £ 0. O

Finally, we discuss the relation between g (F},) and the universal SLy-representation
ring of F,,. Let Ag(F,,SL(2,C)) be the quotient ring of Q[a;(z) |1 < 4,5 <2, x € F,]
with the ideal Iy generated by

2
aij(1) = 0ij,  aij(ay) =Y aql@)au;(y), det(ag;(2)) = 1
=1

for any 1 < 4,5 < 2 and z,y € F,. The ring Ag(F,,SLz2) is called the universal
SLo-representation ring of F), over Q.

Theorem 4.14. The ring Ro(F,) is naturally isomorphic to A(F,,,SLz).

Proof. From Theorem 4.12, the natural isomorphism 7: PB/I — Rg(F,) factors
through Ag(F,,SLs2) with the natural homomorphism v : B/I — Ag(F,,SLa) defined
by si;1 — a;j(z;). Since 1 is surjective, it must be the isomorphism. O
5. On the action of Aut F,, on Rg(F,)

5.1. A descending filtration {D,(k)} of Aut F,

In this section, we always identify the ideal J in 93/I with its image in Rg(F,) through
the isomorphism PB/I = Rg(F,) induced from 7 unless otherwise noted. Set al,(x) :=
ai;(x) —1 € Ro(F,) for any 1 < i < 2 and = € F,,. The indeterminates s;;;, s12,; and
s91,; correspond to af;(x;), a12(x;) and a9 (x;), respectively. For any k > 1, let

D, (k) := Ker(Aut F,, — Aut(.J/J**1))

be the kernel of the homomorphism Aut F,, — Aut(.J/J¥*!) induced from the action of
Aut F,, on J/J*+1. Then the groups D, (k) define a descending filtration

Dp(1) D Dy(2) D -+ D Dlk) D -+

of Aut F,,. In this section, we study this filtration. First, we show that this is a central
filtration of Aut F},. For any f € J and o € Aut F,,, set

se(f)=f7—feld

Then we have the following lemma.
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Lemma 5.1. For any f € J and 0,7 € Aut F,,,
(1) 80r(f) = (s5(£))7 + s7(f),
(2)

3)
(4) sio,r(f) = {s7(s5(f)) = 80 (s- ()} 7

Proof. Parts (1), (2) and (3) are straightforward. Here we prove part (4). Using parts
(1) and (3), we obtain

Sor (F) = (5o (1) 7+ 50m1,1(f)

)
)T s ()T
= (o (D)7 + 800 = (5-(£)7 = 50Ny

This completes the proof of Lemma 5.1. O
Lemma 5.2. For any k,l > 1, f € J™ and o € D, (k), we have s,(f) € Jk+™.

Proof. It suffices to show the lemma for the case in which f is (the coset class of) a
monomial $;, 5, 1, 8isja,ls * " " Simmjm.dm - Lhen we have

so(f)=f7—f
= (Sirgita) 7 Sigmsdn)” = Singaids * St jumolm

= (Siyji,n T 80 (Sivjin) *** (Simgmrdon T S0 (Sl ) = Sivgisdy *** Siv o sl -

By the definition of D, (k), the elements s, (Siyj,.11),---sS0(Sinjm.in) belong to JFHL.
Therefore, we obtain s, (f) € J¥*™. This completes the proof of Lemma 5.2. O

Proposition 5.3. For any k,m > 1, [D,(k), D, (m)] C Dp(k + m).

Proof. For any o € D, (k), 7 € D,(m) and f € J, by Lemmas 5.1 and 5.2, we see

that
717_71
So,7)(f) = {87(50(f)) = 55 (s-(f))}*
=0 (mod J*™T1).
Hence, [0, 7] € D, (k 4+ m). This completes the proof of Proposition 5.3. g

This proposition shows that the filtration D,, (k) is a central filtration of Aut F,,. Next,
we consider how different the filtration D,, (k) is from the Andreadakis—Johnson filtration
A, (k) of Aut F,.
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Proposition 5.4. For any n > 2, D, (1) =IA,,.
Proof. We remark that
{ah, (@), arz (@), azi (1) (mod J2) | 1< 1< n}

is a basis of J/J? as a Q-vector space by Proposition 4.4. On the other hand, by using
(4.1) and (4.2), we can see that

1ahy(w5) + - +epdiy(z;)  (mod J?),
alg(w) = €1a12($i1) + -4 67-0,12(.%1'7‘) (mod JQ),

a1 (w) = eyagy(2i,) + - + epasi(z;,)  (mod J?)

)
—
—_
—

g
~

I

e

for any w = zf! ---xi" € F,. Hence, for any o € D, (1) and any 1 <[ < n, we have
x] = x10
for some ¢; € I,(2). Thus, o € TA,,. Tt is obvious that IA,, C D,(1). O

From Proposition 5.4, we see that the filtration {D,(k)} contains the lower cen-
tral series {A] (k)} of IA,. Below, we show that the filtration {D,(k)} contains the
Andreadakis—Johnson filtration {A,(k)}. Namely, we will see that A/ (k) C A,(k) C
D, (k).

Lemma 5.5. Forany k > 1 and y € I, (k), we have a}; (y), a12(y), a21(y), ahs(y) € J*.

Proof. Since I, (k) is generated by all left-normed commutators, it suffices to show the
lemma in the case where y = [y1,¥2,...,yx] for some y1,...,y; € F,. We use induction
on k > 1. If k = 1, the lemma is clear. Assume that k& > 2 and set z := [y1,...,Yk—1]-
Then al,(z2),a12(2), az1(z) € J¥~1 by the inductive hypothesis. Furthermore, from (4.1),
we see that a};(z71),a12(27 1), a21(271) € J¥~1. By using (4.2), we have

ay ([z,uk]) = iy (zuez "'y )

= ayy (zy)ahs (7 ) + ana(zyr)ao (27 yp ) + ahy (2un) + @iy (27 g )
ayy (yr)ahs (g ) + ara(yr)az (y;, )

+ahy(2) + iy (ye) + aly (271 4+ ali (y, ) (mod J¥)
ay(z) +ajy(z71)  (mod J*)

0 (mod J").

The last equation follows from
0=ay,(1) = d}y(z27") = ajy(2) +ayy (271)  (mod J*).

Similarly, we can obtain that a12(y), as1(y), ahy(y) € J*. O
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Lemma 5.6. For any k> 1, z € F,, and y € I,(k), we have

ay(zy) = diy(y)  (mod J),
a12(zy) = aia(y) (mod J*),
a1 (zy) = an (y) (mod J¥),
ay(2y) = apy(y)  (mod J).
Proof. This lemma follows from (4.2) and Lemma 5.5 immediately. O

From Lemma 5.6, we obtain the following theorem.
Theorem 5.7. For any k > 1, A, (k) C Dy, (k).

Next, we give a sufficient condition for A, (k) = D, (k). Consider the homomorphisms
agf) and al(f): I, (k) — gr®(J) defined by
z a(z) and  ag(z),
respectively. By Lemma 5.5, agf ) gf)
homomorphisms £,,(k) — gr¥(.J), which are also denoted by «
with some abuse of notation.

naturally induce the GL(n,Z)-equivariant
*) and o®

% ij

and «
respectively,

Proposition 5.8. Let k be a positive integer. For any 1 < m < k, assume that
(m) (m) (m) (m)y _
Ker(a;;’) NKer(ajs ') NKer(ag; ') NKer(ag, ') = {0}.
Then D, (k) C A, (k).

Proof. Assume that o € D, (k) and o ¢ A, (k). Since Dy, (k) C D,,(1) = A, (1), there
exists some 1 < m < k — 1 such that o € A,,(m) \ A,(m + 1). Thus, there exists some
1 <1< nsuch that 7 'af € I,(m + 1) and 2; ' ¢ I},(m + 2). By the assumption, at
least one of al;(v; '27) and a;j(z; 'xy) for i # j does not belong to J™+2. Without loss
of generality, we may assume that af; (z; '27) ¢ J™ 2. If we set v 1= a; 'af € I},(m+1),
then

a/n(x?) = a/u(xl’Y)
= ayy(z1)ah; () + ara()azi () + ahy (21) 4+ a1 (y)
=a}y(z) +aiy () (mod J™F?).

On the other hand, since o € D,,(k), we have a},(z{) — a};(z;) € J*¥*1 C J™+2. This is
a contradiction. Therefore, o € A, (k). O

Using Proposition 5.8, we can show that A, (k) = D, (k) for 1 < k < 4 by a straight-
forward calculation. Below, we give this by showing that alli is injective for 1 < k < 4.
*) and ozg-c): L, (k) — gr¥(J) are injective or

(2]

At this stage, we do not know whether «
not in general.

https://doi.org/10.1017/50013091516000456 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000456

On the universal SLo-representation rings of free groups 991

Table 1. Basic commutators of weight less than 5.

m  basic commutators

1 x; 1<i<n

2 (i, x;] 1<j<ig<n

3 [, zj, Tk] 1>5<k

4 [l‘i,l‘j,l‘k,l‘l] 1>7 < k<
[[mi,m]—L [Ik,ml” i >k>1li>7
s, z5], [0, @1]] i>35>1

Lemma 5.9. For any z,vy, z,w € F,,, we have

P ([, ) = ara(@)azi (y) — ar2(y)asi (x),

P ([2,y, 2)) = 2(a}y () ara(y)asi (2) + aly (x)ara(2)as (y)

— ahq(y)arz(w)ag (2) — ai; (y)ara(2)az (v)),

afY (2,9, 2 w]) = 2af, ()arz(y)ara(=)az (w) = 205, (y)arz(@)ara()az (w)
— day; (z)ah; (2)arz(y)ag: (w) + 4ai; (y)a, (2)arz(x)ag: (w)
— 4ayy (y)ay, (z)arz(w)az: (z) + 4ay; (z)aly (2)arz(w)azi (y)
+ 2a12(z)arz(w)az: (y)azi (2) — 2a12(y)arz(w)az (z)az: (2),

oY ([, y], [z w]]) = 4df; (2)al; (w)a

[
[v)

Proof. We can obtain these by direct computation. |
Proposition 5.10. For any 1 < m < 4, the homomorphism a%n): Ly (m) — gr™(J)
is injective.

Proof. First, we consider the Hall basis of £, (m). By the theory of commutator
calculus due to Hall, the basic commutators of weight m form a basis of £,(m). In
Table 1 we give a list of basic commutators of weight m < 4. (See also [7] for details on
the basic commutators of the free groups.) It suffices to show that the images of basic
commutators of weight m under the map agT) are linearly independent. It is clear for
the case in which m = 1.

Case 1 (m = 2). Assume that

S el (i) = cijlara(ai)an () — ara(;)an (x:)) = 0

i>j i>j
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for some ¢;; € Q. We remark that aq12(z;)az1(z;) and ag2(xj)az: (z;) for i > j are members
of the basis of gr?(J) given in Proposition 4.4 such that there is no overlap between them.
Then we see that c¢;; = 0 for any ¢ > j.

Case 2 (m = 3). Assume that

3
S cinod? (i, 5, 7))

i>j5<k

> 2eiji(aty () ara(zs)az (zk) + aly (2:)arz(zx)az (z;)
i>j<k
— ahy(x5)a12(xi)ag: (er) — ay (z5)ara(zr)az: ()
=0

for some c¢;j; € Q. We remark that af, (z;)a12(x;)az (xr), i1 (x:)ar2(zk)an (z;), ajq ()
ar2(x;)ag (x) and aj;(z;)ar2(xg)a (z;) for any ¢ > j < k are members of the basis
of gr3(.J) given in Proposition 4.4. On the left-hand side of the above equation, for any
distinct ¢, j, k such that ¢ > j < k, the coefficient of a/; (x;)ai2(z;)a21 (zx) is 2¢;5. Sim-
ilarly, for any i > j, the coefficients of ai,(z;)a12(z;)az(x;) and af;(x;)ai2(x;j)az (z;)
are 2¢;5; and 4c;j;. Hence, ¢, = 0 for any ¢ > j < k.

Case 3 (m = 4). Assume that

S cuel) (wnzg e e)) + Y digwoly (w25, [, @)
i>7<k<l i>k>1,i>7
4
+ 37 digaod? ([[es, 2], [zs,2]) = 0

i>5>1

for some c;jki, dijr € Q. By an argument similar to above, we see the following. For any
i > j < k <, the coefficient of a};(x;)a12(x;)a12(zr)a1 (x;) on the left-hand side of the
above equation is 2¢;;x;. Hence, all ¢, are equal to zero. Next, for any distinct 7, j, k,
such that ¢ > k > [ and 7 > j, the coefficient of a};(x;)a}; (x1)a12(x;)a2 (vr) is —4d;jk.
For any ¢ > k > j, the coefficient of a!;(z;)a};(x;)a12(x;)az (xr) is —4d;jk;. For any
i > j > 1, the coefficient of a};(x;)al, (x;)a12(x;)az(x;) is —4d;j;. Hence, all d;ji; are
equal to zero. This completes the proof of Proposition 5.10. (Il

Then we have the following.

Corollary 5.11. For any 1 < k < 4, A, (k) = D, (k).

5.2. Graded quotients gr*(D,,)

In this section we study some properties of the graded quotients gr®(D,) :=
D, (k)/Dp(k + 1). Since each D, (k) is a normal subgroup of Aut F},, the group Aut F,
naturally acts on gr®(D,,) by conjugation from the right. Furthermore, since {D,,(k)} is a
central filtration, the action of D,,(1) = IA,, on gr¥(D,,) is trivial. Hence, we can consider
each gr®(D,,) as an Aut F,/D,,(1) = GL(n, Z)-module.
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To begin with, we introduce analogues of Johnson homomorphisms to study the
GL(n, Z)-module structure of gr*(D,,). To begin with, for any k > 1 and o € D, (k),
define the map 7, (0): gr*(J) — grf¥T1(J) to be

mk(0)(f) = sq(f) = f7 = f € g™ (J)

for any f € J. That the map nx (o) is well defined follows from Lemma 5.2. It is easily
seen that 7 (o) is a homomorphism. Then we have the map

1k gr* (D) — Homg(gr' (), gr™ (7))

defined by o — ny (o). For any 0,7 € D, (k), from Lemma 5.1 (1), and from Lemma 5.2,
we see that

5or(f) = (56 ()T + 5:(f) = 55(f) + 5.(f) (mod J*+2).

This shows that 7, is a homomorphism. By definition, each 7y is injective. Furthermore,
we have the following lemma.

Lemma 5.12. For each k > 1, the homomorphism ny, is a GL(n, Z)-equivariant homo-
morphism.

Proof. It suffices to show that 7 is an Aut F,-equivariant homomorphism. For any
o € Auwt F,, and 7 € D, (k), we see that

77k(7' : U)(f) = 7716(0'7170)(]0) = Saflra(f%
() (7 )7 = s,(f7 )7
(f7 T =T ) =TT — = 5,1,0(f)

for any f € J. Hence, we have ni(7-0) = nx(7) - 0. This means that n is an Aut Fj,-equi-
variant homomorphism. O

By using the homomorphisms 7., we see that gr®(D,,) is an GL(n, Z)-submodule of the
Q-vector space Homg(gr!(J), gr***(.J)), and hence we obtain the following proposition.

Proposition 5.13. For any n > 2,
(1) each gr*(D,,) is torsion-free,
(2) dimg(gr*(D,) ®z Q) < oco.

If D, (k) = A, (k), then the above facts follow immediately from Andreadakis’s result
for the Andreadakis—Johnson filtration in [1].
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Table 2. Nielsen generators of Aut F,.

1 T2 T3 o Tn—1 Tn
P o 1 xs3 oo Tn—1 Tn
Q  x T3 T4 o Tn 1
—1
S x T2 XT3 0 Tp—l  Tn
U xz1x2 22 X3 --- Tn—-1 Tn

5.3. An extension of 7; to Aut F;, as a crossed homomorphism

Here we consider the first homomorphism 7; and its extension to Aut F,, as a crossed
homomorphism. We can easily calculate the images of Magnus generators K;; and K;j
of TA,, by n1 as

m(Kij) = 871, @ (512,i821,5 — S12,5521,i) + 2872, @ (511,i512,5 — 511,j512,i)

+ 2831 ® (821,i811,5 — 511,i521,5)5 (5.1)
M (Kiji) = s11,; ® (s12,5821,1 — 812,1821,5) + 2872 ; ® (S11,5812,0 — $11,1812,5)

*
+ 2831 ; ® (821,5811,0 — 811,5521,1)-

Recall that H is the abelianization of Fj,. It is easily seen that the image of the first
Johnson homomorphism 7 is H* ®z A2H. From independent works of Cohen and
Pakianathan [2, 3], Farb [4] and Kawazumi [15], it is known that 7y is the abelian-
ization of TA,,. In other words, A, (2) coincides with the commutator subgroup of IA,,.
Hence, the abelianization of IA,, is the free abelian group with basis Magnus generators.
Let V be the rationalization (H* @z A2H) ®7 Q of H* @z A?H. In [26], we computed

HY (Aut F,, V) = Q%2

for any n > 5, and showed that H!(Aut F,,, V) is generated by Morita’s cocycle fy and
Kawazumi’s cocycle fx. They are crossed homomorphisms of Aut F,, defined with the
Magnus representation and the Magnus expansion, respectively. In particular, fx is an
extension of the rational first Johnson homomorphism

1A, — grl(A,) 2 H* @7 A2H 2% v,

Since D,, (k) = A, (k) for 1 < k < 2 from Corollary 5.11, and since Homg(gr!(.J), gr?(J))
is a Q-vector space, it turns out that there exist crossed homomorphisms gy and gk,
corresponding to fy and fx, respectively, such that gk is an extension of the homomor-
phism

1A, — gr'(D,) 2 Homg(gr!(J), gr’(J)).

We give the images of Nielsen’s generators of Aut F,, by gk. Let P, @, S and U be
automorphisms of F,, given by specifying its images of the basis x1,...,z, as shown in
Table 2.
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In 1924, Nielsen [22] showed that Aut F), is generated by P, Q, S and U, and gave
finitely many relations among them. In [26], we gave the images of P, @), S and U by
fm and fk explicitly. From this, we see that

n
Z(STM ® (812,i521,1 — $12,1521,)
i—2
gu(o) = + 2875, ® (511,i512,1 — 511,1512,i)
+ 2851 ; @ (s11,1821,6 — 511,i521,1));5 o=2_,
07 g = P, Q, U
and
— 8711 @ (812,1821,2 — 512,2521,1)
— 25791 ® (S11,1512,2 — S11,2512,1)
gk (o) == .
— 2551 1 ® (S11,2521,1 — 511,1521,2)5 o="U,
0, oc=PQ,58S.

In the following, we show that gy and gk are linearly independent in the first cohom-
ology group H'(Aut F,,, Homg(gr!(J),gr?(J))). In order to do this, to begin with, we
determine the GL(n, Z)-module structure of gr®(J) for any k > 1. Recall that GL(n,Z)
is identified with Aut F, /TA,, induced from the abelianization of F},. Let H be the abelian-
ization of F,,, and consider H as an additive group here. We have £,,(1) & H, and write
a;; for ag) for simplicity. Then, for any y1, ...,y € H, we can consider a;;(y1) - - - ovi; (y1)
as an element in gr!(J). Set Hg := H ®7 Q.

Proposition 5.14. For any k > 1 we have

gr®(J) = @ S Hg ®q S Hg ®g S Hg.

e11teiztez1=k

Proof. Let 9 be the right-hand side of the above equation. First, for any 1 < 4,5 < 2
and e > 1, the homomorphism ff;: S°Hg — gr®(J) defined by
ll l2

xixs xil" — aij(xl)llaij(xg)lg ---ozij(xn)l" (mod J¢T1)

for Iy + 1o + -+ + 1, = e is Aut Fj,-equivariant. In fact, for any Nielsen generators o =
P,Q,S and U of Aut F,,, we can check that ff(z7) = (ff;(x)) for any z = ahta . ale
For example, we see that

Glayay o)) = f((en+22)" 2 -l
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= aij(xlxg)llaij(xg)l"‘ e ozij(xn)l” (mod J¢T1)

= (f5 ey -a))Y.

Hence, we obtain a surjective GL(n,Z)-equivariant homomorphism F: 9t — gr¥(J)
defined by

§ a€11,€12,e21X€11 & X€12 ® X€21

ei11teiztea1=k

— Z Geryerzien f11 (Xery ) 13 (Xepo ) o1 (Xeay)

e11teizt+ez1=k

for any X, € S% Hg and ae,, e5,e,, € Q. The surjectivity of F' follows from Proposi-
tion 4.4. In fact, for any element

n

Y = H aq1 (z7) M aga (a) 3 agy () 21
=1

in the basis T}, of gr*(.J), if we set

X = Z (xi“’l .._xTelu,n) ®...®($§2171 "'1’221'"') € Mm,

e11,1++e21 n=~k

then we have Y = F(X).
Next, we prove that F' is an isomorphism by showing that the dimensions of 9t and
gr®(J) as Q-vector spaces are equal. The basis T} can be rewritten as

n
€ij,1 €ij,n _
Tk:{ T sim s 1D (611,z+"'+621,z)—k}

1<i,5<2 =1
(4,5)#(2,2)
- { H Sihl st | €t eijn = €ij, 11+ en +ear = k}
17,1 ij,m v, tg,n 17
1<4,5<2
(5,0)#(2,2)

From the last term of the above equation, we see that the number of elements in T}, is
equal to dimg M. This completes the proof of Proposition 5.14. (I

Now we show the following.

Proposition 5.15. For any n > 3, the natural homomorphism
v: HY (Aut F,,, Tm(1) ®7 Q) — H'(Aut F,,, Homg(gr' (J), gr?(J)))

induced from the inclusion Im(n;) ®z Q — Homg(gr!(J), gr?(J)) is injective.
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Proof. From Proposition 5.14, we have
gr' () = Hg?,  gr’(J) = (SHo)™ @ (H®?)®2.
Thus, we have a GL(n, Q)-equivariant isomorphism
Homg(gr' (), gr(J)) = (Homg(Hg, S*Hg))®® & (Homg(Hg, HG?))®*.

Let
pr: Homg(gr'(J), gr*(J)) — HomQ(HQ,H82)
be the projection map defined by

n

n
/
D> (@) @ ()i, () = Y an(@)” @ ans(@,)as (),

Ll1,l2=1 Ll1,l2=1

where the a;;(2;)*s are the dual basis of the a;;(x;)s, and the sum Y.’ runs over all
1 < d,41, 12, §, j1, J2 < 2 such that

(4,7), (i1, 1), (i, j2) # (2,2) and (i1, j1) Siex (i2;Jj2)-
Here <jex denotes the usual lexicographic ordering. Let
pr: H'(Aut F,, Homg(gr' (J),gr*(J))) — H'(Aut F,,, Homg(Hg, H3?))

be the homomorphism induced from pr. Then the cohomology classes of gy and gk in
H'(Aut F,,, Homg(gr'(J), gr?(J))) are mapped to those of gj; and gi in H'(Aut F,,
Homg(Hg, HS’Q)) by Pr o ¢ such that

n
, ZSTU ® (812,i821,1 — S12,1521,i), 0 =S,
gulo) =141

0’ O-ZP’Q7U7

and
, ) —5711 ® (812,1821,2 — 812,2821,1), 0 = U,
gk (o) =
Oa g = ]D7 Q, S

If we identify the submodule of H(S’Q generated by
{r@y—-y®ax|zye€ Hy}

with the exterior product A2Hg of Hg of degree 2, then we see that the image of
PT o ¢ is contained in H'(Aut F,,, Homg(Hg, A?Hg)) by observing the images of g},
and gj. Furthermore, it turns out that the cohomology classes of gj; and gj gener-
ate H'(Aut F,,, Homg(Hg, A?Hg)) = Q%2 from our previous result in [26]. Therefore,
we obtain the required result. This completes the proof of Proposition 5.15. |
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We remark that in our forthcoming paper [29], we compute
H'(Aut F,,, Hy ®q S*Hg) = Q.
Thus, by using the result
H'(Aut F,, H} ©g A*Hg) = Q%2
in [26], we see that

H'(Aut F,,, Homg(gr' (J), gr*(J)))
= H' (Aut Fy, Hg 9 S?Hg)® @ H'(Aut F,, Hy ©g HE?)®*
- @@36.

5.4. Twisted second cohomology classes

In this section we introduce twisted higher cohomology classes by using the crossed
homomorphism gk, according to Kawazumi’s construction of higher cohomology classes
with the first Johnson homomorphism 7; in [15]. Then, in particular, we study its second
cohomology class.

First, we study the image of ;. For any 1 < i1, j1, 12, j2 < 2, set

t(iljl,iw‘z)(p’ Q) = Sivg (xp)sizjz (xq) — Siygy (xq)sizjz (xp) (52)
Let T be the submodule of gr!(J) generated by
{t(iljl,igjz)(pa Q) ‘ (ilvjl; Z‘27].2) = (13 17 17 2)3 (1; 27 27 1)3 (27 17 17 1)a 1 < q<p < n}

Clearly, T is an Aut F,-invariant module. From (5.1), the image of 7, is contained in
grl (J)* ®g T. From Proposition 4.4, we see that (5.2) is a basis of T as a Q-vector space.
Define the Q-linear map 7' — gr'(J) ®q gr'(J) by

t(iljl,izjz)(p> q) = Siig (xp) @ Siyjy (xq) — Si1j (xq) @ Siyjy (.pr)

It is easily seen that this map is Aut Fj,-equivariant injective. Consider T' as an Aut Fj,-
invariant submodule of grt(J) ®g gr!(J) through this map. Then we can consider that
Im(n;) is contained in

V= gr' ()" ®g (gr' (1) %2,

and hence gk is a crossed homomorphism from Aut F,, to V.
For any ¢ > 1, define a map (,: Vo grl(J)* ®0 grl(J)®q+1 by

U @ - @ ug (ul®1®‘1_1)o(u2®1®q_2)o-~-o(uq,1®1)ouq.
By considering the cup product, we have the induced homomorphism

¢ H'(Aut F,, V)®9 — H9(Aut F,, gr'(J)* ®q gr' (J)®9H)
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from ;. Let Cia: gr!(J)* ®@q gr!(J)®9! — grl(J)®7 be the contraction homomorphism
defined by

folfi®® fer1) = fF(fi)2@ - ® ferr.
Then C42 induces the homomorphism

G H' (Aut F,, V)®7 — H(Aut F,, gr' (J)®9).

By using the above homomorphisms, we can obtain higher twisted cohomology classes
G (gf?q) and G(gf?q) for any ¢ > 1, where (f(gxk) = gk. This is an analogue of
Kawazumi’s construction of higher cohomology classes of Aut F,, with the first John-
son homomorphism.

Next we consider the case in which ¢ = 2. We show that H?(IA,,, gr!(J)®?) has a two-
dimensional Q-vector subspace whose generating set contains the restriction of E(g;’??)
to IA,,. First, consider H!(Aut F,, gr'(J)). In [24] we computed H*(Aut F,,, H) = Z for
any n > 2. This induces H'(Aut F,,, Hy) = Q. On the other hand, by Proposition 4.4 we
see that the Aut Fj,-equivariant homomorphism

a1 @ a2 @ ag: Hgg —gr'(J)

is an isomorphism. Hence, we have H(Aut F,,, gr'(J)) = Q¥3. By observing the images
of Nielsen’s generators, we can see that

(n— 1) (gx) +2¢(gm) =0 € H'(Aut F,,, gr' (J)).

Now, we have two two-cohomology classes (f (gx) U (f (gx) and G (gi?) in H?(Aut F,,,
gr!(J)®?%), where U denotes the cup product. We can see that they are linearly indepen-
dent from the following theorem.

Theorem 5.16. For any n > 4, the restrictions of {f(gx) U (i (g9x) and (5 (gi?) to
IA,, are linearly independent in H?(IA,,, gr'(J)®?).
Proof. Assume that
MG () UG (gx)) + 165 (958°) = 8 ()
for some A, u € Q and some map ¢: [A,, — gr'(J)®2. Since n > 4, we can take distinct
indices 7, j, k and [. Then we have

(G (9K) U G (9) (K, Kr) = 4(aly (25) — aly (24)) @ (a (1) — ayy (20)),
G (9:%)(Kij, Kia) = 0.
On the other hand, since [K;;, Ki;] = 1, we have
A(ayy (25) — aly (2:) @ (ahy (1) — aly (24))
(é(QK) UE(QK))(KWKM) + M<2( )(szKkl)
(Kkt) — p(Kij Krr) + o(Kij)
(Kij) = o(Kpkiz) + o(Kp)
(G (9x) UG (9K)) (Kht, Kij) + 1G5 (957) (Kt Kij)
11 (@) — aqy () ® (ahq(z5) — afq (20)).

| | .
.nyﬁﬁy

=]

This shows that A = 0.
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Next, consider the relation [K;, K;;K};] for distinct 4, j and k. Then we have

2p(ar2(wr) ® ag(25) + ag1 (zk) @ ara(z;) + 247, (zx) @ ajy (z5))

= uGs (9%) (K, KijKij)

= (K Kij) — o(KiKij Kij) + o(Kik)

= p(Kir) — o(Kij Kij Kir) + o(Kij Ki;j)

= 1G5 (95%) (Kij Ky, Kir)

= 2u(ar12(2;) ® azi(vr) + az1(2;) ® arz2(wr) + 247, (v5) @ aly (21))-

This shows that u = 0. U

As further research, it would be interesting to describe a relation among cup prod-
ucts of (F(gk) and ?;(g%q) as well as to determine the twisted cohomology groups
Hi(Aut F,, gr' (J)®9).
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