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Abstract. This paper presents sufficient conditions for a substitution tiling dynamical
system of R, generated by a generalized substitution on three letters, to be topologically
mixing. These conditions are shown to hold on a large class of tiling substitutions originally
presented by Kenyon in 1996. This problem was suggested by Boris Solomyak, and
many of the techniques that are used in this paper are based on the work by Kenyon,
Sadun, and Solomyak [Topological mixing for substitutions on two letters. Ergod. Th. &
Dynam. Sys. 25(6) (2005), 1919-1934]. They studied one-dimensional tiling dynamical
systems generated by substitutions on two letters and provided similar conditions sufficient
to ensure that one-dimensional substitution tiling dynamical systems are topologically mix-
ing. If a tiling dynamical system of R satisfies our conditions (and thus is topologically
mixing), we can construct additional topologically mixing tiling dynamical systems of RZ.
By considering the stepped surface constructed from a tiling 7, we can get a new tiling
of R? by projecting the surface orthogonally onto an irrational plane through the origin.
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1. Introduction

In 2005 Kenyon, Sadun, and Solomyak [6] provided sufficient conditions for weakly
mixing, two-letter, discrete substitution shifts, and the one-dimensional tiling flows over
them, to be topologically mixing. In this paper, we show that a weakly mixing tiling
substitution flow on R?, in particular, from a class of examples first presented in [5], is
topologically mixing. The following theorem is the main result.

THEOREM 1.1. Let T, be the tiling of R* corresponding to the generalized substitution

o :{a,b,c} - F({a, b, c}) \ {¢}

P
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where F({a, b, c}) is the free group on {a, b, c} with identity . Assume q,r € N with
q —2 >r. Let X1, be the collection of tiling defined as the orbit closure of T, acted on
by R? by translation. Then the corresponding dynamical system (X Ty» R?) is topologically
mixing.

To prove this theorem, we will construct a three-dimensional encoding of all shifts of
the tiling from vertex to vertex, which we denote by A. We show that if A is unbounded,
and the areas of the tiles are irrationally related, then the tiling is topologically mixing.
Finally, we prove that if the substitution is ‘complex non-Pisot’, then A is unbounded.

The structure of the paper is as follows. Section 2 introduces terminology for tiling
dynamical systems and defines topological mixing in our setting. Section 3 provides an
introduction to the algebraic structures we will be using in the later sections. Section 4
explains how to generate tilings from generalized substitutions. Section 5 proves that if A
is unbounded, then we have topological mixing. Finally, §6 gives conditions for A to be
unbounded.

2. Tiling dynamical systems and mixing

A connected set D C R? is called a tile if it is compact and equal to the closure of its
interior. A riling of R? is a collection of tiles in which any two tiles have pairwise disjoint
interiors and their union is R?. The prototiles P of a tiling space are the collection of
unique (up to translation) tiles. We assume P is finite. A patch P is a collection of tiles
in which each pair of tiles have non-intersecting interiors and their union is connected.
We always assume the ‘finite local complexity’ condition: that the set of two-tile patches
PO (up to translation) is finite. In our case, the tiles will be (translations of) a finite set of
parallelograms, and we will always assume they meet ‘edge to edge’. The collection of all
finite patches is denoted by P*.

A full tiling space Xp is the set of all tilings of R? by translations of prototiles P such
that each two-tile patch is a translation of a patch in P@®. With the usual tiling metric
(see, for example, [7]), Xp is a compact metric space. In this metric two tilings are close
if they agree, up to a small translation, on a large disk around the origin. For T € Xp, let
P € P* be a patch with P C T, and let € > 0. We define the cylinder set Cpe as Cpe =
{S € X7 : thereexists y € B:(0), with P —y C S}. The collection of all cylinder sets,
Cp ={Cpe: P € P* € > 0}, is a basis for the topology on Xp [7].

Given P (and implicitly P?®), we define the full tiling dynamical system to be the
pair (Xp, R?), where R? acts on Xp by translation: (T,y) — T —y: Xp x R? - Xp.
More generally, a filing dynamical system is any pair (X, R?), where X C Xp is closed
and T-invariant. Given a tiling T € Xp, let X7 = Orbp2(T) := {T —y : y € R?} be its
orbit closure. Then (X7, R?) is a tiling dynamical system.

A tiling dynamical system (X,R2) is topologically mixing if for any open sets
U,V C X there exists K € R? compact so that U N (V —y) # @, forally € R*\ K. It
suffices to check this for U and V cylinder sets.
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For Y € Z C R?, we say Y is e-dense in Z (for some € > 0) if Uer B:(y) D Z. We
say Y C R? is eventually dense if for any € > 0, there is a compact set K so that Y is
e-dense in R? \ K. Given a patch Pin T, T € Xp, we define its locator set Lp(T) = {v €
R? : there exists a patch Py in T such that P = Py — v}. Similarly, for two patches P; and
P, in T, we define the displacement set ®(Py, P») = (Lp, (T) — Lp,(T)) U(Lp,(T) —
Lp, (T)). Itis easy to prove the following characterization of topological mixing.

PROPOSITION 2.1. A tiling dynamical system (X, R?) is topologically mixing if and only
if for any two patches P and P>, the displacement set ®(Py, P») is eventually dense in R2.

3. Generalized substitutions, linear algebra, number theory and geometry

For a finite set .4, let F(A) be the free group generated by A. A map o : A — F(A) \
{e} is called a generalized substitution. Let £ : F(A) — ZM be the population vector
mapping, and £,(w) is the sum of all the exponents of the occurrences of a in w. Note
that £(w) is essentially the canonical abelianization map of F(A). The transition matrix
M, of o is the |A| x |A| matrix whose columns are ¢(o (i)), for each i € A. We have
et (w)) = M (L(w)).

Recall that A € R is a real Pisot number if it is an algebraic integer with A > 1, such that
all of its Galois conjugates are have magnitude strictly less than 1. An algebraic integer A €
C \ R is complex Pisot if |x| > 1, and all of its Galois conjugates except d have magnitude
strictly less than 1. Thus, an algebraic integer A € C \ R is complex non-Pisot if |A| < 1,
or if one of its algebraic conjugates 6 satisfies |#| > 1. Note that for the real part of a
complex number A we write Re(A), and for the imaginary part we write Im()). We extend
this notation to complex vectors where v = Re(v) + iIm(v).

We say an n x n integer matrix A is a complex Pisot (non-Pisot) matrix if the
characteristic polynomial of A is irreducible over Q, and the root with the largest magnitude
is complex Pisot (non-Pisot). Further, a generalized substitution o is said to be a complex
non-Pisot generalized substitution if its transition matrix M, is a complex non-Pisot
matrix.

The following may be generalized to any size of matrix (see [1]), but our interest in
this paper is only in the 3 x 3 and 3 x 2 cases. For a 3 x 3 integer matrix A, define
its 2-compound C>(A) to be the 3 x 3 integer matrix whose entry (C2(A));; is the
determinant of the 2 x 2 minor obtained by removing row i and column j. For v, v, € Z3
we define vi A vy = Ca([vy V2]) € 73, where (Ca[v1 v2]); is the determinant of the
2 x 2 matrix obtained by removing row i. This is essentially the cross-product without
the alternating sign pattern. Note Binet’s theorem says that C2(AB) = C2(A)C2(B)
and Cr(A)(vi Avy) = Avy A Avy (see [1]). We write Ca(A) > 0 if all entries are
non-negative.

LEMMA 3.1. Let A be a 3 x 3 complex non-Pisot matrix with complex eigenvalue M\
and corresponding eigenvector v € R3. Assume C2(A) > 0. Then Re(v) Alm(v) is an
eigenvector of C2(A) corresponding to the eigenvector .

For a proof, see [4]. Let sgn(x) € {—1, 0, 1} be the sign function, x € R, and extend to
x € R?. The following lemma will play an important role in the proof of our main theorem.

https://doi.org/10.1017/etds.2021.100 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.100

Topologically mixing tiling of R> 3529

LEMMA 3.2. Suppose o : {a, b, c} - F({a, b, c}) \ {e} is a complex non-Pisot general-
ized substitution with transition matrix My. Assume Co (M) is non-negative and primitive.
If A,  and 0 are the eigenvalues of M, then the eigenvector n corresponding to the real
eigenvalue 0 ofMg satisfies sgn(m) = [1 —1 1]7.

Proof. By a standard result in linear algebra, n is orthogonal to the expanding real
eigenplane corresponding to the eigenvalue A in M, with complex eigenvector v.
Let n = Re(v) x Im(v). By the Perron-Frobenius theorem there is an eigenvector u
for the Perron—Frobenius eigenvalue w of Co(M,). Since M, is complex non-Pisot,
Lemma 3.1 implies w = . We know u = Re(v) A Im(v) = [P} P, P3]7, where P; =
det([Re(v) Im(v)][i]). However, we know that m = Re(v) x Im(v) = [P; —P, P3]%.
Since u > 0, it follows that n must have the asserted sign pattern. O

Given a plane P through the origin, and an orthonormal set of vectors {vy, v2} spanning
P, we define the mapping wp : R3 — R? as wp(X) = [a; ag]T, where x = a;vy + apvy +
az(vi x v2). Note that the orthogonal projection of x onto P is ajvy + aavo. Similarly,
the mapping f; : R3 — R satisfies yrf; (x) = a3z, where a3 is defined as above. Again, it is
worth noting that a3 (v] x v3) is the orthogonal projection onto the orthogonal complement
of P. The mapping wp will be used to construct tilings from the stepped surfaces we will
construct in the sequel. While the mapping 7 p depends on the choice of orthonormal basis,
the choice of basis does not affect the mixing properties of the tiling. This is because
a different orthonormal basis will simply create a rotation of the original tiling while
preserving all the angles between the sides of the tiling. Lastly, we define w2 : R3 —» R?
as g2([a b ]’y =[a b]".

A plane P € R3 with 0 € P is an irrational plane if P NZ> = {0}. A lattice L is a
discrete subset of R3 which is closed under vector addition and is co-compact (in other
words, R3/L is compact). A lattice L is said to be an irrational lattice if the projection
map g2 on L is injective and w2 (L) is dense in R?. The following lemmas are simple
geometric results, but they will be important in the sequel.

LEMMA 3.3. Suppose n is a normal vector to a plane P in R3. Then the P plane is
irrational in R3 if and only if n has linearly independent entries over Q.

LEMMA 3.4. Let vi = [a; a2]7, vo =[b1 b7, v3 =[c1 21" in R>. If the entries
in the vector u=[a; b 117 x [az by 21T are linearly independent over Q, then
Spang{vy, v2, v3} is dense in R2,

Proof. Since u = [u; us u3]7 has linearly independent entries over Q, it follows that
u3 # 0, and thus the matrix [vy v2] is invertible. Define A = [v; v2]~! and w3 = Avs.
It is easy to show that the entries of w3 have ratio u1/uy, which must be irrational as u
and u» are rationally independent. Since A is a change of basis matrix on R?, it is enough
to show that Spany{e;, >, w3} is dense in R%. Define T : T> — T? by T'(x) = (X + w3)
mod 1, and note that 7 is strictly ergodic and thus minimal. Now choose any (x, y) € R?
and fix any € > 0. Since Orbr (0) is dense in T2, there is an n € N such that 77 (0) = (nw3)
mod 1 € B((x, y)mod 1). Take [k 11T =[[x] [y]J]" — [nw3]. Then [k I]T + nw3 =
key +ley + nwz € Be(x, y), which gives us that Spany{e, e, w3} is dense in R2. O]

https://doi.org/10.1017/etds.2021.100 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.100

3530 T. White

LEMMA 3.5. Let P, be a plane with normal vector n. If sgn(n) =[1 —1 117,
then 0 < [mp, (e))mp,(e2) < (7/2),0 < Lmp,(ex)7p,(e3) < (n/2) and (7/2)<
Lmp,(e1)p,(€3) < 7, where Lvw denotes the angle between the vectors v and w.

The following lemmas about lattices are important in the sequel.

LEMMA 3.6. Let L be any irrational lattice of R3. Then, for any € > 0, there exists an
N > 0 such that ((—e, €]*> x [N, N]) + L = R3

Proof. Let K be compact with L + K = R3. Choose a > 0 such that [—a, a]3 D K.
Fix € > 0. By compactness, there existvy, va,...,V, € L such that [—a, a]2 -
Ul ([—e, €> + (Vi)x,y)- Choose N so that K" = J;_,((vi); + [—a, al) S [-N, N1.
To see that ([—¢, €]*> x [-N, N]) + L = R3, choose any w € R3. We know there exists
u € L suchthatw € K + u. There exists v; such that (w), y, — (w)x y € [—e, el + (Vi)x,y-
Now we note that (v;), — (W), — W, € [—a,a] C [-N, N]. Thus,w € K + u. O]

LEMMA 3.7. Let ([—a,a] X [—=b,b] X [—c,c])+ L = R3. Then V+ ([—a, a] x
[—b,b] X [—c,c]))NL £, forallv e R3.

Proof. Let K = [—a, a] x [-b, b] x [—c, c] and choose any v € R3. Since K + L = R3,
we know thereis anl € L suchthatv e 1 + K. Since 0 € K, we know thatl € 1 + K. Now
we consider v + K. As before, we see that ve v+ K. Thus 1+ K) N (v+ K) # ¥ and
l-v=keK.So,l=v+kev+K. O]

LEMMA 3.8. Let L be an irrational lattice in R3. For € > 0, there exists an N > 0
such that for all (x,y) € R2, there exists (s, t) € nRz((R2 X [N, N]) N L) such that
G, y) — (s, DI <e.

Proof. Fix € > 0. By Lemma 3.6, if 0 < § < €/+/2 then there is an N > 0 such that
K + L =R3, satisfying K = ([—8, 8]*> x [N, N]). Choose any x, y € R. By Lemma
3.7, we know that ([x y 0]7 + K)NL #@. Let v be in that intersection. Thus
(s,1) = TRa (V) € T2 (R x [-N, NDN L) and (s,1) € ([—8, 8]+ [x y]”). Since
0 < § < €/+/2, it follows that [—8, 8]> € Bc(0). This gives us that (s, t) € Be([x y]7).
Therefore, we see that ||(x, y) — (s, 1)| < €. O

LEMMA 3.9. Suppose n is a normal vector to a plane P with basis {v1, v2} and let A be
the matrix such that Avy = e1, Avo, = ey and An = e3. If P is an irrational plane, then
the lattice L = AZ3 = {Av : v € Z3} is an irrational lattice.

Proof. Assume {vi,vy,n} are orthonormal. Then A =[v| v, n]’. So, if v, =
[a1 a2 a317, va = [by by b3]T and n = [ny ny n3]”, then wi = np2(Aer) = a1 bi]7,
Wy = 72 (Aez) = [az by]T and w3 = mRa(Aes) = [az b3]7. Thus, Ca([vy va]) = vq x
v, = n. Since by Lemma 3.3 n has linearly independent entries over Q, it follows from
Lemma 3.4 that Spany{wj, w2, w3} is dense in R2. O]
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4. Substitution tiling dynamical systems of R? from generalized substitutions

Note that in what follows we will often identify R? with C. Unless otherwise stated, we
will be assuming o satisfies (1.1). Notice that the adjacency matrix M, is the companion
matrix for the monic algebraic polynomial g(x) = x> + rx +g.

LEMMA 4.1. Let g(x) = x> +rx +q, where r,q € N. If ¢ — 2 > r, then the root A of
g with the largest magnitude is complex non-Pisot. It satisfies |L|> > r|A|, |A|> > q and
Re()) > 0.

We now include the additional assumption that g — 2 > r. We denote the complex roots
of g by A, A, and the real root by 6. Notice that the row vector v, = [1 A A?] is a left
eigenvector of M, for the complex eigenvalue A.

Lemma 3.2 implies that the eigenvector ng of M, corresponding to 6 has sign pattern
[+ — +]7. Since the vector ny is normal to the real eigenplane of M UT corresponding to A,
we can write ng = Re([1 A AZ]T) x Im([1 A AZ]T). Therefore, the orthogonal projection
onto the real eigenplane of M corresponding to X is the projection defined on R3 by

[ 1 Re(®) Rex?
TPV =10 Im(y) Im(A2) |V

We call this projection the Perron—Frobenius projection and denote it by mg,. One
important consequence of the construction of the Perron—Frobenius projection is that we
get the angle relation described in Lemma 3.5.

Given a complex vector v = [v, vp ve]?, define the position function ny : {a, b, c} —
C by ny(w) = vy, and extend it to a function 7 : F(A) — C, where n(i ') = —5(i) and
n(wiwy) = n(wy) + n(wy) (see [4, 5, 8]). It will be important to relate words in F(A)
to paths along the edges of our tiling. We will call such paths, which are piecewise linear
but continuous, broken line curves. For any word w = wjw; - - - wg € F(A), we define
the broken line curve fy, : [0, lw|] — C, by fi,(x) = n(wiwa - - - weD(x] +1—x) +
n(wijwy - - - wix)4+1)(x — [x]). Clearly f, ends at the origin if and only if £(w) = 0. Also,
it w € F(A) then Afu((w)) = foq) (o @))).

Definition 4.1. (Prototiles generated by generalized substitutions) Let j, k € A with j <
k, and let [j, k] = jkj_lk_l € F(A) denote the commutator of j and k. The set of
prototiles generated by o, which we will denote by Py, are the tiles #; whose support
is the region enclosed by the curve f{; x|, where i, j, k are distinct.

For example, if o is given by (1.1) with ¢ = 3 and r = 1, then the left eigenvector of
M, corresponding to A is [1 A 2] and P, is shown in Figure 1.

We call the vertex at the origin the anchor point of the prototile. We use the notation
(0, 1;) to refer a prototile #; as defined in Definition 4.1, where 0 denotes the location of the
anchor point. We denote by (x, #;) the prototile #; translated by x € C. Let Xp be a tiling
space where |P| = d. For any patch P, define £'(P) € 74 where (¢/(P)); is the number of
prototiles #; in P.

Notice that ¢'((0, 7;)) = e; and e; = e; A e, where i, j, k € {a, b, c} are distinct and
J < k is in alphabetical order (here we identify {a, b, c} with {1, 2, 3}). In addition to our
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FIGURE 1. The prototiles #,, t, and 7, generated by o.
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FIGURE 2. The substitution of the tile (0, b A ¢).

previous notation for prototiles, we will use the notation j A k, defined by j Ak :=1;,
where i, j, k are distinct, and j < k. We switch between the two notations whenever it is
convenient. Thus, e; = £'(t;) = £'(j Ak) = e; Aex = £(j) A L(k).

This new notation will require us to clarify some possible issues. Suppose i < j;
since /(i A j) = L3E) AL() = —L() ALG) =LY ALG) = AT, it is clear
that i A j must be equivalent to j~' A i. However, the tile (x, i A j) is not equal to the
tile (x, j A i, They are equivalent, and we define (x, j Ai~!) = (x + nG@=h,i A j).
We write (x,i A j)+ (v, kAl),i < j, k <[tomean thetilesi A j located at x and k A [
located at y. For substitutions of the form (1.1) (see [S, 8]), we will be able to tile the plane.
This is generally not possible for arbitrary generalized substitutions (see [2, 3]).

Definition 4.2. (Tiling substitution) Let (x,i A j), i < j be an arbitrary tile. We define
the substitution tiling, ®, as O(x,i A j) = Z‘U(m(kx + n(p,(f)), wil) A w,(/)), where

n=1
@ @ () ()

Pm’» W' » P’ and wy,’” are derived from o (i), and o (j),-

Example 4.2. Let o be the generalized substitution of the form (1.1) withg = 3 andr = 1.
Then the substitution for b A ¢ is

4
©0.bAc) =Y (10 +n(pi). w” Aw)

n=1
=0,chaH+=lLcraH+=2,crna )+ (=3, cAbh
=(—l,anc)+(—2,anc)+ (-3, arnc)+ (=3 —A bAc).

This patch can be seen in Figure 2.
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bAc

alc >

alNb

e
FIGURE 3. Substitution on the prototiles.

LEMMA 4.3. Suppose o is a generalized substitution on {a, b, c}. Let Co(My) be the
2-compound matrix of the transition matrix M. Figure 3 show © acting on the prototiles
for any q,r > 1. Here we have shown how ® acts on tiles. As usual © extends to a map
on patches. Then

1
Co(My) = [€(®0,b Ac)) £(@OO0,anrc) (O@O,aAnb)]= 0
0

o N

0
0
q
Definition 4.3. (P¥) We define P} as the equivalence class of patches of P, such that

P € Pk if there exista k € Nand an t; € P, such that @k(tl-) contains P.

A proof of the fact that ©k(0, t;) is a connected patch for each k € N and t; € P} can
be found in [8]. We choose a representative of each class of patches which has a boundary
vertex at the origin, such that the vertex is an anchor point of a prototile. We refer to the
patch P € P} as (0, P), and P translated by x would be (x, P).

Definition 4.4. (Vertices of a patch) Let P € P’. Then by Vert(P) we denote the set of all
points in C that are vertices of the tiles contained in P.

Definition 4.5. (Front-end cancelation) A tiling substitution ® is said to have no front-end
cancelation if for all t; € P, WKx e Vert(@k (x, 1)), forall k € N.

It is easy to see that the tiling substitution ® corresponding to o of the form (1.1) has
no front-end cancelations on any P € P}. This follows from our choice of representations
of the patches.

Definition 4.6. (Boundary map) Define the boundary map as the function 9 : P} —
F(A), where, for any P € PZ, the boundary d(P) is the word in F(A) such that the curve
facp) traces the boundary of P traversed with positive orientation (counterclockwise).

It is easy to see that if the path f, ([0, |w|]) lies on Ty, for some w € F(A), then
Jo ) ([0, | (w)]]) also lies on T, . The following lemma provides the patch that will seed
the tiling for our substitution.
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FIGURE 4. A patch fixed by the tiling substitution ® as mentioned in Lemma 4.4.

10
/
/
{//
/)
/
/ /
10 7\5\/ 5
/] /
5 /)
/
-10

FIGURE 5. This is ©@3(P,) forg = 3, r = 1.

LEMMA 4.4. The tiling substitution ® generated by o fixes the patch ©F(Py) in the patch
Ot (Py), where P, is the patch shown in Figure 4.

Proof. 1t is easily shown that ®(Py) fixes Py if ¢ — 2 > r. For reference, Figure 5 shows
®(Py) for the case ¢ = 3, r = 1. The rest of the proof is just induction.
O

Now we can use the patch P, to generate a tiling of the plane. The argument in [8]
shows that lim,,_, .o ®"(Py) tiles the plane if ®" (P, ) grows in every direction as n — 00
The argument in [8] shows that lim,,_, oo ®" (P, ) tiles the plane, see Figure 6. Extending
® to be a mapping on tilings, we see that by the construction of 75, we have ®(7T,) = T,.
Define X7, = Orbg2(T,), then the substitution dynamical system is (X7, Rz).
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FIGURE 6. This figure shows the tiling of R? generated by a generalized substitution of the form (1.1) with g = 3
andr = 1.

The next lemma is important in §5. It shows that the patches contained in 7, can always
be found within a power of the substitution of any prototile.

LEMMA 4.5. For every patch P in the tiling Ty, there exists n € N such that P is contained
in ®"(t;), forallt; € P,.

Proof. All that is required is to show that P, is in some power of #,. This is worked out in
Figure 7. 0

The following lemmas show some important properties of 7, in relation to ® and A that
we use later. The proofs are simple computations and are omitted.

LEMMA 4.6. Let ® be a tiling substitution generated by a generalized substitution o.
Suppose that T, is a fixed point of ©, and suppose ® has no front-end cancelations. If
S € X7, and v € Vert T, is such that S = — v, then ©(S) = T, — Av.

LEMMA 4.7. Let T, be the fixed point of the tiling substitution © generated by o, where
©® has no front-end cancelations. Then Ak Vert(T,) € A¥=1 Vert(7,) C - - - C Vert(T,).

Although we have not discussed the topological mixing of (7, Rz), the following is
already a clear consequence of Lemma 3.4.

THEOREM 4.8. If (X1, RR2) is topologically mixing, then the areas of the tiles are linearly
independent over Q.

This follows from the fact that the areas are not linearly independent over @@, which
implies the displacement vectors between tiles must be discrete, and therefore not
eventually dense.
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FIGURE 7. Computations from the proof of Lemma 4.5.

5. Three-dimensional analysis of the tiling system

We will break the proof of Theorem 1.1 into two parts. The first part of the proof, covered
in this section, will show that if a certain three-dimensional structure is unbounded,
and the prototiles have rationally independent areas, then the tiling dynamical system is
topologically mixing. We begin by taking the two-dimensional tiling and lifting it to a
surface in R? of square tiles whose vertices lie on Z3. We will call this surface 3.

We start by labeling the origin of the tiling 7,, with 0 € R3. Next, starting from 0 € C,
we move from vertex to vertex along edges in 7, labeling the vertices with a point in R3.
If we traverse an edge corresponding to i € {a, b, c} in the positive direction we add e;. If
we traverse i in the negative direction, then we add —e;. The labeling on a particular vertex
will depend on the labeling of the previous vertex, and which edge we traversed to reach
the new vertex. The vertices of a tile #; in T, lift to the vertices of a 1 x 1 square. This
process leaves us with a stepped surface in R, which when viewed from an appropriate
angle will appear similar to the tiling it is lifted from. The surface is made up of facet
tiles, which are the 1 x 1 squares. These facet tiles are translations of unit squares in the
xy-, yz-, and xz-planes. We can think of them as the lifts of #,, 7, and 7., respectively. We
will denote these facet tiles by 7, = {0} x [0, 1] x [0, 1], #, = [0, 1] x {0} x [0, 1], and
. =10, 1] x [0, 1] x {0}.

Note that the labeling scheme for the vertices of 7, is well defined. The equivalence
class of facet tiles, which we will call the facet prototiles, will be denoted by P, . The
collection of all facet patches that are contained in ¥ will be denoted by (PL)*.
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Define the lifting of a tiling as a map ¢ : C — R3, where ((C) = £. The map ¢ is
bijective on f), and thus invertible on its image. Therefore, ¢ has an inverse function, L
which is a type of projection of ¥. It is easy to verify that = is the Perron—Frobenius
projection g, from §4. From this, we can define the facet tiling substitution induced by ®
as © : P, — (P.)* such that for every t' € P., ®'(¢') = 1«(® (g, (t'))). The definition
of ®’ can be extended to a mapping ®' : £ — %. As a result, it is clear that ©/(X) = .

We can now take the definition of the broken line curve f,, and extend it in the natural
way to a broken space curve f, : [0, lw|] — RR3 on the stepped surface. Note that if the
path f, ([0, |w]|]) is contained in %, then the path fé(w)([O, lo(w)]) is also contained in .

Now we construct a subset of Z> that can be thought of as encoding information
about the substitution tiling dynamical system. Let & = ¥ NZ3. Take any v € ¥ and
consider ¥ —v ={w e Z?:w+v e X}. Then the projection g, (X — v) is the tiling
T, translated by mg, (v), which is a point in R? corresponding to a vertex in the tiling 7.
Thus, A = ¥ — ¥ = {u— v :u, v e X}is the lifting of all the shifts of the tiling 7;; by the
vectors corresponding to the vertices in 7, . Next, we will consider words that correspond
to paths along our tiling. In particular, we are interested in paths that do not contain
backtracking. We call the corresponding words good words.

Definition 5.1. A word w is a good word if |£,(w)| + [€p(w)| + |[£c(w)] = |w].

A word is good because all powers of a particular letter have the same sign. For example,
w = ablach™3c* is good since |w| = 11 and £, (w)| + |€p(w)| + |€c(w)| =2 + 4 + 5.
However, w’ = ab™3acb™3c*b? is not good. Let v € A. A word w is a good word for v if
w is a good word and £(w) = v. The following will be important in the sequel.

LEMMA 5.1. Let v € A. Then there is a good word corresponding to v.

Proof. Let ve ¥ and w € F({a, b, c}), where £(w) = v, and assume w is not a good
word. Then we can find a smallest subword of w of the form iw’i~!, where w’ is a
good word. We will prove that we can always replace iw’i ~! with a word wyiw,i~! (or
iwai ~Yw;) in w to get a new word u where |wy| < w’ and £(u) = £(w). This tells us that
we can eventually cancel any i and i ! pairs from w and still have £(w) = v. In this proof
we will consider one of several cases, as each case works out similarly. Assume thati = a.
If w’ contained a or a~!, then there would be a smaller subword of the given form, which
is a contradiction. If w only contains one type of letter, say b, then abb . .. ba™"
define a sequence of a A b tiles in which the path goes from the lower left of the first tile
to the upper left of the last tile. Then we could replace abb . .. ba~" in w with bb . . . b
which eliminates the bad subword, and we still have £(w) = v. Now assume w’ contains
the letters b and ¢ and that w’ starts with the letter b. Then w’ will have some sequence of
bs eventually followed by a c. Notice that the edges corresponding to a and b can be tiled
in two ways, either with one a A b tile or with an a A ¢ and b A c tile. If it is tiled in the
second way, then the tiling of abb . . . be is fixed, since we now have a consecutive ¢!
and b edge. This forces all remaining tiles to be b A c tiles. If we start with a A b, then
we continue to see a A b tiles until the last tile, which must be a A c. Lastly, it is possible

would
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FIGURE 8. Possible tilings of edges corresponding to abb . . . bc.

AN

FIGURE 9. The prototiles of a unit tiling U, .

to see a sequence of a A b followed by a A c. Again, as in the first case, all remaining
tiles are fixed and must be b A c. See Figure 8. If we have the first case, we can substitute
cabb . ..bforabb ... bc.If we have the second case, we can substitute bb . . . bca. In the
third case, we can substitute bb . . . bcabb . . . b. In all three cases, a and a~! are closer
together than before and the result follows. If v € A, thenv € ¥ — u for some u € X. We
would follow the same proof in this case as before, except replacing paths along ¥ — u for
paths along X. O

Now we want prove that there are no holes in A. In other words, if (x, y, z), (x, y,7) €
A, then we have (x, y, z”) € A, for all (x, y, z”) € Z° with z < 7’ < z. To do this, we
introduce the idea of a unit tiling.

Definition 5.2. (Unit prototiles) The set of unit prototiles, denoted Py, is the collection
of tiles ugy, up, and u. in C of parallelograms where Vert(u,) = {0, i, —1 + 2i, —1 + i},
Vert(up) = {0, 1,i, —1 4+ i} and Vert(u.) = {0, 1, 1 4+ i, i}. See Figure 9.

Define the tiling dynamical system (Xp,,, R?) as in §2. Due to the shape of the
unit prototiles, for any tiling T € Xp, which has a tile with a vertex at the origin,
Vert(T) = Z?. This gives us the following definition.
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FIGURE 10. Paths in T, corresponding to permutations of the word ab™!c.

FIGURE 11. The process of obtaining a path corresponding to the word ab~!c as in Lemma 5.2.

Definition 5.3. (Unit tiling) A tiling T € Xp,, is a unit tiling if there exists a vector v € R?
such that Vert(T — v) = Z2.

If Yp,, € Xp, is the set of all unit tilings,then T —v € Yy if T € Yy andv € 72. This
defines a Z2 on Yp,,. Thus, (Yp,,, Zz) defines a dynamical system.

We will define the unit projection my by my(v) = [é?‘ll ]V. Notice that ny; =

[1 =1 1]7 spans the kernel of my,, and for any #; € P,, my(t(t;)) = u;. The following
lemma is important for establishing the relationship between our tiling 7, and a unit tiling.

LEMMA 5.2. Let ¥ be the lifting of a tiling T,. Then (%) is a unit tiling.

Proof. First, notice that 77¢(X) C Z2. Since the angle between the planes Py, and Py, is
less than /2, and g, maps X onto P,,, it follows that 77,(%) = Z2. All that remains
is to show that 774 is one-to-one on X. Suppose not. Then there exist v, w € X such that
v —w = kny. If k =1, then there is a good word w corresponding to kny; which is a
permutation of the word ab~!c. However, it is easy to verify using the angle relations (see
Figure 10) that w cannot lead to a tiling 7, so w is not allowed. In the case k > 1, again
we have a good word w where £(w) = kny. But such a word must have a subword a8 'y,
where «, 8, y are distinct characters. Assume the subword has the form ab~!c. In this case,
since b~! follows a, the angle between the edges must be acute, which implies that ab™!
must be on the top side of the tile a A b. Therefore, we have a tiling similar to Figure 11,
which implies again we have a path ab~ !¢, giving a contradiction. O

We will denote the unit tiling of o by Uy. In other words U, = w74 (1(Ty)). Figure 12
shows a unit tiling generated from the generalized substitution of the form (1.1), where
r=1andg =3.
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FIGURE 12. The unit tiling of R? constructed from the tiling generated by a generalized substitution of the form
(1.1) where g =3 and r = 1.

1 0 0 0 1

0 0 0 0 0 0 1 0 1 0

FIGURE 13. All possible edge configurations, called SWONT graphs, labeled with their height values.

Instead of thinking of a unit tiling U, as a tiling of the plane, we will visualize it as
an infinite graph whose edges are the boundaries of the tiles and whose vertices are all
in Z2. If we look at any 1 x 1 square in R? with vertices on Z2, there are only five possible
arrangements of edges and vertices in U,. See Figure 13. We refer to these graphs as
SWONT graphs, in reference to their appearance (the letters S, W, O, N, and T)).

Definition 5.4. (Height function) Assume A = {a, b, c}. Let (x, y) € Z* and suppose w =
wicMwac™ .. wrc™wiyy € F(A), where w; € F(A\ {c}), such that 74 (f,, ([0, |w]|]))
is a sequence of tile edges in U, starting at (0, 0) and ending at (x, y). Define the height
function h : Z? — Zby h(x,y)=n1+ny+---+ng.

It is not hard to see that h(x,y) = n§2((nu)’l(x, y), x,y € Z, where (myy)~ " :
R? — 3. Thus, the map 4 is well defined by Lemma 5.2, and it follows that the height
of a vertex in U, is independent of the path chosen to reach that point. Since (7¢) ™" is
defined on IR, this allows us to extend / to a function h:R? - R. Therefore, we can view
¥ as surface defined as the graph of a function of two variables on R2.

We can further extend the definition of the height function to any translations of % by
a vector v € Z2. Define hy(x, y) as the height function where U is replaced by U, — v.
Finally, we define hmax (x, ¥) = max,z2{hv(x, ¥)} and hmin = min,2{hv(x, ¥)}.

Consider each SWONT graph on Z? with the origin at the lower right-hand side of the
graph. Then, using h, we will label the height numbers on the lower left and upper right
vertices. See Figure 13. For each (x, y) € Rz, the number of edges in the shortest path
from (0, 0) is bounded by 3(|x| 4 |y|). Thus, there always exists a finite path to (x, y) in
Uy, — v, forallv e R?, and since the height function is independent of path, it is clear that
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FIGURE 14. To help clarify the proof of Lemma 5.3. The difference in height in this case is zero.

hmax (x, y) and hpin(x, ¥) are always finite. The following two lemmas prove that A has
no holes.

LEMMA 5.3. Let (x,y) € Z* and v € Z*. Then |hy — hye; (x, y)| < 1.

Proof. We will only prove this for e; and —e;. The proof of all other cases follows
similarly with Figure 13 changed. When a path from (0, 0) to (x, y) is shifted (in this
case by either —e; or ep, then two SWONT graphs are added to the end of any new path
(with (0, 0) being appropriately translated). See Figure 14. Therefore, Figure 13 tells us
that the difference in height is not more than +1. O

LEMMA 5.4. Let (x,y) € Z2. For any n € 7 such that hpmin(x, y) <n < hmax(x, y) there
is a vector v € 72 such that hy(x, y) = n.

This basically follows from Lemma 5.3 since the height can only change by £1 as we
move from vertex to vertex.

Suppose (x, y) is a vertex in U, — w, and w' € X satisfies 7, (w') = w. Let (x’, ', 2)
be the unique vector in ¥ — w’ such that 77/(x’, ¥/, z) = (x, ), and thus Aw(x, y) = z.
Since w74 has a null space spanned by the vector ny,, it follows that for the line L in the
direction of ny; through the point (x, y, z), that (x’, y', z’) € Z> N L is contained in A if
hmin(m(x, ¥, 2)) < 2/ < hmax (T (x, ¥, 2)). This implies that A contains no jumps. As
with &, we can extend /iy, hmax, Amin to maps from R? — R. Define A = {(x, y,z) e R3:
hamin (72 (%, ) < 7 < hmax (704 (x, )}

THEOREM 5.5. Let f,g:R?> — R such that f(x) >0 and g(x) <O0. If for any
R > 0 there exists a compact set K C R? such that f(x) > R and g(x) < —R for all
x € R? \ K, then mg2(I' N L) is eventually dense in R? where T = {(x, y,2) € R3:
g(x,y) <z < f(x,y)}and L is an irrational lattice.

Proof. Fix any € > 0. By Lemma 3.8, we know that there is an R > 0 such that
TR2 ((]R2 x [—R, R]) N L) is e-dense. From the properties of f and g, we know there exists
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an N > 0 such that for all ||x|| > N, f(x) > R and g(x) < —R. Therefore, nRz((Rz\
Bn(0) x [-R, R) NL) is e-dense in R?\ By (0), and thus mr2(I' N L) is eventually
dense. O

We will show that if A ‘grows without bound’ in the direction ny; as we
move in the xy-plane away from the origin and if the entries of n are linearly
independent over Q, then (X7, ,, R?) is topologically mixing, where T, n = mp, (t1(T5)).
Given a facet patch P in ¥, we define the locator set by Lp(E)={veR?:
there exists facet patch P’ in ¥ such that P = P’ — v}.

LEMMA 5.6. The stepped surface ¥ corresponding to T, with facet tiles t., t, and t]
satisfies A C Ui,je{t;,z,;,z;}(ﬁi(z) —L;j(%)).

Proof. For any u € A there are two vectors v, w € X such that v— w = u. Since v, w €
¥, there are facet tiles 7, and ¢y, satisfying t; — v, &y, —w € {t;, 1;, t.}. Thus, v € L/ (X)
and w € L, (X), which implies that u € £, (2) — L, () € Ui,je{t,,,g’,,.}(ﬁ,-(i) -
Lj(2)). O

LEMMA 5.7. For any k € N, we have M(];A = {M(];V :ve A} C A

Proof. For any M*v € M* A, there is a u € ¥ such that v —u € X. Choose w € F(A)
such that £(w) = v — u. Since T, is fixed by O, it follows that f; ) is also a path in 7,
and thus f(;(w> isapathin X. Since M*(w)) = M*kv — M*u, it follows that M*v — M*u
is also in X. The same argument proves that M*u e 3, s0 M*v € A. O

Define W(P[, P;) = (Epl/(fl) — Epz/(fl)), where P/, P, are two facet patches. The set
A is said to be unbounded if for any R > 0 there exists a compact set K € R? such that
for all v € R2 \ K, we have ﬁmax(v) — flmin(v) > R.

THEOREM 5.8. If n has linearly independent entries over Q and A is unbounded, then
(X1, 5 R2) is topologically mixing, where To n = mp,(2).

Proof. Choose patches Pi, P, € PX. By primitivity, there exists k € N such that
P, P, C ©F (t;), for all t; € {t4, 1p,t.;}. It suffices to show that the displacement
vectors between ©F(s;) and ©(z ), for all #;,t; € {t4, tp, 1}, are eventually dense.
Equivalently, it is enough to prove mg, (Y) is eventually dense in R2, where Y =
U ety apin Y (@@, O (1)),

To show M*A C T, choose any z € A and let Zz =u — v, where u, ve . We can
find u, v € X such that u — v = z and there exist facet tiles ¢ and 7 such that (u, ¢]) and
(v, t;) are contained in $. Thus, there is a path which starts at u and ends at v. In other
words, there is a word w € F(A) such that f; ([0, |w|]) is a path on % — u. Notice that
2(w) = z, 0 £(c*(w)) = M*z. Since f,, is contained in T, — g, (w), and by Lemma 4.6
(T, — 7g, () = T, — A 7g, (w), it follows that f, () ([0- lo*(w)|]) is a path from
(@K@t 1o (O (1)). Since f, ) (|lo*(w)|) = A*z and 7, is one-to-one, it follows that
Mrz e Y.
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Finally, we prove that 7 g, (M kA) is eventually dense. Assume {vy, v»} is a basis for Py.
Let A be the matrix which takes v; to e, v, to ez, and n to e3. It follows from Lemma
3.4 that AM*Z3 is an irrational lattice, with AM¥ A as a subset. Since A is unbounded,
it follows that AM* A is unbounded. By Theorem 5.5, TR2 (AM kA) is eventually dense.
Since 7 p, (MFA) = TR2 (AM* ), it follows that (X7, 0> R?) is topologically mixing. [J

6. Non-Pisot implies A is unbounded
In this section we will show that if ¢ is a generalized complex non-Pisot substitution,
then A is unbounded. The main idea of the proof is that the stepped surface % will
follow the two-dimensional eigenplane, as it is the dominant subspace. However, since the
one-dimensional eigenspace is also expanding it will pull the stepped surface arbitrarily
far away from the two-dimensional eigenspace, but nevertheless it must always eventually
return (and actually intersect the two-dimensional eigenspace).

We note that if o satisfies equation (1.1) with complex eigenvalue A, then E; is not
perpendicular to the xy-plane in R3. Fix v an eigenvector of M, corresponding to A, and
let ny, be an eigenvector of M corresponding to the real eigenvalue 6. Define E, =T Py,

and B = 71}% Notice that for any u € E;, né/ (u) = 0. Also, since Lemma 3.2 implies
A

that ny and nj, have the same sign pattern, it follows that éi (ng) = (ny, ng) > 0.

LEMMA 6.1. Forallk >3, |[¢(c*(a))y., || > O.

This is a simple induction proof, and is omitted. It will be useful to replace o with v
where N is even and ||Z(a’k(i Nx,yll > 0for all kK > N. Additionally, we will assume that
o satisfies all properties given in §5.

LEMMA 6.2. Let o =1log(|6])/ log(|A|). There exist positive constants Ly, L', L, L),
such that for all k > 1,

Lid* < 1@ Gyl < LyIrk,  jefa,bye,a b7t el (6.1)
and

Lal0[ < | (e @] < Lylol* = Lh|af*. 6:2)

Also, JTIJ;‘, (K(ok(b))) <Oforallk > 1.
A

Proof. First we prove equation (6.1). Fix any j € {a, b, c, a’l b L c™1} and write

0(j) = alj))»v,\ +a2 oy +a3’)9n9, where aij), aéj) € C and cz3 ) e R For any k > 1,

Lk (j)) = (M) (L)) = a2kv + a(])k ¥ + a6%ng. It follows that (£(a* ()., =
afj))»k Vi)xy + alj)k Vi)xy + a3j)9k(n9)x,y. Therefore,

2k 5 * 6\
a(j) k(VA)xy+al |Mk(mxy+ 3 (|)\|> (g y||-

1@ (PNl ‘
S A

Ak
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Let us consider [[a\” (AF/|A[%) (V). +alj)(k /MY F0)xy ]l Assume that (v3),y =
f; + fri, arg(L) = €%, and a(j)
obtain

o

A simple calculation show that if ||f] cos(kg + y) — f2 sin(kg + y)|| is not bounded
away from zero, then f; and f> are linearly dependent. But this is impossible since
E; is not perpendicular to the xy-plane. Thus, there must exist € > 0 such that
2r ||f) cos(kg + y) — £ sin(kp + y)|| > € for all k.

For each k € N, define

= re'”. Applying Euler’s formula and simplifying, we

k
Gy M

o = 2r ||f1 cos(kg + y) — f2 sin(kp + y) ||

Tk (Va)x 5y T i Tk (Vi )x Y

2]
< 2r(Ifull + I1£21).

%
2 Ak R

Yk = || M'k( A)x,y +a1 W(W)x,y

and
Ak 5 * 0
W k(VA)xy i |)¥|k Vi )xy + §])<|)‘|> (mg)x,y||-

a
LY

,Bk—‘

Since (6/|1])¥ goes to zero as k — 00, it follows that limg_, oo (Yx — Bx) = 0. Thus, there
exists N € N such that for all k > N we have |y — Bx| < €/2, whichis to say 0 < €/2 <
Vi —€/2 < Bk < yx + €/2. By assumption S > 0, for all k € N, and since there are just
finitely many k < N, we can choose an L > 0 such that L < f for all k.

Also, since yx <2r(||fi]| + |[f2]]) for all k € N, and there are at most finitely
many k < N, we can choose L' > 0 such that By < L’, for all k € N. Since B =
(€@ (j)))x.yI/11I¥, we obtain equation (6.1).

To prove equation (6.2), we note that ng, (afj))nkv;\ —i—a%j)xkﬁ):O. So,
A
|nE, (@* ()] = a§”1/*17L, (ng)|, which gives us the desired result.
A

(b)
1

To prove the final statement, note that e; = a," ' v; + a V)\ + a3 119, and né, (v)) =
A

nli:i (v;) = 0. Thus, né-g (e2) = (n}), < 0, by Lemma 3.2. Therefore, n& (kb)) =

né/ (M*(e2)) = a§3)9k(n’9, ng) < 0, since we are assuming 6 > 0. O
A

LEMMA 6.3. Choose any two vertices Vv,V € U, and let wy, wy be the corresponding
good words. If (V)x < (V)y, then £,(wy) < £q(wy), and if (V)y < (V')y, then £p(wy) <
Lp(wyr).

Proof. Without loss of generality, assume v = 0. Suppose €, (wy) < 0. Since wy is a
good word, this implies w, contains at least one ¢~ but no occurrences of a. By its
relative position in the tiling, wy contains at least one b and at least one ¢! but no
occurrences of b~! or c. Therefore, by a similar argument to the proof of Lemma 5.2
there is a path which cannot be tiled. This is a contradiction. A similar argument shows
M)y < (V). L]
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LEMMA 6.4. Choose 6 € N. If K = (0, §) x (0, §) contains a u. tile in Uy, and w is a
good word for the vector (8, 0) (similarly, w is a good word for (0, §)), then £,(w) > 1
(similarly, £p(w) > 1).

Proof. Since u. is contained entirely in K, then choose two vertices v; (left vertex) and
v, (right vertex) on the bottom side of u. with corresponding good words w; and w,. By
path independence, it follows that 0 < £,(w;) < £,(w,). Since (v,)x < §, it follows from
Lemma 6.3 that 1 < £,(w,) < £,(w). O]

By the repetitivity of 7, (see [8]) (and thus U,), we can find a § € N large enough
that any shift of the square K = (0, §) x (0, §) contains a tile of type u.. If we tile 72 by
translates of K on top of U, then it is clear that at the point (xk, yk) € Z?, any good word
w corresponding to (xk, yk) will have [£,(w)| > |x| and |€p(w)| > |y|. As we move from
vertex to vertex in U, the number of letters a and b in w can change by at most one. Thus,
if we want to find a vertex in U, that has a good word w with ¢, (w) = x and ¢, (w) =y,
it suffices to look in the box K’ = [—|x|8, |x|8] x [—|y|8, |¥|8].

LEMMA 6.5. Suppose that, for any k € N, there exist a patch P contained in T,, and a path
with at least k consecutive edges corresponding to the character c in P. Then A = 7.

Proof. Choose (d, e) € 72, and fix k € N. Want to prove there exists a (d, e, z) € A such
that z > k. Choose 8§ > 0, and define K and K’ as in the paragraph above. It follows from
Lemma 6.4 that there must be a vertex v € Z2 N K’ with good word w such that £,(w) = d
and £, (w) = e. Since K’ is bounded, it is clear that there exists y > 0 where h(x, y) < y
for all (x,y) € K'N 72, Let vi € U, be a vertex that has at least z + y consecutive ¢
edges. Notice that our choice of § is independent of the shift of ;. Thus, in Uy — v{, we
can find a vertex vo € K’ N Z? such that there is a good word w in which ¢, (w) = —d and
£p(w) = —e. Thus, the vertex —vy in U, — vi — v, will have at least y + z consecutive
¢ edges. Notice that vi — v € 72, and thus the lift of —v, must be contained in A.
Therefore, the vertex —vs + (y + z)[—1 117 will have a corresponding good word w’ in
which £(w’) = [d e /17, where 7/ > y + z — y = z. This proves no upper bound for any
d,e) € 72, and a similar argument shows no lower bound. O

If there are an unbounded number of ¢ edges in a row, then A is unbounded. Now we
deal with the case that there is a maximum number of consecutive ¢ edges.

LEMMA 6.6. Choose any (i, j) € Z* with \/i2 + j2 > 0. For any v € A such that
(Vx,y = (i, J), there exists a number n € N (independent of v) such that |A|" || (V) y =l
e, (M.

Proof. Let w be a good word for v. Assume that the maximum number of consecutive
c edges is k. It follows that we can place at most k occurrences of ¢ (or ¢~!) between the
letters a or a—!, and b or b~!. Since there are |i| + | j| + 1 locations to place the k occur-
rences of c, it follows that |[(v);| < |ilk + |j|k + k. Therefore, |7, (V) ||< |i| 4 |A]l]] +
k|22 + 1FIKIA + KIAP < 1221+ 1D+ k) + k) < 20212(Ji] + 17D + k). Since
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(V)xyll > O, the relative growth rate of |i| + |j| and Vi%Z + j? is equal, and k only
depends on o, the result follows. O

For the next lemma consider the tiling A%, , for different X > 0 superimposed on top of
each other. To get from one vertex to another vertex in 7, we can travel along the edges of
any tiles of the A/ T;, 0 < j < k. We think of the edges in the large scalings as highways,
and we want to travel as far as we can on the straightest highways. We formalize this idea
in the proof of the following lemma. This idea is due to [9].

LEMMA 6.7. (Accordion form for paths in patches) For any v € A, there exists t € F(A)
where f](|t]) =V, and t can be expressed as

t =s00(s1) - - - o se— 1) ()" (pre1) - .. o (p1) po, (6.3)

where s;, p; and cy are in F(A), and ||E(ak(a))x,y <1yl -

Proof. Assume that ||(v)y || > 0. Let wg, (v) = w € C. There exists a u € C such that
w € Vert(T,) — u. Define Sy = A¥ Vert(T,) — u, for all k > 0. Lemma 4.7 implies that
So 2 81 2 8 2 - - -. Choose the largest k € N such that ||£(0k(i))x,y|| < [[(¥W)x,y I, for all
i € A. Choose the smallest [ such that ||’ [[(V)x,yll = |w|. Note that Lemma 6.6 implies
that / < n, where n depends only on the substitution and not on v. Lemma 6.2 implies that
Ly AR > eo M @) eyl = 1A 1(Wxyll = |wl, for some i € A. Recall that
L', only depends on o. Notice that AT, — u is a blown-up version of the tiling of 75, — u.
Consider the tiling Atk oy Suppose (xx, A*#;) contains 0 and (y, Aktli) contains
w. Select the vertex a; € (xg, 2k1) closest to w and the vertex by in (k» )\kt,;) closest to
0. Now choose the shortest edge path y; on KT, — u between a and by. Since there is
a one-to-one correspondence between finite paths on a tiling and finite words, there is a
word wy € F(A) such that kkﬁ,)k ([0, Jw|]) + ar = yi. We will set ¢y = wyg. Our careful
choice of k ensures that there exists an i € A such that ||€(ak(i))x,y I < 1(V)x,yll. Note
that the number of choices for ¢ is finite by the local finite condition on 7.

Now consider A*~17, —u. In a similar fashion as earlier, we can find tiles
(Xk—1, kk’ltk_l) and (yg—1, k=11, _ 1) that contain 0 and w. Choose a;_; and by_; such
that ay_; is the closest vertex to w and by _ is the vertex closes to 0. Since ag, by € S,
and Sy C Sx_1, there must be an edge path in AT —u connecting ay to ay_1, and
by to br_1. Again, choose the shortest path. We refer to the word corresponding to the
path from a;_1 to ax_ as sx—p, and the path from by_1 to by_> as py_>. We continue

in this manner until we have words sg, ..., Sk—1, Ck» Pk—1,--.» po € F(A). Let t =
500 (s1) - - XN sk_no* (c)o* T (pr—1) - - po € F(A); it follows that fi([]) = w,
and the lemma follows. O]

LEMMA 6.8. For any w € A, there exists a constant C depending on o such that
Iﬂa(W)l < C [[(W)xylI*, where a = log(6)/ log(|A]).

Proof. Choose any w e A. By Lemma 6.7, there is a word w of the form w =
500 (s1) - - - o* Nse— )X (c) o (pr=1) - - - o (p1)po, for which £ (lw|) =w. For
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any o'(s;), where 0 <i <k —1 (this holds similarly for all o'(p;)s and o*(c)).
it follows that €(c’(s;)) = biAlvy + bok Vi + b36'ng. Since n;, (vy) =0, it follows
that |7TE, (L(o! )| = |b3||9|”|7r (n9)| Notice that b3 only depends on s; and not
on the power of o. Since the p0551ble choices of the words cg, p;,s; are finite, we
can choose a number C such that |rrE, (L(oi(s1)))] < Cl07] |nE, (ng)|, for all words
s A
¢k—1, pi and s;. Define C' = Clné, (ng)|. Applying the triangle inequality, we get
A

I ()| = 2C" Tig 161" < 2C'101%/(10] — 1),

Notice that C” depends on the generalized substitution but not on the path. Lemma

6.7 also tells us that |[(W)yyll = [[€(w)xyll = ||£(ak(a))x,y||. By Lemma 6.2, there
exits a constant C” such that C”||(W), Il > (2C'/|0| — 1)1/ x k. Hence, |7ré, w)| <
S

2C"/(16] = DIA™ < C7 (W) ylI°. O

It is important to note that the surface % divides R? into two disconnected regions.
We will arbitrarily label one side of 3 as being ‘above’ %, thus labeling the other region
‘below’ . So, we cannot go from being ‘below’ ¥ to being ‘above’ % in a continuous
way without passing through X.

LEMMA 6.9. Letv,w € X and suppose there is u such that u + v is ‘above’ ¥ and u + w
is ‘below’ ¥. Thenu € ¥ — X.

Proof. Let y be a path on X that takes v to w. Then along the path fromu+vtou+w
the path y must intersect X at a point z. Let y’ be the subpath of ¥ fromu+ vtou+w
that intersects . Then following the path ¥’ from v gives us v’ which is necessarily still
inX andalsov +uisalsoin ¥. Thus,u=u+v —-v e ¥ — 3. O

PROPOSITION 6.10. Letv € Z3. If there exists a constant C' > 0 such that 0 < |né‘, W) <
A
C'Nl(V)xy || where « = log(|6])/ log(|A]), then v € ¥ — X.

Proof. Suppose that né/ (v) < 0 and there is no w € X such that v 4 w is on or below
A

% (it works similarly if né (v) > 0). Since 0 € X, we know that v is above X. There
exists t; € X such that (t1)xy = (V),y, and (t1); < (v),. Since t; + v is above X, there
must a vector t; € X such that (2)xy = (t1)x,y + (V)x,y = 2(V)x,y and (f2); < (t1); +
(v); < 2(v),. Iterating this provides us with a sequence of vectors t, € ¥ such that
(tn)x,y = m(v)x,y and (t;); < m(v),. Since we know that ”1;%,\ (u) = (u, n) for any vec-
tor u, and (n), > 0, it follows that néi (ty) < mnﬁ%i (v) = mnéi QIGRIGS
||(tm)x,y||—|ng-g MI/I(M)x,yll. Lemma 6.8 implies that there is a constant C such that
7 (tm) = =Cll(tn)xy |- This gives us —Cll(tn)xy|* < w5 (tn) < =C"ll(tn)xy . O
simply we see that

Clltm) I = C It 2y, 6.4)
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where C” = |7Tgi MWI/II(V)x,yl is a constant that depends only on v. However, for any
m > N, where N = (C/C”)l/(l"")||vx,y||’1, we see that

m
C”(tm)x,y”a = Cma”(v)x,y”a = Cm”(v)x,y”a

c\ /0-o a—1
<Cm(<a> ||(v)x,y||‘> W)yl

since 0 < o < 1. Continuing, we see that

C 1/(01—w) a—1
Cm((a) ||(V)x,y||_1> ||(V)x,y||a = mC//”(V)x,y” = C//||(tm)x,y”~

Hence, C||(ty)x || < C”||(ty)x,y|l Whenever m > N, which contradicts equation (6.4).
Therefore, we can find a w such that v + w is below X.

We now need to show that there is a w € ¥ such that v+ w’ is above X. Suppose
there is no such w' € ¥. Again, since 0 € X, we know that v is below X. Thus, there
is a vector t; € X such that (t1)xy = (V)x,y and (t;); > (v),. Iterating as previously, we
get a sequence of vectors t,, € X such that (t,;)x,y = m(v)yy and (t,,); > m(v);. Let us
define a sequence ¢a,, = £(0" (b)), for all n > 1. It is clear that each ¢a, belongs to . By
Lemma 6.2, there are constants L1, L/l, L such that

L < 1@ansyll < LyIaf (6.5)
and
g (G) < —Lal6| = —La|al. (6.6)
Since the projections are linear, we can see that ng, Car) = 713 Car —ty) + néi (tn).
Lemma 6.8 implies there is a C > 0 such that
lﬂ,ﬁi(éak —tw)| < CllCak — tw)xylI* = Cll(Cak —mv)y ]I (6.7)

Let us define L3 = (L2/2C|A|%)Y* and C' = CL3/L). We define k to be the integer
satisfying

L3AE < 1)yl < Lalaf . (6.8)
Choose the largest m satisfying m || (v)x y Il < [(¢k)x,yll, and so that
Gk = mV)eyll < 1(V)xpll- (6.9)
Applying (6.8) and (6.9) to (6.7) gives us
Cli@ar —mv)ey | < ClMxyl* < CL3AFHY = CLY A *HDe. (6.10)
Since 0 < |7z | < C'[[(¥)1y1|% it follows that nb%),\(v) > —C'[[(V)x,y[I%. Thus

a
T () = ~C Ny 17 = ~Cm(Lalaf ) = e gy e
X Vxy

where the last inequality comes from our assumption on m. Continuing, equation (6.5) tells
us that —[|(&0)x,y |l = —L}|A* and equation (6.8) tells us that [|(V)y,y[| > L3|A[¥, which
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gives us that

Myl o) ke LM e S
- V)l L31M =-C1 |)L_|kL3|)‘| = —CLSIA| . (611)
Vxy 3

Now we can use the inequalities (6.10) and (6.11) to give us
ma (Cay) = w5 Cax — ty) + g (tn) > —2CLYA|*TD = — Ly ke, (6.12)
A S x

Hence, equation (6.12) contradicts equation (6.6). So, v € ¥ — X by Lemma 6.9. O

Notice that, for every r € R, there are an infinite number of vectors v € R3 such that
ng-{h (v) = r. Explicitly, these are all the vectors v satisfying (nj, v) = r, or the plane P,

with normal vector nj, through the point (0, 0, r/(ny)). Recall that (nj), > 0. If » > 0,
Proposition 6.10 implies that all the vectors w € P, in which |[(w), || > /r/C’, are
contained in A. If r <0, then if w e P, with & —r/C’" < |[(W)x,yll, Proposition 6.10
implies w € A. Fix r > 0 and define F = {x : |(x, ng)| < r/(ng).}, which is the set of all
points lying between the planes P, and P_,,and D = {(x, y,2) : x>+ y*> < ¥r/C'}N F
(the cylinder x*> + y> < ¢/r/C’ lying between the planes P, and P_,). Therefore, if
x € F\ D, then x € A. Since D is compact, we can find a larger cylinder D’ with sides
that are parallel to the vector nj, and that also lies between the planes P, and P_,. Clearly
F\D C F\ D C A. Thus, for all x € (F \ D’) N P,, there is a corresponding vector
x' € (FN D) N P_, such that x —x' = knj, and ||x — x'|| = 2r. Since this is possible
for any r, this shows that A is unbounded in the direction of n, as we move away from
the origin in the xy-plane. What remains to be shown to prove Theorem 1.1 is that if
A increases without bound in the direction of né, it also increases without bound in the
direction nz;. We end with the proof of the main result.

Proof of Theorem 1.1. If the number of edges corresponding to ¢ is unbounded, then A =
73 and Theorem 5.8 immediately implies the desired result. Otherwise, we need to use
Lemma 6.10. Notice that my4 is not parallel to the real eigenplane E;. Therefore, any line
in the direction of ny; must intersect both P, and P_,, for any r > 0. Fix r and construct
D’ and F as in the previous paragraph. Since D’ is compact, we can construct a cylinder
D" lying between P, and P_, whose sides are parallel to nz;, and which contains D’.
Choose any point x € (F \ D”) N P,; by the construction of D” there must be a point
x' € (F\ D”)N P_, such that x — x" = kny,. Thus, ||x — x| > 2r, which means that, by
Lemma 6.10, if o satisfies (1.1), then A is unbounded. Recall that n is a vector with entries
that are linearly independent over Q. Therefore, by Theorem 5.8, the substitution tiling
dynamical system (X7, ,, ]Rz), where T, n = 7p, (1(1)) is topologically mixing. O]
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