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We study the asymptotic behaviour of a Hele-Shaw flow produced by the injection of
fluid from a finite number of points at different speeds. We prove that, as time tends
to infinity, the boundary of the fluid domain approaches the circle centred at the
barycentre of the injection points with weights proportional to the injection rates.
The distances from the barycentre to the boundary points are estimated from both
above and below.

1. Introduction

Hele-Shaw flows are viscous fluid flows in an experimental device that consists of two
closely placed parallel plates. Since the gap between two plates is sufficiently narrow,
one can regard them as two-dimensional flows. One of the significant features of the
Hele-Shaw flow is that the flow, despite being viscous fluid flow, is characterized
as a two-dimensional potential flow with its potential being the pressure of the
fluid [9, pp. 581-582].

We consider a Hele-Shaw flow produced by the injection of incompressible viscous
fluid into the device from multiple points. Let the fluid initially occupy a bounded
domain 2(0) C C and let ¢y, ..., ¢ € £2(0) be the injection points. From each point
¢;, more fluid is injected at the rate a;; > 0 per unit time. The fluid domain at time
t > 0 is denoted by £2(¢) and its boundary by 0§2(t). We write n for the unit outer
normal vector to 9§2(t). To formulate the mathematical problem we now introduce a
function T that is defined by T'(z) :=inf{t > 0| z € £2(¢)} for each z € C, i.e. T(z)
denotes the first time when the boundary 92(t) touches z. Let p = p(z,t) be the
pressure of the fluid at position z = x + iy € £2(t) and time t > 0, where i = /—1.
By the theory of Hele-Shaw flows (see, for example, [7,11]), p and T are assumed
to satisfy the following equation and boundary conditions:

1
—Ap= Zajdcj for z € 2(t), t>0; (1.1)
Jj=1
p=0 for z € 9002(t), t>0; (1.2)
Op 0T
S O =1 for z € 90902(t), t>0, (1.3)
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where A = §%/0z% + 8?/0y? is the Laplacian in R? and 4, is the Dirac measure
at c. From (1.1) and (1.2), for each time ¢ > 0 the function p can be represented by

!
p(z,t) = Zachjﬁg(t)(z) for z € 2(¢), (1.4)
j=1

where G, o) is the Green’s function of (2(t) for the Laplacian under the homo-
geneous Dirichlet boundary condition with pole at ¢;. By substituting (1.4) into
(1.3), we obtain

l
0G.; aw\ 0T

Thus, the Hele-Shaw problem is characterized by finding a monotone increasing
family of domains {£2(¢)}:~¢ with smooth boundaries such that the corresponding
function T is smooth and satisfies (1.5). We call such a family {£2(¢)}+~0 a classical
solution of the Hele-Shaw problem [13, §13].

The problem has been investigated by many researchers with different methods.
Elliott and Janovsky [2] adopted a variational inequality approach to the Hele-
Shaw problem and proved the global-in-time existence and the uniqueness of a
weak solution. Sakai [13,14] developed the theory of quadrature domains [6] and
applied it to the Hele-Shaw problem to obtain the existence and the uniqueness of
a weak solution and its several properties. With this approach, Sakai [16] was able
to obtain an estimate for the distances from a fixed point to the boundary points
of 2(t), which is stated as follows: let £2(0) C D(e¢,r) and

!
tz a; +m(22(0)) > 4nr?,
j=1

where D(c,r) denotes the disc of radius r with centre ¢ and m two-dimensional
Lebesgue measure. Then it holds that

;zl:%ﬂLm(z(O))—rélz—cé ;zl:aj—i—m(?r(o))-l-r (1.6)

for all z € 942(t), t > 0. As a matter of fact, Sakai proved this result as a more
general estimate on quadrature domains, which we will define in the next section.
By the estimate (1.6), we see that

max |z—c¢|— min |z—¢| <2
2€00(t) 2€002(t)
Another approach was taken by Escher and Simonett [3]. They converted the prob-
lem into a nonlinear evolution equation on a fixed domain and constructed a unique
classical solution locally in time. Following this approach, in the case of a single

injection point, Vondenhoff [18] recently proved the existence of a classical solution
globally in time when the initial domain is sufficiently close to a disc centred at
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the injection point. Detailed information on the asymptotic behaviour of the Hele-
Shaw flow was also obtained by means of spectral analysis. However, the method of
spectral analysis [3,18] seems to need non-trivial refinement in the case of multiple
injection points in order to study the asymptotic behaviour, since it depends on
the linearization of the evolution operator around an explicit solution.

We are interested in the shape of the interface 9£2(t) of the Hele-Shaw flow
for sufficiently large time t > 0. To treat general domains we work within the
framework of quadrature domains. In particular, we do not impose any restriction
on the smoothness or the connectivity of the initial domain. We present a precise
estimate for the asymptotic behaviour of the interface of the Hele-Shaw flow in
the case when [ > 2, in terms of the distances from a fixed point to the boundary
points of 2(t). To state our main theorem, we introduce the following important

quantities:
l
D=1
wy = 317, (1.7)
Zj:l aj
ro :=inf{r > 0| £2(0) C D(c,r) for some ¢ € C}, (1.8)
l k—1 k—1 2
m . Qo (k) 22j=1 Voj) | 2j=1 Yo(5)Cos)
A= | —— min (Z - J > J " —Coy| |» (1.9)
Zj:l Qj 75PN 5 (ijl o (j)) Zj:l Qo (5)
where the minimum is taken over the symmetric group .S; on the finite set {1, ...,1}.
Note that w; is the barycentre of the injection points c1, ..., ¢; with weights propor-
tional to the respective injection rates aq, ..., aq, and rq is the smallest one among

the radii of all discs containing §2(0). The following is the main result in this paper.

THEOREM 1.1. Let £2(0), ¢; and o be as in the above setting and define wy, 1o
and A by (1.7), (1.8) and (1.9), respectively. Suppose that {£2(t)}i>0 is a classical
solution of the Hele-Shaw problem. Then there exist non-negative functions e_(t)
and €4 (t) such that the inequality

(1.10)

+ l
—Y e () <[z -wl <
j=1

holds for all z € 9§2(t), t > 0, and they have the following asymptotic behaviour:

e_(t)=A"2 oY,

D1
as t — oo.
By the estimate (1.10), we have
max |z —w)|— min |z —w|<e (t)+e_(t) =0t Y?) ast— oo

z€012(t) z€082(t)

https://doi.org/10.1017/50308210509000766 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210509000766

1220 M. Onodera

Therefore, for the Hele-Shaw flow with multiple injection points we see that the
interface 02(t) of the fluid domain approaches the circle centred at the barycentre
w; as t — oo.

This paper is organized as follows. In §2 we observe that a classical solution
of the Hele-Shaw problem (1.5) satisfies an integral inequality for subharmonic
functions. By the inequality, £2(¢) can be regarded as a quadrature domain of a
positive measure, so we will be concerned with the shapes of quadrature domains
in subsequent sections. The definition of quadrature domains and their elementary
properties are also presented. In § 3 we introduce the notion of the Schwarz function
and show relations between the Schwarz function and quadrature domains. We see
that the problem of finding a certain quadrature domain can be reduced to the
construction of a domain with the corresponding Schwarz function. Section 4 deals
with the quadrature domain of the two Dirac measures. We construct rational
mappings which map the unit disc onto the quadrature domains by means of the
Schwarz functions. With the rational mappings we can estimate the distances from
a certain point to the boundary points of each quadrature domain. The estimate is
the key to the proof of theorem 1.1. In §5 we complete the proof of theorem 1.1 by
induction on [, after proving some technical lemmas.

2. Weak formulation and quadrature domains

In equation (1.5), the smoothness of the boundary 0¢2(t) and of the function T
is required. This is a difficulty in dealing with equation (1.5). Following [13] we
generalize the notion of classical solution so that it does not require any regularity
of the boundary. Let {§2(¢)}+~0 be a classical solution of the Hele-Shaw problem.
Then, for any subharmonic function s defined in (2(¢) which is integrable with
respect to Lebesgue measure m, we see that

t
1
sdm:// s———dodr
/Q(t)\.Q(O) o0 OT/0n
S [ (e
= odr
092(T) an

> jzlaj/o s(cj)dr = t;ajs(cj).

Therefore, any classical solution {{2(¢)}:~¢ satisfies, for each ¢t > 0,

!
/ sdm—l—tZajs(cj) < / sdm (2.1)
£2(0)

=1 Q2(t)

for all integrable subharmonic functions s defined in 2(¢). In particular, since the
constant functions s = £1 are integrable and subharmonic in 2(¢), we have

l
) = tZaj + m(£2(0)). (2.2)
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In general, for a given finite (positive Borel) measure v with compact support, a
bounded open set {2 is called a quadrature domain of v for subharmonic functions

if v(C\ 2) =0 and
/sdug/sdm
7]

holds for all integrable subharmonic functions s defined in {2. Quadrature domains
for harmonic functions and for analytic functions are defined in the same way, but
we take equality instead of inequality in these definitions. From (2.1), for a classical
solution {2(¢)}+>0 of the Hele-Shaw problem, each {2(¢) can be interpreted as a
quadrature domain of the measure

!
Xo) +t Z a;le,
j=1

for subharmonic functions, where x () denotes the characteristic function of £2(0)
and we regard it as the measure x g(g)m.
Here we summarize some elementary properties of quadrature domains [13, §§ 1-

(i) A quadrature domain for subharmonic functions is also one for harmonic
functions. A quadrature domain for harmonic functions is also one for analytic
functions.

(ii) For any finite measure v which is singular with respect to m, there exists a
quadrature domain of v for subharmonic functions. For any finite measure v
being of the form v = x + p, where {2 is a bounded domain and p is a finite
measure satisfying p(§2) > 0 and p(C )\ 2) = 0, there exists a quadrature
domain of v for subharmonic functions.

(iii) If a measure v satisfies one of the conditions in (ii), then a quadrature
domain of v for subharmonic functions is uniquely determined up to a null set
with respect to m. Moreover, the minimum quadrature domain {2(v) exists,
i.e. 2(v) C {2 holds for all quadrature domains {2 of v for subharmonic func-
tions.

(iv) If measures vy and vy satisfy one of the conditions in (ii) and v < vo, then
.Q(Vl) C .Q(l/g).

(v) For o > 0 and ¢ € C, a quadrature domain of the measure ad, for subharmonic
(also for harmonic and for analytic) functions is uniquely determined and is

equal to D(c, \/a/7).

By the above properties of quadrature domains we see that, for each ¢t > 0, there
exists the minimum quadrature domain of the measure

1
X0y +1 Z a;e;

j=1
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for subharmonic functions. Sakai [13] defined a weak solution of the Hele-Shaw
problem as the family of the minimum quadrature domains

l
{Q(XQ(O) —l—tZaj(Scj)} .
t>0

j=1

There is another weak solution that is defined by using variational inequalities [2,4],
but it was proved by Sakai [14] that these two weak solutions are equivalent. In the
rest of the paper we work within the framework of quadrature domains and estimate
them to prove theorem 1.1. One of the advantages of dealing with quadrature
domains is that we do not need to be concerned about the smoothness of the free
boundary 9£2(t) or topological changes of the domains {§2(¢)}+>0.

We conclude this section with an easy consequence of the above-mentioned prop-
erties of quadrature domains. The following proposition corresponds to the asymp-
totic behaviour of a Hele-Shaw flow with a single point source.

PROPOSITION 2.1. Let §2(0) be a bounded domain with £2(0) C D(e,r), where ¢ €
2(0) and r > 0, and let 2(t) be a quadrature domain of the measure x o) + toc
for subharmonic functions. Then the inequality

t t
—<|z—c <32+ — (2.3)
T T

holds for all z € 02(t), t > 0.

Proof. Let £2(td.), 2(x o) +1d:) and 2(X p(c,r) +1dc) be the minimum quadrature
domains of the measures td., x (o) +tdc and x p(c,r) +1. for subharmonic functions,
respectively. Then we have

0(té.) C Q(XQ(O) +td.) C Q(XD(c,r) + td.). (2.4)

Note that £2(td.) = D(c,/t/m) by property (v) of quadrature domains. On the
other hand, since

(712 +1)s(c) < /

sdm—|—ts(c)</ sdm
D(ec,r)

Q(XD(C,T) +t§c)

holds for any integrable subharmonic function s defined in £2(xp(cr) + tdc), the
domain £2(x p(c,r) +1d.) is a quadrature domain of the measure (772 +t)d. for sub-
harmonic functions. Hence, we have £2(x p(c,r) + td.) = D(c, /72 4 t/7). Therefore,
(2.4) is equivalent to the estimate

t t
D(C, \/;) C Q(XQ(O) + t&c) C D(C, r2 + 7T>7 (25)

which shows (2.3) for £2(t) = £2(x () + tdc).
Let (2(t) be any quadrature domain of x () + té. for subharmonic functions.
Then, by (2.5) we see that D(c, \/t/m) C £2(t). Let us prove

Q2(t) C D(c,\/r2+t/m).
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Assume the contrary. Then there exists an open disc D # () such that D € 2(¢) \
D(c, \/r? +t/m). Hence, m(£2(t) \ 2(x o) + tdc)) = m(D) > 0. This contradicts
the uniqueness of quadrature domains for subharmonic functions. Therefore, (2.3)
holds for any quadrature domain (2(¢). O

Note that /72 +t/7 — \/t/7 = (r?>y/7/2)t /2 + O(t~3/2) as t — oc. Thus, for
the Hele-Shaw problem with one injection point ¢, the boundary 9£2(t) of the fluid
domain approaches the disc centred at ¢ as t — co. An essential fact that we have
used in the proof of proposition 2.1 is that a quadrature domain of the measure ad,
is uniquely and explicitly determined as the disc D(c, \/a/m). This indicates that
an explicit representation of the quadrature domains of the measure tZ;:l a0,
for subharmonic functions is the key to proving theorem 1.1.

3. The Schwarz function

To prove theorem 1.1, as a first step, we construct an explicit representation of
the minimum quadrature domain of the measure m(ad; + Bd_;) for subharmonic
functions, where a, 3 > 0. It will be given as a univalent rational mapping from
the unit disc onto the quadrature domain, and we estimate the distances from the
barycentre (o — (3)i/(a+ () to the boundary points of the quadrature domain. The
construction of the rational mapping and its estimate will be discussed in the next
section.

Let us introduce the notion of the Schwarz function. The Schwarz function S =
S(z) of a curve I' is defined as a holomorphic function on a neighbourhood of I
which satisfies

S(z)=z forzel,

where Z is the complex conjugate of z. Note that the Schwarz function of I' is
uniquely determined for a given curve I" by its analyticity.

Let us explain how the Schwarz function relates to quadrature domains (see [1,
ch. 14] and [17, ch. 3]). Let 2 C C be a bounded domain with smooth boundary
and let f be a holomorphic function in a neighbourhood of 2, where {2 denotes the
closure of (2. By the analyticity of f and Stokes’s theorem, we see that

/fdm:l. f(z)zdz,
Q 2 Jao

where 0f2 is positively oriented. Now assume that there exists the Schwarz function
S of 912 and that it can be extended to a holomorphic function in 2\ {c,..., ¢}
such that ¢; € (2 is a simple pole with residue ta;/m for j = 1,...,1. Then we have

!
o f(z)zdz = /ao f(2)S(z)dz = Qit;ajf(cj).
Thus,

l
/Qfdm:tZajf(cj) (3.1)
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holds for all holomorphic functions f defined in a neighbourhood of §2. From (3.1), 2
is expected to be a quadrature domain of the measure ¢ 22:1 a;d.,; for subharmonic
functions.

To obtain such a candidate for the quadrature domain, we therefore find a domain
{2 such that the Schwarz function of (2 has simple poles at c¢1,...,¢ € 2 with
respective residues taq/m, ... tag/m. As we will see later the domam 2 that we
found is, in fact, a quadrature domain of the measure ¢ Z j—1Qj0c; for subharmonic
functions. In order to find such a domain {2, we assume that {2 can be represented
as the image of the unit disc D(0,1) by a rational function ¢, i.e. 2 = p(D(0,1)),
where ¢ is holomorphic and injective in a neighbourhood of D(0,1). Then the
Schwarz function of {2 is given by

S(z) = ap(l) for z in a neighbourhood of 942. (3.2)
e (2)

Moreover, if ¢ has only the simple poles at w1, ...,w; € (CU{oc}) \ D(0,1), then S

can be meromorphically extended into {2 with simple poles at p(1/w7), ..., p(1/w7).

Hence, our task is to choose a rational function ¢ appropriately so that ¢(1/w;) = ¢;

and that the residue of the corresponding function S at ¢; is ta; /7.

However, in general it is quite difficult to construct such a rational function .
In particular, for [ > 3, there are infinitely many possibilities of the disposition of
c1,...,c. As we will see later, in the case when [ = 2, by using translation, rotation
and dllatlon we only have to consider the case where ¢; =i and ¢y = —i.

4. Quadrature domains of two point masses

In this section we deal with quadrature domains of the measure 7(ad; + 36_;). Note
that the measure m(«d; + 8d_;) corresponds to a Hele-Shaw flow with two injection
points. When the injection rates are the same, i.e. « = 3, Richardson [12] showed
that the interface of the Hele-Shaw flow is a curve formed by inverting an ellipse
with respect to the unit circle. Such a curve is called an elliptic lemniscate of Booth,
which is named after the Reverend James Booth. Here we are also concerned with
the case o # .

In chapter 3 of [17], the rational function ¢o(w) := 2Rw/(w? + R?), R > 1, is
used to construct such a quadrature domain. To treat the case where a # [ we
introduce a new rational function ¢ defined by

aR(w — in)

W+ R +nR. (4.1)

p(w) = Qﬁa,R,n(w) =

Here, the function ¢ = ¢ R, is parametrized by ¢ > 0, R > 1 and n € R. For
given «, 3 > 0, we choose a, R and n appropriately so that the domain 2(a, R, ) :=
©Ya,r,n(D(0,1)) is a quadrature domain of the measure 7(ad; + 30_;).

4.1. Construction of a rational mapping

LEMMA 4.1. Let o and B be positive numbers such that o + 3 is sufficiently large.

Then, by taking some a > 0, R > 1 and n € R and defining a rational function
@ by (4.1), the Schwarz function S of 02(a, R,n), where 2(a, R,n) := ¢(D(0,1)),
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is meromorphic in a neighbourhood of £2(a, R,n) having only simple poles at i, —i
with residues o and 3, respectively.

Proof. STEP 1. We determine a > 0, R > 1 and n € R after some observations.
For the time being let us assume that ¢ is holomorphic and injective in the disc
D(0,2). Then the Schwarz function S is given by (3.2). Since ¢ has two simple poles
at +iR, the function S is meromorphic in {2(a, R,n) with only two simple poles at

(p( 1 ) iaR2(+1 — nR)

FR)-  miop Tl

Hence, we take a > 0 to be (R* — 1)/R? so that the poles of S are at +i. Let us
calculate the residues of S at +i. Now we have a parametric representation of S as
follows:

z = p(w), S(z) = S(w), w € D(0,2),

where

~ 1 _R4—1w—|—inw2
B R w?R2+1°

By some computations we see that if S has a simple pole at wy with residue p, then
S has a simple pole at ¢(wg) with residue py’(wp). In the present case, wg = iR~ 1,
p=(R*~1)(RFn)/(2R*) and

p(wg) = i,
R(R*F2nR +1)
/ _
SO (wo) - R4 _ 1 )
1
p’ (wo) = Tm(RS + R+ 20*RFnR* Fn F 2nR?).

Therefore, S has simple poles at £i with residues
1
p1i= 5o (B2 + R+ 2°R = nR' = — 2R?),
1

R (R® 4+ R+ 2n°R +nR* +n + 2nR?),

p2 =
respectively.

STEP 2. By the above observations, for given «, 3 > 0 we choose R > 2 and n € R
appropriately so that p; = a, po = 8 and so that ¢ is injective in the disc D(0,2).
This means that we have to solve the following system of equations:

1
atf=p1+p2= (R +1+2°); (4.2)
B*Oézpzfplz%(Rerl)Q (4.3)
for R and 7. By (4.3),
(B— )R
=T 4.4
T Ry (4.4)
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Substituting (4.4) into (4.2), we see that

2(a — B)?R®

2 _ pd
(a+B)R°=R"+1+ B+ 1)t

(4.5)

Let us solve the algebraic equation (4.5) for R, and then substitute a solution R
into (4.4) to obtain 7. Dividing both sides of equation (4.5) by R? gives us

2(c — 3)?

_ —1\2
a+B=(R+R™ 2+7(R+R71)4.

Putting z := (R + R~!)? into the above equation, we have the cubic equation
23— 24+ a+p)a? +2(a—pB)*=0. (4.6)

Moreover, we set £ := z — (a + 4 2)/3 and substitute it into (4.6), obtaining
€8 +3pE+2¢ =0, (4.7)

where , ; ,
po @HBET g g @B 42— B

9 27

According to Cardano’s method for solving cubic equations, if ¢ + p? < 0, the
solutions of (4.7) can be represented as follows:

+27r

0 4
G=2ifeosy,  Gi=20reos I = aifreos

where » > 0 and —7 < @ < 7 are defined by € = —¢ + \/¢2 + p3. Observe that,
for a, B > 0,

27%(¢* +p°) = (—(a + 8 +2)° +27(a = B)*)* — (a + 5 +2)°
27(a — B)*(—2(a+ B+ 2)° + 27(a — B)?)
27(a — B)? maéi( 2(X + 2)* 4+ 27)?)

N

=0

by simple computations. We also have

3
P =g VPP =V (@ ) = = O

27
and
cosh = 9 (a+B+2)3—27(a—B)? 1 27(a — B)?
T (a+p+2)3 (a+p+2)3
so that
97 (e — )2
Ogl—cosggl—cosﬁzm.
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Thus, the solution &; of (4.7) satisfies

2(a+ B+ 2)
3

18(a — 8)?
(a+ B+ 2)2

and, consequently, x1 := & + (a+ 5+ 2)/3, a solution of (4.6), satisfies

18(a — 3)?
(a+p+2)2

When a + 8 > 0 is sufficiently large, the solution x; is a large positive number and

satisfies
0<vVa+pb—+vxrs —2<

Now we define R > 2 by

0< —-& <

0<a+pf—(z,-2)< < 18. (4.8)

9 < 9
Vi —2  Ja+3-18

Re= YT VT oA (4.9)
= 5 . .
Then R satisfies equation (4.5) and the following estimate:
0<vVa+p8—
Vvl —4
«/a—i— \/361—2 (\/xl_g_W)
<ari-vap+ (- oo+ o)
! o\~ vm Va1
9 1
< T . 4.10
Va+8-18  2y/a+3-20 (4.10)
In particular,
1
=vVa++0|— ] asa+— 0. 4.11
VaFi+0( ) mats e

By using R defined by (4.9), we define n by (4.4). Then R and 7 solve the system
of equations (4.2), (4.3). Note that

_ (B-—o)R

TT R+ R )
_B-a)R _ (B-a)VatB+O0(1/Va+p))
o om N a+p+0(1)

:(,B—oz){\/alTﬂ+O((a+ﬂ)3/2)} as o+ [ — oo. (4.12)

STEP 3. We are now in a position to prove the injectivity of ¢ in D(0,2) when a+ 3
is sufficiently large. Suppose that ¢(w1) = ¢(ws) with wy, we € D(0,2). Then

(w1 — in)(wh + R?) = (wy — in)(wi + R?),
and hence

(’LU1 — ’LU2)(R2 + in(w1 + wg) — ’LU1’LU2) =0. (413)
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However, by (4.11) and (4.12),

|R? + in(wy + wa) — wiws| = R? — |in(w; + wa) — wiws|
=a+ 8+ 0(a+p) asa+f— .

Therefore, from (4.13) it follows that w; = ws if a 4 3 is sufficiently large. Conse-
quently, ¢ is injective in D(0, 2). Thus, when « + § is sufficiently large, by choosing
a, 7 € Rand R > 2 as above, we have shown that the Schwarz function S of
0f2(a, R, n) satisfies the desired conditions. O

REMARK 4.2. We make some observations on the shapes of the domains 2(a, R, )
constructed in lemma 4.1. From 2(a, R,n) = ¢(D(0,1)) we can see that 2(a, R, 1)
is a simply connected bounded domain with analytic boundary. We also observe
that 2(a, R,n) is symmetric with respect to the imaginary axis, i.e. if X +1Y €
2(a,R,n), then —X +1Y € 2(a, R,n). Indeed, substituting w = = + iy into (4.1)
yields
p(x +1y)
_aR(z +iy —in)
- (w+iy)?+ R
_ aR(z +i(y — 77)) + iR
2?2 —y? + R? + 2ixy
al{z(a? —y* + R* +2y(y —n)) +1((@* —y* + R?)(y —n) — 22°y)}

+ inR

) inR
(22 — 2 + R2)? + 4z2y? o
so that 2 _ .2 2
) aRz(z® —y*+ R* +2y(y —n))
R = 7
ep(x +1iy) (22 — y2 + R2)2 + 4292 (4.14)
R((a2 — y* + R?)(y — ) — 227 |
(e 4 iy) = B P H B =) —2a%) o

(IL'2 _ y2 + R2)2 + 4£E2y2

For any X 4+ 1Y € 2(a, R,n), there exists « + iy € D(0,1) such that p(z + iy) =
X +1Y. Then, by (4.14) we see that o(—z + iy) = —X + 1Y, which implies that
—X +1iY € 2(a, R, n).

By virtue of lemma 4.1 we see that the domain 2(a, R, 7) satisfies
/ Fdm = maf(i) + mBf(—i) (4.15)
2(a,R,m)

for all holomorphic functions f defined in a neighbourhood of 2(a, R,n). Now we
confirm that the domain {2(a, R,7) is indeed a quadrature domain for subharmonic
functions.

LEMMA 4.3. Let o and (3 be positive numbers such that o + 0 is sufficiently large.
Then the domain $2(a, R,n) constructed in lemma 4.1 is a unique quadrature do-
main of the measure w(ad; + B6_;) for subharmonic functions.
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Proof. First we prove that {2(a, R,n) is a quadrature domain of the measure 7 («d; +
(6_;) for harmonic functions. Let h be a harmonic function defined in a neighbour-
hood of §2(a, R,n). Choosing ¢ > 0 so small that A is harmonic in the simply
connected domain ¢(D(0,14¢)), we see that there exists a holomorphic function f
defined in ¢(D(0,1 + ¢)) whose real part is h. Then the function f satisfies (4.15).
Taking the real part of each side of (4.15), we have

/ hdm = nah(i) + nGh(-1). (4.16)
2(a,R,n)

According to the approximation theorem by Sakai [13, lemma 7.3], any integrable
harmonic function h defined in £2(a, R,7n) can be approximated in L'(2(a, R,7))
by some linear combinations of Re(1/(- — ¢)), Im(1/(- — ¢)) and log| - —¢| with
¢ € C\ 2(a,R,n). Hence, we only have to check that equality (4.16) holds for
Re(1/(- = €)), Im(1/(- — ¢)) and log| - —(| for ¢ € C\ 2(a, R,n). When ¢ € C\
2(a, R,n), it follows from the argument in the previous paragraph. So we will prove
it for ¢ € 992(a, R, n).

By the smoothness of 0f2(a, R,n), we can take an open right-spherical cone V;
with vertex ¢, angle 0 < 2¢) < m and height p which lies in C \ 2(a, R, 7). Then, by
taking a sequence {(;} on the axis of V¢ such that {; — (, we have

1 1 )
/ Re ( > —Re () ‘ dm(z) -0 asj— oo. (4.17)
2(a,R,m) Z = Cj Z = C

To verify this we may assume ¢; € D(¢, 3p). Then, from |z — (| < |z — | +1¢ — <],
it follows that

1 1 ¢ —¢] 1 (1 1 ) ] -
o S a o drgl S\ Ty Prec @R,
(4.18)

Hence, by Lebesgue’s convergence theorem, (4.17) holds. By (4.17) we see that
(4.16) holds for h(z) = Re(1/(z — ¢)) with { € 02(a, R,n). The same argument
shows that (4.16) holds also for Im(1/(z — ¢)) and log|z — ¢| with ¢ € 902(t, «).
Here we have used the fact that

1
—log |z — ¢;| < —log|z — (| + log (l—i— ) for z € 2(a, R,n),
sin vy

which is deduced from (4.18).

By now we have shown that 2(a, R, 7) is a quadrature domain of 7 («d;+3d_;) for
harmonic functions. Next we show that (a, R,n) is, in fact, a unique quadrature
domain for subharmonic functions. As has been mentioned in the previous section,
there exists the minimum quadrature domain of w(ad; + 8d_;) for subharmonic
functions. We denote it by 2y and show that 2(a, R,n) = 2y. Since {2y is also
a quadrature domain for harmonic functions, it suffices to show the uniqueness of
quadrature domains of 7w («d; + $d_;) for harmonic functions.

The following fact is due to [13] (see also [17, proposition 4.8 and theorem 4.9]
for the proof). Let v be a finite measure whose support is a compact subset of a
line L in C. If there exists a quadrature domain (2 of the measure v for harmonic
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functions which satisfies the following conditions, then {2 is a unique quadrature
domain of v for harmonic functions:

(i) C\ £ is connected;

(ii) the interior of {2 is identical with £2;
(iii) (2 is symmetric with respect to L;
(iv) the support of v is contained in L N 2.

Since the domain 2(a, R, n) and the measure 7(ad; +36_;) satisfy conditions (i)—
(iv) with L being the imaginary axis, we see that 2(a, R, ) is a unique quadrature
domain of w(ad; + $d_;) for harmonic functions. Therefore, 2(a, R,n) = {29 and
hence 2(a, R,n) is a unique quadrature domain of 7(ad; + 8d_;) for subharmonic
functions. O

4.2. Estimates of quadrature domains

By lemma 4.3 we see that a unique quadrature domain 2(«, 8) of the measure
m(ad; + $_;) for subharmonic functions is represented by

e, f) = Pa,r.y(D(0,1)).

On the other hand, a > 0, R > 1 and n € R are estimated in the proof of lemma 4.1.
In the following theorem, we proceed to the calculation of the distance from the
point (a—f)i/(a+ ) to a boundary point z € 92(«, 3) and obtain the asymptotics
of the quadrature domain 2(«, 3) when (« 4+ ) min{«, 3} — oo. Note that

\/(a+ﬁ)min{a,ﬁ} <a+p.

Hence, (a + 8) min{a, 8} — oo implies o + § — 0.

THEOREM 4.4. For «, 8 > 0 such that « + 3 is sufficiently large, let 2(a, B) be a
unique quadrature domain of the measure w(ad; + BI_;) for subharmonic functions.
Then, as (o + 3) min{a, B} — oo,

= Vo524 L2 o RO+ )T,

i (@ +B)>/2
(4.19)

min z
2€092(a,B) ‘ a+f

_a=f

max z
2€002(a,B) ‘ a+ g

i

— Jatpt2- (a—B)° +8aﬁ|a—ﬁ\

(a+p)52  (a+p)

+(a=B)°0((a+B) %) + (e = B)O((a + B)7°).
(4.20)

Proof. STEP 1. In view of the representation 02(«, 5) = ¢(0D(0,1)), where ¢ =
©Ya,R;y With @ > 0, R > 1 and 7 € R as defined in the proof of lemma 4.1, it is
sufficient to calculate the minimum and the maximum of the function

d(w) = \sow) -

a—p

1
a+p

for w € 0D(0,1),
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which is the distance from the point i(ov — 3)/(a + ) to a boundary point p(w) €
002(«, B). For simplicity we set K := (o — 3)/(a + 3). Here we have

= (p(w) - Kl)( () Ki)

R — _ R*—1 w+in
:< R w2+R2 1(”R_K))< R M_l(”R_K))

R'—1V 1+in(w—)+ny 2
:< )R4+R2(w2+w2)+1 (nf = K)
R471w in RY*—1 w+in
K KRR U,
R w1 R T e e (1 K
R*— 1\ 1+ in(w— )+ n? 9
_< R )R4+R2(w2+w2)+1+(77R_K)
JrR4f1(T’R7K)i(w—ﬁ))—77(1112JrlD2)+iR2(w—w)—277]%2

R w? + R2J2

Substituting w = €' into the above equality, we see that
. RY—1Y 1-2psine +n?
d(e?)? = R— K)?
() ( R )R4+2R2COSQ¢+1+(U )

R* — 1(77R— K) —2sin1 — 21 cos 29 + 2R? sin1) — 2nR?
R R*+2R%cos2¢ + 1

+

Hence,

R (R + ;fiﬂfs 201D (g2 — (R — K)?)

=R*—’R* — n? 4+ 2siny — 1
+2KR((1 — R?)sint + ncos 2ty + nR?) — 2nR?(sin v + 1 cos 21))
= (4°R? — 4KnR)sin® ¢ — 2(R? — 1)(n + KR)sin

—n?(R* +1)® + (R* =1+ 2KnR)(R* + 1). (4.21)
To estimate the minimum and the maximum of d(w), we introduce a function F
defined by
AN+ BX+C
F(\) = for —1 <AL,
W= e —ame A
where

A:=4n’R? — 4KnR,
B:= —2(R*> - 1)(n+ KR),
C:=-n*(R*+ 1)+ (R* — 1+ 2KnR)(R* + 1).
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By (4.21) we see that

R2

F(siny) = 1

(d(e™)? = (nR — K)?). (4.22)

In view of relation (4.22), we first find points where the function F' attains its
minimum or maximum instead of the function d. Then we calculate the minimum
and the maximum of d(w).

STEP 2. In the case when a = 3, by (4.4) and (4.8) we haven = 0 and (R+R1)% =
r1 = a+ 0+ 2. Since

(R?—1)(R*+1)

(R24+1)2 —4R2)2’

F attains its minimum at A = 0 and its maximum at A = +1. Consequently, by

(4.22), we see that d(e'¥) attains its minimum when sint¢ = 0 and its maximum
when siny = +1. Therefore, we deduce that

min d(w) = d(£1) = \/R4_1F(O) = \/(R2R_21)2 =Vr, —4d=+a+p3-2,

[w|=1 R?

B L [R*—1 O J(R241)2 B
) = de) = Pt pen =[O - e

which satisfy (4.19) and (4.20).

F()) =

STEP 3. To treat the case where oo # 8 we prove that R > |n|. By (4.2), (4.11) and
(4.12) we see that

1V 22
(m)ﬁmn

R R2
_ 2(8 — )? _
7a+ﬂ+2—m+(ﬂfa)20((a+ﬂ) 3 as a4 B — oo
(4.23)

Hence, from (4.11), (4.12) and (4.23) it follows that

R ol = G (B4 R = Ja =)
R 8a3 1
:(R+R—1)2{a+6+(a+ﬂ)2+0((a+6) )—|a—6}
—L min{a ﬂ a -1 as a 00

(4.24)

Therefore, we have R > |n| when (« + ) min{«, 8} is sufficiently large.

STEP 4. Let us consider the case a # 3. Here we may assume that o < [3; otherwise
we change the roles of @ and 8. We first claim that B > 0. To prove this, we note
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that n > 0 and

a—pf

a+p
n(R? +1)?
R(R*+2n? +1)
29(R* —n?)

"
=—L1_ Nt — 0 4.2
R R(R*+22+1) (425)

by (4.2) and (4.3). Combining (4.24) with (4.25), we see that

An(R? — 1)(R? — n?)
RY 421241

B=-2(R*>-1)(n+ KR) = > 0. (4.26)

In order to find a maximum point and a minimum point of F', we differentiate F’
and obtain

F'O)((R* 4+ 1) —4R*XN*)? = 4R?BN* + 2((R* + 1) A + 4R*C)\ + (R* + 1)°B
=4R*BA = A ) (A — ), (4.27)

where

\ _ —(® 1A ARC & (R T 1)PA+ ARPCP — AR (R? + 1)
+ = ’
AR?B

respectively. For sufficiently large (a + ) min{a, 8}, let us prove that A\_ < —1 <
A+ < 0. By (4.24) and (4.25), we have

(R? +1)%A + 4R*C = 4(R* + 1)(R? — 1)(R* + K7)R)
_2P(R? =)
RY* 4212 +1
AR+ 1)(R* - 1)(R*+ 1)(R? —n?)
B R+ 212 +1
> 0. (4.28)

=4(R* +1)(R* - 1) <R2 -’

Then (4.26) and (4.28) show that

((R*41)2A+4R*C)? — 4R*(R* + 1)°B?
B 16(R2 + 1)2(R2 _ 1)2(R2 _ 772)2

4 2 2 2
(RY+ 212 +1)? ((R*+1)°—4n°R*) >0, (4.29)

which implies that A4, A_ € R. From (4.24), (4.26), (4.28) and (4.29) it follows that

\ < C(RP+1)°A44R?C . (RP+1)(R'+1) _ R -
- 4R2B N 4n R? 4
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and
R*+1
4nR?
_ R*+1 < 2n° R?
4nR2 R*+1
_ n(R*+1)
2(R*+1)

0>\, = (=(R*+ 1)+ /(R*+1)2 — 42 R?)

0 ™)

+ (8= a)’O((a+5)711/2)

= (ﬁ—a){ — %Tlﬁ)?)/z +O((a+ﬂ)_5/2)} as a+ 3 — oco.  (4.30)

Hence, we have A_ < —1 < Ay < 0 when (a + ) min{a, 5} is sufficiently large.
Consequently, by (4.27), F/(A) < 0if =1 <A< A, and F/'(A) 2 0if AL <A< 1.
Therefore, F' attains its minimum at A = A4 and its maximum at A =1 or —1. By
the definition of F' and (4.26), it is easy to see that F'(—1) < F(1), so that F' attains
its maximum at A = 1. Hence, by (4.22), we see that d(e!¥) attains its minimum
when siny = A4 and its maximum when siny = 1.

Let us calculate the maximum of d(w). Since

LR - =i L AV
<p(1)—R(R2_1)+177R—<R+R—R>1,

it follows from (4.25) that

max d(w) = d(i) = |¢(i) — Ki]

|w|=1

I 7
= ¢
Rt z- 4
_ 1 2n(R? —n?)
*R+R+R(R4+2n2+1)

Here, by (4.11), (4.12) and (4.23),

1 —a)? _
Rt = Vatire- (o + (5= aPOl(a+ )T,

2(R? —n*) _ 8ap(B—a) _
RR 42711 - (arpi TP @0U@+ A

as a + 8 — oo. Therefore,

ey B0 s a)
max d(w) = Vot 0+2 - C s et By
(8- a)?0(a+6)) + (8- )0((a+ 5))

as a + 8 — oo, which proves (4.20).
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Next we turn to the calculation of the minimum of d(w). By (4.22), we see that

( min d(w))2 <32 - 1;2) (A1) + (R — K)?

|Jw]=1

— (R 3 ) PO+ - K+ (R - 5 ) (FOW) = FO)
=d(1)% + <R2 - ];2) (F(\y) — F(0)). (4.31)

Observe that, by (4.11), (4.12), (4.26), (4.28) and (4.30),
F(A+) = F(0)
AN +BA +C C
_(R2+1)2_4R2)‘3- (R2 +1)2
~ ((R24+1)2A+4R?C)N3 + (R +1)’BA,
GED KGR T

_ (B=a)*{16aB(a + B) + O((a + §)*) H{1/(4(a + B)*) + O((a + B)~")}
(4 P)* +O((a+ B)%)

(8 — )*{1608/Va+ B+ O(Va + B)}
x{1/(2(a + B)*?) + O((a + B) %)}

(a+B)t+O0((a+B)?)
= (ﬂ—oz)2{ _(Oﬁéﬂgys+0((a+m5)} as a + § — oo,
and hence
(7~ g )P0 - P { K0l + )

= (- )0 a—l—ﬁ) ) asa+ [ — oo (4.32)

On the other hand, since

R* —1)(1 —i 1
WA= p_p_Lyn;

P = —pm D RTR

it follows from (4.11), (4.12), (4.23) and (4.25) that
1\2 . 2
d(1)? = (1) - Ki* = (R— < - K
W2 =lo(r) - i = (R~ ) + (% - &)
1 2 4772 R2 — 772 2
) g (e T
(r+ 7)1+ B (1 meai )

2(6 — a)?
(a+ )2

a+p -2+ +(B—a)?O((a+B3)"3) asa+p —oco. (4.33)
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Therefore, we deduce from (4.31), (4.32) and (4.33) that

min d(w) = \/a +B8-2+ 28— a) + (B —a)?O((a+3)7?)

w|=1 (a+ )2
)2
A i (5 af0((a + 5T
as a +  — oo, which proves (4.19). O

By an argument similar to the proof of theorem 4.4, we estimate the distance
from the point —i to a boundary point of the quadrature domain {2(«, 5) and show
that the quadrature domain §2(«, 3) approaches the disc centred at —i when a@ > 0
is fixed and 8 — oo.

THEOREM 4.5. Suppose that « is a fixed positive number. For sufficiently large
08>0, let 2(c, B) be a unique quadrature domain of the measure m(ad; + 36_;) for
subharmonic functions. Then, as § — oo,

min |z 41| = f+2f 5 <4a—‘§)53/2+0(¢32), (4.34)

z€02(a,B)

max |z 41 B+ —
zeaﬂ(a,ﬁ)l =5 Z\f ﬂ

Proof. We shall calculate the minimum and the maximum of the function

(4 a;)53/2+0(52). (4.35)

d(w) = |p(w) +i| for w € dD(0,1)
in an analogous way to the proof of lemma 4.4. We define a function F by

- AN+ B X+ C
F(\) = (RZ 1) —1REN? for —1 <A<,

where

A:=4n’R? 4+ 4R,

B3 1= 2(R? = 1)(R =),

C:=-—n*(R*+ 1)+ (R* —1—2nR)(R* +1).
Note that B > 0 by (4.24). After some computations we see that

F(sing) = R ()~ (R +17?)

Let us find a minimum point and a maximum point of F. By differentiating F,
we obtain

F'(A)((R? +1)% — 4R?)\2)?
=4R?’BA? + 2((R? + 1)2A +4R*C)\ + (R®* + 1)°B.  (4.36)
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However, we have
(R +1)?A +4R*C)? — 4R*(R* + 1)®B% = 0.

This implies that F' > 0. Consequently, F attains its minimum at A = —1 and
maximum at A = 1.
In order to calculate the minimum and the maximum of d(w), we note that

R:\/B+O<\/IB>, 77:\/5+O<\/IB> as B — oo (4.37)

by (4.11) and (4.12). In view of (4.24), we also have

2R
R-—n=—"— o) -t
n (R+R,1)Q{a+ ((a+8)7)}
2
=2 40373 as B — . 4.38
NG ( ) (4.38)
Therefore, from (4.23), (4.37) and (4.38) it follows that
min d(w) = (=) +1] = R+~ + L 1
lw|=1 - N R R
2R°—n*) n—-R
- \/a—i—ﬁ—i— RZ R

8a Loy 2a
\/a+ﬁ+ﬁ+0(ﬂ 2) ﬁ+0(ﬂ B!

—\/>+2\0} i (404—0;;)5_3/2—1—0(5_2) as 3 — o0

and
ax d(w) = |p() +i| = R+~ — 1 411
max w) = 1 1: _ =
[w]=1 v R R
_ 2 ) , R
_\/a+6+ =+ F

= \/a+ﬂ+ %a +0(82) + %a +0(37?%)

2
*\erzf ﬁ (4 Oé>ﬂ3/2+0(52) as 3 — oo.

5. Application to the Hele-Shaw problem

In this section we apply the results of the previous section to the Hele-Shaw problem.
We give an estimate for quadrature domains of a linear combination of the Dirac
measures by applying theorem 4.4. Theorem 1.1 is obtained as a consequence of
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the estimate combined with theorem 4.5. In what follows we write 2(v) for the
minimum quadrature domain of the measure v for subharmonic functions. First we
prove the following two lemmas.

LEMMA 5.1. Let 31, B2 and k be positive numbers and c1,co € C. Then
(K% B10ke, + K2 B20ke,) = {K2z € C | 2 € 2(B10¢y + Badey)}
holds.
Proof. First we prove that the domain
k2 :={rkz€C|z€ (B0, + P20c,)}

is a quadrature domain of the measure 1125151-@ + /{2626,%2 for subharmonic func-
tions. For each subharmonic and integrable function f defined in {2, we set g(z) :=
f(kz). Then g is subharmonic and integrable in £2(810., + (29, ). Hence, we have

Brg(c1) + Bag(c2) < / gdm,

Q(B160y +B2005)
so that

Buf(ker) + Baf (vea) < % / fam.

Therefore, k{2 is a quadrature domain of x2316.c, + K2B20.e, for subharmonic
functions, and hence §2(k2310,¢, + K2 B20ke,) C k2 holds.
Now assume 2(k2310xc, + K2B204e,) S K62. Then we have

{“_12' €Clze 9(52515/%1 + H2ﬂ25n62)} C 2(B10¢, + Babe, )
However, an argument similar to the previous paragraph shows that
(k712 € C |2 € K B16ke, + K> Babrey)}

is a quadrature domain of the measure [(3;6., + (B20., for subharmonic functions.
This contradicts the assumption that £2(810., + B20.,) is the minimum quadrature
domain. O

The next lemma shows that minimum quadrature domains possesses the semi-
group property. Gustafsson and Sakai [5] have already proved this property for more
general measures, but it is established for saturated (or maximum) quadrature
domains (see [5, theorem 2.2] for details). On the other hand, Sakai [13] proved
the property for the minimum quadrature domains. We improve the result [13,
proposition 3.10] and give a detailed proof for completeness.

LEMMA 5.2. Let p and v be finite measures with compact support such that there
exist the bounded minimum quadrature domains (), 2(p +v) and 2(x o) +v)
of the measures p, p+v and X o) + v for subharmonic functions, respectively. In
addition, we assume that v is of the form

l
V= f + ZO[]‘(SCJ.,
j=1
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where f € L>(C), aj >0 and ¢; € C. Then it holds that

Q2+ v) = 2xag +v).
Proof. Since the inequality

/sdﬂ—i—/sdug/ sdm+/sdu</ sdm
2(p) 2(xop)+v)

holds for all integrable subharmonic functions s defined in £2(x () +v), we see that
2(X(u) + v) is a quadrature domain of p + v for subharmonic functions. Hence,
Qp+v) C2(Xauw +v) and Xo(yg,+v) = X2(u+v) hold. Therefore, we need to
prove 2(p+v) D (X + V)

First we prove that 2(x o) +v) = {z € C|0 < u(z) < 0o}, where

ut:) = | log|2 — ¢ dm(()
2(xew)+v)

- </M 1ogz<|dm<<>+/1og|z<|dy(o>. 5.)

Since s(¢) = log |z —(| with z € C and 5(¢) = —log |z — (| with z € C\ 2(x (. +V)
are integrable subharmonic functions in 2(x () + v), we see that u(z) > 0 in C
and u(z) = 0 in C\ 2(x () + v). Hence,

2(xou +v)D{z€C|0<u(z) <oo}.

Let us assume £2(x o) +v) 2 {2 € C| 0 < u(z) < oo} and derive a contradiction.
Then, by taking zo € 2(xou) +v) \{z € C|0 < u(z) < oo}, we will deduce that
2(xo) +v) \ {20} is also a quadrature domain of x ¢,y + v. To verify this, we
take z € C\ (2(x o) +v)\{20}). Then u(z) = 0, and hence u attains its minimum
there. On the other hand, by the form

l
V= f —+ Za]ﬁcj,
j=1

we see that 2 € C\{cy, ..., ¢} and u is of C'! in a neighbourhood of z. Consequently,
Vu(z) = 0. Therefore, by (5.1),
/ sder/sdyg/ sdm (5.2)
2(p) 2(xo()+v)\{zo}

holds for functions such as
(i)
s(¢) = xlogl|z — (|,

~, 9(log |z —(])
s(¢) = iT’
s(C) = iw with z € C\ (2(xo@ +v) \ {20}).

O0zy
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Moreover, since u(z) > 0 in C, (5.2) holds for

(i) s(¢) =log|z—¢| with z € C.

According to Sakai [15, lemma 5.1], the family of all the linear combinations of the
functions s(¢) such as (i) and (ii) with positive coefficients is dense in the space of
all integrable subharmonic functions in 2(x o, + ) \ {z0} with respect to the L'
norm. Therefore, (5.2) holds for any integrable subharmonic functions s defined in
2(xow +v) \ {20}, i.e. 2(xoq) +v)\ {2} is a quadrature domain of x o, + v.
This is a contradiction. Therefore, 2(x o) +v) = {z € C | 0 < u(z) < oo} is
verified.

Next let us assume 2(u + v) € 2(x o) + v) and derive a contradiction. Take
21 € (o) +v)\ 2(p+ v). Then, by the argument in the previous paragraph,
u(z1) > 0, ie.

/ 10g|21—C|dm(C>+/10g|21—C|dV(C)</ log |21 — ¢ dm(().
2(p) 2xe@tv)
(5.3)

On the other hand,

[zl —clau0 + [rogla —clav0 = [ toglas—clam©) (54
ntv

since log|z1 — (| is harmonic in 2(u + v). Therefore, by (5.3), (5.4) and the fact

that X2(x oo +v) = XQ2(utv)> W obtain

/ log |21 — | dm(¢) < / log |21 — ¢| dyu(©)-
()

This contradicts the definition of £2(u). O

With the above lemmas and theorem 4.4 we give the following estimate for the
distances from the barycentre w; defined by (1.7) to the boundary points of quadra-
ture domains of a linear combination of the Dirac measures.

THEOREM 5.3. Let aq,...,q; be positive numbers and let c1,...,¢; € C with | > 2,
and define wy,...,w; by (1.7). Then there exists a non-negative function e;(t) such
that, for any quadrature domain 24 (t) of the measure t Z;Zl a;de; for subharmonic
functions, the inequality

¢ l
;Zaa‘ —ea(t) <lz—wl <
j=1

holds for all z € 0N2A(t), t > 0, and it has the following asymptotic behaviour:

1 k—1

Qg Y i 0y

el(t) = lw (Z k%:j*l ;|wk,1 —ck2>t_1/2+0(t_1) ast — oo.
Zj:l Qj \ =2 (Zj:l ;)

(5.6)
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Proof. As in the proof of proposition 2.1, it is sufficient to prove estimate (5.5) for

the minimum quadrature domain

l
= Q(tzajécj)
j=1

We prove the theorem by induction on .

STEP 1. In the case where [ = 2, first we assume that k :=

co = —ki. We note here that

ler — eal/2, c1 = ki,

aqt oot
Q1t0e, + aotde, = /-@27r( ! >(5m + K2 ( 2 )(Lm
TH2 TK2

By lemma 5.1 we see that k=124 (t) := {k712 | 2 € 24(t)} is the minimum quadra-
ture domain of the measure m{(a1t/(7x?%))d + (aat/(7k?%))0_;} for subharmonic
functions. Hence, by applying theorem 4.4 with a = a;t/(7k?) and 8 = aot/(7K?),

[ K2 _
5/2 T+O(t 1)?

(5.7)

TK2 _
s\ TOU D)

we obtain
o] — @ t oo
min Bt B (01 +ag)—5 — Bt
2€8(K= 1024 (t)) a1+ as K (a1 + ag)
o] — oy, 4o
max z— ——=i| =4/ (a1 + ag)—2 —_—
2€0(k—1024 (1)) a1 + as TK (a1 + as)

(5.8)

as t — oo. Noting that ki(ay — ag)/(a1 + ag) = wa, we multiply both sides of the

equalities (5.7), (5.8) by &, and obtain

Q1o 9\ 1 1
z—wo| = 1/ (a1 + @ 2k)° | —=4+ 0O ),
zed.QA(t)| 2| = ! 2) \/ a1 -|—Oég( (a1 + an)? ) )ﬁ )
102 2 1 1
max |z —w 7“ (a1 + a2) + 4/ (2k)° | —=+O(t
2€0024(t | 2 LT a1+a2(a1+a2 )>\/E e
as t — co. We define a function e5(t) by
t . t
g9(t) == max{ —(o1 +a2)— min |z—ws|, max |z—ws|—1/—(1 —|—a2)}.
T 2€0QA (%) 202 () ™

(5.9)

Note that m(£24(t)) = t(aq + a2) by (2.2), so that €2(t) has to be non-negative. It

also holds that

(o1 + az) —ea(t) < |z —ws| <

t
s

for all z € 0024(t), t > 0, and

~(ar + a2) + (1)

T o10s 2\ 1 -1
t) = — — +O(t t — oo.
ea(t) =4/ o ((al Jr042)2|01 ca| >\/i +O0(t™") as 00
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For general ¢q,co € C and a;q,as > 0, by using a suitable rotation or translation,
we can reduce the case to the previous one. Hence, €2 defined by (5.9) satisfies (5.5)
and (5.6) in the case where | = 2.

Note that, in view of theorem 4.4, the above argument is applicable even if a; or
az depends on ¢ > 0 in the case where o () = a;0 > 0 as t — oo.

STEP 2. Assuming that the assertion of the theorem holds for [ — 1, we prove it for
case . Then we have a non-negative function &;_1(¢) which satisfies

- a5 — 6171“) < |Z — ’wlfl‘ < (510)
for all
z € 0f2 (t
and
-1 k—1
™ Qg E i=1 & 2 1 1
g_1(t) = — (Z — |lwg—1 — ¢k )+O(t ) ast— oo.
Zj:ll Q5 \ o (Zj:l O‘j)Q Vi

Let us prove the estimate (5.5) for |z — w;| from above. By lemma 5.2 and the
estimate (5.10), we see that

Qa(t) = Q(Xﬂ(t Zhayde;) + taide,)

1
Jj=

Q( C )
XD(wl—h tr ! Zé;ll aj+ei_1(t)) + tayd .
02

(t&(t)0w,_, + teude,), (5.11)

where

y pon < -1 A Z]; o
(2
Zj:l @j \ =2 Zj:l ;)?

-1 -1 k—1
Ol 1 O 1
= g aj—|—27r< g %J_l;|wk_1—ck2>t+0(t_3/2) as t — oo.
j=1 k=2 (Zj:l aj)
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In the case where w;_1 = ¢, it is easy to see that w; = w;_1, and hence

Qt6(t)0w,_, +tagde,) = 2(t(&(t) + )dw,)

—D<wl, ;(d(t) +al)), (5.12)

where
. t 1 1ak23 10y . L
(G = Ezaj z; L (;;(Zj:ﬂ%)l o k')vﬁ

+O0(t™') ast— oo.
(5.13)

Noting that &(t) > 22;11 o, we define a non-negative function &/ () by

Then, by (5.11)—(5.13), we see that ;" (¢) satisfies the second inequality of (5.5) and
(5.6) with &,(t) = &, (t).

Next we consider the case where w;_; # ¢;. As mentioned at the end of step 1,
we can apply the result for the case where | = 2 to the quadrature domain
Q2(té(t)dy, , +tayde,) and obtain a non-negative function £(¢) which satisfies

t

‘ _dwi Faug ~(@(t) + o) + (1) (5.14)

éz(t) + oy

for all z € O2(t&(t)dy,_, + tayde, ), t > 0, and

N m a(t)ay Wi — 12 1 —1
€)= mw+m(@@+mw'll ”>ﬁ+0“)

- le_ o ((azl:% ;;I -1 —cz|2)\2+0(t_1) as t — oo, (5.15)

j=1 j=1

We now define a non-negative function &, (t) by

d(t)u}l,1 + oy

0= =R T

—w;

https://doi.org/10.1017/50308210509000766 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210509000766

1244 M. Onodera
Then, from (5.14) and (5.16), it follows that

a(twi—1 + g
@(t) + oy

a(t)wi—1 + g
@(t) + oy

|z —w| < |z —

!
4
= Zaj +¢ef(t) forall z € 9R(t&(t)dw, , +tads,), t > 0.
j=1

Hence, by (5.11) we see that &, (t) satisfies the second inequality of (5.5) with
e1(t) = ¢/ (t). On the other hand, since

d(t)wl_l + oy

—wy| =07 ast— oo,
a(t) + oy ! )

by (5.13) and (5.15) we see that (5.6) holds with &,(t) = /" (¢).

The same argument shows that there exists a non-negative function ¢, (t) which
satisfies the first inequality of (5.5) and (5.6) with £;(t) = £, (t). Therefore, &(t) :=
max{e; (t),e, (t)} satisfies (5.5) and (5.6). This completes the proof. O

Finally, we prove theorem 1.1 by combining theorem 5.3 with theorem 4.5.

Proof of theorem 1.1. Tt is sufficient to prove the estimate (1.10) for the minimum
quadrature domain

l
() = Q(XQ(O) —|—tZaj5cj>.

j=1

Let e_(t) := ¢;(t), where () is obtained by theorem 5.3. Then, by the inclusion
relation

Q(t; aj56j> C Q1)

we see that

_(t)<|z—wy| forall z€dR(t), t>0. (5.17)

Next we estimate |z — w;| from above. In definition (1.8) of r¢, we can take the
minimum instead of the infimum. To show this, we take sequences {c®*)}, {r(*)}
such that 7*) — 7y and 2(0) € D(c™®,7*)). Then {c®} is bounded since {r®*)}
is bounded. Hence, there exists a subsequence {c*»)} of {¢*)} that converges to a
point ¢g € C. Therefore,

2(0) C

DL

D(cF») rkn)y ﬂ D(co,r*»)  |etkr) — ¢4|) € D(co, o),
p=1

p=1
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so that £2(0) C D(cp, 7). Observe that, by lemma 5.2 and theorem 5.3,

!
‘Q(t) C Q(XD(CQ,TQ) +tza]60]> = Q(XD(CQ,TQ) + Xﬂ(t E_;:l aj(scj))
j=1
C 2(XD(coro) + XD(wr,Rt)) = 2(770%6cy + TR()*60s,), (5.18)

where

l
tr1> " aj +(t).
j=1

In the case where ¢y = w;, we see that

‘Q(FTOQ(SCOJrTrR(t)Q(Swl) = Q(”(T(% + R(t>2)6wz)

= D(wy, \/r2 + R(t)2) (5.19)
and
7§ + R(t)?
= R(t) + 2;3(2 5 +O(R(W)™)
t o ro? T 1 i
— ;;aj +en(t) + = m% +0(t™h)

1 ! k—1
t ™ Ok 2 j=1 %) o, 0% 1 -1
— LY e, 3 2 - YL L on
szlaj—l— ; < k |wg—1 — ckl® + 5 \/%-i- )

\ Zj:l Q5 \p—o (Ej:l a;)?
(5.20)
as t — 0o. Therefore, we define 4 (t) by
e (t) == /13 + R()? -
Then, by combining (5.18) with (5.19) we see that
!
|z —w| < EZa-—ks (t) forall z € 002(t), t >0 (5.21)
X T L J + ’ . .

Here ¢, (t) satisfies

! ! k—1
t s Ak Q=1 @ ré\ 1
P e (S e el )
= Dm0 N\ (0 o) t
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Let us consider the case where ¢y # w;. As in the proof of theorem 5.3, we may
assume that x := |co — wy|/2, ¢o = ki and w; = —ki. Note that

2 2
7rr02600 + 7rR(t)25wl = IQ27T(TO) Oui + K27 (R(t)) O i
K K

Hence, by lemma 5.1 we see that 2(t) := {12 | z € (77120, + TR(t)20y,)} is
the minimum quadrature domain of the measure 7((r/k)?0; + (R(t)/k)%5_;) for

subharmonic functions. Since (R(t)/k)? — 0o as t — oo, applying theorem 4.5
yields
- R(t)>2 1 <7”0>2 K —2
max |z+i| = MO (Y R L ke N
zeafz(t)| | ( K 2\ k ) R(t) (R(t)™7)
Consequently,
2
To 9
—wi = R O(R(t ¢ 5.23
zeaﬂ(ﬂro;gj?i{w}%(t)zéwl)‘z wi] ()+2R(t) +O(R(t)™") ast— o0, ( )

which can be calculated as in (5.20). Therefore, we define a non-negative function
e4(t) by

eq(t) = max z
2€002(r02 ey +TR(t)% 0w, )

Then, by combining (5.18) with (5.23), we obtain (5.21) and (5.22) again.

For any o € Sj, the above argument can clearly be applied to obtain the estimates
(5.17) and (5.21) for the case where j is replaced by o(j). Therefore, by taking the
minima of €_(t) and €4 (f) over o € S; and writing them as €_(¢) and 4 (¢) again,
we obtain the desired estimate (1.10) with (1.11), since £2(t) is irrelevant to the
way of numbering the injection points. O

6. Concluding remarks

In the case of spatial dimension 3, the same problem (1.5) appears for the flow
of viscous fluid through a porous medium, since, by Darcy’s law, its velocity field
can be characterized as a potential flow with the potential being its pressure [8].
For other phenomena modelled by (1.5) we refer to the reader to [10]. Therefore,
studying the problem in higher-dimensional spaces is also important in applications.

Quadrature domains for subharmonic functions or for harmonic functions in arbi-
trary dimensions are also defined in the same way. Basic properties such as the
existence and the uniqueness of a quadrature domain for subharmonic functions
were established [14]. Hence, we can define the weak solution of the problem in a
higher-dimensional space by using the same form as (2.1), and the existence and the
uniqueness of the weak solution follow. However, the method of this paper depends
heavily on two-dimensional structure when we construct the rational mappings from
the unit disc onto quadrature domains of the two Dirac measures (lemma 4.1). The
explicit representations or the precise estimates of quadrature domains of the two
Dirac measures in higher-dimensional spaces, to the best of our knowledge, have
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not been found. Therefore, we need a new idea in estimating quadrature domains
to obtain analogous results in higher-dimensional spaces.
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